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MODULE-1

INTRODUCTION TO AUTOMATA THEORY

Automata theory is the study of abstract computing devices or “machines”. Before there were
computers in the 1930’s, Allan Turing studied an abstract machine that had all the capabilities
of today’s computers at least as far as in what they could compute Turing’s goal was to describe
precisely the boundary between what a computing machine could do and what it could not do;

his conclusions apply not only to his abstract Turing machines but to today’s real machines.

Why Study Automata Theory?

There are several reasons why the study of automata and complexity is an important part of the
core of Computer Science.

Finite automata are a useful model for many important kinds of hardware and Software.

1. Software for designing and checking the behavior of digital circuits.

2. The “lexical analyzer” of a typical compiler, that is, the compiler component that breaks
the input text into logical units, such as identiers, keywords and punctuation.

3. Software for scanning large bodies of text, such as collections of WebPages, to find
occurrences of words, phrases or other patterns.

4. Software for verifying systems of all types that have a finite number of distinct states,

such as communications protocols or protocols for secure exchange of information.

Example: Perhaps the simplest nontrivial finite automaton is an on/off Switch. The device
remembers whether it is in the “on” state or the “off” state, and it allows the user to press a
button whose effect is different, depending on the state of the switch That is, if the switch is
in the on state, then pressing the button changes it to the on state, and if the switch is in the on

state, then pressing the same button turns it to the on state.

Push
Start >‘\
—{ off | | on |
- Wl
> .4
Push

Figure 1.1 A finite automaton modelling an on/off switch
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The Central Concepts of Automata Theory
Let us know the most important definitions of terms that pervade the theory of automata. These
concepts include the “alphabet” (a set of symbols), “strings” (a list of symbols from an

alphabet) and “language” (a set of strings from the same alphabet).

i) Alphabets:
An alphabet is a finite, nonempty set of symbols. Conventionally, we use the symbol ) for an
alphabet.
Common alphabets include:
1. > ={0, 1} the binary alphabet.
2. Y ={a,b, ..., z}, the set of all lower-case letters.

3. The set of all ASCII characters, or the set of all printable ASCII characters.

ii) Strings:
A string (or sometimes word) is a finite sequence of symbols chosen from some alphabet. For
example, 01101 is a string from the binary alphabet } ={0, 1}. The string 111 is another string

chosen from this alphabet.

iii) The Empty String
The empty string is the string with zero occurrences of symbols. This string, denoted ¢, is a

string that may be chosen from any alphabet whatsoever.

iv) Length of a String
Length of a string is the number of positions for symbols in the string. Ex: 01101 has length 5.

The standard notation for the length of a string w is |[w|. For example, |011|=3 and |g| =0.

v) Powers of an Alphabet
If ) is an Alphabet we can express the set of all strings of a certain length from that alphabet
by using an exponential notation We define Y* to be the set of strings of length k each of whose

symbols is in ..

Example: Note Y°={g}, regardless of what alphabet 3 is.
That is, € is the only string whose length is 0.
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If>={0,1}, then

>'={0,1},

32={00,01,10,11}
33={000,001,010,011,100,101,110, 111} and so on.

The set of all strings over an alphabet ¥ is conventionally denoted 3"

For instance, {0, 1}*={ ¢, 0,1,00,01,10,11,000,... ............. }
Y=Y'UY UXU.iiiiiiiiii,

Sometimes, we wish to exclude the empty string from the set of strings. The set of nonempty
strings from alphabet Y is denoted Y *. Thus, two appropriate equivalences are:

Y=Y UST U Ui,

>'=Y"U{e}

vi) Concatenation of Strings

Let x and y be strings. Then xy denotes the concatenation of x and y, that is, the string formed
by making a copy of x and following it by a copy of y. More precisely, if x is the string
composed of 1 symbols x =aja;.....a; and y is the string composed of j symbols y=bib> b,

then xy is the string of length i+j: xy=aiaz.....aibiba  b;.

vii) Languages
A set of strings all of which are chosen from some Y, where Y is a particular Alphabet, is

called a language. If ) is an alphabet, and L then L is a language over ).

Examples:

1. The language of all strings consisting of n 0’s followed by n 1’s, for some
n>0:{e 01,0011, 000111,...... }

2. The set of strings of 0’s and 1’s with an equal number of each:
{e, 01, 10,0011, 0101, 1001,...... }

3. The set of binary numbers whose value is a prime:
{10, 11, 101, 111, 1011, ...}

4. Y"is alanguage for any alphabet Y.
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5. @, the empty language, is a language over any alphabet.
6. {e}, the language consisting of only the empty string, is also a language over any

alphabet. Note that ® # {&}; the former has no strings and the latter has one string.

FINITE AUTOMATA

A finite automaton is a mathematical model which is used to study the abstract machines or
abstract computing devices with inputs chosen from ), where ) stands for set of alphabets
using which any string can be obtained. On reading the string, the machine may accept or reject

the string.

i1y il iy ce iy, imput tape

control unit

=~  yes/no

There mainly 3 different types of FA,
1. Deterministic Finite Automata
2. Non-deterministic Finite Automata

3. Non-deterministic finite automata with e-moves (e-NFA)

1. Deterministic Finite Automata (DFA):

The term ‘deterministic’ refers to the fact that on each input there is one and only one state

to which the automaton can transition from its current state.

Definition of a Deterministic Finite Automaton(2M):

A deterministic finite is defined by a quintuple as, A=(Q, >, 9, q0, F) where,
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e Qs a finite set of states.

e > is a finite non-empty set of symbols called input alphabet

e 0 is a transition function that takes arguments a state and an input symbol and
returns a state.
If q is a state, and a is an input symbol, then 5(q,a) is that state p such that there
is an arc labelled a from q to p.

6:QX>Y>0Q
e 0 is the start state, one of the states in Q ic q0 €Q

F is a set of final or accepting states. The set F is a subset of Q.

How a DFA Processes Strings: Initially the DFA is in state q0. The DFA reads the input string
from left to right one symbol at a time. The changes to state of DFA is dictated by 6. When the
last symbol of input string is read, if this results in the DFA reaching any of its final state, we

say that the string is accepted by DFA, otherwise the string is rejected.

Simpler Notations for DFA’s: There are two preferred notations for describing automata.
a) A transition diagram, which is a graph.
b) A transition table, which is a tabular listing of the function 6 which by

implication tells us the set of states and the input alphabet.

a) Transition Diagrams: A transition diagram for a DFA A=(Q, )., 9, q0, F)

is a graph defined as follows:

e For each state in Q there is a node

e For each state q in Q and each input symbol ain ), let & (q, a)=p. Then the transition
diagram has an arc from node q to node p, labelled a. If there are several input
symbols that cause transitions from q to p, then the transition diagram can have one
arc, labeled by the list of these symbols.

e There is an arrow into the start state qo labeled Start. This arrow does not originate
at any node.

e Nodes corresponding to accepting states (those in F) are marked by a double circle.
States not in F have a single circle.
Ex: If A=(Q, ., 9, q0, F) defined as A=({qo, ql, q2},{0,1}, 6,q0,{ql})
where d={ 6(q0,0)=q2,
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8(qo,1)=q0,
8(q1,0)=ql,
8(ql,1)=ql,
8(q2,0)=q2,
6(q2,1)=ql }

The transition diagram is,

1 0
. Ty gt — -
Start ',:E\ 0 .‘;_\.' I {qﬁf ™
—-1\(), = 47} = ) I 0.1
— ~— &:;’Hf(._/

Transition Tables:

A transition table is a conventional, tabular representation of a function like 6 that takes two
arguments and returns a value. The rows of the table correspond to the states, and the columns
correspond to the inputs. The entry for the row corresponding to state q and the column

corresponding to input a is the state o (q, a). The transition table for the above example is:

[0 |1

— 1 o | o
Fi i1 i1
i i |t

Extended Transition Function:
We define an extended transition function that describes what happens when we start in any
state and follow any sequence of inputs. If 6 is our transition function, then the extended

transition function constructed from & will be called & .

“The extended transition function is a function that takes a state q and a string w and
returns a state p - the state that the automaton reaches when starting in state q and
processing the sequence of inputs w”.

We define 6 by induction on the length of the input string, as follows:

BASIS: d(¢g,e) = ¢. That is, il we are in state ¢ and read no inputs, then we
are still in state q.

INDUCTION: Suppose w is a string of the form ra: that is, a is the last symbol
of w, and x is the string consisting of all but the last symbol.? For example,
w = 1101 is broken into » = 110 and a = 1. Then

«ﬂ'(q, w) d(fﬁq. .r','l.r/‘] (2.1)
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Example 2.4: Let us design a DFA to accept the language
L = {w | w has both an even number of (s and an even number of 1's}

It should not be surprising that the job of the states of this DFA is to count
both the number of (Vs and the number of 1's, but count them modulo 2, That
15, the state is used to remember whether the number of ('s seen so far 1s even or
odd, and also to remember whether the nnmber of 1's seen so far is even or odd.
There are thus four states, which can be given the following interpretations:

go: Both the number of (1's seen so far and the number of 17's seen so [ar are
EVELL

i1 The munber of (1's seen so far is even, but the number of 1's seen so far is
ok,

ijo: The munber of 1's seen so far is even, but the number of (Vs seen so far is
ok,

5. Both the number of (1's seen so far and the number of 17's seen so [ar are
ok,

State gy is both the start state and the lone accepting state. Tt is the start
state, because belore reading any inputs, the numbers of ('s and 178 seen so
far are both zero, and zero is even. It is the only accepting state, becanse it
describes exactly the condition for a sequence of ('s and 1's to be in language

L.
:
[
d /j_\- 1
@) @
N e
- r !
.}( \0\". : |'lll \'|O
___T—___II—__:___T&__II___-
! 1 \

0 o )
\/@{/i“ H \}6{'
It AT

1

Therefore DFA A=({q0, q1,92,q93},{0,1}, 9, q0,{q0} } where J is described by the transition

diagram as shown above.

Suppose the input is 110101. Since this string has even numbers of 0’s and1’s both, we expect

it is in the language. Thus, we expect that b (q0,110101)=q0 since qO is the only accepting state.

Dept. of CSE,ATMECE 7
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The check involves computing 8(gy,w) for each prefix w of 110101, starting

at e and going in increasing size. The summeary of this caleulation is:

. ra'(r,f“. €)= .

. ra'(r,f“. 1)=246 {é‘r;ql.. €),1) =6(go, 1) = q1.

o S{gy,11) =6 {rﬁ(qu 10, 1) = 6(qu, 1) = qo.

o §(qo, 110) f'f{r;l'(f,fu. 11),0) = d(go. 0) = ga.

o 5(qo, 1101) = §(5(go, 110), 1) = d(ga, 1) = ga.

. ti'(f,fu. 110107 tﬂ'{ti'(fm. 1101}, 0) = digs. 0) = gy

o 3(qo, 110101) = & (5(qo, 11010),1) = 6(gi. 1) = qu.

The Language of a DFA:

is denoted L(A), and is delined by

L(A) = {w]| «f(ql,. w) is in F'}

reqular language.

Now, we can define the language of a DFA A = (Q,X,4d,q0, F). This language

That is, the language of A is the set ol strings w that take the start state ¢, to
one of the accepting states, If L is L(A) for some DFA A, then we say L is a

2.Nondeterministic Finite Automata (NFA):

A “nondeterministic finite automaton” (NFA) has the power to be in several states at once. This

ability is often expressed as an ability to “guess” something about its input.

Like the DFA, an NFA has a finite set of states, a finite set of input symbols, one start state and

a set of accepting states. It also has a transition function, which we shall commonly call 6. The

difference between the DFA and the NFA is in the type of 8. For the NFA 9 is a function that

takes a state and input symbol as arguments but returns a set of zero, one, or more states, rather

than returning exactly one state as the DFA must.

Ex: Let us design a NFA to accept all and only the strings of 0’s and 1°s that end in 01.

Here the possible strings are, L={01, 101, 001, 11101,101001,..}

Dept. of CSE,ATMECE
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0.1
T —_
Start lf:f-\] 0 N /AN
—=(f)————(®)

Here the NFA has the option of going either to q0 or to q1 and in fact it does both, as we shall
see when we make the definitions precise. In state q1 the NFA checks that the next symbol is
1 and if so, it goes to state q2 and accepts. Notice that there is no arc out of q1 labeled 0, and

there are no arcs at all out of 2.

Definition of Nondeterministic Finite Automata:

An NFA is represented as a quintuple,
A=(Q,X,6,q,F)
where:
L. () is a linite set of stales.

Y is a finite set of imput symbols.

N

3. qu. a member of ), is the start stale.

L. F, a subset of @, is the set of final (or accepling) states.

5. 0, the transition function is a [unction that takes a state in () and an
input symbol in ¥ as arguments and returns a subset of (). Notice that
the only difference between an NFA and a DFA is in the type of value
that 0 returns: a set of states in the case of an NFA and a single state in

the case of a DFA.

5 Q X Yy> 20

The transition table for given NFA can be represented as,

0.1
Start ";::] 0 R A
—la @ (@)
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| 0 | 1
— 1 10,41 } 160 }
qr | @ {g2}
wga || 0 i

The Extended Transition Function for NFA:

As for DFA’s, we need to extend the transition function 6 of an NFA to a function % that takes
a state q and a string of input symbols w, and returns the set of states that the NFA is in if it

starts in state q and processes the string w.

BASIS: d(g,e) = {q}. That is, without reading any input symbols, we are only
in the state we began in,

INDUCTION: Suppose w is of the form w = xa, where a is the final syvinbol of

w and x is the rest of w. Also suppose that d(q,x) = {p.po,....pp}. Let
l'.
U d(py;a) =4ryrgyas P}
=1
Then (g, w) {ri,ro, .o yrm b Less formally, we compute d(g,w) by first

computing d{q,x), and by then following any transition from any of these states
that is labeled a.

Example: Let us trace the input 00101 by the NFA to accept strings ending with 01.

0.1
TN _
Start \f:f-\] 0 T 1 (r
—Jal @ (@)

1. f:].r\.fll'u.t"j {fl'll|}'

|

8o, 0) = 8o, 0) T, b

3 (a0, 00) = 8y, 0) U 8(g, . 0) {gos g U = {qu, g1}

1. 8y, 001) = (g, 1) U 6(gy, 1) Tgot U g} = {qu,qa}.
5. 8(go, 0010} = §(qgo, 0) U 8(ga,0) {go,q1} U D = {qo0, ¢ }.

6. (g, D0101) = 8(qgo, 1) U 8{gy. 1) oot U g} = {qu, g2}

Dept. of CSE,ATMECE 10
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Since we reached the end of the string and automata is in states {qo, q2} where q2 is the final

state, the given string is accepted.

The Language of an NFA:
An NFA accepts a string w if it is possible to make any sequence of choices of next state, while
reading the characters of w, and go from the start state to any accepting state.

Formally, if A=(Q, Y., 9, q0, F), then,
L(A) = {w | d(qo,w) N F # 0}

That is, L(A) is the set of strings w in £ such that d(qy, w) contains at least
one accepting state.,

Equivalence of Deterministic and Nondeterministic Finite Automata

e Although there are many languages for which an NFA is easier to construct
than a DFA, it is a surprising fact that every language that can be described by some
NFA can also be described by some DFA.
e Moreover, the DFA in practice has about as many states as the NFA, although it often
has more transitions. In the worst case, however, the smallest DFA can have 2" states
while the smallest NFA for the same language has only n states.
The proof that DFA’s can do whatever NFA’s can do involves an important
“construction” called the subset construction because it involves constructing all
subsets of the set of states of the NFA. In general, many proofs about automata involve

constructing one automaton from another.

The subset construction starts from an NFA N (Qn.E,0n,q0, Fn). Tts
goal is the description of a DFA D = (Qp,.X,0p, {q},Fp) such that L(D)
L{N). Notice that the input alphabets of the two automata are the same, and
the start state of D is the set containing only the start state of N. The other
components of D are constructed as [ollows,

e (Jp is the set of subsets of Qx: i.e., Qp is the power sel of (). Note
that if () x has n states, then () p will have 27 states. Often, not all these
states are accessible from the start state of (Qp. Inaccessible states can|
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be “thrown away,” so elfectively, the number of states of D may be much
smaller than 2",

e [ is the set of subsets S of Qy such that S N Fx # 0. That is, Fp is
all sets of Ns states that include at least one accepting state of N.

e For each set § € n and for each input symbol a in ¥,

dpl(S,a) U dn(p.a)

pin S

That is, to compute dp(S,a) we look at all the states p in S, see what
states N goes to [rom p on input a, and take the union of all those states.

Example:

Let us convert the following NFA to DFA using subset construction method.

Given NFA,

0.1
Ty —_—
Start ff-\l 0 N /7R
—=()———(®)

Since N’s set of states is {q0, q1, g2} the subset construction produces a DFA with 23 =8 states,
corresponding to all the subsets of these three states. Following figure shows the transition table

for these eight states.

o |
[ il
= {a} {go. i} | {ao}
fanh || O {g2}
#lga b || W i
{g0.q1} tqo.aup | {qo. g2}
o, g b || {go.a b | {ao}
*'{fh-ff'z} ? {ff'z}
SAgoqu. g b || {go-m b | {02}

The DFA constructed from the NFA is,

I 0
) 2
Start /!___;_\ 0 /ﬁ,__s' | {f :;::_»:.\\
%) J U9 al " "\\'\ff{}' ‘?g,}/}
T '_{1__ - —
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3.Finite Automata with Epsilon-Transitions:

An NFA that is allowed to make a transition spontaneously, without receiving an input symbol

is called e-NFA.

Ex: Let us design a e-NFA that accepts decimal numbers consisting of:

1.

2
3.
4

An optional + or — sign

. A string of digits

A decimal point and

. Another string of digits. Either this string of digits or the string (2) can be empty, but

both cannot be empty at the same time.

0.1,...9 0.1.....9
e ‘\J M\

Start -
{ _
()l () (%))

Figure: An &-NFA accepting decimal numbers

The Formal Notation for an ¢-NFA:

An e-NFA may be represented exactly as we do an NFA with one exception: the transition

function must include information about transition on €.

Definition: Formally e-NFA is defined by,

A=(Q, 2., 8, q0, F)
Q is a finite set of states.
Y. is a finite non-empty set of symbols called input alphabet
d 1s a transition function that takes arguments a state and an input symbol or the
symbol & and returns zero or one or more states.
0:QXYU{e}>2Q
qO is the start state, one of the states in Q ic q0EQ

F is a set of final or accepting states. The set F is a subset of Q.

Epsilon-Closures:

Dept. of CSE,ATMECE 13
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The e-closure of any state q denoted by ECLOSE(q) is the set of all states which are reachable

from q on ¢ transitions only. Formally e-closure ECLOSE(q) recursively, as follows:

BASIS: State ¢ is in ECLOSE(q).

contains all the states in d(p, €).

INDUCTION: If state pis in ECLOSE(qg), and there is a transition from state p
to state r labeled e, then » is in ECLOSE(g). More precisely, if 4 is the transition
function of the e-NFA involved, and p is in ECLOSE(q), then ECLOSE(g) also

Example:

(AN g P €
b

'\L\
J\/’\ ) '/—)

P
4 j——s
&,

ECLOSE(1) = {1, 2, 3, 4, 6}
ECLOSE(2)={2, 3, 6}
ECLOSE(3)={3, 6}
ECLOSE(4)={4}
ECLOSE(5)={5,7}

Extended Transitions and Languages for e-NFA’s:

Suppose that E

= (Q,X,0,qu, F') is an e-NFA. We first define 8, the extended

transition function, to reflect what happens on a sequence of inputs. The intent
is that d(qg, w) is the set of states that can be reached along a path whose labels,
when concatenated, form the string w. As always, €’s along this path do not
contribute to w. The appropriate recursive definition of § is:

BASIS: d(¢.e) = ECLOSE(g). That is, if the label of the path is e, then we can
follow only e-labeled arcs extending from state ¢; that is exactly what ECLOSE
does.

INDUCTION: Suppose w is of the form ra, where a is the last symbol of w.
Note that a is a member of X: it cannot be e, which is not in £, We compute

g, w) as follows:

L. Let {py.po.....pp} be d(q,x). That is, the p;’s are all and only the states
that we can reach from ¢ following a path labeled @, This path may end

Dept. of CSE,ATMECE
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with one or more transitions labeled e, and may have other e-transitions,
as well,

2. Let Uj' L O(pica) be the set {ry o, ..o, b That is, follow all transitions
labeled a rom states we can reach from g along paths labeled ». The
;'8 are some ol the states we can reach from g along paths labeled w.
The additional states we can reach are found from the r;’s by following
e-labeled arcs in step (3), below,

3. Then ra'(r,f. i ECLOSE({ry,7a,.. .,y b} This additional closure step
includes all the paths from g labeled w, by considering the possibility
that there are additional e-labeled arcs that we can follow after making a
transition on the final “real”™ symbol, a.

Language of an e-NFA E=(Q, }.,9, qo, F) is defined as follows:

\L(E) = {w | d(qu.w) 0 F # 0}

Eliminating e-transitions: Converting e-NFA to DFA

Given any e-NFA E| we can find a DFA D that aceepts the same language as .
The construction we use is very close to the subset construction, as the states of
D are subsets of the states of E. The only difference is that we must incorporate
e-transitions of E, which we do through the mechanism of the e-closure.

Let E = (Qp., 2,05, qu, Fr). Then the equivalent DFA
D ((‘]];.E.f‘l.“.f”}.l‘_‘“j
15 delined as [ollows:

1. Jp is the set of subsets of Jp. More precisely, we shall find that all
accessible states of D are e-closed subsets of Jp, that is, sets 5 C (Jp
such that § = ECLOSE(S). Put another way, the e-closed sets of states §
are those such that any e-transition out of one of the states in S leads to
a state that i3 also in 8. Note that @) is an e-closed set,

bo

gp — BECLOSE(qgn): that is, we get the start state of D by closing the set
consisting of only the start state of E. Note that this rule differs from
the original subset construction, where the start state ol the constructed
auntomaton was just the set containing the start state of the ziven NFA.

d. Fp is those sets of states that contain at least one accepting state of E.

That is, Fp = {5 | Sisin Qp and SN Fr # (0}

L dp(S, a)is computed, for all o in 2 and sets § in (Jp by:
(a) Let S ={pi.po.....; b
ih) Compute UA VOp(pial): let this set be {r,r,. o
(¢} Then dp(S, a) = BCLOSE({r{,ra,. .. rm ).

Example: Convert the given NFA to DFA

Dept. of CSE,ATMECE
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e la [V |
{g,r}
i
i

—p
i
#1°

Ans:
Let us find ECLOSE of all the states of given NFA,
ECLOSE(p)={p, q, 1}
ECLOSE(q)={q}
ECLOSE(r)={r}
Step 1: Since p is the start state of the given NFA, start state of DFA is,
ECLOSE(p)={p, q, r}
Step 2: Find transition function of the DFA as follows (use subset-construction method) :
| o | b | -

— *{p. q.r} {p.q,r} {qr} {p.q.r}
*{g,7} {p,q,v}t | {r} |{p.q.7}
*{r} 0 ] 0
0 l ] 0

The transition diagram of the DFA is,

An Application of Finite Automata: Text Search

1. Finding Strings in Text:
A common problem in the age of the Web and other online text repositories is the following:
Given a set of words, and all documents that contain one (or all) of those words. A search

engine is a popular example of this process.

Dept. of CSE,ATMECE 16
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The search engine uses a particular technology, called inverted indexes, where for each word
appearing on the Web (there are 100,000,000 different words), a list of all the places where that
word occurs is stored. Machines with very large amounts of main memory keep the most

common of these lists available, allowing many people to search for documents at once.

Inverted-index techniques do not make use of finite automata, but they also take very large
amounts of time for crawlers to copy the Web and set up the indexes. There are a number of
related applications that are unsuited for inverted indexes, but are good applications for
automaton-based techniques. The characteristics that make an application suitable for searches

that use automata are:

1. The repository on which the search is conducted is rapidly changing. For example:

(a) Every day, news analysts want to search the day’s online news articles for relevant
topics. For example, a financial analyst might search for certain stock ticker
symbols or names of companies.

(b) A “shopping robot” wants to search for the current prices charged for the items that
its clients request. The robot will retrieve current catalog pages from the Web and

then search those pages for words that suggest a price for a particular item.

2. The documents to be searched cannot be catalogued. For example, Amazon.com does
not make it easy for crawlers to find all the pages for all the books that the company
sells. Rather, these pages are generated “on the fly” in response to queries. However,
we could send a query for books on a certain topic, say “finite automata” and then

search the pages retrieved for certain words, e.g., “excellent” in a review portion.

2. Nondeterministic Finite Automata for Text Search:

Suppose we are given a set of words, which we shall call the keywords, and we want to find
occurrences of any of these words. In applications such as these. A useful way to proceed is to
design a nondeterministic finite automaton, which signals, by entering an accepting state, that
it has seen one of the keywords.

The text of a document is fed, one character at a time to this NFA, which then recognizes
occurrences of the keywords in this text. There is a simple form to an NFA that recognizes a

set of keywords.

Dept. of CSE,ATMECE 17
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1. There is a start state with a transition to itsell on every input syvibol,
ez every printable ASCIT character if we are examining text. Intuitively,
the start state represents a “guess" that we have not vet begun to see one
of the kevwords, even il we have seen some letters of one ol these words.

2. For each keyvword ayay - -+ ag, there are k states, say g, g2, ..., ge. There
is a transition from the start state to gy on symbol ay, a transition from
gy to go on svibol ay, and so on. The state g 1s an accepting state and
indicates that the keyword ayay -+ - ay has been found.

Example 2.14: Suppose we want to design an NFA to recognize occurrences
of the words web and ebay. The transition diagram for the NFA designed using
the rules above is in Fig. 2.16. State 1 is the start state, and we use ¥ to stand
for the set of all printable ASCII characters, States 2 through 4 have the job
of recognizing web, while states 5 through R recognize ebay. ©C

/@—{ O

SN0

Figure 2.16: An NFA that searches for the words web and ebay
3. A DFA to Recognize a Set of Keywords:
The rules for constructing the set of DFA states is as follows:

If ¢ is the start state of the NFA, then {gy} is one of the states of the
DFA.

b} Suppose pis one of the NFA states, and it is reached [rom the start state
along a path whose symbols are ayay -+ a,,. Then one of the DFA states
is the set of NFA states consisting of:

[—

qo .

p.

3. Every other state of the NFA that is reachable from ¢, by following
a path whose labels are a sullix of ayay -+ - a.m, that is, any sequence
of symbols of the form aja; - ay,.

b

The DFA to search keywords web and ebay is:

Dept. of CSE,ATMECE 18
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Figure 2.17: Conversion of the NFA from Fig. 2.16 to a DFA

Note: For exercises/problems under this module- refer class work.
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MODULE-2
REGULAR EXPRESSIONS AND LANGUAGES

Regular Expressions:

Regular expressions are another type of language-defining notation. We shall find
that regular expressions can define exactly the same languages that the various
forms of automata (DFA and NFA) describe: the regular languages. Regular
expressions are closely related to NFA and can be thought of as a “user-friendly”

alternative to the NFA notation for describing regular languages.

We describe regular language through the notation of R. E. This notation involves
a combination of strings or symbols from some alphabet >, (, ), operators like +,
L,k

In R. E notation we use 3 operations on languages that the operators of R. E

represent.

1. Union: The union of two regular languages, L; and L, which are represented
using L; U Lo, is also regular and which represents the set of strings that are
either in L; or L, or both.

Example:

L,=1{00,10,11,01} and

L, ={€, 100}

then L, U L, = {€, 00, 10, 11, 01, 100}.

2. Concatenation:

The concatenation of two regular languages, L; and L,, which are represented

using L;. L, is also regular and which represents the set of strings that are formed

by taking any string in L; concatenating it with any string in L.

Example:

Li={0,1}andL,={00, 11} then L. L, = {000,011, 100, 111}.

Dept. of CSE, ATMECE
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3. The closure or star or Kleene closure:

If L is a regular language, then the Kleene closure i.e. L* of L; is also regular and

represents the set of those strings which are formed by taking a number of strings

from L,

and the same string can be repeated any number of times and

concatenating those strings.

Example:

L;={0,1} then L* is all strings possible with symbols 0 and 1, including

a null string.

L*={€,0,1,00,01,10,11, 00101, 110011,....... }

Definition of Regular Expressions and the Languages associated with R. E

!

'

1.

1.

BASIS: The basis consists of three parts:

The constants e and ) are regular expressions, denoting the languages {e}
and (1, respectively. That is, L(e) = {e}, and L(#1) = .

If @ 1s any symbol, then a is a regular expression. This expression denotes
the language {a}t. That is, L{a) = {a}. Note that we use boldlace font
to denote an expression corresponding to a symbol. The correspondence,
e.g. that a refers to a, should be obvious,

]

3. A wvariable, usually capitalized and italic such as L, is a variable, repre-

senting auny language,

INDUCTION: There are lour parts to the inductive step, one for each of the
three operators and one for the introduction of parentheses,

" F el ILC Todre reguuldar ex Jl'[’HHi[)IlH. e = 1 1‘- A resinldlr ex J].'[’HHif.)Il
If E and F gl then E + F gul

denoting the union of L{E) and L F'). That is, L(IE4+F) = L(E) U L{(F).

If E and F are regular expressions, then EF is a regular expression denot-
fa] (=]

ing the concatenation of L(E) and L(F'). That is, L(EF) = L{E)L(F] |

3. I E is a regular expression, then E* is a regular expression, denoting the

closure of L(E). That is, L(E*) = (L(E)) .

1. If E is a regular expression, then (E), a parenthesized E, is also a regular
expression, denoting the same language as E. Formally: L((E)) = L(E).
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Precedence of Regular Expression Operators:

Like other algebras, the regular-expression operators have an assumed order of
“precedence”, which means that operators are associated with their operands in a
particular order.

1. The star operator is of highest precedence

2. Next in precedence comes the concatenation or dot operator

3. The union or ‘+’ has least precedency.

Ex: 01* + 1 can be grouped as, (0(1*))+1

Examples:

Finding RE for the given Language:
l.Let L= {we {a,b }*: |w|is even}.
L = {aa,ab,abba,aabb,ba,baabaa, ------------- }
Then, RE = ((a + b)(a + b))*
or
RE= (aa+ ab + ba + bb )*

2.Let L= {we {a, b } *: w starting with string abb}.
L = {abb,abba,abbb,abbab............ }
Then, RE = abb(a + b)*

3. Let L= {we€ {a, b }*: w ending with string abb}.
L = {abb,aabb,babb,ababb----------- }

RE = (a + b)*abb

4. L={we{0,1}*:whave 001 as a substring}.
L ={001,1001,000101, ---------- }
RE = (0 + 1)*001(0 + 1)*

5. L={we {0, 1}*: wdoes not have 001 as a substring}.
L= {0,1,010,110,101, -------- !
RE = (1 + 01)*0*
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6. L= {w e {a, b}* : w contains an odd number of a's}.

L = {a,aaa,ababa,bbaaaaba ---------- }
RE =b*(ab*ab*)* ab*  or b*ab*(ab*ab*)*

7.L={we {a, b}* :#a(w) mod 3 = 0}.
L = {aaa,abbaba,baaaaaa,...... }
RE = (b*ab*ab*a)*b*

8. Let L= {we {a, b }*#a(w) <= 3}.
L = {a,aa,ba,aaab,bbbabb, ----------- }
RE =b*(a + g)b*(a + £)b*(a + g)b*

9. L={we{0,1}*:w contains no consecutive 0’s}
L={0, £,1,01,10,1010,110,101, - }
RE = (0 + £)(1 + 10)

10. L={we {0, 1}*:w contains at least two 0’s}
L={00,1010,1100,0001,1010,100,000, ---------- }
RE = (0 +1)*0(0 + 1)*0(0 + 1)*

11.L = {a"™/n>=4 and m<= 3}
RE= (aaaa)a*(¢ + b + bb + bbb)

12.L = {a"h™/n<=4 and m>= 2}
RE= (¢ + a + aa + aaa + aaaa)bb(b)*

13. L = { a®b*™/ n>=0 and m>= 0}
RE= (aa)*(bb)*

14. L = { a"b™:(m+n) is even}
Since (m+n) is even when both a’s and b’s are even or both odd.
RE = (aa)*(bb)* + a(aa)*b(bb)*
15. L={w: w € {a, b}* and n,(w) & ny(W) 1s even}
RE=(aa+bb)* + ((ab+ba)(aa+bb)*(ab+ba))*
e For odd number of a’s and even number of b’s we need one

extra a at any position in the above expression.
RE=(aa+tbb)* b (aa+bb)* +
((ab+tba)(aatbb)*(ab+ba))* b ((ab+ba)(aat+bb)*(ab+ba))*
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Finite Automata and Regular Expressions:

We know that DFA, NFA and &-NFA accepts the same class of languages. In
order to show that R. E. defines the same class, we must show that:

1. Every language defined by one of these automata is also defined by a
regular expression. For this proof, we can assume the language is accepted
by some DFA.

2. Every language defined by a regular expression is defined by one of these
automata. For this part of the proof, the easiest is to show that there is an

e-NFA with transitions accepting the same language.

From DFA’s to Regular Expressions:

Converting DFA’s to Regular Expressions by Eliminating States:

Given a DFA with its set of states and transitions. When we eliminate a state s,
all the paths that went through s no longer exist in the automaton. If the language
of the automaton is not to change, we must include, on an arc that goes directly
from q to p, the labels of paths that went from some state q to state p through s.
Since the label of this arc may now involve strings, rather than single symbols
and there may even be an infinite number of such strings, we cannot simply list
the strings as a label. Fortunately, there is a simple finite way to represent all such

strings, use a regular expression.

Method for constructing R. E from FA.
1. For each accepting state q¢ apply the above reduction process to produce
an equivalent automaton with RE labels on the arcs. Eliminate all states
accept qf and start state q0.

2. If qris not equal to qo, then we are left with two state automaton.
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3. If qr = qo start state is also final state, then we must perform state
elimination so that we are left with one state automata.
4. The desired RE is the sum or union of all the expressions derived from the

reduced automaton for each accepting state by rules (2) and (3).

Example:
0.1
() . .
Start U / s 0.1 ] /(_\\ 0.1 N ,//—\\|
N 2/ N\ N\

Figure 3.11: An NFA accepting strings that have a 1 either two or three posi-

tions from the end

Ans:
0+1
' Y
: - | — —
Start _:‘./;V 1 .__.'/é‘\l 0+1 .._(//E.:\J\‘. 0+1 .._',/G;-\\
(N N N/ N

Figure 3.12: The automaton of Fig. 3.11 with regular-expression labels

0+1
N
Start ) L\ 0+1 N
—r:\:q J: =:\|\3 )_} =n'\Dj;
- —/ Ry

Figure 3.13: Eliminating state B

0+1
( N _ _
Start ~ ), O+ 10+ 1) '-"/I;;E}-ﬂ\-'l
L N

Figure 3.14: A two-state automaton with states 4 and D
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0+1

C) e
Start _\j' 10+ 1)

_"@:/ =~ G*:))'

Figure 3.15: Two-state automaton resulting from the elimination of I

Therefore the final RE is:  (0+1)*1(0+1)+(0+1)*1(0+1)(0+1)

Converting Regular Expressions to Automata:

Prove that every language defined by a regular expression is also defined by a
finite automaton(6M)

Theorem 3.7: Every language defined by a regular expression is also defined
by a finite automaton.

PROOF: Suppose L = L(R) for a regular expression 7. We show that L = L(E)
for some e-NFA E with:

1. Exactly one accepting state.

2. No arcs into the initial state.

3. No arcs out of the accepting state,

BASIS: There are three parts to the basis, shown in Fig. 3.16. In part (a) we
see how to handle the expression e, The language of the automaton is easily
seent to be {e}, since the only path from the start state to an accepting state
is labeled e. Part (b) shows the construction for . Clearly there are no paths
from start state to accepting state, so 1 is the language of this automaton.
Finally, part (¢} gives the automaton for a regular expression a. The language
ol this automaton evidently consists of the one string a, which is also L{a). Tt

oo }
@
> O
p.
®)
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Induction:

The three parts of the induction are shown in Fig. 3.17. We assume that the
statement of the theorem is true for the immediate subexpressions of a given
regular expression that is, the languages of these subexpressions are also the

languages of e-NFA’s with a single accepting state. The four cases are:

1. The expression is R+S for some smaller expressions R and S. Then the
automaton of Fig. (a) serves. That is, starting at the new start state, we can go
to the start state of either the automaton for R or the automaton for S. We then
reach the accepting state of one of these automata, following a path labeled by
some string in L(R) or L(S) respectively. Thus, the language of the automaton

in L(R) U L(S).

—-{_) (_ I
/,.f -
-
| \ i C /T -
| .)’
(a)

2. The expression is RS for some smaller expressions R and S. The automaton
for the concatenation is shown in Fig. (b). The idea is that the only paths from
start to accepting state go first through the automaton for R, where it must
follow a path labeled by a string in L(R), and then through the automaton for
S, where it follows a path labeled by a string in L(S). Thus, the paths in the
automaton of Fig. (b) are all and only those labeled by strings in L(R)L(S).

| € - o
o B s ©

b A A
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3. The expression is R* for some smaller expression R. Then we use the
automaton of Fig. (c¢). That automaton allows us to go either:

a) Directly from the start state to the accepting state along a path labeled «.
That path lets us accept €, which is in L(R*) no matter what expression R
is.

b) To the start state of the automaton for R, through that automaton one or
more times, and then to the accepting state. This set of paths allows us to

accept strings in L(R*).

E

- )

£ " o

—T’—%{ R f)—b"q_{}
. — -

(c)

4. The expression is (R) for some smaller expression R. The automaton for R
also serves as the automaton for (R), since the parentheses do not change the

language defined by the expression.

Example:
Let us convert the regular expression (0+1)* 1(0+1) to an e-NFA.

Step 1: Construct an automaton for 0+1.

/O_”\
\m_,/

Step 2: Automaton for (0+1)*

<€T§7
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Step 3: Automata for (0+1)* 1(0+1)

£
Start / : \ E

T \O—-{J/ 7

Applications of Regular Expressions

A regular expression is the medium of choice for applications that search for
patterns in text. The regular expressions are then compiled, behind the scenes,
into deterministic or nondeterministic automata, which are then simulated to
produce a program that recognizes patterns in text. Two important classes of

regular-expression-based applications are: Lexical analyzers and text search.

Regular Expressions in UNIX

Before seeing the applications, we shall introduce the UNIX notation for extended
regular expressions. This notation gives us a number of additional capabilities.
The UNIX notations for RE involves short-hands that allow complex RE to be
written briefly. Most of real applications deal with ASCII character set. The
UNIX RE allows us to write character classes to represent large set of characters
as briefly as possible.
The rules for character classes are:

1) The symbol . (dot) stands for “any character”.

2) [aazas . af=>ataytazt | Fa

3) [A-Z]=> all the characters from A to Z.

[0-9]=>digits ranging from O to 9.
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e There are special notations for several of the most common classes of
characters, For instance:

a) [:digit:] is the set of ten digits, the same as [0-9].7
b) [:alpha:] stands for any alphabetic character, as does [A-Za-z].

¢) [:alnum:] stands for the digits and letters (alphabetic and numeric
characters), as does [A-Za-z0-9].

Operators used in UNIX systems:

1. The operator | is used in place of + to denote union.

2. The operator 7 means “zero or one of.,” Thus, B in UNIX is the same
as e + I in this book’s regular-expression notation.

3. The operator + means “one or more of.” Thus, F+ in UNIX is shorthand
for RE® in our notation.

I. The operator {n} means “n copies ol.” Thus, {5} in UNIX is shorthand
for RRRER.

1) Lexical Analysis
One of the oldest applications of regular expressions was in specifying the

component of a compiler called a “lexical analyzer” or “LEX”. This
component scans the source program and recognizes all tokens, those
substrings of consecutive characters that belong together logically. Keywords
and identifiers are common examples of tokens, but there are many others.

Example: Lex command to recognize keyword else, identifier and some

relational operators are:
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else {return(ELSE) :}
[A-Za-z] [A-Za-z0-9] = {code to enter the found identifier
in the symbol table;
return(I1D) ;
}
s>= {return(GE) ; }

- {return(ASGN) ;}

Figure 3.19: A sample of lex input

2) Finding Patterns in Text

By using regular expression notation, it becomes easy to describe the patterns
at a high level, with little effort. Suppose that we want to scan a very large

number of Web pages and detect addresses such as street address.

To begin, a street address will probably end in “Street” or its abbreviation “St”.
However, some people live on “Avenues” or “Roads” and these might be
abbreviated in the address as well. Thus, we might use as the ending for our

regular expression something like:

Street |8t\. | Avenue|Ave\. |Road|Rd\.
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To include the house number as part of the address, most house numbers are a
string of digits. However, some will have a letter following as in “123 Main

St,”. The regular expression is:

'[0-9]1+[A-2]7 [A-Z][a-z]*( [A-Z][a-z]*)=
(Street | 8t\. | Avenue | Ave\.|Road|Rd\.)’

Proving Languages Not to Be Regular

Regular languages are the languages accepted by DFA’s, by NFA’s, by e-NFA’s
and also defined by regular expressions.

Not every language is a regular language. Let us consider the language, L={0" 1"
In>=1}. This language contains all strings that consist of one or more 0’s followed
by an equal number of 1’s. We claim that L is not a regular language, as it is not

possible to track how many 0’s we read to match with b’s.

The Pumping Lemma for Regular Languages:
(State and Prove Pumping Lemma for regular Languages-6M)

Theorem 4.1: (The pumping lemma for reqular languages) Let L be a regular
language. Then there exists a constant n (which depends on L) such that for
every string w in L such that [w| > n, we can break w into three strings,
w = xyz, such that:

1. y3e.

2. |ey| < n.

b

3. For all k = 0, the string ry"2 is also in L.

That is, we can alwavs find a nonempty string y not too far from the beginning
of w that can be “pumped”: that is, repeating y any munber of times, or deleting
it (the case & = 0}, keeps the resulting string in the language L.
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PROOF: Suppose L iz regular. Then L = L{A) for some DFA A, Suppos=e A has
nostates. Now, consider any string w ol length noor more, say w = ayas - iy,
where = noand each a; s an nput sywbol. For @ = 0, 1,.. ., n deline state
pi to be dgy, apas - --a; ), where § 1= the transition lnnction of A, and ¢, is the
start state of A, That is, p; s the state A 18 in alter reading the first @ symbols
of w. Note that py = qy.

By the pigeonhole principle, it 12 not possible for the n 4+ 1 dillerent p;’s for
=0, 1,..., n to be distinet, since there are onlv n different states. Thus, we
can find two different integers ¢ and j, with 0 <4 < 57 < n, such that p; = p;.
Now, we can break w = xyz as [ollows:

Lo =ayas-- ;.
PP [ R thy.
S PR E R e

That is, » takes us to p; once; y takes us from p; back to p; (since p; is also p; ],
and z is the balance of w. The relationships among the strings and states are
sugeested by Fig, 4.1, Note that @ may be empty, in the case that + = 0. Also,
2 may be empty if j = n = m. However, y can not be empty, since ¢ is strictly
less than j.

."|_' =
G!- I 'f{,.'
Start . T
al iy ... a g
| i A +1 "
— P,g R R EELEEE LR, |-[/P|.'\| ------- S l--'/-;{_\\j
L el \}?_ﬁ’/

Figure 4.1: Every string longer than the number ol states must cause a state
Lo repeat

Now, consider what happens if the antomaton A receives the input ay* 2 for
any k= 0. IF B =0, then the automaton goes from the start state gy (which is
also py) to p; on lnput x. Since p; 18 also p;, it must be that A goes [rom p; to
the accepting state shown in Fig. 4.1 on input z. Thus, 4 accepts rz.

Ik =0, then A goes [rom gy to p; on input @, cireles from p; to p; & times
on input y*, and then goes to the accepting state on input z. Thus, for any
k>0, xy¥ 2 is also accepted by A: that is, xy*z isin L. O

Applications of the Pumping Lemma:
Basic application of Puming lemma is to prove that language is not regular.

Steps to prove Language is not regular by contradiction method.
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[E—

. Assume L is regular and n be the number of states of FA.
2. Apply Pumping Lemma theorem for the given language.
3. Choose a string w, where w€ L and |w| >=n

4. Split w into xyz such that [xy|<=n and y#¢

5. Choose a value for k such that xy*z is not in L.

6. Since the result is contradictory to our assumption, the given
language is not regular.

(Refer class work for problems and its solutions)

Closure Properties of Regular Languages:

In this section, we shall prove several theorems of the form “if certain languages

are regular and a language L is formed from them by certain operations, e.g., L is

the union of two regular languages, then L is also regular”. These theorems are

often called closure properties of the regular languages.

The principal closure properties for regular languages are:

l.
2.
3.

The union of two regular languages is regular.
The closure (star) of a regular language is regular.

The concatenation of regular languages is regular.

. The intersection of two regular languages is regular.
. The complement of a regular language is regular.

4
5
6.
7
8

The difference of two regular languages is regular.

. The reversal of a regular language is regular.

. A homomorphism (substitution of strings for symbols) of a regular

language is regular.

The inverse homomorphism of a regular language is regular.




TOC IBCS5031 Module-2 Notes

1. Regular languages are closed under Union, Concatenation and Star
Theorem: If L and M are regular, then LUM, L.M, and L* are also
regular.

Proof: For proof we make use of RE. If L and M are regular languages then
there exists regular expressions R1 & R2 such that:
L=L(R1)
M=L(R2)
By the definition of Res, we have
o RI1+R2 is RE denoting the language LUM.
o RI1.R2 is RE denoting the language L.M.
o RI1*is RE denoting the language L*.

Closure Under Complementation
Theorem 4.5: If L is a regular language over alphabet ¥, then L = £* — L is
also a regular language.

PROOF: Let L L(A) for some DFA A4 (Q,X, 0,90, F). Then L = L(B),
where B is the DFA (). X, 0,qy,.Q — F'). That is, B is exactly like A, but the
accepting states of A have become nonaccepting states of B, and vice versa.
Then w is in L(B) if and only if d{gy, w) is in () — F', which occurs if and only

if wisnotin L(A4), O

Closure Under Intersection

Theorem: If L and M are regular, then the regular language is closed under
intersection.

Proof: Since we already proved the RLs are closed under union and
Complementation, we can obtain the intersection of languages L and M by the
identity (as per one of DeMorgan’s law, we can obtain intersection of two sets in

terms of complement of union of complement of languages):

LNM=LUM

.Thus Regular languages are closed under intersection.
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Closure Under Difference

In terms of languages, L-M, the difference of L and M, is the set of strings that
are in language L but not in language M. The regular languages are also closed

under this operation, and the proof follows easily from the theorems just proven.

Theorem 4.10: If L and M are regular languages, then so is L — M,

PROOF: Observe that L — M = L N M. By Theorem 4.5, M is regular, and
by Theorem 4.8 L 1 M is regular. Therefore L — M is regular. O

Reversal:

The reversal ol a string ayas---ay, 15 the string written backwards, that is,
tpty . We nse w® for the reversal of string w. Thus, 00107 is 0100, and
el = ¢,
The reversal of a language L, written LT, is the language consisting of the
reversals of all its strings. For instance, if L {001,10,111}, then LF
{100,01,111}.

Given a language L that is L(A4) [or some finite automaton, perhaps with
nondeterminism and e-transitions, we may construet an automaton for L by:

1. Reverse all the ares in the transition diagram for A.

=

Make the start state of 4 be the only accepting state for the new automa-
Lo,

3. Create a new start state py with transitions on e to all the accepting states

ol A.

The result is an automaton that simulates 4 “in reverse,” and therefore accepts

a string w if and only if A accepts wf. Now, we prove the reversal theorem

[ormally,
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Theorem 4.11: If L is a regular langnage, so is LT,

PROOF: Assume L is defined by regular expression E. The proof is a structural

induction on the size of K. We show that there is another regular expression
) ; ’. Cr oy . . ' . .

Ef such that L(E™) (LOE]) @ that is, the language of E*™ is the reversal of

the language of I

BASIS: Il Eis e, ), or a, for some symbol a, then ET is the same as E. That
is, we know {e T = {e}, 0% = 0, and {a}® = {a}.

INDUCTION: There are three cases, depending on the form of E.

l. E=E;+E,. Then Eff = EN 4+ EF. The justification is that the reversal
of the union of two languages is obtained by computing the reversals of
the two languages and taking the union of those languages.

2 F EyE,. Then Ef EJ‘IE{". Note that we reverse the order of
the two languages, as well as reversing the languages themselves. For
instance, if L(E,) {01,111} and L{E,) 100,10}, then L{E, E,)
{0100, 0110, 11100, 11110}, The reversal of the latter language is

10010,0110,00111, 01111}
If we concatenate the reversals of L{E.) and L(E,] in that order, we get

100,00 10, 111} = {0010,00111,0110,01111}

. . e N . .
which is the same language as (L(E Ey)) . In general, if a word w in
L{E) 15 the concatenation of wy from LiE;) and wy from L{FE.), then
wh = wliwl

3. E = E;. Then EF (Ef*. The justilication is that any string w in
L{E) can be written as wyw., -+ -w,,, where each w; 1s in L{ E). But
H A “,H H

t t i n—1""" “‘l

Each u‘jr" is in L(E®), so w' is in L{(E{"]" ). Conversely, any string in
L{(Ef" 7] is of the form wywy -+ w,, where each w; is the reversal of a
string in L(Ey). The reversal of this string, wfwf | owl is therefore
a string in L{ EY), which is L{E). We have thus shown that a string is in
L{E) il and only il its reversal is in L [[El‘r" ).

Homomorphisms

A string homomorphism is a function on strings that works by substituting a

particular string for each symbol.
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Formally, il # iz a homomorphism on alphabet ¥ and w = ayas - -ay,

is a string of svinbols in X, then Al(w) = hia )h{as) - - hia,). That is, we
apply it to each svmbol of w and concatenate the results, in order. For in-
stance, i hois the homomorphism in Example 4.13, and @ = 0011, then

hiw) = h(O)h(Mh(1) (1) = (ab)(ab)(e)(e) = abab, as we claimed in that ex-
ample.

Theorem 4.14: If L is a regular language over alphabet ¥, and L is a homo-
morphism on ¥, then k(L) is also regular,
PROOF: Let L = L(R) [or some regular expression R, In general, if E is a
regular expression with symbols in X, let A{ E) be the expression we obtain by
replacing each symbol a of ¥ in E by hla). We claim that A{R) delines the
language (L),

The prool 15 an easy structural induction that sayvs whenever we take a
subexpression E ol B oand apply b to it to get h(E), the language of h(E)
15 the same chILglchgU we get il we apply © to the language L(E). Formally,

BASIS: If E is e or (), then A{E) is the same as E, since b does not allect the
string e or the language (). Thus, L{h(.E,l] ------ {E). However, if Eis l or e, then
LfE] L'UIJ.I.E-LiIJ.E either no EI.I."lILgE or a string with no .L:ji.m}mlM uwpmtnvh Thus

is t.hv string Uf kHuhuvl hm Thm L{ME ) k also {h (e1) } :-LIJ_I:I We Cone luclv

INDUCTION: There are three cases, each ol them simple. We shall prove only
the union case, where EF = F+ . The way we apply homomorphisms to regular
EXPIEsSIONS ASSUres 1s thtu hE) = h(F +G) = h(F) 4+ hi(G). We also know
that L(E) = L(F) U L) and

L(h(E)) = L(h(F) + h(G)) = L(h(F)) U L(h(G)) (4.2)

by the definition of what “47 means in regular expressions. Finally,

W(L(E)) = h(L(F) U L(G)) = h(L(F)) U h(L(G)) (1.3)

because o is applied to a language by application to each of its strings individ-
ually. Now we may invoke the inductive hypothesis to assert that L{h[FJ] ------

h(L(F)) and L{h(/)) = h{L(G/)). Thus, the final expressions in (4.2) and
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(4.3) are equivalent, and therefore so are their respective first terms: that is,

L(h(E)) = h(L(E)).

Inverse Homomorphisms:

Homomorphisms may also be applied “backwards,” and in this mode they also
preserve regular languages. That is, suppose b is a homomorphism from some
alphabet ¥ to strings in another (possibly the same) alphabet 7. Let L be
a language over alphabet T. Then h '(L), read “h inverse of L,” is the set
of strings w in ¥* such that A(w) is in L. Figure 4.5 suggests the eflect of
a homomorphism on a language L in part (a), and the effect of an inverse

homomorphism in part (b).

(
1 L h—>= QL
\ —_— :

(a)

Figure 4.5: A homomorphism applied in the forward and inverse direction

Theorem 4.16: If /i is a homomorphism from alphabet ¥ to alphabet T, and
L is a regular language over T, then h '(L) is also a regular language.

PROOEF: The proof starts with a DFA A for L. We construct from 4 and h a
DFA for A '(L) using the plan suggested by Fig. 4.6. This DFA uses the states
ol A but translates the input symbol according to 1 before deciding on the next
state,

Formally, let L be L(A), where DFA A = (Q,T,0, qy, F'). Define a DFA

/

B = (('J,S."-.([[|,F:‘|
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Input a

[ ]

Input
Start ' fifa) to A

L Accept/reject
A -

Y

Figure 4.6: The DFA for & Y(L) applies b to its input, and then simulates the
DFA for L

where transition hunction v is constructed by the rule (g, a) 8 Iir,r. hia)). That
is, the transition B makes on input a is the result of the sequence of transitions
that A makes on the string of syvmbols h{a). Remember that h{a) could be e,
it could be one svmbol, or it could be many symbols, but 4 is properly defined
to take care of all these cases. '

It is an easy induction on |w| to show that (gy, w) = 0 |:f||'l|. hw)). Since the
accepting states ol A and B are the same, B accepts w il and only il A accepts
hiw). Put another way, B accepts exactly those strings w that are in h (L),

Equivalence and Minimization of Automata:

Testing Equivalence of States:

We say that states p and q are equivalent if:

For all input strings w, d{p, w) 12 an accepting state il and only if o{g, w)
1= an accepting state,

If two states are not equivalent, then we say they are distinguishable. That

is, state p is distinguishable from state ¢ if there is at least one string w such
that one of d(p, w) and d(g, w) is accepting, and the other is not accepting.

To find states that are equivalent, we make our best efforts to find pairs of states

that are distinguishable. The algorithm, which we refer to as the table-filling
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algorithm, is a recursive discovery of distinguishable pairs in a DFA A=(Q, )., 9,
qo, F)
Table-filling algorithm:

BASIS: If p is an accepting state and ¢ is nonaccepting, then the pair {p, g} is
distinguishable.

INDUCTION: Let p and g be states such that [or some input syvimbol a, r

Op,a) and s = 8y, a) are a pair of states known to be distinguishable. Then
{p.q} is a pair of distinguishable states, The reason this rule makes sense is
that there must be some string w that distinguishes r from s; that is, exactly
one of d(r, w) and d{s,w) is accepting. Then string aw must distinguish p [rom

g, since d{p,aw) and d{g, aw) 15 the same pair of states as d(r,w) and d(s, w).

Example: Consider the following DFA,

Let us execute the table-filling algorithm on the DFA,
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B |x

C (x|

D |x |x |x

E X |x |x

F |x |x |x X

G |x |x |x |x |x |x
H |x XY |lx [x |x |x

A B CDEF G

Figure 4.9: Table of state inequivalences

Minimization of DFA’s:

An important consequence of the test for equivalence of states is that we can
“minimize” DFA’s. That is, for each DFA we can find an equivalent DFA that has
as few states as any DFA accepting the same language. Moreover, except for our
ability to call the states by whatever names we choose, this minimum-state DFA

is unique for the language. The algorithm is as follows:
1.First, eliminate any state that cannot be reached from the start state.

2. Then, partition the remaining states into blocks, so that all states in the same

block are equivalent, and no pair of states from different blocks are equivalent.

Consider the table of Fig. 4.9, where we determined the state equivalences and
distinguishabilities for the states of Fig. 4.8. The partition of the states into
equivalent blocks is {A, E}, {B, H}, {C}, {D, F}, {G}.

Note: The equivalence of states is transitive. That is, if in some DFA A=(Q, >,
d, qo, F) we find that states p and q are equivalent, and we also find that q and r

are equivalent, then it must be that p and r are equivalent.
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We are now able to state succinetly the algorithm for minimizing a DFA

A

(€, X8, qy, ).

Use the table-filling algorithm to find all the pairs of equivalent states,

Partition the set of states ¢) into blocks of mutually equivalent states by
the method described above,

Construct the minimum-state equivalent DFA B by using the blocks as
its states. Let » be the transition function of B. Suppose 8 is a set of
equivalent states of A, and g is aninput symbol. Then there must exist one
block T of states such that for all states g in S, 8(g, a) 15 a member of block
1. For il not, then input svimbol o takes two states p and g of S to states
in different blocks, and those states are distinguishable by Theorem 4.24.
That fact lets us conclude that p and g are not equivalent, and they did
not both belong in 5. As a consequence, we can let (S, a) T. In
addition:

(a) The start state of B is the block containing the start state of A.

(b} The set of accepting states ol B is the set of blocks containing ac-
cepting states of 4. Note that if one state of a block is accepting,
then all the states of that block must be accepting. The reason is
that any accepting state is distinguishable [rom any nonaccepting
state, =0 vou can’'t have both accepting and nonaccepting states in
one block of equivalent states,

o - .
| /
Start
Ay
x_
fl /\‘ ]
s 7\

\ | H7£4/I

1

=]
=

Figure 4.12: Minimum-state DFA equivalent to Fig. 4.8
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Module-3
Context — Free Grammars

Context Free Grammar is formal grammar, the syntax or structure of a formal
language can be described using context-free grammar (CFG). A context-free

grammar is a formal notation for expressing recursive definitions of languages.

Definition of Context-Free Grammars:
The context-free grammar is defined by quadruple,
G=(V,T,P,S)
where,
e Vs a finite set of variables, also called sometimes non-terminals. Each
variable represents a language 1.e., a set of strings.
e T is a finite set of symbols that form the strings of the language being
defined. We call this alphabet the terminals or terminal symbols.
e S is the start symbol, is one of the variables represents the language being
defined.
e There is a finite set of productions or rules that represent the recursive
definition of a language. Each production consists of:
a) A variable that is being defined by the production. This variable is
often called the head of the production.
b) The production symbol =
c) A string of zero or more terminals and variables. This string, called
the body of the production, represents one way to form strings in the

language of the variable of the head.

Example: Consider the grammar for arithmetic expression as follows:
G=(V, T, S, P) with
=
Dept. of CSE,ATMECE



TOC [BCS503] Module-3

V={E}
T={+, *,id}
P={ E2>E+E
E-2>E-E
E-2>E*E
E->E/E
E- id }
and E is the start symbol.

Derivations using a Grammar:

“The process of obtaining string of terminals and/or non-terminals from the start

symbol by applying some or all productions is called derivation™.

The process of deriving strings by applying productions [rom head to body
requires the definition of a new relation svibol =, Suppose ¢ = (V. T, P, 5} is
a CFGL Let oo A9 be a string of terminals and variables, with A a variable. That
15, v and 9 are strings in (VU T)", and A i in V. Let 4 — 5 be a production
of (. Then we say add r— avd. I Gois understood, we qust sav add = a7,
Notice that one derivation step replaces any variable anywhere in the string by
the body of one of its productions,

We mayv extend the = relationship to represent zero, one, or many derivation
steps, much as the transition function § of a finite automaton was extended to
4. For derivations, we use a * to denote “zero or more steps,” as follows:

Let us derive the sentence id+id*id from the grammar for arithmetic expression:

E => E+E
=>id+E
=>id+E*E
=>id+id*E
=>jd+id*id

—

Dept. of CSE,ATMECE
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Leftmost and Rightmost Derivations

LMD:

In order to restrict the number of choices we have in deriving a string, it is often
useful to require that at each step we replace the leftmost variable by one of its

production bodies. Such a derivation is called a leftmost derivation, and we

indicate that a derivation is leftmost by using the relations m and =, for one or

many steps, respectively.

RMD:
Similarly, it is possible to require that at each step the rightmost variable is

replaced by one of its bodies. If so, we call the derivation rightmost and use the

symbols  and . to indicate one or many rightmost derivations steps,

respectively.

Ex: Consider the string w=id+id*id. Let us derive w using LMD and RMD as
follows:
LMD:
E oo E+E
w 1d+E
m 1d+E*E
m 1d+Hd*E
o id+id*id
RMD:
E o E+E
- E+E*E
- E+E*id
—,
Dept. of CSE,ATMECE
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- B4id*id

o idHd*id

The Language of a Grammar:
If ¢ = (V.T,P,S) is a CFQG, the language of 7, denoted L((G), is the set of
terminal strings that have derivations from the start svinbol. That is,

LG ={winT*|S= w}

Cy

If a language L is the language of some contex-free grammar, then L is said to

be context-free language or CFL.

Sentential Forms:

Derivations from the start svinbol produce strings that have a special role. We

call these “sentential forms.” That is, if ¢ = (V,T,P,S) is a CFG, then any

string o in (VU T)* such that S = « is a sentential form. If S = «, then
lm

a is a left-sentential form, and if S = «, then a is a right-sentential form.
i

Note that the language L(() is those sentential forms that arve in 7%; i.e., they
consist solely of terminals.

Examples:

Design Context free grammar for the given language:
1. Construct the CFG for the language having any number of a's over the set
2= {a}.
Ans :
S—>aS | €

Therefore, G=(V,T,S,P)
where V={S}, T={a}, P={S—>aS | &}, S is the start symbol.

—
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2. Construct a CFG for the regular expression (0+1)*
Ans: S20S | 1S | ¢
Therefore, G=(V,T,S,P)
where V={S}, T={0,1}, P={S>0S | 1S | €}, S is the start symbol.
3. Construct a CFG for a language L = {wcw™ | where w € (a, b)*}. Also
derive the string “abbcbba”
Ans:
S—>aSa [bSa |c

Derivations:
S => aSa
S=>abSba //S>bSb S
=>abbSbba //S>bSb S
=>abbcbba //S—>c¢

4. Construct a CFG for the language L = a"b®® where n>=1.
Ans:
S—>aSbb [ab

5. L= {a"b"|nis a positive integer }
Ans:
S ->aSb | ab

therefore G=(V, T, P, S) where,
V={S}, T={a,b},P={S->aSb,S->ab }and S is the start symbol.

6. Write CFG for balanced paranthesis.
Ans:

=
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S2>(S)[[S]] {S} ISS| &

ﬁ
Dept. of CSE,ATMECE
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7. L={ww® : w€{a,b}*}
Ans: S—>aSa |bSb | ¢

8. The CFG for Plaindrome of 0’s and 1’s 1s
Ans:

S—>aSa [bSbla |b| €

9. L={0i Ii| i#j , i>=0, j>=0}

Ans:
S->0S1 |A | B
A—>0A |0
B->1B| 1

10. L={ a"b™c" | n>=0, m>=0}

Ans:
S—2>aAc | ¢
A—>aAc | B
B> bB | ¢

11.L={ w€{a,b}*: ny(w)=np(w)}
Ans: S2>aSb |bSa |SS | e

12. L={ w€{a,b}*: ny(w)>np(w)}

Ans: S=>aSb |bSa | SS | a| aS

13.L={ w€{a,b}*: ny(w)<ny(w)}

=
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Ans: S>aSb | bSa | SS | b| bS

ﬁ
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Note: Refer notes for More problems and its solutions.

Parse Trees

There is a tree representation for derivations that has proved extremely useful.
This tree shows us clearly how the symbols of a terminal string are grouped into
substrings, each of which belongs to the language of one of the variables of the

grammar.

Constructing Parse Trees
Let us consider a grammar G=(V, T, P, S). The parse trees for G are trees with
the following conditions:

1. Root of the tree is labelled by start symbol S of the grammar

2. Each interior node is labeled by a variable in V.

3. Each leafis labeled by either a variable, a terminal, or €. However, if the

leaf is labelled €, then it must be the only child of its parent.

4. If an interior node is labeled A, and its children are labeled
respectively, from the left, then A>X 1 X 5. Xy is a production in P.
Note that the only time one of the X’s can be ¢ is if that is the label of
the only child, and A—>¢ is a production of G.

Example: Consider the following grammar,

=
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S— ASB | ¢

A —¢ | aA

B—¢ | bB

A derivation sequence of ach,

S=>ASB
=>aASB
=>aSB
=>acB
=>acbB

=>ach

The Parse tree of acbh is,

a z‘f\ C b B
| g

The Yield of a Parse Tree
If we look at the leaves of any parse tree and concatenate them from the left,we
get a string, called the yield of the tree, which is always a string that is derived
from the root variable. Of special importance are those parse trees such that:
1. The yield is a terminal string. That is, all leaves are labeled either with a
terminal or with «.
2. The root is labeled by the start symbol.
Dept. of CSE,ATMECE
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These are the parse trees whose yields are strings in the language of the

underlying grammar.

Ex: in the above parse tree yield is, a € ¢ b e=acb.
Exercise on parse tree:
1. Consider the grammar S (L) | a
L->L,S|S
1. What are the terminals, nonterminal and the start symbol?
i1. Find the parse tree for the following sentence
a. (a,a)
b. (a, (a, a))
c. (a, ((a,2),(a,)))
111. Construct LMD and RMD for each.

Ambiguity in Grammars and Languages:

Applications of CFG’s often rely on the grammar to provide the structure of files.
When a grammar fails to provide unique structures, it is sometimes possible to
redesign the grammar to make the structure unique for each string in the language.
Unfortunately, sometimes we cannot do so. That is, there are some CFL’s that are

“inherently ambiguous”; every grammar for the language puts more than one

structure on some strings in the language.

Ambiguous Grammars:

Q. What do you mean by ambiguous grammar? Explain with

example.

ﬁ
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A CFG 1s ambiguous if it produces more than one parse tree for a string in the
language. — i.e. there exists any string in the language that is the yield of two or
more parse trees. In other way, if we are able to derive any string of a grammar
either by applying LMD two or more time or applying RMD two or more time

we call such grammar as Ambiguous grammar.

Example:
1. A good example for ambiguous grammar is the grammar for arithmetic

expressions:

E — E+E | E*E | E-E | E/E | id | (E)
For the expression id+id*id we can generate 2 parse trees and 2 leftmost or 2

rightmost derivations as follows:

T T
A ] N
E + “E id id l|5 * E
id id id id
E :>lm E*E :>1m E+E*E :>1m ld+E*E E :>]m E+E ilm 1d+E :>lm 1d+E*E
=, idHd*E =, id+id*id =, id+Hd*E =, id+id*id
E =, E*E=_ E*id=_ E+E*d E=,_ E+E=_ E+E*E =_ E+E*id
=__E+id*id =__ id+id*id =__ E+id*id = id+id*id

m m rm m

Since we got 2 different parse trees and LMD’s we say that given grammar is

ambiguous.

Removing Ambiguity From Grammars:
For the most parsers, the grammar must be unambiguous. Because,

ﬁ
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* unambiguous grammar means unique selection of the parse tree for a
sentence

*  We should eliminate the ambiguity in the grammar during the design phase
of the compiler.

* An ambiguous grammar should be written to eliminate the ambiguity.

*  We have to prefer one of the parse trees of a sentence (generated by an
ambiguous grammar) to disambiguate that grammar to restrict to this

choice.

Sometimes an ambiguous grammar can be rewritten to eliminate the

ambiguity.

Example 1:

There are two causes of ambiguity in the grammar of arithmetic expression,

E- E+E | E-E [E*E [E/E |(E) | id

1. The precedence of operators is not respected.
2. A sequence of identical operators can group either from the left or from

the right.

Ambiguous grammars (because of ambiguous operators) can be disambiguated
according to the precedence and associativity rules. We can eliminate ambiguity

of this grammar using the following precedence and associativity rules.

Precedence: from highest to lowest
* ./ (left to right)
+, - (left to right)
ﬁ
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Therefore the unambiguous grammar for arithmetic expression is,
E2E+T |E-T

T-> T*F |T/F

F-> (E) |id

Exercise Questions: Prove that the following grammars are ambiguous.
a) S> AB|aaB
A—>a| Aa
B>Db
b) S>ABA
A—>aA e
B->bB | ¢

Inherent Ambiguity

A context free language L is said to be inherently ambiguous if all its grammars
are ambiguous. If even one grammar for L is unambiguous, then L is an
unambiguous language.

Consider the Language,
L=1{a"b"e"d™ |n=z1Lm=1}04a" b e™d" | nz1,m = 1}

That is, L consists of strings in a*bTetd ™ such that either:
1. There are as many a’s as b's and as many ¢’s as d’s, or

2. There are as many a’s as d's and as many b's as o's,

The grammar for this language is,

ﬁ
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S = AB|C
A4 = adb|ab
B = ¢Bd|ed
' = aCd|aDd
D — bDe| be

Since it is impossible to derived more than one parse tree for any strings of

this grammar, it is an example for inherently ambiguous grammar.

PUSHDOWN AUTOMATA

The context free languages have a type of automaton that defined them. This
automaton, called a “pushdown automaton”, is an extension of the nondeterministic finite

automaton with & — transitions, which is one of the ways to define the regular languages.

The pushdown automaton is essentially an ¢ — NFA with the addition of a stack. The

stack canbe read, pushed and popped only at the top, just like the “stack” data structure.

We define two different versions of the pushdown automaton: one that accepts by
entering an accepting state, like finite automata do and another version that accepts by
emptying its stack, regardless of the state it is in. we show that these two variations accept
exactly the context free languages i.e. grammars can be converted to equivalent pushdown

automata and vice-versa.

Model of Pushdown Automata

% The pushdown automaton is in essence a nondeterministic finite automaton with € —
transitions permitted and one additional capability: a stack on which it can store a
string of “stack symbols”.

% The presence of a stack means that unlike finite automaton, the pushdown
automaton can remember an infinite amount of information.

s The model of PDA is as shown below:

Finit .
Input —» tl:n C Accept/reject
state

R R N . R R RRRRRRRRRSSESSESESSS—S——————————————

—_—
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Stack

Figure 6.1: A Pushdown automata with stack

¢ As shown in the Figure 6.1, PDA has finite state control that reads inputs, one symbol
at a time. The pushdown automaton is allowed to observe the symbol at the top of
the stack and to base its transition on its current state, input symbol, and the symbol

at the top of stack.

FORMAL DEFINITION OF PUSHDOWN AUTOMATA

¢ Formal definition for pushdown automata (PDA) involves seven components. A

PDA P is defined as follows:
P=(Q,X,TI,9, qo Zo, F)
< Where,
e Q: afinite set of states, like the states of a finite automata

e X afinite set of input symbols, also analogous to the corresponding
component of afinite automaton.
e [ afinite stack alphabet. It is the set of symbols that we are allowed to
push onto thestack.
o O: the transition function. As for a finite automaton, 6 governs the
behavior of the automaton.
GQXXU{g XI'> QXTI
Formally, o takes as argument a triple 6(q, a, X), where:
1. qis the state in Q
2. ais either an input symbol in X or a = ¢, the empty string, which
is assumednot to be an input symbol.

3. Xis a stack symbol, which is a member of I".

The output of d is a finite set of pairs (p, v), where p is the new state
ﬁ
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and v is the string of stack symbols that replaces X at the top of stack.

e qo: the start state. The PDA is in this state before making any transitions.

e Zo: the start symbol. Initially, the PDA’s stack consists of one instance of

this symbol,and nothing else.

e F: the set of accepting states, or final states.

A Graphical Notation for PDA’s:
The transition function o will explain the behavior of a PDA. It has following
components:

a) The nodes correspond to the states of the PDA.

b} An arrow labeled Starf indicates the start state, and doubly circled states
are accepting, as for finite antomata.

¢] The arcs correspond to transitions of the PDA in the following sense. An
arc labeled a, X /o from state g to state p means that 6(g, o, X contains
the pair (p,a), perhaps among other pairs. That is, the arc label tells
what input is used, and also gives the old and new tops of the stack.

Example: Let us design a PDA P to accept the language L={ww"® : w €{0,1}*}
We shall use a stack symbol Z, to mark the bottom of the stack. We need to have
this symbol present so that, after we pop w off the stack and realize that we have
seen ww™ on the input, we still have something on the stack to permit us to make
a transition to the accepting state, q». Thus, our PDA for Lww" can be described
as:

P= ({qo, 91,92}, {0,14,{0,1, Zy }, 6,90, Zo, {g2 })

where 9 is defined by the following rules:

ﬁ
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1. d{qu, 0, Zy) {{qo, 0Zy)} and d(qu, 1, Zo) fHgo, LZy) . Oune of these
rules applies initiallv, when we are in state gy and we see the start svmbol
Zy at the top of the stack., We read the first input, and push it onto the
stack, leaving Z below to mark the bottom.

i)

Ao, 0,0) = {{qo, 00} }, 8(qgo. 0. 1) = {{go, 01} }, d(gy, 1,0} = {{qgy, 10} }, and
gy, 1, 1) = {(gy, L1)}. These four, similar rules allow us to stay in state
gy and read inputs, pushing each onto the top of the stack and leaving
the previous top stack svinbol alone.

3. 8o, e, Zy) = {lgi, Zo)}, dlgo,e,0) = {{gy, 00}, and d{gy,e, 1) = {{q, 1)}
These three rules allow P to go [rom state gy to state ¢ spoutaneously
(on e input), leaving intact whatever symbol is at the top of the stack.

Lod(q, 0,0) = {{gy. el }, and (g, 1, 1) = {{g,e)}. Now, in state g, we can
match input symbols against the top symbols on the stack, and pop when
the syvmbols match.

Mg, e, Zy) = {lge. Zy) b Finally, if we expose the bottom-of-stack marker

Zy and we are in state g, then we have found an input of the form ww®.

o

We go to state g and accept.

Transition diagram is,

0.2,10Z,
1. Zy/12Z,
0, 0/00
0. 1/01
1,0/10 0.0/¢
1. 1/11 1.1/¢
N N
Start k/"v' i/"v’ -/;?:‘.\'
=® (@)
= e zglzg T e, Zglz N
g 0/ 0
e 1/ 1

Figure 2: PDA for L={ww" : w €{0,1}*}

Instantaneous Descriptions of a PDA:

The PDA goes from configuration to configuration, in response to input symbols
(or sometimes € ) but unlike the finite automaton, where the state is the only thing
that we need to know about the automaton, the PDA’s configuration involves both
the state and the contents of the stack. We shall represent the configuration of a

PDA by a triple (q,w,y), where:
ﬁ
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1. qis the state,
2. wis the remaining input, and

3. v is the stack contents

Such a triple is called an instantaneous description, or ID of the pushdown
automaton.

Example:

Let us consider the action of the PDA of Example L={ww® } on the input 1111.
Since q0 is the start state and Z0 is the start symbol, the initial ID 1s (q0,1111,Z0).
The IDs of the PDA are:

—
..
.
..
~—
i,

( g I]l.IZ(]) ( q - 11I].Z{}]—"'[ffg. I]]LZ“ )
l .
x""-\-\.
S,
i
( g I],IIZ(]) ( g, - lll.]Z{}]—"qu.I],Z{}]
( 4y I.IIIZ(]) ( g, 11.]”]:{{}] [fj,,.ll,}f{}]
l’ H“"\ e
( g E.IIIIZO ) (g - l,I]]Z{}] [ql 1 ]?.0)
(:;I.E.IIIIZO} ({ q].e.llz{}] [qI.E.ZO)
[LTE'E“-{(J)

Figure 6.3: IDVs of the PDA of Example 6.2 on input 1111

The Languages of a PDA:

ﬁ
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* We have assumed that a PDA accepts it input by consuming it and entering an

ﬁ
Dept. of CSE,ATMECE



TOC [BCS503] Module-3

accepting state. We call this approach “acceptance by final state”.

¢ There is a second approach to define the language of PDA that has important
applications. We may also define for any PDA the language “accepted by empty
stack”, i.e. the set of strings that cause the PDA to empty the stack, starting from the
initial ID.

¢ These two methods are equivalent, in the sense that a language L has a PDA that

accepts itby final state if and only if L has a PDA that accepts it by empty stack.
6.2.1 Acceptance by Final State

Let P= (Q,.X,1,0,qu, Zo, F') be a PDA. Then L(P), the language accepted by
P by final state, is

{w | (qo, w, Zy) il— (g,e,a)}

for some state ¢ in F' and any stack string . That is, starting in the initial
ID with w waiting on the input, P consumes w from the input and enters an
accepting state. The contents of the stack at that time is irrelevant.
6.2.2 Acceptance by Empty Stack
For each PDA P = (Q, X, T.4, qy, Zy, F'), we also define
N(P) {w | (qo,w, Zy) - (g €, €)}

for any state ¢. That is, N(P) is the set of inputs w that P can consume and
at the same time empty its stack.-

EQUIVALENCE OF ACCEPTANCE BY FINAL STATE AND EMPTY
STACK

From Empty Stack to Final State:

Theorem 6.9;: I[ L = N(Pxy) [or some PDA Py = (X, I, dv ., g0, Z0), then
there is & PDA Pp such that L = L{ Pp).

PROOF: The idea behind the prool is in Fig. 6.4, We use a new symbol X,
which must not be a syinbol of T X is both the start symbol of Pp oand a
marker on the bottom of the stack that lets us know when Py has reached an
cipty stack. That is, il Pp sees X on top ol its stack, then it knows that Py
would empty its stack on the same input.
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g, XD!E

Figure 6.4: Pp simulates Py oand accepts il Py empties its stack

We also need a new start state, py, whose sole function is to push Z;, the
start svinbol of Py, onto the top of the stack and enter state gy, the start
state of Py. Then, Pp simulates Py, until the stack of Py is empty, which P
detects because it sees Xy on the top of the stack. Finally, we need another
new state, py, which is the accepting state of Pp: this PDA transfers to state
py whenever it discovers that Py would have emptied its stack.

The specification of Pp is as follows:

P}.' - l(“) LJ {[)“. /), }. S. r LJ {‘\—U }. ()-14’ NTE .\—“ y {/)f }}
where 0 is defined by:

L. dp(po.e, Xo) = {(qo, ZuXy)}. I its start state, Pr makes a spontaneous
transition to the start state of Py, pushing its start svinbol Z, onto the
stack.

2. For all states g in ), inputs o in ¥ or 0 = ¢, and stack syvmbols Y in T,
dplg,a, Y) contains all the pairs in § 5 (g, a, Y.

3. In addition to rule (2), dp(g, e, Xy} contains (pr, e) for every state g in ().
We must show that w is in L{Pp) if and only if w is in N(Py ).
(If) We are given that {go,w, Zy) F (4, e,e) for some state g. Theorem 6.5 lets
]I).\

us insert Ny at the bottom of the stack and conclude (g, w, Z, Xy) F (g, e, Ny,
P

Since by rule (2] above, P has all the moves of Py, we may also conclude that
(qu, w, ZnXy) [ (g, e, Xy}, I we put this sequence of moves together with the
!)

initial and final moves from rules (1) and (3) above, we get:
(!Jljeff’a X) '; (Q’u-. w, ZyXy) ';: [:f{-.f-.A_UJ |; (J”,,f'-.l‘-. €] (6.1)
¥ i i

Thus, Pp accepts w by final state.
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From Final State to Empty Stack

Now, let us go in the opposite direction: take a PDA Pp that accepts a language
L by final state and construct another PDA Py that accepts L by empty stack,
The construction is simple and is suggested in Figo 6.7, From each accepting
state of Pr, add a transition on e to a new state p. When in state p, Py pops its
stack and does not consume any input. Thus, whenever Pp enters an accepting
state alter consuming input w, Py will empty its stack alter conswning w.

To avoid simulating a situation where Ppoaccidentally empties its stack
without accepting, Py must also use a marker Xy on the bottom ol its stack,
The marker is Py's start svinbol, and like the construction of Theorem 6.9, Py
must start inoa new state pg, whose sole function is to push the start svmbol of
Proon the stack and go to the start state of Ppr. The construction is sketched
i Fig. 6.7, and we give it formally in the next theoremn.

Theorem 6.11: Let L be L(Pp) for some PDA Pr = (Q.X.1',0p,qy, Zy, F).
Then there is a PDA Py such that L = N(Py).

PROOF: The construction is as suggested in Fig, 6.7, Let

any/ € €, any/ €
Start __E, Y
Cp‘) Eﬁ PF —--;/‘) N
P \_/
\ €, any/ €

Figure 6.7 Py simulates Ppr and empties its stack when and only when Py
enters an accepting state
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p_\' [(,_) L {HU , JU} Y.y {‘\-—U } \ fj._\' NN —\_U:l
where dx is defined by

L dn(po.e, Xo) = {{qo, ZoXy) . We start by pushing the start symbol of P
onto the stack and going to the start state ol Pp.

1]

For all states g in ), input symbols ain L ora — e, and Y in I', da (g, a, 1)
contains every pair that is in dp (g, a,Y). That is, Py simulates Py,

3. For all aceepting states ¢ in Foand stack symbols YV oin T or YV Ny,
dxl(g, e, Y ) contains (p,e). By this rule, whenever Pr accepts, Py can
start emptyving its stack without consuming any more input.

L. For all stack symbols Y in T or ¥V = Xy, dn(p, e, Y) = {(p,e)}. Once in

state p, which only occurs when Pr has accepted, Py pops every svimbol
on its stack, until the stack is empty, No further input is consumed,

Deterministic Pushdown Automata

Definition:

Intuitively, a PDA is deterministic if there is never a choice of move in any
situation. These choices are of two kinds, If 6(g,a, X} contains more than one
pair, then surely the PDA is nondeterministic because we can choose among
these pairs when deciding on the next move. However, even if o(g, a0, X'} is al-
ways a singleton, we could still have a choice between using a real input syimbol,
or making a move on e. Thus, we deline a PDA P = (Q, X, 1,8, q0, Z0, F) to
be delerministic (a deterministic PDA or DPDA)}, i and only if the ollowing
conditions are met:

L. 8{y,a, X} has at most one member for any ¢ in ¢, a in ¥ or a = ¢, and

Nin T

2. I d(g, a, X) is nonempty, for some a in X, then (g, e, X ) must be empty.

Example for Deterministic PDA is,

The PDA to accept L={wCw"® : w€{0,1}*}
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0.Z,10Z,
1. Zy 1 Zy
0.0/00
0, 1/01
1,0/10 0.0/¢
1. 1711 1.1/¢€
(_'\. (_'\.
Start f{}@ ), A ff}D ), N fﬁéj\l
~ e, ZglZy T e, ZglZ N
c,0/0
c. 1/1

Figure 6.11: A deterministic PDA accepting Ly, .

Example for Non-deterministic PDA is,

The PDA to accept L={ww® : w€{a,b}*}

0,Z,/0Z,

1, Zy /12,
0. 0/00
0. 1/01
1.0/10 0.0/e¢
1, 1/11 1.1/ ¢
l-/-‘__--\\'I '/-—_-\1
Start i/"w" i/"\fl ./;?\.
—H:\f(?/: -F-_{\?L/: ! ! \fj‘_})l
~ e Zylzy T e, ZglZy"
e. 0/ 0
g 1/ 1

Regular Languages and Deterministic PDA’s:

Theorem 6.17: If L is a regular language, then L = L{P) for some DPDA P,

PROOF: Essentially, & DPDA can simulate a deterministic finite automaton.
The PDA keeps some stack symbol Z;; on its stack, because a PDA has to have
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a stack, but really the PDA ignores its stack and just uses its state. Formally,

let A= (), X, 0,4, q,.F) bea DFA., Construct DPDA
F ((,_).S.{Z|'|}.fj.jr4.lfll'|‘|.zl|.F:|
by defining dplg,a, Zy) Hp, Zy) b tor all states p and ¢ in ¢, such that
dalg,a)l = p.
We claim that (g, w, Zy) F (p,e, Zy) i and only if § 4(gy,w) = p. That is,
IJ
P simulates A using its state. The proofs in both directions are easy inductions
on |w|, and we leave them for the reader to complete. Sinee both 4 and P

accept by entering one of the states of F', we conclude that their languages are
the same. O

2. Obtain a PDA to accept a string of balanced parenthesis. The parathesis
to be considered are (, ), [, |. Ex: (()), [()O1,() ()

Ans: The transition diagram for the given language is,
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Therefore PDA P=(Q, >, I', 8, qo, Zo, F)
Where,

Q=1{qo0, q1}

2={a,b}

I={(G [, Zo}

d 1s as shown in the transition diagram.

qo 1s the initial state
F={q}

3. Construct a Pushdown automata to accept the language L={a"b" :n>=1}.

Also show the IDs for the string w=aaabbb.

1ane With ransition diagram is given by ey
F a, LoldLy
b,ale€
M=(Q, =, T, 9, q Zy, F) a. \a[,ll\l Kﬂ\
_— — a1 ‘
where i /} ﬁ (g
Q=19 qus Q2 r bale \T/
T = {a, b} S
T = {a, Zo}
3 :1s shown below.
6(‘10, a, ZO) & (QO: aZO) .
6((]0’ a, a) = (Q(b aa)
8(qos b,a) T (qQu, €)
8, b,a) = (@€
S(ql’ g, ZO) = (qZ: ZO)
qeQ is the start state of machine. \
Z,e T is the initial symbol on the stack. >R
F={q,} is the final state. 4

Given w=aaabbb. The IDs are:
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Imitial 1D

(Qo. aaabbb, 7Zy) ’ (Qos aabbb, aZy)
'— (o- abbb, aaZg)

f (qo, bbb, aaaZy)

}- (q,, bb, aa"@,)

F (q, b, aZo)

}‘ (q1, & Zo)

(@ e Z0)

(Final Configuration)

Since g2 is the {inal state and input string is ¢ in the final configuration, the string
aaabbb : i '
is accepted by the PDA.
4. Construct a PDA to accept the language L={ w: w€ {a,b}* and

Na(W)=nn(w)}.
L= {w|n(w)=ny(w)}
1s given by

M =(Q, E, r‘, aa q(): Z(h l"

where

Q=1{q0 qi}

T ={a, b} A,

I ={a,b, Zy} a, Zy/aZ,

d : is shown below. :’ ffj /;ZG
awaZ) = (@naZ) ool
8(qo, b, Zo) = (9o, bZo) b:a /e
6(q0’ a, a) s (qO, aa) : )
6((]0, b3 b) = (qu bb)
B ad) = (@) HL 77
S(QO, b, a) = (qO,.S)

6(q(), g, ZO) E= (qla ZO)

queQ is the start state of machine.
Zye T is the injtial symbol on the stack.
F = {q,} is the final state.
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Let us trace the string w=abbbaa as follows:

To accept the string: The sequence of moves made by the PDA for the string ¢
;s shown below.

Initial 1D

(9o, abbbaa, Z) (qo, bbbaa, aZ)

(qo, bbaa, Z;)

(qo, baa, bZ)

(qo, aa, bbZy)

(o> a, bZo)

(90> & Zo)

(qus €, Zo)
(Final Configuration)

BE B B e i e e T

Since q is the final state and input string is € in the final configuration, the string

abbbaa

Note: For more problems refer class work

6.3 Equivalence of PDA’s and CFG’s

Now, we shall demonstrate that the languages defined by PDA’s are exactly the

context-free languages. The plan of attack is suggested by Fig. 6.8, The goal

is to prove that the following three classes of languages:
1. The context-free languages, i.e., the languages defined by CFG's.
2. The languages that are accepted by final state by some PDA.
3. The languages that are accepted by empty stack by some PDA.
are all the same class, We have already shown that (2) and (3) are the same.

It turns out to be easiest next to show that (1) and (3) are the same, thus
implying the equivalence of all three.

A T )
r

ammar

\\ /4\ empty stack ; @al state
R ___/ A h-./ S

Figure 6.8: Organization of constructions showing equivalence of three ways of

defining the CFL’s
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a)From Grammars to Pushdown Automata- By empty stack method:

(Suitable for grammars not in GNF):

Let G =(V, T, P, S) be a CFG. Construct the PDA P that accepts L(G) by

empty stack as follows:
P={{q}, T, VUT, b q,5)
where transition function 8 is delined by:

1. For each variable 4,

dig,e.A) = {(g,3) | A = 5 isa production of (7'}

2. For each terminal a, d(q,a,a) = {(q,e)}.

Example 6.12: Let us convert the expression grammar ol Fig. 5.2 to a PDA.
Recall this grammar is:

I = al|b|la|Ib|I0]|I1
E — I[|ExE|E+E|(E)
The set of input symbols for the PDA is {a,b,0,1,(, ), +, *}. These eight sym-

hols and the syimbols T and E form the stack alphabet. The transition function

for the PDA is;

a) dg.e. 1) = {{q,a), (q.b), (g Ta), (g, Ib), (q,10), (g, I1)}.

by &g, e, EY = {{q. 1), (q. B+ E), (q. E+ E), (q,(E))}

¢ dlg, o, a) g, el}: 8(qg,b,b) g, e)b: 6lg,0,0) {{g,e)}: 8(g,1,1)
{lg,e) b dlg, (, () g, el 8(g,),)) {(g,€)}: d{g, +,+) g, e}

Sy, *,*) = {(g,¢] }.

Note that (a) and (b) come from rule (1), while the eight transitions of (¢) come
from rule {2). Also, § is empty except as defined by (a) through (¢). O

Method 2:

Converting CFG to PDA by final State (Suitable for CFG in GNF form)
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Algorithm:
Stepl: Check whether grammar is in Greibach Normal Form(GNF)

[For GNF, all productions must be of the form, A=>aa, where aeT and
aeV*]

Step2: Push Start symbol of the grammar to the stack and change state from q0

to ql. The transition is:
8(qu €, ZO):(qlv SZO)
Step3: For each production of the form, A—>aa, where aeT and aeV*, add

transitions,

8(qla a, A):(q1> (l)

Step4: Finally add a transition to accept the string by final state,

8(qla € ZO):(qfa ZO)

Ex: Convert the following grammar to PDA by final state:
S—=>aSSS | a

Ans:

Stepl: The given grammar is in GNF.

Step2: d(qo, €, Zo)=(ql, SZy)

Step3:
S—>aSSS d(q1, a, S)=(ql, SSS)
S—>a 5(qo, 3, Sy=(ql, €)

Step4: 0(qu, €, Zo)=(qf, Zo)

Therefore, P=({ qo,q1,qr }, {a}, {S, Zo }, 8, qo, Zo, {qs} }

sk sk sk st sie sk sk sk st st s ske sk sk sk sk sk sk sk sk sk stk sk sk sk sk sk skeoskeoske sk sk skoskeoskeosko sk skoskoskeoskeoskeoskoskoskokoskoskosk sk ok
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MODULE-+4

NORMAL FORMS FOR CONTEXT-FREE GRAMMARS

The goal of this section is to show that every CFL, without € is generated by a
CFG in which all productions are of the form A>BC or A>a, where A, B, and
C are variables, and a is a terminal. This form is called Chomsky Normal Form.
To get there, we need to make a number of preliminary simplications, which are

themselves useful in various ways.

1. We must eliminate useless symbols, those variables or terminals that do not
appear in any derivation of a terminal string from the start symbol.

2. We must eliminate e-productions, those of the form A-> € for some variable
A.

3. We must eliminate unit productions, those of the form A->B for variables
A and B.

1. Eliminating Useless Symbols:

We cay a symbol X is wseful for a grammar & = (V. T, P, 5) il there is some
derivation of the form § = aX 3 = w, where w is in 7%, Note that X may be
i either Voor T, and the sentential orm o X5 might be the first or last in the
derivation. I X is not useful, we say it is useless. Evidently, omitting useless
svinbols from a grammar will not change the language generated, so we may as
well detect and eliminate all useless svimbols,

Our approach to eliminating useless symbols begins by identilyving the two
things a symbol has to be able to do to be uselul:

1. We say X is generating if X = w [or some terminal string w. Note that
every terminal is generating, since w can be that terminal itsell, which is

derived by zero steps,

1

We say X is reachable if there is a derivation S = o X/ for some o and

.

=
Dept. of CSE,ATMECE
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Example 7.1: Consider the grammar:

S— AB | a
A=b

All symbols but B are generating: a and b generate themselves: S generates
a, and A generates b, I[ we eliminate B, we must eliminate the production
S — AB, leaving the grammar:

S = a
A—=b

Now, we find that only S and a are reachable from S. Eliminating A4 and
b leaves only the production § — a. That production by itsell is a grammar
whose language is {a}, just as is the language of the original grammar.

Note that if we start by checking for reachability first, we find that all
svinbols of the grammar

S — AB | &
A-=b

are reachable.

Theorem 7.2: Let G = (V. T, P, S) be a CFG, and assume that L(G) # 0
Le., (G generates at least one string. Let Gy = (Vi, T, P, S) be the grammar
we obtain by the [ollowing steps:

1. First eliminate nongenerating svibols and all productions involving one
or more of those symbols. Let Gy = (V,, 15, P, S) be this new gramimar.
Note that S must be generating, since we assume L(G) has at least one
string, o S has not been eliminated.

2. Second, eliminate all symbols that are not reachable in the grammar vy,

Then (77 has no useless svmbols, and L{((G) = L{{G).

2. Eliminating e-Productions:

Nullable Variable: A variable A is nullable if , A=>¢

Let ¢ = (V. T,P,5) be a CFG. We can find all the nullable symbols of ¢ by
the following iterative algorithm. We shall then show that there are no nullable
svinbols except what the algorithm finds.

BASIS: If A — ¢ is a production of ¢, then A is nullable.

INDUCTION: If there is a production B — (- (', where each (; is

nullable, then B is nullable. Note that each € must be a variable to be nullable,

so we only have to consider productions with all-variable bodies.
=
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Example 7.8: Consider the grammar

S = AB
A—=add|e
B = bBD | ¢

First, let us lind the nullable symbols, 4 and B are directly nullable because
thev have productions with e as the body., Then, we find that S is nullable,
because the production S — AD has a body consisting of nullable symbols only,
Thus, all three variables are nullable,

Now, let us construct the productions ol grammar . First consider
S — AB. All svinbols of the body are nullable, so there are [our wayvs we
could choose present or absent [or 4 and B, independently. However, we are
not allowed to choose to make all svinbols absent, so there are only three pro-
duetions:

S AB|A|B

Next, consider production A4 — aAA4. The second and third positions hold
nullable syimbols, so again there are four choices of present /absent. In this case,

all Iour choices are allowable, since the nonnullable syimbol a will be present in
any case. Our four choices yvield productions:

A= add|ad]ad |«

Note that the two middle choices happen to vield the same production, since it

doesn’'t matter which of the A’s we eliminate if we decide to eliminate one of

them. Thus, the final grammar (¢ will only have three productions for A.
Similarly, the production B vields for 7y

B -+ WBEB | b | b

The two e-productions of ¢ vield nothing for 1. Thus, the [ollowing produc-
f1001s:

S AB|A|B
A= add|ad |a
B BB |bB | b

constitute G, O

Eliminating Unit Productions:

“A unit production is a production of the form A &> B, where both A and B
are variables.
=
Dept. of CSE,ATMECE



TOC [BCS503] Module-4

However, unit productions can complicate certain proofs and they also introduce

extra steps into derivations that technically need not be there.
Ex:A->B
B->a|ab

Can be rewritten as, A—>a | ab, by eliminating the unit production A—>B.

Consider the context free grammar given below and remove unit production

for the same.
S->0A[1B|C
A->08]00
B->1|A

C->01

Step 1:

S->C is unit production but while removing S->C we have to consider what C

gives so we can add a rule to S.

S->0A|1B|01

Step 2:

B->A is also unit production

B->1|0S|00

Finally, we can write CFG without unit production as follows —
S->0A|1BJ|01

A->0S|00

B->1|0S]00

=
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C->01

Therefore, the simplification involves following steps in the same order as

mentioned below:

1. Eliminate e-productions
2. Eliminate unit productions

3. Eliminate useless symbols

Chomsky Normal Form:

Every nonempty CFL without € has a grammar G in which all productions are in

one of the two simple forms, either:

1. A=>BC, where A, B, and C, are each variable, or

2. A 2>a, where A is a variable and a is a terminal.
Also, G has no useless symbols. Such a grammar is said to be in Chomsky

Normal Form or CNF.

Steps to convert given CFG to CFN:

1. Eliminate e-productions
Eliminate unit productions

Eliminate useless symbols

nal

Put the resulting grammar to CNF
e Arrange all the bodies of length 2 or more consist only variables.

e Break bodies of length 3 or more into a cascade of productions, each

with a body consisting of two variables.

Example :

=
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Convert the following grammar to CNF.
S->ABa
A—aab
B>Ac

Ans:

Step 1: Eliminate e-productions:

Given grammar doesn’t have any e-productions.

Step 2: Eliminate unit productions

Given grammar doesn’t have any unit productions.
Step 3: Eliminate useless symbols

Given grammar doesn’t have any useless symbols.

Step 4: Convert to CNF

S->ABT, S—>AD;
D,>BT,
A>T,T, Ty A>T,D,
D> T, Ty
B2>AT. B2>AT.
T,~a T.~a
Ty=>b Ty=>b
T.2c¢ T.2c¢

Therefore, final grammar in CNF is G’=(V’°, T, S, P)
Where V’={S, A, B}

T’={a, b}

S is the start symbol

=
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P’={ S>AD,
D,2>BT,
A->T.D,
D,>T.T,
B2>AT.
T,2a
Ty=>b
T.>c }

(Note: For More problems refer classwork)
The Pumping Lemma for Context-Free Languages:

The Size of Parse Trees:

Theorem 7.17: Suppose we have a parse tree according to a Chomsloy-Nor-
mal-Form grammar ¢ = (1, T, P, 5), and suppose that the vield of the tree is

a terminal string w. If the length of the longest path is n, then [w| < 271,

PROOF: The proof is a simple induction on n.

BASIS: n = 1. Recall that the length ol a path in a tree is the nnmber of edges,
i.e., one less than the number of nodes. Thus, a tree with a maximom path
length of 1 consists of ouly a root and one leal labeled by a terminal. String w
is this terminal, so |w] = 1. Since 271 = 2% = 1 in this case, we have proved
the basis,

INDUCTION: Suppose the longest path has length n, and n > 1. The root of
the tree uses a production, which must be of the form 4 — B, since n > 1
Le. we could not start the tree using a production with a terminal. No path
in the subtrees rooted at B and ¢ can have length greater than n — 1, sinee
these paths exclude the edge [rom the root to its child labeled B or . Thus,
by the inductive hypothesis, these two subtrees each have vields of length at
most 2™ 2. The vield of the entire tree is the concatenation of these two vields,
and therefore has length at most 2" = 4272 = 2" 1 Thus, the inductive step
iz proved. O

Statement of the Pumping Lemma for CFL:

=
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Theorem 7.18: (The pumping lemma for context-free languages) Let L be
a CFL. Then there exists a constant n such that if z is any string in L such
that |z| is at least n, then we can write 2z = wowry, subject to the following
conditions:

L. |ewx| < n. That is, the middle portion is not too long.
2. va # e. Since v and @ are the pieces to be “pumped,” this condition says
that at least one of the strings we pump must not be empty.

3. For all ¢« 2 0, we'wa'y is in L. That is, the two strings ¢ and » may be
“pumped” any number of times, including 0, and the resulting string will
still be a member of L.

Proof:

Now, starting with a CNF grammar (V. T, P, 5) such that L)
L — el let (7 have m variables. Choose n = 2™, Next, suppose that z in L is
ol length at least n. By Theorem 7.17, any parse tree whose longest path is of

length e or less must have a vield of length 271 = 1/2 or less. Such a parse
tree cannot have yvield z, because 2 is too long. Thus, any parse tree with vield

2 has a path of length at least m + 1.

a

Figure 7.5: Every sufficiently long string in L must have a long path in its parse
tree

Figure 7.5 suggests the longest path in the tree [or z, where k is at least
and the path is of length A4 1. Since k = o, there ave at least m+ 1 occurrences
of variables A, A, .. ... 4dp on the path. As there are only m different variables
in V7, at least two ol the last m 4+ 1 variables on the path (that is, A,

ﬁ
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through A, inclusive) must be the same variable. Suppose 4; = 4, where
k=K1 £33 5 k.

Figure 7.6: Dividing the string w so it can be pumped

Then it is possible to divide the tree as shown in Fig. 7.6. String w is the
vield of the subtree rooted at A;. Strings ¢ and x are the strings to the left and
right, respectively, of w in the vield ol the larger subtree rooted at 4;. Note
that, since there are no unit productions, ¢ and 2 could not both be e, although
one could be. Finally, u and y are those portions of z that are to the left and
right, respectively, of the subtree rooted at A;.

If 4, = A4; = A, then we can construct new parse trees from the original
tree, as suggested in Fig. 7.7(a). First, we may replace the subtree rooted
at A;, which has yield vcwr, by the subtree rooted at A, which has yield w.
The reason we can do so is that both of these trees have root labeled A, The
resulting tree is suggested in Fig. 7.7(b); it has yvield wwy and corresponds to
warty.

Another option is suggested by Fig. 7.7(¢). There, we have replaced the
subtree rooted at A, by the entire subtree rooted at A;. Again, the justilication
is that we are substituting one tree with root labeled A for another tree with
the same root label. The vield of this tree is we®war?y. Were we to then replace
the subtree of Fig. 7.7(c¢) with vield w by the larger subtree with vield vwr, we
would have a tree with vield wetwa?y, and so on, for any exponent i. Thus,
there are parse trees in (7 for all strings of the form we'we'y, and we have
almost proved the pumping lemma.

The remaining detail is condition (1), which says that |vwz| < n. However,
we picked A; to be close to the bottom of the tree: that is, & — @ < m. Thus,
the longest path in the subtree rooted at A, is no greater than m + 1. By
Theorem 7.17, the subtree rooted at A4; has a vield whose length is no greater

than 2™ =n. C
ﬁ
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u v W X ¥

(b

(c)

Fieure 7.7; Pumping strings ¢ and @ zero tines and punping them twice
o (o] () {an ]

Application of Pumping Lemma

The pumping lemma for CFL’s is used to prove that certain languages are not

context free languages.

The general strategy used to prove that a given language is not context free is as

follows:

1. Assume that the language L is infinite and is context free.

2. Select the string say z and break it into sub strings u,v,w,x and y such that
z=uvwxy where,
[vwx|< & vx#£e

3. Find any i such that uv' wx'y ¢ L. According to pumping lemma,

ﬁ
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uv! wx' y € L. So the result is a contradiction to the assumption that the
language is context-free. Thus, we can prove that the given language L is

not contest-free.

Example:

Show that L={ a"b"c¢" :n>=1} is not context free.
Ans:

Let L is context free. Let z= a"b"c" € L

Since |z|=3n>=n, we can split z into uvwxy such that,

Ivwx|< & vx#e such that uv! wx'y € L for all i=0,1,2,3...

Case 1: String vwx is within a"
Let v=a/, x=a* where j+k>=1 and |[vwx|<=n.

Ic, z= a" b" v

) )
[

uvwx y
For i=2, z=uv’wx’y e L

iC, 7 :an+j+k b" ct

but since a™** b" ¢" #¢ L, our assumption is wrong. Thus, given language is not

Context-free.

Case 2: String vwx is within b"
Similarly we can prove with oth

Let v=b/, x=b* where j+k>=1 and |[vwx|<=n.

B e

u VWX y
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Fori=2, z=uv’wx’y €L

ic, z=a" btk cn
but since a® b*7*k ¢ #¢ L, our assumption is wrong. Thus, given language is not
Context-free.

(Note: More examples refer class work)

Closure Properties of CFLs:

CFLs are closed under:

1. Substitution

2. Union, concatenation and star closure
3. Reverse
4

. Homomorphism and inverse homomorphism
CFLs are not closed under

1. Intersection

2. Complement

7.3.1 Substitutions

Let £ be an alphabet, and suppose that for every svmbol a in 2, we choose a

language L. These chosen languages can be over any alphabets, not necessarily
Y and not necessarily the same. This choice of languages delines a [unction s
(a substitution) on X, and we shall refer to L, as s{a) for each symbol a.

Ifw = ayay- a0, 18 astring in X%, then s(w) 18 the language of all strings
ryrooxy, such that string x; is in the language s(a;), lor s = 1,2, .., n. Put
another way, s(w) is the concatenation ol the languages s{ay)s(as) - - slay, ).

We can further extend the definition of s to apply to languages: s(L) is the
union of s(w) for all strings w in L.

Example 7.22: Suppose s(0) = {a"b" | n = 1} and s(1) = {aa,bb}. That is,

s is a substitution on alphabet £ = {0,1}. Language s(0) is the set of strings

with one or more a’s followed by an equal number of 's, while s(1) is the finite

language consisting ol the two strings aa and bb.
ﬁ
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Theorem 7.23: Il L iz a context-free language over alphabet X, and s is a

substitution on ¥ such that s{a) is a CFL [or each o in X, then s{L) 15 a CFL.
PROOF: The essential idea is that we may take a CFG for L and replace each
terminal a by the start svmbol of a CFG for language s(a). The result is a
single CFG that generates s(L). However, there are a lew details that must be
sotten right to make this idea work.

More formally, start with grammars for each of the relevant languages, say
(v (V.E, P 5) for L and &, (V,.T,.P,.5,) [or each a in ¥. Since we
can choose any names we wish for variables, let us make sure that the sets of
variables are disjoint: that is, there is no svmbol A that is in two or more of
Voand any of the V,'s. The purpose ol this choice ol names is to make sure
that when we combine the productions of the various grammars into one set
of productions, we cannot get accidental mixing ol the productions [rom two
orammars and thus have derivations that do not resemble the derivations in
any of the given gramimars.

We construct a new grammar G = (V' T, P S for s( L), as follows:

o V7" is the union of V7 and all the 1, for a in .

e T is the union of all the T,7's for a in X.

e ' consists of:

1. All productions in any F,, [or a in X,

2. The productions of P, but with each terminal o in their bodies re-
placed by S, evervwhere a ocenrs,

CFLs are under Union, Concatenation and Star-closure:
Union
Let L, and L, be two context free languages. Then we can prove that L; U L, is
also context free.
Example
LetL; = {a"b", n>0}. Corresponding grammar G; will have P: S1 — aAbjab
Let L, = { ¢™d™, m>0}. Corresponding grammar G, will have P: S2 — cBb| ¢
UnionofL;and L,, L=L, UL,= {a"b"} U { c"d™ }
The corresponding grammar G will have the additional production S — S1 | S2.

Thus, CFLs are closed under Union.

Concatenation:
ﬁ
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If L; and L, are context free languages, then L;L, is also context free.

Example
Union of the languages L, and L,, L=L;L, = { a"b"c™d™ }
The corresponding grammar G will have the additional production S — S1 S2

Thus, CFLs are closed under concatenation.

Kleene Star or star closure:

If L is a context free language, then L* is also context free.

Example

LetL={a"®",n>0}. Corresponding grammar G will have P: S — aAb| ¢
Kleene Star L; = { a"™b" } *

The corresponding grammar G; will have additional productions ST — SS; | €.

Thus, CFLs are closed under star closure.

CFLs are closed under Reversal:
Theorem 7.25: If L is a CFL, then so is L.

PROOF: Let L L{&) for some CFL & (V,T,P,S). Construct GF
(V, T, PH.S), where P% is the “reverse” of each production in P. That is, if
fis a production of G, Tt is an easy
induction on the lengths of derivations in ¢ and GE to show that L(GF) = L%,
Essentially, all the sentential forms of G are reverses of sentential forms of @,
and vice-versa. We leave the formal proof as an exercise. O

A — a is a production of ¢, then 4 — o

CFLs are closed under Homomorphism:

Let L be a CFL with grammar G. Let h be a homomorphism on the terminal
symbols of G.

We can construct a grammar for h(L) by replacing each terminal symbol a by
h(a).

Example:

G has a production S=>0S1 |01
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h is defined by h(0)=ab, h(1)=¢
h(L(G)) has the grammar with productions S=>abS | ab.

Thus, CFLs are closed under homomorphism.

CFLs are closed under Inverse homomorphism:

Theorem 7.30: Let L be a CFL and A a homomorphism. Then A (L) is a
CFL.

PROOF: Suppose I applies to symbols of alphabet ¥ and produces strings in
7. We also assume that L is a language over alphabet T, As suggested above,
we start with a PDA P = (Q,T.1.6,qu., Zy, F) that accepts L by final state.
We construet a new PDA

P =(Q',X,I,d, (q,¢€), Zo, F x {e}) (7.1)
where:
1. @' is the set of pairs (¢, x) such that:
(a) g is a state in (), and

(b) @ is a sullix (not necessarily proper) of some string hia) for some
input symbol a in X

ﬁ
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Buffer

a hia)
Input = h -

—

PDA Accept/
state reject

Stack

Fiegure 7.10: Constructing a PDA to accept the inverse homomorphism of what
f] (]
a given PDA aceepts

That is, the first component of the state of P is the state of P, and the
second component is the buffer. We assume that the buffer will period-
ically be loaded with a string A(a), and then allowed to shrink from the
[ront, as we use its syinbols to [eed the siimulated PDA P, Note that since
¥ 1= fnite, and Bi(a) 15 Onite for all o, there are only a Onite number of
states for P,

2. ¢" is defined by the following rules:

(a) &' ((g,€),a,X) = {((q.h(u])..\')} for all symbols a in X, all states
g in (), and stack svmbols X in I Note that a cannot be e here.
When the buffer is empty, P’ can consume its next input symbol a
and place h(a) in the buffer.

(b) If 6(qg, b, X') contains {(p,~v), where bis in T or b = €, then
' ((q,bx), e, X)

contains ((p,x),~). That is, P" always has the option of simulating
a move of P, using the front of its buffer. If b is a symbol in 7', then
the bufler must not be empty, but if b = e, then the buller can be
empty.

3. Note that, as defined in (7.1), the start state of P'1is (qg, €): 1.e., P’ starts
in the start state of P with an empty buffer.

1. Likewise, the accepting states of P', as per (7.1), are those states (g, €)
such that ¢ is an accepting state of P,

The [ollowing statement characterizes the relationship between P and P:

ﬁ
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o (qu.h{w), Zy) = (pe,y) il and only if ((qo. el w, Zy) B ((p.e), e, 7).
P P

The proofs in both directions are inductions on the number of moves made by
he two antomata. In the “if" portion, one needs to observe that once the buller
of P'is nonempty, it cannot read another input svmbol and must simulate P,
antil the buffer has become empty (although when the buffer is empty, it may
still simulate P, We leave [urther details as an exercise,

Once we accept this relationship between P and P, we note that P aceepts
A(w) if and only if P" accepts w, because of the way the accepting states of P’

we defined. Thus, L(P') = h ! {L[P] ). O

CFLs are not closed under intersection:
Let us prove this with example grammars. Already we know that,

L={a"b"c" :n>=1} is not context free.

However, the following two languages are context-free.

R

vV

Ly=407122% | nZ= 113 1}
Lg. = {0*1"2™ | ni-:> 14> 1}

A grammar for L is:

S— AB
A= 04101
B —2B|2

[n this grammar, A generates all strings of the form 0717, and B generates all
strings of 2's. A gramumar for Ly is:

S— AB
A—=04]0
B —1B2| 12

It works similarly, but with A generating any string of 0's, and B generating
matching strings of 1's and 2's,

However, L = Ly 1 L,. To see why, observe that L requires that there be
the same number of 0°¢ and 1's, while Lo requires the numbers of 1's and 2’s
to be equal. A string in both languages must have equal numbers of all three
symbols and thus be in L.

If the CFL’s were closed under intersection, then we could prove the [alse
statement that L is context-free. We conclude by contradiction that the CFL’s
are not closed under intersection. O

ﬁ
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CFLs are not closed under complement:
Theorem: If L is context free, it is not for complement.

Proof. [Proof 1] Suppose CFLs were closed under complementation. Then for any two CFLs Ly,
Ly, we have

e L; and L, are CFL. Then, since CFLs closed under union, L; U Ly is CFL. Then, again by
hypothesis, L; U Ly is CFL.

o ie. LiNLyisaCFL

i.e., CFLs are closed under intersection. Contradiction!

Thus, CFLs are not closed under complement.

Theorem: If L is a CFL and R is a regular language, then L. (1 R is a CFL.

PROOF: This proof requires the pushdown-automaton representation of CFL's,
as well as the finite-automaton representation of regular languages, and gener-
alizes the proof of Theorem 4.8, where we ran two finite automata “in parallel”
to get the intersection of their languages, Here, we run a finite automaton “in
parallel” with a PDA, and the result is another PDA, as suggested in Fig. 7.9.
Formally, let
24 ((‘_)1'.:.I—.l\‘['.(/['.Z“.Fptl

be a PDA that accepts L by final state, and let
A=(Qa,X,04,qa, Fa)
be a DFA for . Construct PDA
P'=(Qp xQa,X,T,8,(qp,qa), Zy, Fp x Fu)
where d ((¢,p), a, X) is defined to be the set of all pairs ((r, s).7) such that:
1. s rii\l:‘[).llfi.illl(l

2. Pair (r,v) is in dp(q,a, X).

ﬁ
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= FA
state —
N
Input — | AND =™ Accept/
/ reject
= PDA T
state
Stack

Figure 7.9 A PDA and a FA can run in parallel to create a new PDA

That is, for each move of PDA P, we can make the same move in PDA P’ and
i addition, we carry along the state of the DFA 4 in a second component of
the state ol P'. Note that o mav be a svitbol of X, or a e, In the [ormer
case, d{p,a) = da(p,al, while if @ = ¢, then d{p,a) = p: Le., A does not change
state while P makes moves on e input.,

It 1s an easv induction on the numbers of moves made by the PDA's that

(gp.w. Zy) B (g.e, ) if and only if lif;r”:.f,f_.qj.u‘.Z“] F I:['r,r.j;:l.f.’ }, where
P P

p=0(ga,w). We leave these inductions as exercises, Since (g, p) is an accepting
state of P'if and only if ¢ is an accepting state of P, and p is an accepting state

of A, we conclude that P accepts w if and only if both P and A do: i.e., w is

inLNR. O

ﬁ
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Module-5
TURING MACHINE

Problems that Computer Cannot Solve

Consider a simple C program with a simple print statement:

main()

{
printf("hello, world\n");
}

It i1s easy to discover that this program prints hello, world and
terminates.

However, we may have another program that might print hello, world
as shown below. It takes an input n, and looks for positive integer
solutions to the equation x"+y"=z". If it finds one, it prints hello, world.
If it never finds integers X, y, and z to satisfy the equation, then it
continues searching forever and never prints hello, world.

int exp(int i, n)
/* computes 1 to the power n =/

{
int ans, j;
ans = 1;
for (j=1; j<=n; j++) ans *= 1i;
return(ans) ;
}
main ()
{
int n, total, x, vy, Z;
scant ("%d", &n);
total = 3:
while (1) {
for (x=1: x<=total-2; x++)
for (y=1; y<=total-x-1; y++) {
Zz = total - x - v;
if (exp(x,n) + exp(y,n) == exp(z,n))
printf("hello, world\n");
}
total++;
}
}

=
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If the value of n that the program reads is 2, then it will eventually find

combinations of integers such as total = 12, 0 = 3,y = 4, and z = 5, for which
x4+ y" = 2" Thus, for input 2, the program does print hello, world.
However, [or any integer n > 2, the program will never find a triple of

- I

, and thus will fail to print hello,
world. Interestingly, until a few vears ago, it was not known whether or not this

positive integers to satisly =™ 4 ¢"

program would print hello, world for some large integer n. The claim that it

- Tt

would not, i.e., that there are no integer solutions to the equation x" + y"

if n > 2, was made by Fermat 300 vears ago, but no proof was found until quite

recently. This statement is often referred to as “Fermat’s last theorem.”

e Hypothetical tester: If a problem has an algorithm like H that
always tells correctly whether an instance of the problem has
answer “yes” or “no” then the problem is said to be “decidable”.

Otherwise, the problem is “undecidable”.

I Hello—world
> tester 7 Yes
P H no

A hypothetical program H that is a hello-world detector

The hypothetical tester is a conceptual tool introduced in the study of
undecidable problems to illustrate why certain problems cannot be
solved by any algorithm. In this context, the "hypothetical tester" is
designed to determine whether a given program, when executed with
specific input, will output a particular result—in this case, whether it
prints "hello, world" as its first output.
This program, denoted as H, takes two iputs:

1. A program P (the code to be tested).

2. An input I (the input to the program P).
The goal of H is to decide if the program P with input I will produce the

output "hello, world" as the first set of characters it prints.

Expected Behavior of H:
o If P with input I prints "hello, world" as its first output, H should
return "yes"'.

o Otherwise, it should return "no".

=
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The challenge arises because:

e A program P may take an infinite amount of time to decide its
output. For instance:

e If P is searching for a mathematical solution (like Fermat's Last
Theorem) before it prints anything, H cannot predict whether it
will eventually find a solution and print "hello, world" or loop
indefinitely.

e Even for programs that terminate, analyzing the behavior of
every possible program P with every possible input I is non-

trivial and undecidable.
The hypothetical tester is a classic example used to demonstrate:

1. Limits of Computation: Some problems, even simple-sounding
ones, are fundamentally unsolvable by any algorithm.

2. Undecidability: The inability to solve a problem algorithmically
is a critical concept in theoretical computer science and is at the

core of problems like the Halting Problem.

The Halting Problem is a fundamental concept in computer science
and computational theory. It addresses whether it's possible to design
an algorithm that can determine, for any given program and input,
whether the program will eventually stop running (halt) or continue

running forever.

Reducing one problem to another: A problem that cannot be solved
by computer is called undecidable. A reduction technique is used to
prove the undecidability of a halting problem. It is sufficient to show
that if we could solve the new problem, then we could use that solution
to solve a problem we already know is undecidable. The strategy is
suggested in the figure given below. The technique is called the

reduction of P1 to P2.

=
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Pl — Construct P, — ves
instance instance

no

Figure 8.7: If we could solve problem P,, then we could use its solution to solve
problem P

Using this technique, a problem P1 is reducible to problem P2 if a
solution to the problem P2 can be used to solve the problem P1. Thus,
» 1f P1 is reducible to P2 and P2 is decidable, then P1 is decidable
» If P1 is reducible to P2 and P2 is undecidable, then P1 is

undecidable.

What is Turing Machine?

In 1936, Alan M Turing proposed the Turing machine as a model of
any possible computation. This model is computer like, rather than
program like, even though true electronic, or even electromechanical

computers were several years in the future.

A Turing machine is a computational model, like Finite Automata
(FA), Pushdown automata (PDA), which works on unrestricted
grammar. The Turing machine is the most powerful computation model
when compared with FA and PDA. Instead of using stack as in PDA,
the Turing Machine (TM) uses the tape to store the symbols.

Church-Turing thesis

Any algorithmic procedure that can be carried out by a human or a
computer, can also be carried out by a Turing machine. Now it is
universally accepted by computer scientists that TM is a Mathematical
model of an algorithm. TM has an algorithm and an algorithm has a
TM. If there is an algorithm problem is decidable, TM solves that

problem. This is known as Church-Turing thesis.

Notation of Turing Machine:

=
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(Q. Explain the Turing Machine model working principle. (4M))

=
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The Turing machine consists of a finite control, which can be in any of
a finite set of states. There is a tape divided into squares or cells, each

cell can hold any one of a finite number of symbols.

/?\

\

| @ 32J33 \

/\ ' '

R/W head —( Tape divided into cells

and of infinite length

~S

or
o

Finite control

Fig. 9.1 Turing machine model

e Initially, the input, which is a finite length string of symbols
chosen from the input alphabet, is placed on the tape. All other
tape cells, extending infinitely to the left and right, initially hold
a special symbol called the blank. The blank is a tape symbol, but
not an input symbol, and there may be other tape symbols besides

the input symbols and the blank, as well.

e There is a tape head that is always positioned at one of the tape
cells. The Turing machine is said to be scanning that cell.

Initially, the tape head is at the leftmost cell that holds the input.

e A move of the Turing machine is a function of the state of the
finite control and the tape symbol scanned. In one move, the

Turing machine will,

a) Change state: The next state optionally may be the same as
the current state.

b) Write a tape symbol in the cell scanned. This tape symbol
replaces whatever symbol was in that cell. Optionally, the
symbol written may be the same as the symbol currently there.

¢) Move the tape head left or right. In our formalism we require
a move, and do not allow the head to remain stationary. This
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restriction does not constrain what a Turing machine can
compute, since any sequence of moves with a stationary head
could be condensed, along with the next tape head move, into
a single state change, a new tape symbol, and a move left or

right.

Definition of Turing Machine:
(Q. Define Turing machine-2M)
A Turing machine M is a 7-tuple, namely (Q, X, T', 8, qo, B, F),
where,
e Q: is the finite nonempty set of states.
e [ is a finite nonempty set of tape symbols,
e B €I is the blank.
e X is a nonempty set of input symbols and is a subset of I and
B¢

e 0 is the transition function.

§:QxI'—=QxT x{L,R}.

The arguments of 6 (q, X) are a state q and a tape symbol X.
The value of 8(q, X) is a triple (p, Y, D) where:
e pisthe next state, in Q.
e Y is the symbol in I', written in the cell being scanned,
replacing whatever symbol was there.
e D is the direction, either L or R, standing for “left” or
“right” specifying the direction in which the R/W head
moves.
e o €Q is the initial state, and
e F C Q is the set of final or accepting states.
Instantaneous Description (IDs) of Turing Machine:
In Turing Machine, the instantaneous description is defined on the
whole string and the current state of the machine.
Thus, we shall use the string X;Xo,....... Xiit qXiXit1eenneen X, to
Dept. of CSE, ATMECE
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represent an ID in which,
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1. qis the state of the Turing machine.

2. The tape head is scanning the ith symbol from the left.

3. XiXa,....X, 1s the portion of the tape between the leftmost and
the right most nonblank. As an exception, if the head is to the left
ofthe leftmost nonblank or to the right of the rightmost nonblank,
then some prefix or suffix of X;X,,....X, will be blank.

* We use |--,,to designate a move of a Turing
machine M from one ID to another.
* If 6(qg, X)) =(p, Y, L), then:
XXy - X XXy - - X, [
X1 Xp + XigPXigY Xiyg - - X
 If &(q, X,) = (p, Y, R), then:
XiXg - X OXiXiy - Xy |
XoXy o XY pXiyg - X,

? b |y |a|ay|ay|a|ay|ay|ay|a@)| b|b ?

R/W head

Lo ——

[ State |
Q3 ;

Fig. 9.2 A snapshot of Turing machine.

Thus, the ID is as given in Fig. 9.3.

< a,a
- | : ',_.i.L.
Left sequence / Right sequence
/
/
4 \
Present Symbol under
state R/W head

Fig. 9.3 Representation of ID.
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Designing Turing Machine:

ﬁ
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1. Let us design a Turing machine and see how it behaves on a
typical input. The TM we construct will accept the language

L={0" 1":n>=1}

Initially, it is given a finite sequence of 0’s and 1’s on its tape, preceded
and followed by an infinity of blanks. Alternately, the TM will change
aOtoan X andthenaltoa, until all 0’s and 1’s has been matched.

The formal specification of the TM M is,

M= {{qgo, g1, 92, 93,94 1,40, 13,40, 1, X, Y, B}, 6, g0, B, {qu })

where d is given by the table in Fig. 8.9.

Symbol
State 0 1 X Y B
o (g, X, I (g3, Y, R)
i (g, 0, R) (g, Y, L) (g, Y, R)
(2 (g, 0, L) (o, X, 1) (g2, Y, L)
s (g3, Y R) (g4, B, R)

({4

Figure 8.9: A Turing machine to accept {071" | n > 1}

This table is called as transition table.

Transition Diagrams for Turing Machines:

A transition diagram for TM consists of a set of nodes corresponding to

the states of the TM. An arc from state q to state p is labeled by one or

more items of the form X/Y, D where X and Y are tape symbols, and D

is a direction, either L or R. That is, whenever 8(q,X)=(p, Y, D), we

find the label X/Y, D on the arc from q to p.

ﬁ
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Let L = {0™1" : n > 1}, which is a CFL. We will design a Turing machine
M accepting L. Let

M= (Q, 2, T,9, q,F C Q),

where Q = {q,q1; - - -, a1}, 2 ={0,1}, T ={0,1, X,Y,B}, F = {q4}, and &
is shown in the following figure.

Figure 3: Turing machine accepts {0"1" : n > 1}

Let show the IDs for the input strings 0011 and 0010.

Here is an example of an accepting computation by M. Its input is 0011,
Initially, M is in state gy, scanning the fOrst 0, e, Ms initial 1D is g,0011.
The entire sequence of moves of M is:

gol01L F X011 F X0 11 F N 0Y 1 F o XY 1 -
NgpOV 1 XX VIFENYY g I E ANV Y E N XYY
NV VgV YHFAXNY Y EF XN XYY BEXXYYEBy B

For another example, consider what M does on the input 0010, which is not
in the language accepted,

o010+ X010 F X0g 10 F X g 0Y0 F g XOY O
NpgOYOF XN YOR XNY 0 XX YO B

The behavior of M on 0010 resembles the behavior on 0011, until in ID X XY ¢, 0
M seans the final 0 for the first time. M must move right, staying in state g,
which takes it to the ID XX Y0q B, However, in state ¢p M has no move on
tape svinbol B thus M dies and does not accept its input.

Example 2:

Construct a T.M. to accept the language L= {0" 1" 2": n>=1}.

Ans:

The Turing machine works similar with the above example: it marks

the first 0 as X, the first 1 as Y, the first 2 as Z; then it goes back to the

second 0, and marks it as X, the second 2 as Y, the second 2 as Z, and

SO on.

R ——————
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7z,L
0/0,R /LR /1L
. (Y - (Y
/_\/q N OXR \/ qlﬁ/ WR_ g ) 2zZ,L (q,
K . <\/T\—\ (kis % \)
N ) /
\ — N «_/
Y/Y, R \\\ i 272./R A YL
0/0, L
\/ \\V/
(/( a,) XX R
wR—" N\ B/B.R
2/Z.R

Example 3:
Obtain a TM to accept a string of a’s and b’s such that n.(w)=np(w).

Ans:

The general procedure: When TM is in initial state q0, first symbol of
the input string can be either a or b. Replace the first symbol a (or b) by
X and search for next symbol b (or a) and replace it by symbol Y. Repeat
this until blank symbol B is scanned.

A\
NALLRS
) Reh N | Fuki ” g U A
L R t,(:\u Q uan { W‘mhc( LJ ¥ owed pas -
,ka\\hc\ {n:j \/J

The Banglion Uoghom i

q\‘#.fi Ay
L\\k) ’Q C(\C\ NS r\,\‘i 'LL
. C\\f\ R Q b\\"’l‘
—3 6 o———— . ——— (%2

B

\3\ 2.&

e b
a\n-

b\bl\’
Sl e
T M Cg,=,l, $,%2,6,F)
gc{C;c,‘?,,,c?,g,Ci&,('Zt,,‘f\'g
s =4 a.b)l
%0\\13, X:\J\B}
S 1t g by,

whans

’(:( %C’ {'Q =K QXA p)
;‘;( CI/C‘, \'{) = ( "[' 0, \,. p)
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$C¢e.a) = (1,04 R)
§Qn Y)Y 2 (21,4 R)
S8 b= 95,y L)
SEsy, 0= (@5 4,L)
$@sY)= 99,9, L)
G, X) = (Qo, A R)
SCGs, b) > (Z3,X RS
§(2s,b) 2 (G3,b,R)
L Ws,M) = (@Y, R)
S(¢3, &)z (Gu.Yv.L)
S, b) = (Bu, bib)
§94, 1) = @, L)
S . X)) 2 (@, X R
$(gs,8)> (95,8, R)

To b I (mitied oI
BET b o blomk pombol.
F= (C/itr g

——

Example 4: Obtain a TM to accept a palindrome constisting of a’s
and b’s of any length.

Ans: General idea is to place the given string in between blank symbols.
For string to be palindrome, its first and last, second and last but one
and so oon should match. If we found match, replaced matched symbols
by blank symbol B.

The transistion diagram is,
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therefore, M=(Q, >, I',0, q0, B, F) where,

ﬁ
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Q={q0,q1,92,93,94,95,96,qf}
2={a,b}

I'={a,b,B}

0 is shown in the transition diagram
qO is the initial state

B is the blank symbol

F={qf}

Example 5: Obtain a TM to accept the language L={ww®: we
(a+b)*}

Ans: ww® is also a palindrome problem only, but length of the
palindrome must be even. Hence TM is same as previous but no
transition required from q3 and q6 towards the final state.

Therefore, the transition diagram is,

o\a \P"_L

b\bh/ al.L

Example 6: Let x and y are two positive integers. Obtain a turing
machine to perform x+y. (Addition operation on TM)

Ans: Let us represent the numbers on the tape using unary
representation 1°. Let O be the separator.

Ex: x=5 can be represented as 11111 and y=3 can be represented as 111
Then 5+3 can be represented on the tape together with 0 as a separated,

111110111
Then output should be of the form:
111111110
ic, read all 1’s until we encounter the 0. Then change 0 to 1 and keep
moving right until blank symbol is encounter. Once found move left
S E——"
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and change 1 to 0 and keep moving right read sum from leftmost blank
symbol.

The transition diagram is,

\\].p\ '\‘1{-)\

& :Q oL
e Cbo O\I‘RD B’ ' 9a
‘ \\O,L
33\;2 W, L

B|B,R

o

@

Example7:  Monus operation or propoer subtraction on TM.
Let us,

show how a Turing machine might compute the function =, which is called
monus or proper subtraction and is defined by m = n = max(m — n,0). That
is,m=nism—mnif m>=nand 0if m < n.

TM, M will start with a tape consisting of 0™ 1 0" surrounded by blanks.
M halts with 0™ on its tape, surrounded by blanks.
Ic, for example 5-3 can be represented as,
B000001000B
The result 5-3=2 will be represented on the tape as,
BBBBB00OBBBB

The transition diagram is,

B/ B—=
07 0= 1/ 1=
N N \
= | | - - - -
Start rffiD;B \q\/lu—»-l‘q\/sof] #7070
/2 Y Y =53 1/ 1=
1/ B—= B/ B~
\ —_ —=
o B/ B LK%\HBI 0 D
(\,_:_’/\ P £
|
/ \
vy AN
0f B— 0/ 0=
1/ B—= 1/ B=

Here the symbol-> indicates R(right)

—
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and € indicates L (left)

ﬁ
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The Language of a Turing Machine

In TM the input string is placed on the tape, and the tape head begins at
the leftmost input symbol. If the TM eventually enters an accepting
state, then the input is accepted, and otherwise not.

More formally, let M= (Q, X, I', 6, qo, B, F) be a Turing machine. Then

L(M) is the set of strings w in ) * such that %" = apd for some state p
in F and any tape strings o and f.

The set of languages we can accept using a Turing machine is often
called the recursively enumerable languages or RE languages.

Turing Machines and Halting Problem:

There is another notion of ‘“acceptance” that is commonly used for
Turing machines “acceptance by halting”. We say a TM halts if it enters
a state g, scanning a tape symbol X, and there is no move in this
situation i_e, 8(q,X) 1s undefined.

DECIDABILITY

e The term decidability defined using Turing machines.
When a Turing machine reaches a final state, it halts.

e We can also say that a Turing machine M halts when M
reaches a state q and a current symbol ‘a’ to be scanned so
that d(q, a) isundefined.

e There are TMs that never halt on some inputs in any one of
these ways. So, we make a distinction between the
languages accepted by a TM that halts on all input strings
and a TM that never halts on some input strings.

Definition of Recursively Enumerable Language:

“A language LCX* is recursively enumerable if there exists a
TM M, such that L=L(M)”.

Definition of Recursive Language:

A language L.EX* is recursive if there exists some TM M that
satisfies the following two conditions.

1) If w € L then M accepts w (that is, reaches an
accepting state on processing w) and halts.

11) If w €L then M eventually halts without reaching an
accepting state

ﬁ
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Definition Decidable: A problem with two answers
(Yes/No) is decidable if the corresponding language is
recursive. In this case, the language L is also called
decidable.

Definition  Undecidable: A  problem/language s
undecidable if it is not decidable.

Programming Techniques for Turing Machines

The goal is to give a sense of how a Turing machine can be used to
compute in a manner not unlike that of a conventional computer.
Eventually, we want to convince you that a TM is exactly as powerful
as a conventional computer.

8.3.1 Storage in the State

We can use the finite control not only to represent a position in the “program”
of the Turing machine, but to hold a finite amount of data. Figure 8.13 suggests
this technique (as well as another idea: multiple tracks), There, we see the finite
control consisting of not only a “control” state g, but three data elements A,
B, and . The technique requires no extension to the T model; we merely
think of the state as a tuple. In the case of Fig. 8.13, we should think of the
state as [g, 4, B, C]. Regarding states this way allows us to describe transitions
in a more systematic way, olten making the strategy behind the TM program
more transparent.

State q

Storage | A ‘ B|C

L9
Track 1 X
Track 2 Y
Track 3 VA

Figure 8.13: A Turing machine viewed as having finite-control storage and
multiple tracks
Example 8.6 : We shall design a TM

M =(Q,{0,1},{0,1, B}, 4, [qu, B], B, {[4:. B]})

that remembers in its finite control the first symbol (0 or 1) that it sees, and
checks that it does not appear elsewhere on its input. Thus, M accepts the
language 01" 410", Accepting regular langnages such as this one does not stress
the ability of Turing machines, but it will serve as a simple demonstration.

The transition diagram is,

ﬁ
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V1,2
[

| g5,
i )
1178 . 3|8 R

/
O [oR

Multiple Tracks

Another useful “trick” is to think of the tape of a Turing machine as
composed of several tracks. Each track can hold one symbol, and the
tape alphabet of the TM consists of tuples, with one component for each
“track”. Thus, for instance, the cell scanned by the tape head in Fig.
8.13 contains the symbol [X, Y, Z]. Like the technique of storage in the
finite control, using multiple tracks does not extend what the Turing
machine can do.

Extensions to the Basic Turing Machine:
a)  Multi-tape Turing Machines

(Q. Write a short note on Multitape TM. (06M))
A multi-tape TM i1s as shown below. The device has a finite control
“state”, and some finite number of tapes. Each tape is divided into cells,
and each cell can hold any symbol of the finite tape alphabet.

Figure 8.16: A multitape Turing machine

As in the single tape TM, the set of tape symbols includes a blank, and

has a subset called the input symbols, of which the blank is not a

ﬁ
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member. The set of states includes an initial state and some accepting
states. Initially,
e The input, a finite sequence of input symbols, is placed on the
first tape.
e All other cells of all the tapes hold the blank.

e The finite control is in the initial state.

e The head of the first tape is at the left end of the input

e All other tape heads are at some arbitrary cell. Since tapes other
than the first tape are completely blank, it does not matter where
the head is placed initially; all cells of these tapes, “look™ the
same.

A move of the multitape TM depends on the state and the symbol

scanned by each of the tape heads. In one move, the multitape TM

does the following:

e The control enters a new state, which could be the same as the
previous state.

e On each tape, a new tape symbol is written on the cell scanned.
Any of these symbols may be the same as the symbol previously
there.

e FEach of the tape heads makes a move, which can be either left,
right, or stationary. The heads move independently, so different
heads may move in different directions, and some may not move
at all.

Equivalence of one-tape TM and Multi-tape TM:
(Q. Prove that every language accepted by a multi-tape TM is
recursively enumerable.5SM)

ﬁ
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Theorem 8.9: Every language accepted by a multitape TM is recursively
enumerable,

PROOF: The proof is suggested by Fig. 8.17. Suppose language L is accepted
by a A-tape TM M. We simulate M with a one-tape TM N whose tape we
think of as having 2k tracks. Hall these tracks hold the tapes of M, and the
other half of the tracks each hold only a single marker that indicates where the
head for the corresponding tape of M is currently located. Figure 8,17 assuines
k= 2. The second and fourth tracks hold the contents of the first and second
tapes of M, track 1 holds the position of the head of tape 1, and track 3 holds
the position of the second tape head.

X
AA, A A}-
X

Figure 817 Simulation of a two-tape Turing machine by a one-tape Turing
machine

To simulate a move of M, N's head must visit the & head markers, So that
N not get lost, it must remember how many head markers arve to its left at all
times:; that count is stored as a component of N's linite control. Alter visiting
each head marker and storing the scanned symbol in a component of its fnite
control, N knows what tape svimbols are being scanned by each of M's heads.
N also knows the state of M, which it stores in N's own finite control. Thus,
N knows what move M will make.

N now revisits each ol the head markers on its tape, changes the symbol
in the track representing the corresponding tapes of M, and moves the head
markers lelt or right, if necessary, Finally, N changes the state of M as recorded
in its own finite control. At this point, N has simuolated one move of M.

We select as N's accepting states all those states that record M's state as
one of the accepting states of M. Thus, whenever the simulated M accepts, N
also accepts, and N does not accept otherwise, O

b) NONDETERMINISTIC TURING MACHINES
(Q. Write a short note on Nondeterministic TM)

In the case of standard Turing 6 (q1, a) was defined for some elements
of Qx I"as an element of Q x I' x {L, R}. Now we extend the definition
of 0. In a nondeterministic TM, & (g1, a) is defined as a subset of Q x I'
x {L R}.
Definition: A nondeterministic Turing machine is a 7-tuple (Q, Z,
I', 9, qo, B, F), where,
e Q is a finite nonempty set of states.
e [ is a finite nonempty set of tape symbols,
ﬁ
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e B €I is the blank.

ﬁ
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e X is anonempty set of input symbols and is a subset of I' and
B¢

e o €Q is the initial state, and

e F C Q is the set of final states.

e s a partial function from Q x I' into the power set of Q x I
x {L. R}.

Undecidability

We then divide problems that can be solved by a Turing machine
into two: classes, those that have an algorithm ic, a Turing machine
that halts whether or not it accepts its inputs, and those that are only
solved by Turing machines that may run forever on inputs they do not
accept.

A Language That Is Not Recursively Enumerable:

e A Language L is recursively enumerable (RE) if L=L(M) for
some TM M. A language is recursively enumerable if there exists
a Turing machine that will enumerate all the strings in the
language or accept strings in the language but may not halt for
strings not in the language.

e A language L is recursive iff exists a Turing machine M such that
1) L =L(M) and
1) M always halt (even if it does not accept).

Definition: A language L is undecidable iff L is not recursive.

Note: The term “recursive” as synonym for “decidable” comes from
Mathematics (prior to computers).

Non-Recursively Enumerable (Non-RE) Languages
Definition: A language is non-recursively enumerable if no Turing
machine exists that can enumerate or accept all strings in the language.
In other words, it is not possible to construct an algorithm to semi-
decide membership.

o These are the most complex and "unsolvable" problems.

o Thelanguage and its complement are both non-recursively

enumerable.

Following figure suggests the relationship among three classes of

languages:

ﬁ
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1. The recursive languages
2. The languages that are recursively enumerable but not recursive.
3. The non-recursively-enumerable(non-RE) languages.

Recursive € RE € Non-RE.

Undecidability often involves proving that certain problems cannot be
solved by any algorithm (or equivalently, any Turing machine).

o To analyze such problems, we need a formal way to represent
them as inputs to Turing machines. Binary coding provides a way
to encode:

o Strings in a language.

o Descriptions of Turing machines.

o Complex decision problems.
Example: The Halting Problem

o The Halting Problem asks whether a Turing machine halts on a
given input.

o To analyze it, both the Turing machine (its states and transitions)
and the input string are encoded into a single binary string. This
encoding allows us to reason about whether a universal Turing
machine (UTM) can solve the problem.

Codes for Turing Machines:

Let us devise a binary code for Turing machines so that
each TM with input alphabet {0, 1} may be thought of as a
binary string.

ﬁ
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Complements of Recursive and RE languages:
(Q. Prove that complement of recursive language is recursive)

Theorem: If L is a recursive language, so is L

PROOF: Let L = L(M) for some TM M that always halts, We construct a TM
M such that L = L(M) by the construction suggested in Fig. 9.3, That is, M
behaves just like M. However, M 1s modified as follows to create A
1. The accepting states of M are made nonaccepting states of A7 with no
transitions: i.e., in these states M will halt without aceepting.

2. M has a new accepting state r:; there are no transitions from r.

3. For each combination of a nonaceepting state of M and a tape syvmbol of
M such that M has no transition (i.e., M halts without accepting), add

a transition to the accepting state r.

Sinee M is guaranteed to halt, we know that M is also guaranteed to halt.
Moreover, M accepts exactly those strings that M does not accept. Thus M

accepts L. O

—= Accept—_ | __—» Accept

W - M . e .
—= Reject ™~ Reject

Figure 9.3: Construction of a TM accepting the complement of a recursive

language
Q. Prove that complement of recursively enumerable language is

ﬁ
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recursive.
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Theorem 9.4: If both a language L and its complement are RE, then L i
recursive. Note that then by Theorem 9.3, L is recursive as well.

PROOF: The proof is suggested by Fig. 94, Let L = L(M,) and L = L(M,).
Both M, and My are simulated in parallel by a TM M. We can make M a
two-tape TM, and then convert it to a one-tape TM, to make the simulation
easy and obvious. One tape of M simulates the tape of M, while the other tape
of M simulates the tape of M., The states of M, and My are each components
of the state of M.

—= Accept —= Accept

W

—= Accept — Reject

Figure 9.4: Simulation ol two TM's accepting a language and its complement

I input w to M is in L, then My will eventually accept. If so, M accepts
and halts. If w is not in L, then it is in L, so M, will eventually accept. When
M,y accepts, M halts without accepting. Thus, on all inputs, M halts, and
L{M ) is exactly L. Since M always halts, and L(M) = L, we conclude that L
18 recursive, O

The Universal Language:

A Turing machine could be used to simulate a computer that had been
loaded with an arbitrary program. That is to say, a single TM can be
used as a ““stored program computer”, taking its program as well as its
data from one or more tapes on which input is placed.

We define L, the universal language, to be the set of binary strings that
encode, a pair (M,w), where M is a TM with, the binary input alphabet,
and w is a string in (0+1)* such that w is in L(M).

That is, L, is the set of strings representing a TM and an input accepted
by that TM. We shall show that there is a TM U, often called the
universal Turing machine, such that L,=L(U).

It is easiest to describe U as a multi-tape Turing machine. In the case of

U, the transitions of M are stored initially on the first tape, along with

the string w. A second tape will be used to hold the simulated tape of

M, using the same format as for the code of M. That is, tape symbol Xi

of M will be represented by 0' and tape symbols will be separated by

single 1’s. The third tape of U holds the state of M, with state q;
represented by 1 0’s. A sketch of U is in Fig. 9.5
L
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Figure 9.5: Organization ol a universal Turing machine

The operation of U can be summarized as follows:

1. Examine the input to make sure that the code for M is a legitimate code
for some TN, Il not, U7 halts without accepting. Since invalid codes are
assumed to represent the TA with no moves, and such a T accepts no
inputs, this action is correct.

2. Initialize the second tape to contain the input w, in its encoded [orm.,
That is, [or each 0 of w, place 10 on the second tape, and [or each 1 of
w, place 100 there. Note that the blanks on the simulated tape of M,
which are represented by 1000, will not actually appear on that tape; all
cells bevond those used for w will hold the blank of 7. However, I7 knows
that, should it look for a stmulated svinbol of M and find its own blank,
it must replace that blank by the sequence 1000 to simulate the blank of

M.

3. Place (0, the start state of M, on the third tape, and move the head of
[7's second tape to the first simulated cell.

L To simulate a move of M, 7 searches on its frst tape [or a transition
OF10F 105107 10™, such that 07 is the state on tape 3, and 0 is the tape

ﬁ
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svinbol of M that begins at the position on tape 2 scanned by U7, This
transition is the one M would next make. U7 should:

of M. To do so, U7 first t'he-lngvﬁ e-tll lhv 0's on tape 3 to blanks, and
then copies 0% from tape 1 to tape 3.
(b) Replace 07 on tape 2 by 0" that is, change the tape symbol of M.
If more or less space 1s needed (1Le., ¢ # 1), use the scratch tape and

the shifting-over technique of Section 8.6.2 to manage the spacing.

(¢) Move the head on tape 2 to the position of the next 1 to the left

or right, respectively, depending on whether m 1 (move left) or
mo= 2 {move right ). Thus, I7 simulates the move of M to the left or

to the right.

o

Il A has no transition that matches the simulated state and tape svimbol,
then in (4), no transition will be found., Thus, M halts in the simulated
configuration, and U7 must do likewise.

6. Il M enters its accepting state, then [7 accepts.

In this manner, 7 simulates M on w. U7 accepts the coded pair (M, w) il and
only if M accepts w.

ER R R R R R R R S S S L R R R R S S S R S L R R R R R R R S R S LR R R T R S
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