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Course outcome

CO1: Apply the concepts of modular arithmetic, congruences, linear Diophantine equations, Euler's theorem,
Fermat's theorem, Wilson’s theorem, and the RSA cryptographic algorithm to solve engineering and
computational problems.

CO2: Apply least squares curve fitting, correlation, regression analysis, and rank correlation techniques to analyse
engineering data and establish relationships between variables.

CO3: Solve engineering problems involving discrete and continuous random variables using probability
distributions, mathematical expectation, variance, and standard probability models such as Binomial,

Poisson and Normal distributions.
CO4: Analyse joint probability distributions and Markov chains by determining expectations, covariance,
correlation, transition probabilities, stationary distributions, and absorbing states for stochastic systems.

COS: Apply statistical inference techniques including hypothesis testing, confidence intervals, large and small
sample tests, Student's t-test, Chi-square test, and the Central Limit Theorem to draw valid conclusions from
engineering data. 5
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Module-1: Modular Arithmetic
Module-2: Statistics

Module-3: Probability Distributions
Module-4: Joint probability distribution
Module-35: Statistical Inference
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Divisibility
The set of integers consists of all positive integers, all negative integers and zero. It 1s
denoted by [ or Z = {...,-3,-2,-1,0,1,2,3,...}
={0,+1,£2,43, 14, ...}
Consider 2 integers a and b where a # 0, adivides b
If there exists an integer k such that b = ka
Eg:9 divides 54, there 1s an integer 6 such that 54=6x9
Division Algorithm
Given two integers a and b where a>0, two unique integers q and r such that b=qa+r
where 0 < r < a. This 1s known as division alogorithm. q 1s called the quotient and r
is called the remainder.
Note: In all divisions g may be positive or negative.

4
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Greatest Common Divisor(G.C.D) or Highest Common Factor(H.C.F)

The G.C.D of two integers a and b (both of them are not zero) is a unique positive integer d

such that d is the common divisor of both a and b.
d/a,d /b

every common divisor of a and b divides d
x/a andx/b => x/d

The G.C.D of 2 numbers a and b is written as (a, b)
i.e.,d =(a,b)
Euclid’s Algorithm method to find the G.C.D of 2 numbers a and b and to express the G.C.D as ax+by

A method of finding the greatest common divisor of two numbers by dividing the larger by the smaller,
the smaller by the remainder, the first remainder by the second remainder and so on until exact division

is obtained. Hence the greatest common divisor is the exact divisor.
5
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Problems

Find the G.C.D of 32 and 54 and express itin the form of 32x + 54y
32)54(1

2 22=54-1(32)

22
22)32(1

22 10=32-1(22)

10

10)22(2
20 2=22-2(10)

2
2)10(5
10 2=22-2(10)

0 6
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The last non zero remainder is 2.
2=22-2(10)

2= [54-1(32)]-2[32-1(22)]
=54-3(32) +2(22)
=54-3(32) +2[54-1(32)]
=3(54)-5(32)
=54(3) +32(-5)
2=54(x)+32(y) where x=3 and y=-5
Relatively Prime numbers:

Two numbers a and b are said to be relatively prime or coprime if and only if (a,b) = 1, i.e
the G.C.D ofaand b is 1

Example: (8,15) =1

8 and 15 are relatively prime
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Congruence’s:

Let m be a positive integer (>1). If a and b are any integers then a is said to be congruent to b modulo m if and only if m/(a-
b)

‘a is congruent to b modulo m is written as a = b(modm)

Example:

25 = 3(mod11), 11/25-3,i.e 11/22

—69 = —5(mod16), 16/-69+5, i.e 16/-64

Consider the congruence 134 = 108(mod13) which is true

When 134 and 108 are divided by 13, the same remainder 4 i1s obtained. This gives the
alternative definition of the congruence.

Definition of Congruence’s:

Ifm 1s a positive integer (=1) and a and b are any integer the a is said to be congruent to b
modulo m if and only if a and b leave the same remainder when divided by m

Note: 1) a = b(modm) — m/(a — b)

Conversely m/(a — b) then a = b(modm)
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Problems
Solve 5x = 4(mod13)
= 13/(5x — 4)

— 5x — 4 = 13k where ke Z
— 5x =13k + 4

13k+4

—> X =

By inspection, k = 2 gives the integral value of Z

i.e., Xx=6
x = 6(mod13)

The general solutionis x = 6 + 13t where te Z

9
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Solve 78 + x = 3(mod5)

78+ x —3 =5n
75+ x = 5n

letx =5

75 + 5 = 80(80 is multiple of 5)

The least value of x

is5

Find the unit digit in the number 728°
7% = 49 = 9(mod10)
7% = 2401 = 1(mod10)
(79)72 = 1(mod10)

7288 = 1(mod10)
From (1) & (2)
7%89 = 7(mod10)

The unit digit in 7289 is 7
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What is the remainder in the division of 2°Y is divided by 7
23 =8 = 1(mod7)

(23)= 1(mod7) ----------- (1)

22 = 4(mod7) ------mm-mmm- (2)

From (1) & (2)

2°0 = 4(mod?7)

The remainder when 2°° is divided by 7 is 4

11
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Find the remainder when 135 X 74 X 48 is divided by 7.
7)135(1
l 135=2(Mod7)
65
63
2
7)74(10
2 74=4(mod7)
4
7)48(6
4_2 48=6(mMmod7)
6
135 X 74 X 48 = 48(mod7) = 6(mod7)

Remainder is 6.
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General solution is given by x;, = xg + k(g) where k=0,1,2,3

Rules for finding x in linear congruence : General format : ax =
b(modn)

Find GCD (a,n) = d (let)

If b/d is a whole number, then solution exists otherwise no solution

Find d mod n ---- these number of solutions are possible
Divide both sides by d

Multiply both sides by an inverse
(aa™V)x = b.a 1(mod n)

13
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Solve 14x = 12(mod18)
ax = b(modn)
a=14,b=12,n = 18

1)GCD (14,18) =2 =d

b 12 : :
2)— =— =6 = solutions exists
d 2

3)d mod n = 2 mod 18 = 2 solutions exists
4) Divide both side by d

(1*/2) = (*?/;)(mod18/2)
7x = 6(mod9)

5)multiply both sides by 771
(77 Hx =6.7"1(mod 9)

14

(7xc)mod 9 =1
c=1, 7mod9 # 1

c=2, 14mod 9 # 1
c=3,21mod 9 # 1
c=4, 28mod 9 =1




4 ATME

atme | College of Engineering

x = 6.7 Y(mod 9)
x = 6.4(mod 9 )

x = 24(mod 9)
xX=26

The general solution is given by xj, = xy + k(g)

x; =6+1(7) =15
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THE CHINESE REMAINDER THEOREM

The Chinese Remainder theorem is used to solve a set of different congruent
equations with one variable but different moduli which are relatively prime as
shown below:

X=a,(modm,) ,

X = a,(mod m,)
X = az(mod my )

X = a,(mod m, )

CRT states that the above equations have a unique solutions of the moduli are
relatively prime

X = (alMlMl_l + azMzMz_l + a3M3M3_1 + e +anMnMn_1)m0d M
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* Solve the following equations using CRT
X=2(mod3) , X=3(mod5) X =2(mod?7)

*G.C.D(3,57) =1
X =(a;MM;" + a,MyM, ™ + agMsMs ™ )mod M

*aq, = 2,m1 — 3,M1 — 35,M1_1 = 2
ea,=3,m,=5M,=21,M, =1
¢ a3 — 2,m3 — 7,M3 — 15,M3_1 =1
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e M = leszmg = 3X5X7 = 105

e My =2 =12=35 ; M,=—=22=21; My=—=12=15
mq 3 mo 5 ms 7
« M;M;™! = 1(mod m;) M,M,” ' = 1(mod m,) M;M;~! = 1(mod m3)
« 35 M, = 1mod3 21M,~ ! = 1(mod 5) 15 M3~ = 1(mod 7)
* 35x2 = 1mod3 21x1 = 1(mod 5) 15x1 = 1(mod 7)
e M7t =2 M, =1 M7t =1

X = (alMlMl_l + azMzMz_l + a3M3M3_1)m0d M
X =(2.35.2+3.21.1 + 2.15.1)mod 105

= 233 mod 105
= 23
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* Linear Diophantine Equations:

An equation of the form ax + by + ¢ = O wherea # 0,b # 0 and cis an
integer is called a linear Diophantine equation in two variables xandy

Examples :8x + 17y =7,2x + 3y = 12
 Solution of Linear Diophantine Equations:

A pair (x,y) of integers is called a solution of Linear Diophantine Equations
ax + by =cif axyg+ byy=c and GCD (a,b) =d iff d/cthen
solution exists, then general solution is given by

a
x1:xo+a Liyi=Yo— 5t
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1)Find the general solutions of the equations 70x + 112y = 168
G.C.D(70,112) =14
Now 14/168 =12
Linear Diophantine Equations 70x + 112y = 168 has a solutions

By reverse
14 =42 — 28

= 42 — (70 — 42)

= 42 — 70 + 42)

= 2(42) — 70

= 2(112 — 70) — 70

= 2(112) — 2(70) — 70
14 = 2(112) — 3(70)
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Multiply by 12
14(12) = 2(112x12) — 3(70x12)
168 = 24(112) — 36(70)

Thus yo = 24,x, = —36 is a particular solution of the given equation
The general solution is given by
b a

x1:xo+at53’1=)’o_at

=364+ (24) ey —2a— (72 4
17 14 ) 1T 14

Hence x; = =36+ 8t; y; =24 —5t, tisaninteger
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Polynomial congruence: -

fx) =apx™+ a;x™ 1+ a,x" % ................. +a,, = 0(mod m) where n> 1 and
Ap,A1,045,0A43 ... ... ... Ag € Z

Root of f(x) (mod m)
x = cis called root of f(x) (modm)ifandonlyif f(c) = 0(mod m)i.e. m/ f(x)
1.Find the roots of the polynomial x? + 2x — 3 (mod 5)
Consider f(x) = x%? + 2x — 3 (mod 5) f(0) = —3 # 0(mod5)

f(1) =0 = 0(mod5)

f(2) =5 =0(mod5)

f(3) =12 + 0(mod5)

f(4) =21 + 0(mod5)
x = 1,2 aretheroots of f(x)(mod5)
But x =0,3,4 are notthe roots of f(x)(mod5)
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SYSTEM OF LINEAR CONGRUENCE IN TWO VARIABLES
Consider a system of linear congruence in 2 variables is
ax + by = r(mod n), cx + dy = s(mod n)

The system has a solution if GCD(a, b,n)/c

The system has a unique solution if GCD(ad — bc,n) = 1
EXAMPLES:

Solve the system of equations

7x + 3y = 10(mod 16), ad —bc =35—-6 =129
2x + 5y = 9(mod 16)

a=7,b=3,r=10,n =16
c=2,d=5,s =09,

gcd(a,b,n) = gcd(7,3,16) =1
gcd(ad — bc,n) =1, gcd(29,16) =1
The system has a unique solution
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7x + 3y = 10(mod 16) X5
2x + 5y =9(mod 16) x 3
29 x = 23(mod16)

13x = 7(mod16)

16 = 13 7 = 16k
13x — 7 TS
= x = (16k +7)/13
if k =2 gives integral value of x
x = 3(mod16)
7(3) + 3y = 10(mod 16)
21 4+ 3y = 10(mod 16)
3y = —11(mod 16)
= 16/(3y + 11)
= 3y+ 11 =16k = y = (16k — 11)/3
ifk=2y=7
y = 7(mod16)
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Wilson’s Theorem

If p is a prime number, then
(p — 1! = —1mod(p)

(p —D!'=(p—1)mod(p)
(p — 2)! = 1mod(p)

Find the remainder when 2(26)! Is divisible by 29

(p—1
(p—3)! = : mod (p)
EXAMPLES
P=92 ( 29)—26=3
p—1
(p —3)! = mod (p)

2
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(29 — 3)! = 14(mod29)
26! = 14(mod29)
2(26)! = 28(mod29)

Remainder is 28.
Euler’s Theorem

For every a and n that are relatively prime gcd(a,n)=1, then

a®™ = 1(modn) Where @(n) is Euler’s totient function.

EXAMPLES

3202

1.Solve mod13 by Euler’s Theorem.
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312 = 1(mod13)
(312)16 = 1(mod13)

3192 = 1(mod13) (1)
33 = 1(mod13)

(33)2 = 1(mod13) (2)
3 = 3(mod13) (3)

By equations (1), (2), (3)
We have, 3%? = 3(mod13)
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Fermat’s Little Theorem

If p is a prime number and (a,p)=1 then aP~! — 1 is divisible by p
i.e., a®™ = 1(modn)

EXAMPLES

Show that 234 = 1(mod31) by Fermat’s Little Theorem

Here p=31 and a=2
aP~! = 1(modp)
23171 = 1(mod31)
23% = 1(mod31)
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(23911 = 1(mmod31)
2330 = 1(mod31)

2° = 1(mod31)

(2°)? = 1%(mod31)
210 = 1(mod31)

2330 % 210 = 1(1mod31)
2340 = 1(mod31)
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* RSA Algorithm

* It is an asymmetric cryptographic algorithm
* (2 keys) public and private key

* Public key: known to all users in N/W

* Private Key: Kept secret, not sharable to all

* If public key of user A is used for encryption, we have to use the
private key of same user for decryption.

* The RSA scheme is a block cipher in which the plain text and cipher
text are integers between 0 and n-1 for some n.
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Key generation
Select 2 large prime numbers ‘p” and ‘q’, p # g
Calculaten =p * g
Calculate@(n) = (p—1)*x(g — 1)
Choose value of e such that 1<e<@(n) and gcd(@(n),e) =1
Calculate d = e~ 1 mod @(n)
de = 1 mod @(n)
Public key = {e,n}, Private key ={d, n}
* Encryption: C = M®modn
* Decryption : M = C%mod n




&
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EXAMPLES:

Using RSA algorithm find public key and private key with respect to p =
3,g=11and M = 31

clet p=3,g=11and M = 31
n=px*xq=3x*11 =33
dn)=(@-1)+*(@q@—1)=2%10 =20
So,let e=7as1<7<20gcd (7,20) =1
Now d = e~ 1 mod @(n)

de =1 mod P(n)

7d = 1 mod 20

d=3
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Since e=7,d =3
Public key = {e,n} = {7,33}
Private key = {d, n} = {3,33}
Encryption:: C = M®modn
C =31"modn
31 = -2 mod 33
317 = —27 mod 33
317 = —128( mod 33)
317 = —(—4)(mod 33)
317 = 4(mod 33)
C =04 = AE
M =31=DB




&
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Decryption: M = C%mod n

M = 43mod 33
43 = 64mod 33
M = 31mod 33

M =31=DB
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Module-2: Statistics

16
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Curve Fitting

This 1s a method of finding a specific relation connecting the dependent and independent
variables for a given data so as to satisfy the data as accurately as possible.

Curve fitting by the method of least squares

The method of least squares provides a relationship y = f(x) such that the sum of the
squares of the residuals is least. The difference between observed(y;) and expected value
(Y;) 1.e., R; = y; —Y,; are called the residuals.

Fitting of a Straight liney = ax + b
Giveny =ax+ b
Normal Equations(N.E’s): a),x+nb =)y
aYx*+bYx=>Yxy

Solving the above equations we get the values of a and b, substituting these vales in the
given equation leads to the curve of best fit.
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Note:
Normal Equations(N.E’s)for the st.line y = a + bx:
na+bYx=>y
aYx+b)Yx?=Yxy
Problems

1. Fit a straight line y = ax + b for the following data
x| 1 3 | 4 1 6 | 8 | 9 | 1| 14
y 1 2 4 4 5 7 8 9
Sol: The normal equations for fitting the Straight line y = ax + b --- (*) are

ax+nb=)>y

aYx*+bYx=Yxy
Here n=8
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1 1 1 1

3 2 6 9

4 4 16 16
6 4 24 36
8 5 40 64
9 7 63 81
11 8 88 121
14 9 126 196

Zx=56 Zy=40 ny=364 Zx2=524
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The N.E’s become
56a + 8b = 40
524a + 56b = 364

On solving , we get
a=0.6363 and b =0.5454

Thus, (*) =y = (0.6363)x + (0.5454) , is the curve of best fit.

2. Find the equation of the best fitting straight line for the following data and hence estimate

the value of dependent variable corresponding to the value 30 of the independent variable.

y 16 19 23 26 30
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Sol: Let y =ax+ b --- (*) be the equation of the Straight line.
NEs: aYx+nb=)y

aYx>*+bYx=Yxy

5
5 16 80 25

Here n=

10 19 190 100
15 23 345 225
20 26 520 400
25 30 750 625

Zx=75 Zy=114 ny=1885 Zx2:1375
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The N.E’s become

75a + 5b =114
1375a + 75b = 1885

On solving , we get
a=0.7 and b=12.3

Thus, (*)=>7y = (0.7)x + (12.3) , is the curve of best fit.
When x = 30 = y = (0.7)(30) + (12.3)
y =33.3

3. Fit a straight line 1n the least square sense for the following data

y 12 15 21 25
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Sol: Let y =ax + b --- (*) be the equation of the Straight line.
NEs: aYx+nb=)y

aYx*+bYx=Yxy

50 12 600

Here n=4

2500
70 15 1050 4900
100 21 2100 10000
120 25 3000 14400

Zx=340 Zy=73 ny=6750 Zx2=31800
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The N.E’s become
340a +4b =73
13800a + 340b = 6750

On solving , we get

a=0.19 and b =2.28

Thus, (*)=>7y = (0.19)x + (2.28) , is the curve of best fit.

4. A simply supported beam carries a concentrated load P at its mid point. Corresponding to

various values of P the maximum deflection Y is measured and is given in the following

table.
Y 0.45 0.55 0.60 0.70 0.80 0.85
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Find a law of the form Y = a + bP and estimate ¥ when P is 150.
Sol: Let Y =a+ bP --- (*) be the equation of the Straight line.
N.Es: na+b)P=)Y

a2P+b2P2 Y PY

Here n =
-——-_

0.45 10000
120 0.55 66 14400
140 0.60 84 19600
160 0.70 112 25600
180 0.80 144 32400
200 0.85 170 40000

ZP=9OO ZY=3.95 zPY=621 2P2=142000
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The N.E’s become

6a +900b = 3.95

900a + 142000b = 621
On solving , we get

a=0.0476 and b =0.0041
Thus, (*) =Y = (0.0476)P + (0.0041) , is the curve of best fit.

When P = 150 = Y = (0.0476)(150) + (0.0041)

Y=0.6626
5. Fit a straight line to the following data.

1961 1971 1981 1991 2001

Production
(in tons)
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Also find the expected production in the year 2006.

Sol: Let year and production respectively be represented by the variables X and y.
Let the equation of Straight be y = a + bx
Let X = x — 1981 and the line of fit willbe y =a + bX ---(¥)

N.Es are na+b)X=)>y
aYX+bY X?*=YXy .Heren=5
20 8 1160 400

1961

1971 -10 10 -100 100
1981 0 12 0 0
1991 10 10 100 100
2001 20 16 320 400

ZX=0 Zy=56 2Xy=160 ZX2=1000
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N.E's becomes 5a+ 0.b =56
0.a+1000b =160

On solving , we get
a=11.2 and b=0.16
Thus, () >y =112+ (0.16)X
y =112+ (0.16)(x — 1981)
y = —305.76 + (0.16)x , is the curve of best fit.
When x = 2006

y = —305.76 + (0.16)(2006) = 15.2 tons
Expected production in the year 2006 is 15.2 tons.
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Fitting of a Second degree parabolay = ax* + bx + ¢

Given y = ax®* + bx + ¢

Normal Equations(N.E’s): aYx*+bYx+nc=Yy
aYx3+bYx*+cYx=Yxy
aYx*+bY x3+cYx? =Y x*y

Solving the above equations we get the values of a, b and c, substituting these vales
in the given equation leads to the curve of best fit.

Note: If y = a + bx + cx?

Normal Equations(N.E’s): na+bYx+cYx*=3Yy
aYx+bYx*+cYx®=Yxy
aYx*+bYx3+c)xt=Yx%y
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Problems

1.Fit a second degree parabola y = ax? + bx + c in the least square sense for the following

data and hence estimate y at x = 6.

IS N D N B
y 10 12 13 16 19

Sol: Given y = ax?*+ bx +c¢

Normal Equations(N.E's): ayx*+bYx+nc=Yy
aYx3+bYx*+cYx=Yxy
aYx*+bYx3+cYx?=Yx%y

Here n=5
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1 10 10 1 10 1 1

2 12 24 4 48 8 16
3 13 39 9 117 27 81
4 16 64 16 256 64 256
5 19 95 25 475 125 625

Zx=15 Zy=70 ny=232 Zx2=55 Zx2y=906 zx3=225 Zx4=979
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The N.E’s become
55a + 15b + 5¢ = 70
225a + 55b + 15¢ = 232
979a + 225b + 55¢ = 906

On Solving, we have
a=0.2857 b =0.4857 and c=9.4

Thus, (¥) = y = (0.2857)x% + (0.4857)x + (9.4), is the curve of best fit .

At x = 6,
y = (0.2857)(6)* + (0.4857)(6) + (9.4)

y =22.78
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2. Fit a second degree parabola y = a + bx + cx? for the data:
IR N
y 1 1.8 1.3 2.5 6.3

Sol: Given y = a + bx + cx?

Normal Equations(N.E'S): na+bYx+cYx*=Yy
aYx+bYx?+cYx3=Yxy
aYx?+bYx3+cYx*=Yx?y

Here n=5
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0 1 0 0 0 0 0

1 1.8 1.8 1 1.8 1 1

2 1.3 2.6 4 5.2 8 16
3 2.5 7.5 9 22.5 27 81
4 6.3 25.2 16 100.8 64 256

A

Zx=10 Zy=12.9 2xy=37.1 Zx2=30 x2y=130.32x3=100 Zx4=354
—
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The N.E’s become
5a + 10b + 30c = 12.9
10a + 30b + 100c = 37.1
30a + 100b + 354c¢ = 130.3

On Solving, we have
a=1.42 b=-1.07 and c=0.55
Thus, (*) = y = (1.42) + (—1.07)x + (0.55)x?, is the curve of best fit .

3. Fit a parabola y = ax? + bx + c in the least square sense for the following data

I N
y 3.07

12.85 31.47 57.38 91.29
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Sol: Given y=ax*+bx+c

Normal Equations(N.E's): aYx’?+bYx+nc=Yy
aYx3+bYx*+cYx=Yxy
aYx*+bYx3+cYx?=Yx%

Here n=5
I 2
2 3.07 6.14 12.28
4 12.85 51.40 16 205.60 64 256
6 31.47 188.82 36 1132.92 216 1296
8 57.38 459.04 64 3672.32 512 4096
10 91.29 912.90 100 9129.00 1000 10000

Zx =30 Zy = 196.06 ny sz =220 szy = 14152.122 x3 = 1800 Zx4

= 1618.3 = 15664
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The N.E’s become
220a + 30b + 5¢ = 196.06
1800a + 220b + 30c = 1618.3
15664a + 1800b + 220c = 14152.12

On Solving, we have
a = 0.992 b =-0.8551 and c=0.696

Thus, (*) = y = (0.992)x? + (—0.8551)x + (0.696) , is the curve of best fit.

4. Find the best values of a , b, c if the equation y = a + bx + cx? is to fit most closely to

the followmg observatlons

-3.150 -1.390 0.620 2.880 5.378
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Sol: Equation of the parabola y = a + bx + cx?

Normal Equations(N.E's): na+bYx+cyx*=Yy
aYx+bXYx?+cXx’=Yxy
aYx?+bYx3+cYxt=Yx%y

Here n=5
_____
-2 -3.150 6.30 4 -12.60 -8
-1 -1.390 1.39 1 -1.39 -1
0 0.620 0 0 0 0 0
1 2.880 2.88 1 2.88 1
2 5.378 10.756 4 21.512 8

Zx=0 Zy=4.338 Exy Z =10 z Zx3=0 Zx4=34
—10402

= 21.326
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The N.E’s become

5a+ 0.b + 10c = 4.338
0.a+10b 4+ 0.c = 21.326
. 10a + 0.b + 34c = 10.402
On Solving, we have

a=0.6210 b=2.1326

and c=0.1233
5. Fit a parabola for the following data.

RN
y 2 6 7 8 10 11 11 10 9

Sol: Equation of the parabola y = a + bx + cx?

Normal Equations(N.E's):

2
n X
a b +c) x
Here n=9

TR
p
SR

<
<
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1 2 2 1 2 1 1
2 6 12 4 24 8 16
3 7 21 9 63 27 81
4 8 32 16 128 64 256
5 10 50 25 250 125 625
6 11 66 36 396 216 1296
7 11 77 49 539 343 2401
8 10 80 64 640 512 4096
9 81 81 729 729 6561

9
Zx=45 Zy=74 ny=421 Zx2=285 Zx2y=2771 ;‘x3=2025 zx4
d

= 15333
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The N.E’s becomes

9a + 45b + 285¢c = 74
45a + 285b + 2025¢c = 421
285a + 2025b + 15333¢c = 2771

On Solving, we have
a=-0.9286 b=3.5232 and c=-0.2673
Thus, (*) = y = (—0.9286) + (3.5232)x + (—0.2673)x?, is the curve of best fit .

6. Fit a second degree parabola to the following data

y 1.1 1.3 1.6 2 2.7 3.4 4.1
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Sol: Equation of the parabola y = a + bx + cx

Normal Equations(N.E's): na+bYx+crx*=Yy
aYx+bYx?+cYx3=Yxy
aYx?+bYx3+cYx*=Yx%y

Here n=

7
1.1 1.1 1 1.1 1 1

1

1.5 1.3 1.95 2.25 2.95 3.375 5.0625
2 1.6 3.2 4 6.4 8 16

2.5 2 5 6.25 12.5 15.625 39.0625
3 2.7 8.1 9 24.3 27 81

3.5 3.4 11.9 12.25 41.65 42.875 150.0625
4 4.1 16.4 16 65.6 64 256

2
Zx — iy Zy = 162 ny = 47.65 Z . szy — 154.475 Zx?’ ~ 161.875 Zx‘* — 548.1875
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The N.E’s becomes
7a + 17.5b + 50.75¢ = 16.2

17.5a + 50.75b + 161.875¢ = 47.65
50.75a + 161.875b + 548.1875c = 154.475

On Solving, we have
a=1.0357 b=-0.1928 and c=0.2428
Thus, (*) = y = (1.0357) + (—0.1928)x + (0.2428)x?, is the curve of best fit .
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Fitting of a curve of the formy = ax”

Consider y = ax”

Taking log, on both sides we get,

logey = log.(ax?)
log,y = log.a + log,x"?
log.y = log.a + blog.x

Y=A+bX ,where Y =log,y ,A=1og.a X =I1og.x

Normal Equations(N.E s)for the st.line Y = A + bX:

nA+b)X=)>»Y
AY X+ b)Y X? =3 XY

Solving above equations we get A,b. But log,.a=A=>a=e

A
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Problems
1. Fit a least square geometric curve y = ax? for the following data

—
y 0.5 2 4.5 8 12.5

Sol: Considery = ax? --- (¥)

Taking log, on both sides we get,

log.y = loge(ax?)

log,y = logea + log,x"

log.,y = log.a + blog,.x

Y=A+bX ,where Y =log,y ,A=1og.a X =Ilog.x
Normal Equations(N.E §)for the st.line Y = A + bX

nA+b)X=)»Y
AYX+DbY X% =3 XY

Here n=5
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___

1 -0.6931

2 2 0.6931 0.6931 0.4804 0.4804
3 4.5 1.0986 1.5041 1.6524 1.2069
4 8 1.3863 2.0794 2.8827 1.9218
5 12.5 1.6094 2.5257 4.0649 2.5902

zx — 47874 2 Y = 6.1092 ZXY — 9.0804 ZXZ — 6.1933

5A + 4.7874b = 6.1092
4.7874A + 6.1993b = 9.0804

N.E's becomes
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On Solving, we have
A=-0.6932 b=2

But log.a = —0.6932 = a = e 06932 = 0.5
Thus, (*) =y = ax?
y = (0.5)x? , is the curve of best fit.
2. An experiment of lifetime t of cutting tool at different cutting speeds v (units) are
given below
I N
61 26 7 2.6

Life (¢t)

Fit a relation of the form v = at?.
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Sol: Consider v = at? --- (¥)
Taking log, on both sides we get,

log.v = log.(at?)
log,v = log.a + log,tP

log.v = log.a + blog,t
V=A+bT ,where V =Ilog,v ,A=log.a T =log,t
Normal Equations(N.E s)for the st.line V = A + bT

nA+b)T=>V
AST +bYT2=3VT

Here n=4
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I I I I I

400

500

600

5.8579

26 5.9915
7 6.2146
2.6 6.3969

v

= 24.4609

4.1109
3.2581
1.9459
0.9555

>

= 10.2704

24.0812
19.5209
12.093
6.1122

ZVT

= 61.8073

16.8995

10.6152

3.7865
0.913

2

= 32.2142
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N.E's becomes 4A + 10.2704b = 24.4609

10.2704A + 32.2142b = 61.8073

Solving above equations we get,

A =6.5539 b=-0.1709
But log.a = 6.5539 > a = e%°>3% =701.9766

Thus, (*) = v = at?

v = (701.9766)t %1799 s the curve of best fit.

3. Fitacurve of the form y = ax? for the following data

I I I N R N
y 2.98 4.26 5.21 6.1 6.8 7.5
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Statistics is a science of facts and figures which may be readily available or obtained
through the process of direct enquiry or enumeration. It deals with the methods of
collecting, classifying and analysing the data so as to draw some valid conclusion.

‘Correlation’ can be understood as co-relation. Co-variance of two independent
magnitudes is known as correlation. ‘Regression’ is an estimation of one independent
variable interms of the other.

Correlation and Regression
This topic deals with data concerning independent observations.
Examples
1. Marks of individuals in two subjects
2. Height and weight of individuals
3. Amount involved in advertising a product and sale of product etc.,

We discuss the aspect of inter-relation between the independent variables.
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Correlation and Correlation Coefficient

Co-variation of two independent magnitudes is known as correlation. 1f two variables x
and y are related in such a way that increase or decrease in one of them corresponds to
increase or decrease in the other, we say that the variables are positively correlated. Also if
increase or decrease in one of them corresponds to decrease or increase in the other, the

variables are negatively correlated.

The numerical measure of correlation between two variables x and y 1s known as Karl
Pearson’s coefficient of correlation usually by r and 1s defined as follows

2 XY - - —_Xx = _ X
‘)‘=\/ZX2\/ZY2 where, X =x—x ,Y =y —Yy ,x=7x ,y=7y
Note:
2 2 2 2
1. 0'2=ZTX ; 0'%:27‘/ ;o_xo_y:\/ZX;l\/ZY oF MN0,0, =XX?.\/XY?
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2. The coefficient of correlation numerically does not exceed unity 1.e., =1 <r <1

3.1f r = £1, we say that x and y are perfectly correlated and if r = 0 we say that x and y

are non correlated.

0% +05—0%_y

4.r =
20,0y

Regression

Regression is an estimation of one independent variable in terms of the other. If x and y
are correlated, the best fitting straight line in the least square sense gives reasonably
a good relation between x and y .

The best fitting straight line of the form y = ax + b is called the regression line of y
on x and x = ay + b is called the regression line of x on y .
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The regression line of y on x is
— Oy —
Y-y =r—=x-%
Gx

The regression line of x on y is

— O-x —
(x —X) =ra—(y—y)

y
o-x o-y . .
r— r— are known as regression coefficients.
o
y X
Note:

1. 1 = +./(coeff.of x).(coeff.of y) , the sign of r will be positive or negative

according as the regression coefficients are positive or negative.

2. The lines of regression are also of the form ¥ =

Y XY
> X2

(X)

and X =

)
)

()
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Problems

1. Compute the coefficient of correlation and the equation of the lines of regression for the

data
x2S s T
y 9 8 10 12 11 13 14

Sol: Now X = 2% : y = =Y
n n

Here ), x =28 Yy =77 , n=17

_ 28 _ 77

T Y=

X =4 y =11
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=x—4 i B |
1 9 3 2 6 9 4
2 8 2 3 6 4 9
3 10 -1 -1 1 1 1
4 12 0 1 0 0 1
5 11 1 0 0 1 0
6 13 2 2 4 4 4
7 14 3 3 9 9 9
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_XxY
ISR

26
7" =
\28.4/28

26
"= 28
r=0.9286

The lines regression are given by

) =1+ (¥ Oy _ XXV _ 2
(y }’)—Tax(x X) rax_ZXZ_Z

Wkt, r

® — 0.9286
8

(y — 11) = 0.9286(x — 4)



ATME

College of Engineering

y —11 = 0.9286x — 3.7144
y = 0.9286x + 7.2856

— = 0.9286

N o o, YXY 26
Also,(x—x)—ray(}’ y) $ray_zy2_28

(x —4) =0.9286(y — 11)
x—4=0.9286y — 10.2146
x =0.9286y — 6.2146
2. Obtain the lines of regression and hence find the coefficient of correlation for the

following data

B EN RN
y 9 8 10 12 11 13 14
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Sol: Now x = %

Here ) x = 28 Yy =77 , N =
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The lines regression are given by

-» =55 E-®
(y — 11) = 0.9286(x — 4)
y—11 = 0.9286x — 3.7144
y = 0.9286x + 7.2856

_ XY _
Also, (x —X) =§Y2 (y—9)

(x —4) =0.9286(y — 11)
x—4 =0.9286y — 10.2146
x=0.9286y — 6.2146

Y XY 26

=3 = 25 = 09286
Y XY 26
=17 = 25 = 0-9286
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Wkt r = \/ (C oe f f .0 f X). (coe f f . 0 f y) r must be positive since regression coefficients are +ve

r =./(0.9286). (0.9286)
r =0.9286

3. Find the correlation coefficient for the following two groups

DA R
B 86 83 91 77 68 85 52 82 37 57

: - — LX v — 2y
Sol: Now X == , y==
Here ) x =751 Y.y =718 , =10
=2 x%=175.1 . 5=235=71.8

10 ’ 10
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92 86 16.9 14.2 239.98 285.61 201.64
89 83 13.9 11.2 155.68 193.21 125.44
87 91 11.9 19.2 228.48 141.61 368.64
86 77 10.9 5.2 56.68 118.81 27.04

83 638 7.9 -3.8 -30.02 62.41 14.44

77 85 1.9 13.2 25.08 3.61 174.24
71 52 -4.1 -19.8 81.18 16.81 392.04
63 82 -12.1 10.2 -123.42 146.41 104.04
53 37 -22.1 -34.8 769.08 488.41 1211.04
50 57 -25.1 -14.8 371.48 630.01 219.04

ZXY = 1774.2 ZXZ = 2086.59 z Y% =2837.6
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XXy
Wht, 1= JI X232
1774.2

r =
v2086.59.4/2837.6

17742
~ 2433.29

r

r=20.7291

4. Find the correlation coefficient and the equation of the lines of regression for the
following values of x and y

x| 1 | 2 | 3 | 4 | 5
y 2 5 3 8 7
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Sol: Now f=% , y:%
Here ) x =15 Y.y =25 , n=5
=2 x=3 . y=2.y=5

5 9

1 2 -2 3 6 4 o)
2 5 -1 0 0 1 0
3 3 0 -2 0 0 4
4 8 3 1 9
5 7 2 2 4 4 4
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Y XY
kt, r =
Wi, VI X232 Y2
13
'r:
V10.v26
r=0.8062
2
Now,of =2-=2=2 ; of=2 ;0,=12
YY? 26 . . . .
a§=n=5=5.2 ; 0y =52 ;0,=v5.2

The lines regression are given by

-y =rg—z(x—f)



4 ATME

atme | College of Engineering

2
(y — 5) = (0.8062) \/% (x — 3)

(y—5)=(13)(x—-3)
y—5=13x—39
y=13x—-39+5
y=13x+1.1

Also, (x—X) =r=(y —y)
Ty

(x—3) = (0.8062)%(3/ _5)
x—3=05—5)
x=05y—-25+3
x=0.5y+0.5
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5. The following data gives the age of husband (x) and the age of wife (y) in years. Form
the two regression lines and calculate the age of husband corresponding to 16 years age

of wife.
D oo Tl e e T
y 29 18 20 22 27 21 29 27 29 28
Sol: Now E=E , 7=H
n n
Here ) x = 300 Y.y = 250 , n=10
5 =39 - — 250
10 Y =70

x = 30 y = 25
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— I
=x—30 =y—25
36 29 6 4 24 36 16
23 18 -7 -7 49 49 49
27 20 -3 -5 15 9 25
28 22 -2 -3 6 4
28 27 -2 2 -4 4
29 21 -1 -4 4 1 16
30 29 0 4 0 16
31 27 1 2 1 4
33 29 3 4 12 9 16
35 28 5 3 15 25

9
2XY=123 2X2=138 ZY2=164
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The lines regression are given by

_ Xy _ Xy 123
(y—y)=§X2(x—x) \§X2=E=O.8913
(y — 25) = 0.8913(x — 30)

y —25=0.8913x — 26.739
y = 0.8913x — 1.739
N _ZXY . _ YXY 123
Also,(x—x)—zyz(y y) \ ZY2—164—0.75

(x —30) = 0.75(y — 25)
x —30=0.75y — 18.75
x=0.75y +11.25
Wheny =16,x =0.75(16) + 11.25 x = 23.25 = 23

Thus husband’s age is 23 years corresponding to wife age of 16 years.
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6. In a partially destroyed lab record, only the lines of regression of y on x and x on y are
available as 4x — 5y + 33 = 0 and 20x — 9y = 107 respectively. Calculate the
coefficient of correlation between x and y.

Sol: Lines of regression of y on x and x on y are

4x —5y+33=0 20x — 9y = 107
5y = 4x + 33 20x = 9y + 107

4 33 9 107
Coefficient of x = % Coefficient of y = 2—90

The coefficient of correlation 1s

r =/ (coeff.of x).(coeff.of y) r must be positive since regression coefficients are +ve

= 5 (a)
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36
r= |—

100
6
"= 10
r=0.6

7. Given the equation of the regression lines x = 19.13 — 0.87y, y = 11.64 — 0.5x.

Compute the mean of x's , mean of y’'s and the coefficient of correlation.

Sol: To find x, y and r.
We know that the regression lines passes through (X, y).
% =19.13 — 0.877 and 7 = 11.64 — 0.5%
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Thatis , x + 0.87y = 19.13

0.5% + y = 11.64

Solving above equations , we get
x=15.94 and y=3.67

Rewriting the equations

y =—0.5x + 11.64 ;
Coefficient of x = —0.5

The coefficient of correlation 1s

r = —y/(coeff.of x).(coeff.of y)

T =

—/(=0.5).(—0.87)

r =—0.6595

x =—0.87y + 19.13
Coefficient of y = —0.87

r must be negative since regression coefficients are —ve
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8. Compute x, ¥ and r from the following equation of the regression lines 2x + 3y +1 =0
and x + 6y —4=20

Sol: We know that the regression lines passes through (i, y).
2x +3y = -1 and X+ 6y =4

Solving above equations , we get

x=-2 and y=1

Consider the regression lines

2x+3y+1=0 and x+6y—4=0

3y =—-2x—1 and xX=—-6y+4
2 1

Y="3%73

Coefficient of x = —% Coefficient of y = —6
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The coefficient of correlation 1s

r = —\/(coeff. of x).(coeff.of y) r must be negative since regression coefficients are —ve
2
r=—|l—%].(—6
j (-3)- o
r=—a
r = —2, this is absurd. Since r lies between -1 and +1.

Rewriting the regression lines

x+6y—4=0 and 2x+3y+1=0
6y = —x+4 and 2x = -3y —1
y=—%x+% and xz—gy—%

Coefficient of x = — % Coefficient of y = — ;
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The coefficient of correlation 1s

r = —\/ (coeff.of x).(coeff.of y) r must be negative since regression coefficients are —ve
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. G1ven and r = U.5, write down the equation o1 the lines
SO | cseries | y-series

Mean 18 100

SD 14 20

regression and hence find the most probable value of y when x = 70 .
Sol: Bydata x=18 and y=100 ; o0,=14 and 0,=20; r=038

The equations of regression lines are

Y- =rra-1 ; (x-B) =12y -

(¥ — 100) = (0.8)= (x — 18) : (x — 18) = (0.8) == (y — 100)
y —100 = 1.14(x — 18) : x — 18 = 0.56(y — 100)
y=1.14x +79.48 ; x=0.56y — 38

Whenx =70, y = 1.14(70) 4+ 79.48 ;y = 159.28
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2
10. Show that if @ is the angle between the lines of regression, then tan@ = Zxa" (1 . )

ax+0§, T
Sol:
We know that if @ 1s acute, the angle between the lines y = myx + ¢y and y = myx + ¢, 1s
given by,
_m—my
tane o 1+mimy ( )

The equations of regression lines are ,

-y =rZ—z(x—f) - (1) and (x —X) =rZ—§(y—?) - (2)
We rewrite the equation (2) as (y—y) = :;' (x — %)
Slopes of (1) and (2) are my =12  and m, = -2

Oy .0y
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Substituting the slopes in (*) , we get
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0.0 1 — r?
tanO = Zx yz ( )
(63 +02)\ T

Note: If r = £1, tanB = 0 = 0 = 0, which implies that the two regression lines coincide

and hence the variables are perfectly correlated. Also1if r = 0, tan® = c0o = 0 = % , which
implies that the lines are perpendicular and hence the variables are uncorrelated.
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11. In a bivariate distribution o, = o), and the angle between the regression lines is
tan~1(3). Find the correlation coefficient.

Sol: Let 6 be the angle between the lines of regression, we have
_2
tanf = —5-2 (1 : ) - (1)

By data, 8 = tan™1(3) or tand =3 and oy =0,

22
Hence (1) = 3= O Ox (1 d )

0'2+0'2 r
(0% +0%)

3 — ajzr 1-r?2
- Za,zc r

- ()

6r =1 — 1?2
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r’+6r—-1=0

_ —61.6%—4.1.(-1)

r =
643614

2
—6 + 2v10
T =

2
r=-31++v10
r=+40.1623 or r = —6.1623(neglect)
Since—1<r<1,r=0.1623

T =




qATME
C\g ‘ NG
atme | College of Engineering &V

12. If the coefficient of correlation between two variables x and y is 0.5 and the acute angle
between their lines of regressions is tan™! (g) , show that o, = 20, or g, = 20;.

Sol: Bydatar = 0.5 and 6 = tan™! (g) or tanf = %

The angle between the lines of regression 1s given by

0.0 1 —r?
tanf = Zx yz
(0x+ay r

3
5

1 2
__ OxOy 1- (7)
NCECII
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__ 9% 1-3
(02 + 0'3%)

Ul W

1
2

3 __ 0% (§ E)
5 (o+02)\4'1
3 30y0y

5 2(o%+ o?)

1_ Ox Oy
5 2(02+a2)

2(0% + 02) = 50,0y
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205 + 205 = 50,0,

207 — 50,0, + 205 =0
205 — 0,0, — 40,0, + 205 =0
O'x(ZO'x — ay) — ZO'y(ZO'x — ay) =0

(Zax — ay)(ax — Zay) =0
Thus, we get

Oy = 20y, or g, =20,
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Module-3: Probability Distributions

17
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Introduction

The three main components of statistics are collection of data, analysis of data and
inference. The scope of statistics is very vast and finds its applications in almost all spheres.
Statistical methods guides us in any scientific enquiry and leans heavily on probability
theory.

Basic Definitions and concepts

Experiment is a process by which measurement or observation is obtained.

Random experiment : An experiment which does not result in the same out come when
performed under the same conditions.

Eg : 1. Tossing of a fair coin.

2. Throwing of a fair die.
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Sample space : The set of all possible outcomes of a random experiment is called a sample
space usually denoted by S.
Eg 1. S = {H,T} is the sample space in tossing of a single coin.
2.S={HH,TH,HT,TT} is the sample space obtained in tossing of two coins.
3.S={1,2,3,4,5,6} in throwing of a die.

Event : Any event 1s a subset of an appropriate sample space.

Exhaustive event : An event consisting of all the various possibilities is called an
exhaustive event.

Mutually exclusive events : Events are said to be mutually exclusive if and only 1f one of
them can take place at a time, 1n other words happening of one event prevent the
simultaneous happening of the others.

Eg: In the tossing of a coin, either heads or tails may turn up but not both.



4 ATME

atme | College of Engineering

Independent events: Two or more events are said to be independent 1f the happening or non
happening of one event does not prevent the happening or non happening of the others.

Eg: 1.When two coins are tossed the event of getting head is an independent event as both
the coins can turn out heads.

Probability 1s the measure of the chance with which we can expect the event to occur. If an

event A can occur in m different ways out of number of n possible ways, all of which are

equally likely then the probability of the event A denoted by P(A) is given by P(A4) = —.
Note: 1) Since 0< m <n = P(A)isnonnegativeand 0 < P(A)< 1

2) If P(A) = 0 then A is called a null event.

3) If P(A) =1 then A is called a sure event.

4) P(A) + P(A) = 1, the set of all unfavourable events is denoted by A.
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Addition theorem of probability

The probability of the happening of one or the other mutually exclusive events is equal to
the sum of the probabilities of the two events.

That 1s, 1f A, B are two mutually exclusive events then,
P(Aor B) = P(A) + P(B)

Product theorem of probability

If a compound event is made up of a number of independent events, the probability of the

happening of the compound event is equal to the product of the probabilities of the
independent events .

That 1s, 1f A, B are independent events then,
P(A and B) = P(A).P(B)
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RANDOM VARIABLE & PROBABILITY DISTRIBUTION

Introduction

When we consider an experiment of tossing two coins. The sample points or out
comes are qualitative and are described by their attributes though the probabilities
attached to each of these outcomes are quantitative. We now associate to each
sample point a real number called the random variable

Random variable

Definition: Let S be a sample space then X : S — R defined over the elements of
S 1s called a random variable. A random variable 1s a function that assigns a real

number to every sample point in the sample space of a random experiment. Random
variables are usually denoted by X, Y, Z ... and it may be noted that different random

variables may be associated with the sample space S. The set of all real numbers of a
random variable X 1is called the range of X.
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Eg:

1. While tossing a coin, suppose that the value 1 is associated for the outcome ‘head’ and 0
for the outcome tail. We have the sample space S = {H, T} and if X is the random
variable , then X(H) = 1 & X(T) = 0.

Range of X = {0,1}

2. Suppose a coin 1s tossed twice, we shall associate two different random variables X, Y as
follows, where we have the sample space
S ={HH,HT,TH,TT}
X = Number of ‘heads’ in the outcome.
The association of the elements in S to X 1s as follows.

1 1 0

Random variable X 2




&
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Range of X = {0,1,2}
Suppose Y = Number of ‘tails’ in the outcome, we have

| 1 2

Random variable Y 0

Range of Y = {0,1,2}

Discrete and Continuous random variables

If a random variable takes finite or countably infinite number of values then it is called a

discrete random variable.
Discrete random variable will have finite or countably infinite range.
Eg: 1. Tossing of a coin and observing the outcome.

2. Throwing a ‘die’ and observing the numbers on the face.
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If a random variable takes non countable number of values then it is called a non
discrete or continuous random variable.
Eg:
1. Weight of articles
2. Length of nails produced by machine.

Generally counting problems correspond to discrete random variables and measuring
problems lead to continuous random variables.

Probability function and Discrete probability distribution

If for each value x; of a discrete random variable X, we assign a real number p(x;) such that
Dp(x;) =0 ii) X;p(x;) =1 then the function p(x) is called a probability function.
If the probability that X take the values x; is p;, then P(X = x;) = p; or p(x;).

The set of values [x; , p(x;)] is called a discrete (finite) probability distribution of the discrete random
variable X. The function P(X) is called the probability density function (p.d.f) or the probability mass

function (p.m.f)
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The distribution function f (x) defined by f(x) = P(X < x) = X1 P(x;) , x being an integer, is called
the cumulative distribution function (c.d.f).
The mean and variance of the discrete probability distribution are defined as follows
Mean u = %,; x; . p(x;)
Variance V = Y, (x; — w)*. p(x;)
V=23xtpl) - [Z;x. p(x)]?
V=Xxi.p)—pu
Standard deviation ¢ = \V
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Problems
1. A coin 1s tossed twice. A random variable X represent the number of heads
turning up. Find the discrete probability distribution for X. Also find its mean and

variance.
Sol: Here S = {HH,HT,TH,TT}
X =1{0,1,2}

1 1 1 1

Now, P(HH) = P(HT) = P(TH) =, P(TT) =
1
P(X = 0,i.e.,no head turning up) = P(TT) = Z
1 1

P(X =1,i.e.,one head turning up) = P(HT UTH) = P(HT) + P(TH) = 2 + 25

1
P(X = 2,i.e.,two heads turning up) = P(HH) = 7
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The discrete probability distribution for X is as follows

We observe that, p(x;) > 0 and };p(x;) = 1.
Mean , it = %, x;.p(x) = (0).(5) + (. (5) + @.(5) =3 +3

p=1

Variance, V = Y;(x; — M)Z-P(xi)

V=(0-1D2;+(1-D2 +2-1)72;
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2. A random experiment of tossing a ‘die’ twice is performed. Random variable X on this
sample space 1s defined to be the sum of the two numbers turning up on the toss. Find the
discrete probability distribution for the random variable X and compute the corresponding
mean and standard deviation.

Sol: Here S = {(x,y) wherex =1,2,...,6 ;y =1,2,...,6}
ie,S =1{(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3), ...,(6,5), (6,6)}
Number of elements in S=36.

The set of values of the random variable X defined as sum of two numbers on the face of
the ‘die’ are {2,3,4,5, ...,10,11,12}
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n(E) 1
n(s) 36

2
Now, p(xq) = ;p(xp) = 3¢

The discrete probability distribution for X is as follows

el 2 s Ll Ls Ll LT L L L L

p(x;) i
36 36 36 36 36 36 36 36 36 36 36

Here p(x;) >0 and ),;p(x;) = 1.
Mean p =2 x;.p(x;)
n=2.(2)+@.(2)++an.(2) + 12).(5)

H=g=7
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Variance, V = Y;(x; — )% p(x;)

V=0Q2-7% -+ @2+ -+ (12 -7

210 35
V = =
36 6

Std. deviation , ¢ = V'V

35
0'—\/;—2.42

3. Show that the following distribution represents a discrete probability distribution. Find

the mean and variance

p(x) l

ol w
ol w
0|

o
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Sol: We observe that p(x) > 0 and ), p(x) = 1.
Mean u =) x.p(x)

i = (10).= + (20).= + (30).= + (40).

__10+60+90+40 _ 200

8 8

u=25
Variance, V = Y.(x — n)?%.p(x)

V = (10 — 25)2.2 + (20 — 25)2.2 + (30 — 25)2.2 + (40 — 25)2.—
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4. Find the value of k such that the following distribution represents a finite probability
distribution. Hence find its mean and standard deviation. Also find p(x < 1), p(x > 1) and

p(—1<x<2)
3 2 0 2 3
(%) k 2k 3k 4k 3k 2k k

Sol: We must have p(x) = 0 forall x and ), p(x) = 1. The first condition is satisfied if k = 0
Since ), p(x) =1

k+2k+3k+4k+3k+2k+k=1

16k =1

. k=1_6
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The discrete probability distribution 1s as follows
x| 3 2 | 1 0 | 12 | 3
1 2 3 4 3 2 1

p(x)

16 16 16 16 16 16 16
Mean p = ) x.p(x)

p= (B)ggt (2 + (FD o+ (O + (g + g+ (3

p=0
Variance, V = Y (x — u)?.p(x)
V=(-3-02=+ (2= 022+ (-1-0)2.=+ (0 - 0)2.—+ (1 - 0)2.=+ (2 - 0)2.= + (3 0)%.—
40

1 5
V=—(9+8+3+0+3+8+9)=—=7
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Standard deviation o = \VV
o= \E =1.58
Now, p(x < 1) = p(-3) + p(-2) + p(—1) + p(0) + p(1)

1 2 3 4 3
=—+=+—+—+
16 16 16 16 16

px<1)=_
p(x > 1) =p(2) +p(3) p(—1<x=<2)=p(0)+p(1)+p(2)
::j£_+_;£_ _ 4 4 3 4 2
16 16 16 16 16
3 9
P(x>1)—1—6 p(—1<xS2)—1—6
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5. A random variable X has the following probability function for various values of x.

P(x) k? Tk? + k

i) Find k ii) Evaluate P(x < 6), P(x = 6) and P(3 < x < 6). Also find the probability
distribution and the distribution function of X.

Sol: We must have P(x) = 0 and ) P(x) = 1.
The first condition is satisfied for k = 0 and we have to find k such that

XP(x) =1
ie, 0+ k+2k+ 2k +3k+k?+2k*+7k* +k)=1
10k?+9k —-1=0
(10k—D(k+1) =0

k = 1—10 and k = —1 ( Neglect)
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Hence we have the following table
EEEEEN RN
P(x) 0 1 1 1 3 1 1 17
10 5 5 10 100 50 100

Now, P(x < 6) =P(0)+P(1)+P(2)+PB3)+P(4)+ P(5)
1 1 1 3 1 81
=0+ st 5 T T To0 ~ 100
P(x < 6) =0.81
P(x = 6) = P(6) + P(7)

1 17 19
> = =
P(X _ 6) 50 T 100 100

P(x>6)=0.19
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P(3<x<6)=P(4)+P(5) + P(6)

3 1 1 33
10 100 50 100

P3<x<6)=0.33
The probability distribution is as follows

R0 [N [T AN [T [ I I e
0.1 0.2 0.2 0.3 0.02 0.17

P(x) 0 . 0.01

T]’\CA Aictriliitinn Hinctinn Af Y ic £+~ — DY < A\ — V‘n nlv.\N1c ~nallad ~1iraiilatixae

I N AR N I R

JI R

£(x) 0 0+0.1  0.1402  03+02  0.5+0.3 0.8+0.01 0.81+0.02 0.83+0.17
=0.1 =0.3 =0.5 =0.8 =0.81 —0.83 =1
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6. A random variable X take the values —3,—2,—1,0,1,2,3 suchhat P(X = 0) = P(X < 0)
andP(X =-3)=P(X=-2)=P(X=-1)=P(X =1) = P(X = 2) = P(X = 3) .Find
the probability distribution.

Sol: Let the distribution be as follows

P(X) P1
By dataP(X =0) =P(X < 0)
> PX=0)=PX=-1)+PX=-2)+P(X=-3)
1.e., Py =P3+ P2+ D1 --- (1)
Also we have
PX=-3)=PX=-2)=PX=-1)=PX=1)=PX=2)=P(X =3)

1.6., P1 = Py = P3 = D5 = P = D7 --(2)
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Further we must have
pP1+ P2 +P3+pPstps+pst+p;=1

~(3)

Py =P1+tP1tDP1
P4 = 3P1

Using (2) in (1), we get

Using (2) in (3),weget pq+p1+pP1+Ps+p1+p1+p1

=1

6p; + Py =1
6p; +3p; =1 (since p, = 3p;)

9p1 =1

1

P1 =7

3

Hence py = 5

1
Thus , p, = p3s = ps = ps = p7 =
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Thus the probability distribution is as follows

----n--
PO 1L 11 111
9 9 9 9 9 9 9

7. The p.d.f. of variate X is glven by the followm table

P(x)

For what value of K, this represents a valid probability distribution? Also find P(x = 5)
and P(3 < x < 6).

Sol: The probability distribution is valid if P(x) = 0 and ), P(x) =1
Hence we musthave K= 0 and K+ 3K+ 5K+ 7K+9K+ 11K+ 13K =1
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Also, P(x = 5) = P(5) + P(6)

P(x25)=12hK+13K=24K
P(x >5) = —
(x =5) 19

Now, P(3<x <6) = P(4) + P(5) + P(6)
P(3<x<6)=9K+ 11K + 13K
P(3<x<6)=33K

33

P < = —
(3<x<6) 19
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Joint Probability Distribution

If X andY are two discrete random variables, we define the joint probability function
of X andY by P(X =x,Y =y) = f(x,y) where f(x,y) satisfy the conditions f(x,y) = 0 and
2x2yf,y) =1

Suppose X = {x1,X5, ..., X yand Y = {y4,y5, ...., ¥, } then,
P(X =x;,Y = yj) = f(x;,y;) 1s denoted by J;; .
Expectation, Variance, Covariance and Correlation

If X is a discrete random variable taking values x4, x5, ...., x;; having probability function f (x)
then,

The expectation of X is denoted by uy = E(X) = X7 xif (x;)
The Variance of X is denoted by V(X) = Y-, x?f(x;) — u? , where p is the mean of X.

V=EX? —pu;
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The Standard deviation of X is denoted by oy = /V (X)

If X and Y are two discrete random variables having the joint probability distribution
f (x,y) then the expectation of X and Y are defined as

px = ECO = ) xif ()

l

puy = E(Y) = z vig(;)
j

and E(XY) — i le]]lj
If X and Y are random variables having mean py|[orE (X)] and uy|orE(Y)] respectively,

then the covariance of X and Y are defined as
Cov(X,Y) =EXY)—-EX)E()
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Cov(X)Y)
Ox0y

The correlation of X and Y denoted by p(X,Y) is given by p(X,Y) =
o = E(X?) —ux, oy =E(Y?) —uy

Note: If X and Y are independent random variables then

i) EXY)=EX)E)

ii) Cov(X,Y)=0 and p(X,Y) =0

where

Problems

1. The joint distribution of two random variables X and Y 1s as follows

\

1

| =
e

0| =

Q|
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Compute the following
1) E(X)and E(Y) 1) E(XY) iil)oy and oy iv) Cov(X,Y) v)p(X,Y)
Sol: The distribution ( marginal distribution ) of X and Y 1s as follows.

Y - -4 2 7 £(x;)
X!
1 1 1 1 1,11 1
8 4 8 8 4'8 2
5 1 1 1 1,11 1
4 8 8 48 8 2
g;) 1.1 3,11 3 1. 1.1 !
8 T 4 8 4 + 8 8 8 T 8 4
Distribution of X Distribution of Y
e
f(xi) 1 l 9g;) E § 1
2 2 8 8 4
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1) E(X) = X xif (xp) E(Y)=2;yi90;))

E®) =) (5)+ ) (3) EW) =H(3)+@ () + ()
1 5 7

B =5+ E() =S4+

Thus, E(X) = pty = 3 EY)=py =1

i) E(XY) = X j xiyilij

1 1 1 1 1 1
E(XY) = (1(-4) <§) + (D@ <Z) + () <§) +(5)(-4) <Z) +®@) <§) + () <§)

1 1 7 5 35
E(XY):_Z+E+§_5+Z+§

Thus, E(XY) = ;
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i) 0 = E(X?) — p§ ; oy = E(Y?) — uf
Now, E(X2) = ¥, x2f (x;) EY?) =Y,y f())
=) B = (o) ()@ () +on )
E(X?) = 13 E(Y?) = ?
» of =13 - 32 : of =217
0% = 4 L op=2
oy =2 ; oy = 4.33

iv) Cov(X,Y) = E(XY) — E(X)E(Y)
Cov(X,Y) =2~ (3)(1)
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Cov(X)Y) = —3
V) p(X,¥) = “ZE0
3
pX,Y) =

@as3)
p(X,Y) = —0.1732

2. The joint probability distribution table for two random variables X and Y is as follows

Y - -2 -1 4 S

X1
1 0.1 0.2 0 0.3
2 0.2 0.1 0.1 0

Determine the marginal distributions of X and Y . Also compute 1) Expectations of X, Y and XY
i1) Standard deviations of X, Y 111) Covariance of X and Y 1v) correlation of X and Y
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Further verify that X and Y are dependent random variables. Also find P(X +Y > 0).

Sol: Marginal distribution of X Marginal distribution of Y

) 0.3 0.3 0.1 0.3

f(x;) 0.6 0.4 gj

) EX)=Xixf(x;) EY)=2;y90))
E(X) = (1)(0.6) +(2)(0.4) E(Y) =(-2)(0.3) + (—1)(0.3) + (4)(0.1) + (5)(0.3)

E(X) = 0.6 + 0.8 E(Y)=-0.6—03+04+1.5
Thus, E(X) = uy = 1.4 EY)=puy =1
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E(XY) = z Xi¥ilij

l,j

E(XY)
= (1)(=2)(0.1) + (D(—1)(0.2) + (1)(4)(0) + (1)(5)(0.3) + (2)(—2)(0.2) + (2)(—=1)(0.1) + (2)(4)(0.1)

+(2)(5)(0)

E(XY)=—-02—-024+0+4+15-08—-02+08+0
Thus, E(XY) = 0.9
i) 0§ = E(X?) — ux : oy = E(Y?) — uy
Now, E(X?) = ¥; x7 f (x;) E(Y?) =X;y790))
E(X?) = (12)(0.6) + (22)(0.4) E(Y?) = ((—2)2)(0.3) + ((—=1)2)(0.3) + (42)(0.1) + (5%)(0.3)
E(X?) =2.2 E(Y?)=10.6
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v of = 2.2 — (1.4)? ; of = 10.6 — 12
oz = 0.24 ; oz = 9.6

i) Cov(X,Y) = E(XY) — E(X)E(Y)
Cov(X,Y) = 0.9 — (1.4)(1)
Cov(X,Y) =-0.5

. __Cov(X)Y)
iv) p(X,Y) = p——
~0.5
pX,Y) = (0.49)(3.1)
p(X,Y)=-0.3

If X and Y are independent random variables we must have f(x;). g(yj) = Jij
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It can be seen that f(x;).g(y;) = (0.6)(0.3) = 0.18 and J;; = 0.1 i.e,, f(xl-).g(yj) *
Jij
Similarly for others also the condition 1s not satistied.
Hence we conclude that X and Y are dependent random variables.
We have, X = {x;} = {x{, x,} = {1,2} respectively.
Y = {yj} = {y1, V2, V3, Va} = {—2,—1,4,5} respectively.
Also, J11 =01, J;1,=02, Ji3= 14 = 0.3

>

J21 =02, 5, =01, J3=01 , Jou=0
X +Y >0 ispossible when (X,Y) take the values

(x1,¥3) = (L,4) ; (x1,y4) = (1,5) ;5 (x2,¥2) = (2,—1) ; (x2,¥3) = (2,4) and

(x2,y4) = (2,5)
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Hence ,P(X +Y > 0) = Ji3 + J14 + J22 +J23 + )24

PX+Y>0))=0+03+01+01+0
Thus, P(X+Y >0)=0.5

3. Suppose X and Y are independent random variables with the following respective
distribution, find the joint distribution of X and Y. Also verify Cov(X,Y) = 0.

EEEEEE EEERENEE
) 0.3 0.5 0.2

2
f(x:) 0.7 0.3 9(yj

Sol: Since X and Y are independent, the joint distribution J(x,y) is obtained by using the
definition f(xl)g(y]) — ]l]
Jij are obtained on multiplication of the marginal entries.
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From the given data , the required J;; is found

J11 = f(x1).9(y1) = (0.7)(0.3) = 0.21
Ji2 = f(x1).9(y,) = (0.7)(0.5) = 0.35
J1z = f(x1).g(y3) = (0.7)(0.2) = 0.14
J21 = f(x3).g(y1) = (0.3)(0.3) = 0.09
J22 = f(x3).g(y2) = (0.3)(0.5) = 0.15
J23 = f(x2).9(y3) = (0.3)(0.2) = 0.06

The joint distribution table 1s as follows

X1
1 0.21 0.35 0.14 0.7
2 0.09 0.15 0.06 0.3
() 0.3 0.5 0.2 1
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We have Cov(X,Y) = E(XY) — E(X)E(Y)

E(X) = X xif (x;) EY)=2;yi90))

E(X) = (1)(0.7) + (2)(0.3) E(Y)=(-2)(0.3) + (5)(0.5) + (8)(0.2)
E(X)=0.7+06 E(Y) = —0.6+25+16

Thus, E(X) = uy = 1.3 E(Y)=uy =3.5

E(XY) = Z Xi¥jlij
ExY)
= (1)(—2)(0.21) + (1)(5)(0.35) + (1)(8)(0.14) + (2)(—2)(0.09) + (2)(5)(0.15) + (2)(8)(0.06)

E(XY) = —0.42 + 1.75 + 1.12 — 0.36 + 1.5 + 0.96
Thus, E(XY) = 4.55
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Sampling Theory

Random Sampling

A large collection individuals or attributes or numerical data can be understood as a population or
universe.

A finite subset of the universe 1s called a sample. The number of individuals in a sample is called a
sample size(n).

If n < 30 then the sample is said to be small otherwise it is a large sample.

The selection of an individual or item from the population in such a way that each has the
same chance of being selected 1s called as random sampling.

Sampling where a member of the population may be selected more than once 1s called as
sampling with replacement.

If a member cannot be chosen more than once 1s called as sampling without replacement.
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Parameter and Statistics

The statistical constants of population i1s mean(u) , standard deviation (o), correlation (p)
are called the parameter.

The statistical constants drawn from the given population is mean(x) , standard deviation
(s), correlation () are called statistic.
Testing of Hypothesis

To reach the decisions about the populations and the basis of sample information, we
make certain assumptions about the population involved. Such assumptions which may or
may not be true are called hypothesis. OR Quantitative statement about the population.
Explanation on the basis of limited evidences.

Null Hypothesis

The hypothesis formulated for the purpose of its rejection under the assumption that it is
true 1is called the Null Hypothesis denoted by H,.
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Any hypothesis which is complimentary to the null hypothesis is called Alternative
Hypothesis denoted by H;.

Type-I and Type-II Errors

Type-I Error: Wrong decision to reject the null hypothesis when it is actually true.

Type-II Error: Wrong decision to accept the null hypothesis when it is actually false.
Accepting the hypothesis | Rejecting the hypothesis

Hypothesis True Correct decision Wrong decision
( Type-I Error )

Hypothesis False Wrong decision Correct decision
( Type-II Error )
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Significance level

The probability level, below which leads to the rejection of the hypothesis is known as the
significance level. The probability levels are fixed at 0.05 or 0.01 being 5% or 1%. These are called
Significance level.

Test of Significance

The process which enables us to decide about the acceptance or rejection of the hypothesis is
called the test of significance.

Confidence Intervals
Let us suppose that we have a normal population with mean y and S.D o . If X is the sample
mean of a random sample size n the quantity z defined by z = 26?7”5 is called the Standard normal

. Vn
variate.

From the normal distribution table we find the 95% of the area lies between z = —1.96 and
z = +1.96 1.e., 95% confidence interval lies between —1.96 and +1.96 .

Further 5% level of significance 1s denoted by z, os.Mathematically we can write
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—196 <2 < 196
o
(&)
7 (1.96) < % — u < (1.96)—
—\/—ﬁ( 96) = x —p = (L. )\/_ﬁ

n<x+ % (1.96) and X — j"ﬁ (1.96) < u

Also we can write combining the two results in the form,

7 —1.96 (%) <u<x+1.96 (%) (1)

Similarly, from the table of normal areas 99% of the area lies between -2.58 and 2.58. This is

equivalent to the form,

% —2.58 (%) <u<E+258 (%) )

We can say that (1) is the 95% confidence interval and (2) is the 99% confidence interval.
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One tailed and two tailed tests

In our test of acceptance or non acceptance of a hypothesis, we concentrated on the value
of z on both sides of the mean. This can be categorically stated that, the focus of the
attention lies in the two “tails” of the distribution and hence such a test is called a two tailed

test.

Sometimes we will be interested in the extreme values to only one side of the mean in
which the region of significance will be a region to one side of the distribution. Obviously
the area of such a region will be equal to the level of significance itself. Such a tail 1s called

a one tailed test.
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L D

Right Critical Region Left

One tailed test Two tailed test

The following table will be useful for working problems

Critical Value of z

Test
5% level 1% level
One-tailed test -1.645 or 1.645 -2.33 or 2.33
Two-tailed test -1.96 or 1.96 -2.58 or 2.58
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Tests of significance of Proportions

1. Let x be the observed number of successes in a sample size of n and u = np be the
expected number of successes let the associated standard normal variate Z be

£ _X—p _x-np
defined by z - N

2. If |Z] > 2.58, we conclude that the differences is highly significant and reject the

hypothesis .Probable limits = p £+ 2.58 \/p;q

3. If Z <1.96, difference between the observed and expected number of successes is not

significant.
4. If 7 >1.96, difference 1s significant at 5% level of significance.
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Test of hypothesis for means

Let u; and u, be the mean of two populations. Let (i, 0¢); (X, 0,) be the mean and
standard deviation of two large samples of size n; and n, respectively. To test the null
hypothesis H that there is no difference between the population means. 1.e., Hy: 1 = U,
(X1—%2)

°1.%2
ng n3

The static for this is given by Z =
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Test of significance of proportions

1. A coinis tossed 1000 times and head turns up 540 times. Decide on the hypothesis that
the coin in unbiased.
Sol: Let us suppose that the coin is unbiased
p = Probability of getting a head in one toss = 72
Sincep +g=1,g="%
Expected number of heads in 1000 tosses = np
= 1000 x 2 =500
Actual Number of heads = 540 = x
Now x —np =540 — 500 =40

X—u _ x—np _ 540-500
JmPqd  ynpq  1000X0.5X0.5

Consider z =
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z =2.53<2.58
Thus, we can say that the coin is unbiased.

2. A sample of 900 days was taken in a coastal town and it was found that on 100 days the

weather was very hot. Obtain the probable limits of the percentage of very hot weather.

Sol: Probability of very hot weather , p = % = %
8

L q=g ,n =900

Probable limits = p + (2.58) \/17_‘1

= 0.111 + 0.027
= 0.084 and 0.138
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Probability limits of very hot weather is 8.4% to 13.8%

3. In a sample of 500 men 1t was found that 60% of them had over weight. What can we

infer about the proportion of people having over weight in the population?
Sol: Probability of persons having over weightis , p = 2 =06

100
ng=1—-p=04 ,n=500
Probable limits = p + (2.58) \/p%l

— 0.6 + (2.58) \/ (0.6)(0-4)

500
= 0.6 £ 0.0565
Probable limits = 0.5435 and 0.6565
Thus, the probable limits of people having over weight is 54.35% and 65.65%
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4. A survey was conducted 1n a slum locality of 2000 families by selecting a sample size
800. It was revealed that 180 families were illiterates. Find the probable limits of the
illiterate families 1n the population of 2000.

180

Sol: Probability of illiterate families is , p = 500 = 0.225

nq=1—p=0.775 ,n =800
Probable limits = p £ (2.58) \/p%

(0.225)(0.775)
800

= 0.225 + (2.58)\/

= 0.225 + 0.038
Probable limits = 0. 187 and 0.263
The probable limits of the illiterate families in the population of 2000
= 0.187 * 2000 and 0.263 x 2000
= 374 and 526



4 ATME

atme | College of Engineering

Thus, 374 to 526 are probably illiterate families.

5. In 324 throws of a six faced ‘die’, an odd number turned up 181 times. Is it reasonable to

think that the ‘die’ 1s an unbiased one?

Sol: Probability of the turn up of an odd number , p = 3/6= 12

Sincep +qg=1,q="%

Expected number of successes = np

=324 x 2 =162

Actual Number of heads = 181 = x
Now x —np=181 —162=19

Consider z =

xX—p
NI

19 19

=
=

-Nn
JPqG  V324X05X05 9
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z =2.11<2.58
Thus, we can say that the die is unbiased.

6. A sample of 100 days is taken from meteorological records of a certain district and 10 of
them are found to be foggy. What are the probable limits of the percentage of foggy days

in the district.

Sol: Proportion of foggy days in a sample of 100 daysis, p = 2 =01

100
. q:l—p:O_g ,Tl=100
Probable limits = p + (2.58) \/%

— 0.1 + (2.58) \/ (0.D)(05)

100
=0.1+0.0774
Probable limits = 0.0226 and 0.1774
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Thus, the percentage of foggy days lies between 2.26% and 17.74%

7. A random sample of 500 apples was taken from a large consignment and 65 were found
to be bad. Estimate the proportion of bad apples in the consignment as well as the

standard error of the estimate. Also find the percentage of bad apples in the consignment.

Sol: Proportion of bad apples in the sample 1s given by , p = £ ~0.13

500
. q=1-p=087 ,n=>500

S.E proportion of bad apples = \/% = \/ (0'135)0(3'87) = 0.015

Probable limits = p + (2.58) \/p%’

= 0.13 + (2.58)(0.015)
= 0.13 + 0.0387
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Probable limits= 0.0913 and 0.1687
= 9.13% and 16.87%
Thus, the required percentage of bad apples in the consignment lies between 9.13 and 16.87
8. The mean and standard deviation of the maximum loads supported by 60 cables are 11.09
tonnes and 0.73 tonnes respectively. Find a) 95% b) 99% confidence limits for mean of
the maximum loads of all cables produced by the company.
Sol: Bydatax =11.09 , 6 =0.73,n = 60

a) 95% confidence limits for mean of the maximum loads are given by

%+ 1.96 (%) =11.09 £ (196) (72)

= 11.09 £ 0.18
=10.91 and 11.27

Thus,10.91 tonnes to 11.27 tonnes are the 95% confidence limits for the mean of the maximum loads.
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b) 99% confidence limits for mean of the maximum loads are given by

¥ + 2.58 (%) = 11.09 + (2.58) (7=)

= 11.09 £ 0.24
= 10.85 and 11.33

Thus, 10.85 tonnes to 11.33 tonnes are the 95% confidence limits for the mean of the
maximum loads.

9. An unbiased coin 1s thrown » times. It is desired that the relative frequency of the
appearance of heads should lie between 0.49 and 0.51. Find the smallest value of # that

will ensure this result with a) 95% confidence b) 99% confidence

Sol: Probability of getting a head, p = %

q=:
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S.E proportion of heads = P4

n

11
, 7z 1
S.E proportion of heads = / N

a) Probable limits for 95% confidence level is given by : p £ (1.96) \/p% , which should lie

between 0.51 and 0.49

pt (1.96)\/2’%’ = 0.51 or 0.49

0.5 + (1.96)% — 0.51 or 0.49

0.5 + % — 0.51 or 0.49
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1.96 1.96
0.5 + oA 0.51 0.5 — ol 0.49
1.96 1.96
ol 0.51 —-0.5 ol 0.5 —-0.49
1.96 1.96
ol 0.01 ol 0.01
Jn = 1.96
0.02
J1i =98

Thus, n = 9604
b) Taking the confidence coefficient equal to 1.645 for 90% confidence level we have as

before
1.645 B

2n




ATME

College of Engineering

1.645
Vn = 0.02
Jn = 82.25

Thus, n = 6765
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Test of significance of a sample mean
1. A manufacturer claimed that atleast 95% of the equipment which he supplied to a factory

conformed to specifications. An examination of a sample of 200 pieces of equipment
revealed that 18 of them were faulty. Test his claim at a significance level of 1% and 5%.
Sol: Let p be the probability of success which being the probability of the equipment
supplied to the factory conformal to the specifications.
- Bydatap =0.95 and hence g = 0.05

Hy:p = 0.95 and the claim is correct.
H;:p < 0.95 and the claim i1s false.
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We choose the one tailed test to determine whether the supply is conformal to the
specification.

1 =np =200 *0.95 = 190
o = npq = V200 * 0.95 * 0.05 = 3.082

Expected number of equipment's according to the specification =190

Actual number =182 , since 18 out of 200 were faulty.

Now, Z = x_gnp
_190-182
~ 3.082
Z=2.6

The value of Z 1s greater than the critical value 1.645 at 5% level and 2.33 at 1% level of
significance.
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The claim of the manufacturer (null hypothesis that claim is correct) is rejected at 5% as
well as 1% level of significance in accordance with the one tailed test.

2. It has been found from experience that the mean breaking strength of a particular brand
of thread 1s 275.6gms with standard deviation of 39.7gms. Recently a sample of 36 pieces
of thread showed a mean breaking strength 0f 253.2gms. Can one conclude at a
significance level of a) 0.05 b) 0.01 that the thread has become inferior ?

Sol: We have to decide between the two hypothesis,

Hy: u = 275.6 gms , mean breaking strength.
Hy:p < 275.6 gms , inferior in breaking strength.

We choose the one tailed test.
Mean breaking strength of a sample of 36 pieces=253.2
~. Difference =275.6 — 253.2=22.4 ; n = 36
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Dif ference

(/)

Now, Z =

22.4

(39.7/@)
Z = 3.38

The value of Z is greater than the critical value of Z=1.645 at 5% level and 2.33 at 1% level
of significance.

/ =

Under the hypothesis H; that the thread has become inferior 1s accepted at both 0.05 and
0.01 levels 1n accordance with one tailed test.
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Test of significance of difference between means

1. In an elementary school examination the mean grade of 32 boys was 72 with a standard
deviation of 8, while the mean grade of 36 girls was 75 with a standard deviation of 6.
Test the hypothesis that the performance of girls 1s better than boys.

Sol: We have , Xxg = 72,05 =8,ng =32 [Boys]

Xc=75,0; =6,n; =36 [Girls]

XG—XB

Consider, Z =

2 2
g g
% %B

ng np
75—72
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> Zoo0s = 1.645 (one tailed test)

Z = 173{ < Z0-01 = 2.33 (One tailed teSt)

The difference in the performance of girls and boys in the examination is significant at 5%
level but not at 1% level.

2. A sample of 100 bulbs produced by a company A showed a mean life of 1190 hours and a
standard deviation of 90 hours. Also a sample of 75 bulbs produced by a company B
showed a mean life of 1230 hours and a standard deviation of 120 hours. Is there a
difference between the mean life time of the bulbs produced by the two companies at
a) 5% level of significance b) 1% level of significance.

Sol: Bydata x4, =1190,0, =90,n4 =100 [Company A]

Xg = 1230 ,05 =120, ng =75 [Company B]
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Consider, Z = 28=%4
0'2 0'2
°B %4
np ny
7 — 1230-1190
(120)2 (90)2
75 + 100
Z =242
7 =247 > Zoos = 1.96 (Two tailed test)
- T < Zpor = 2.58 (Two tailed test)

The null hypothesis that there is no difference between the mean life time of bulbs is
rejected at 5% level but not at 1% level of significance.

The null hypothesis that there 1s no difference between the mean life time of bulbs 1s

rejected at both levels of significance in a one tailed test as the respective critical values are
1.645 and 2.33.
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3. The mean life of two large samples of 1000 and 2000 members are 168.75 cms and 170

cms respectively. Can this be regarded as drawn from the sample population of standard
deviation 6.25 cms ?

Sol: By data x; = 168.75,n; = 1000

%, =170 , n, =2000 ,0 = 6.25

Consider, Z = le_fll
ng np
7 — _170-168.75
6'25\/10100+20100
Z =516
Z = 5.16 1s very much greater than Z, o5 = 1.96 and Z,y; = 2.58. Thus we say that the

difference between the sample means is significant and we conclude that the samples cannot
be regarded as drawn from the same population.
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4. A random sample for 1000 workers in company has mean wage of Rs.50 per day and S.D
of Rs.15.Another sample of 1500 workers from another company has mean wage of
Rs.45 per day and S.D of Rs.20.Does the mean rate of wages varies between the two

companies? Find the 95% confidence limits for the difference of the wages of the
population of the two companies?

Sol: Bydata x; =50,0; =15,n; =1000 [Company 1]
fz = 45 , 09 = 20, ny, = 1500 [Company 2]

Consider, Z = 21222
0'2 0'2
1+_2
nqg ny
7 =222 .7 =7.1307

\/152 +202
1000 ' 1500
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The value of Z = 7.1307 1s greater than Zy g5 = 1.96 and Z; o = 2.58. Hence we can
say that the difference between the mean wages 1s significant both at 5% and 1% level of
significance.

Also 95% confidence limits for the difference of mean wages is given by

2 2
X1—%,) +1.96 [ +22 =5+ 1.96(0.7012)
nq np

=54 1.374
= 3.626 and 6.374

Thus we can say with 95% confidence that the difference of population mean of wages
between the two companies lies between Rs.3.63 and Rs.6.37
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Student’s t distribution/test

We need to test the hypothesis, whether the sample mean x differs significantly from the
population mean or hypothetical value p.

We compute, t = % n and consider |t].
- _ XX 2 _ 1 on 2
Here, X === and s°= = i1 (x; — %)

v =n — 1, denote the number of degrees of freedom ‘t’.

If [t] > tg o5 , the difference between X and u is said to be significant at 5% level of
significance.

If [t] > tyo1 , the difference between X and u is said to be significant at 1% level of
significance.

If |t] is less than the table value at a certain level of significance, the data is said to be
conformal/consistent with the hypothesis that y 1s the mean of the population.
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We have 95% confidence limits for u is given by x + % toos

Similarly 99% confidence limits for u is given by x + % to.01

Note: 1. Confidence limits are also called Fiducial limits.

2. Test of significance for difference between sample means is
£-7

1 1
S. /—+—
nig np

Where, s? = - {Z?il(xi — %)%+ 2?21(37 - 3_’)2}

nq +Tl2 -2

And degrees of freedom, v =nqy +n, — 2

t =
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Problems
1. Find the student’s t for the following variable values in a sample of eight:

-4,-2,-2,0,2,2, 3, 3 taking the mean of the universe to be zero.
Sol: Wkt t = x_T”\/ﬁ
By data u = 0 and we have n = 8

XX
X =—

17’l
f=2(-4-2-2+0+2+2+3+3)
1
YTy

=
|

=
N
n
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1 n
il 1)2(’“ -
=1

s? = @ i 5 {(—4.25)% + (—=2.25)% + (—=2.25)? + (—=0.25)? + (1.75)% + (1.75)% + (2.75)? + (2.75)?}

. 49.5
% = £y (49.5)

2 =17.07
s =2.66

0.25-0
Thus, t = e V8

t =0.266
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2. A machine 1s expected to produce nails of length 3 inches. A random sample of 25 nails
gave an average length of 3.1 inch with standard deviation 0.3. Can it be said that the
machine is producing nails as per specification ? (ty o5 for 24 d. f is 2.064)

Sol: By data, wehaveuy =3 ,x =3.1,n = 25,5 =0.3
t =222425

0.3
t=1.67<2.064

Thus, the hypothesis that the machine 1s producing nails as per specification 1s accepted at
5% level of significance.

3. Ten individuals are chosen at random from a population and their heights in inches are
found to be 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. Test the hypothesis that the mean height
of the universe is 66 inches.(ty o = 2.262 for 9d. f)
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Sol: We have u = 66, n = 10

XX
X ==

n
678
* =70
%= 67.8

1 n
il 1>Z<xi - %)
=1

1
s? =2[(63 - 67.8)" + (63 — 67.8)7 + -+ + (71 — 67.8)°]

s? =9.067
s =3.011
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t=1.89 < 2.262
Thus the hypothesis 1s accepted at 5% level of significance.
4. A sample of 10 measurements of the diameter of a sphere gave a mean of 12 cm and a
standard deviation 0.15 cm. Find the 95% confidence limits for the actual diameter.
Sol: Bydata,n =10, x =12,s = 0.15
Also tgos = 2.262 for 9d. f

Confidence limits for the actual diameter 1s given by x + L/%] toos
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S 0.15
X+ |—|t =12+ |[—|(2.262) =12 + 0.1073
[\/ﬁ] 0.05 [m]( )

Thus 11.893 cm to 12.107 cm 1s the confidence limits for the actual diameter.

5. A certain stimulus administered to each of the 12 patients resulted in the following
change in blood pressure 5, 2, 8, -1,3,0, 6, -2, 1, 5, 0, 4. Can it be concluded that the stimulus
will increase the blood pressure ? (ty o5 for 11d. f is 2.201)

_ X
Sol;: x ==
n

_ 31

X = —

12
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1 n
il 1)2(xi -
=1

1
5= [(5-258)" + (2 ~ 2.58)” + -+ + (4 — 2.58)°]
s2 =9.538

s = 3.088

Wkt t ==*+/n

Let us suppose that the stimulus administration 1s not accompanied with increase in blood
pressure, we can take u = 0.
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Hence the hypothesis 1s rejected at 5% level of significance. We conclude with 95%
confidence that the stimulus 1n general 1s accompanied with increase in blood pressure.

6. A group of boys and girls were given an intelligence test. The mean score, S.D score and

numbers in each group are as follows.

Boys Girls
Mean 74 70
S D 8 10
n 12 10

Is the difference between the means of the two groups significant at 5% level of
significance (ty o5 for 20d. f is 2.086)

Sol: Bydata, x =74, s; =8, ny =12 [Boys]
y =170, s, =10,n, =10 [Girls]
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.
We have t = %
s, /—+—
nqg np
2 1 nl - 2 nz D — a7 2
Where, s = T {Zi=1(xz X)° + Zj:l(yj y) }
Or <2 — n,5%+n,s?
n1+n2—2
12(64)+10(100)
Now s?2 =
124+410-2
1768
st ===
20
s? = 88.4

s =9.402
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74-70

Hence t =

1 1
(9.402) E+1_O

t =0.9936 < 2.086

Thus the hypothesis that there 1s a difference between the means of the two groups 1s
accepted at 5% level of significance.

7. A sample of 11 rats from a central population had an average blood viscosity of 3.92 with
standard deviation of 0.61. On the basis of this sample, establish 95% fiducial limits for
U, the mean blood viscosity of the central population. (ty g5 = 2.228 for 10d. f)

Sol: Bydatax =392, s =0.61,n; =11

95% fiducial limits for p = X + L/—Sﬁ] Lo.05
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fi[jﬁ]tow —392+L/_](2228)

= 3.92 +0.41
= 3.51 and 4.33
Thus 95% confidence limits for u are 3.51 and 4.33.
8. Two types of batteries are tested for their length of life and the following results were
obtained.
Battery A:n; = 10, X; = 500 hrs, s# = 100
Battery B:n, = 10, X, = 500 hrs, s = 121
Compute student’s t and test whether there is a significant difference in the two means.
Sol: By data Battery A:n; = 10, X¥; = 500 hrs, s? = 100
Battery B :n, = 10, X, = 560 hrs, s? = 121
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5 _ MySf+n,st

Now, s
nq +Tl2 -2

<2 = (10+100) +(10+121)

10+10-2
s? =122.78
s =11.0806
X2—X1
We have t = —
S. ’Tl_1+‘n_2
;= 60

1 1
(11.0806) 1—0+1—0

t =12.1081 > 2.101 (toos = 2.101 for 18d. f)
This value of t 1s greater then the table value of t for 18 d.f at all levels of significance.
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The null hypothesis that there is no significant difference in the two means rejected at all
significance levels.

9. A group of 10 boys fed on a diet A and another group of 8 boys fed on a different diet B
for a period of 6 months recorded the following increase in weight (1bs.)
DietA:5 6 8 1 12 4 3 9 6 10
DietB:2 3 6 8 10 1 2 8
Test whether diets A and B differ significantly regarding their effect on increase in weight.
Sol: Let the variable x correspond to the diet A and y to the diet B.

_ _ XX __ Xy
x_nl y_nz
_— S 40
X =10 Y =3
X =6.4 y=5
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Yic (= X)* =1024 >, (v —y) =82
1 nq n,
2 — )2 _ %)
T T tng -2 Z(x‘ 2 +Z(yf 7)
1=1 Jj=1

2 1 {102.4 + 82}
ST = 16 .

2_184.4_11525
st =— =11

s = 3.395

We have t = ——



ATME

College of Engineering

t =0.869 <212 forl6d.f

Thus we conclude that the two diets do not differ significantly regarding their effect on
increase 1in weight.
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10. Two horses A and B were tested according to the time (in seconds ) to run a particular
race with the following results.
Horse A: 28 30 32 33 33 29 34

Horse B: 29 30 30 24 27 29
Test whether you can discriminate between the two horses.

Sol: Let the variables x and y respectively correspond to horse A and horse B.

F=2%=29_313 y=22=19_5g)
nq 7 np 6
Yt (x; — ©)? = 31.43 >, (y; - )" = 26.84

s = —L {51 - 07 + 22,0 - 9))

nq +Tl2 -2
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1
5° = —(31.43 + 26.84)

s? = 5.2973
~ §=2.3016
We have t = ——2
T 1
nq1 np
;  _313-282
(2:3016) |-+
. . > t0_05 — 22
t=242= {< too, = 2.72

The discrimination between the horses 1s significant at 5% level but not at 2% level of
significance.
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Chi-Square distribution

Chi-square distribution provides a measure of correspondence between the theoretical
frequencies and observed frequencies.

If 0;,(i=1,2,..,n) and E;(i = 1,2,...,n) respectively denotes a set of observed and
estimated frequencies, the quantity chi-square denoted by ¥ is defined as follows.

_E2
Xt = ?=1% ; degrees of freedom=n —1

Note: If the expected frequencies are less than 10, we group them suitably for computing
the value of chi. Square.
Chi-square test as a test of goodness of fit

It 1s possible to test the hypothesis about the association of two attributes. We already
discussed the fitting of Binomial distribution, Normal distribution, Poisson distribution to a
given data. It 1s easily possible to find the theoretical frequencies from the distribution of fit.
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Chi-square test helps us to test the goodness of fit of these distributions.

If the calculated value of x? is less than the value of y? at a specified level of significance, the
hypothesis is accepted. Otherwise the hypothesis 1s rejected.

Problems
1. Adice i1s thrown 264 times and the number appearing on the face (x) follows the
following frequency distribution.

X 1 2 3 4 5 6

f 40 32 28 58 54 60

Calculate the value of y?2.
Sol: The frequencies in the given data are the observed frequencies. Assuming that the dice

is unbiased, the expected number of frequencies for the numbers 1, 2, 3, 4, 5, 6 to

appear on the face 1s % = 44 each.
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Now the data is as follows:

Observed frequency (0;) 40

Expected frequency (E;) 44 44 44 44 44 44
i (0: - EJ2
i=1
_ 2 _ 2 _ 2
V2 = (40 — 44) N (32 —44) . (60 — 44)
44 44 44

1
x* =57 [16 + 144 + 256 + 196 + 100 + 256]
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Thus, y* = 22
2. Five dice were thrown 96 times and the numbers 1, 2 or 3 appearing on the face of the

dice follows the frequency distribution as below.

No. of dice showing 1,2 or 3 5 4 3 2 1 0

Frequency 7 19 35 24 8 3

Test the hypothesis that the data follows a binomial distribution. (y5 o5 = 11.07 for 5d. f)
Sol: The data gives the observed frequencies and we need to calculate the expected

frequencies.

Probability of a single dice throwing 1,2 or31sp = % = %

1
..q—l—p—g
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From the binomial distribution, P(x) = "C,p*q™

The theoretical frequencies of getting 5, 4, 3, 2, 1, 0 successes with 5 dice are respectively
the successive terms of the binomial expansion.

They are rispectively 96 *1 >Co * zis, 96 * >Cy * 2—15, 96 * °C, * 2—15, 96 * °Cy * 2—15,
96 * °C, * =, 96 °Cs *— and they are 3,15,30,30,15,3.
2 2
We have the table of observed and expected frequencies.
0; 7 19 35 24 8 3
E; 3 15 30 30 15 3

Z_Z(Oi—Ei)z
T E;

n
i=1
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16 16 = 25 36 49 0
Xr=—+=+ =+ =+ =+
3 15 30 30 15 3

X% =117 > x5 45 = 11.07
Thus the hypothesis that the data follows a binomial distribution is rejected.

3. A sample analysis of examination results of 500 students was made. It was found that 220
students had failed, 170 had secured third class 90 had secured second class and 20 had
secured first class. Do these figures support the general examination result which is in the

ratio 4:3:2:1 for the respective categories (x505 = 7.81 for 3 d.f).
Sol: Let us take the hypothesis that these figures support to the general result in the ratio

4:3:2:1

The expected frequencies in the respective category are
2 %500, = 500, = * 500, — * 500 or 200,150,100, 50

10 10 10 10
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0, 220 170 90 20
E, 200 150 100 50

n

z (0 —E 1)2

i=1

, _ 400 400 100 900
X" =%00" 150 T 100 " 50

x? = 23.67 > X505 = 7.81

Thus the hypothesis 1s rejected.
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4. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial
distribution for the data and calculate the theoretical frequencies(x3 o5 = 9.49 for 4d.f).

Number of 1 p) R]
heads
29 36 25 5

Frequency 5

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data 1s
in the form of a frequency distribution we shall first calculate the mean.

Lfx _ (OE+DEN+RIBO+EEHHAM(E) _ 19 _ 4 g
YF 5+29+36+25+5 100 '

Mean, u =

From binomial distribution, u = np. Here n=4
Hence 4p = 1.96

p =0.49

qg=0.51
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From binomial distribution,

P(x) = ncyp*q™™

P(x) = 4¢,(0.49)*(0.51)**

Since 4 coins were tossed , expected(theoretical) frequencies are obtained from
F(x) = 100P(x)

F(x) = 100.4¢,(0.49)*(0.51)*™* where x = 0,1,2,3,4.
F(0) = 100.4¢,(0.49)°(0.51)* = 6.765 =7

F(1) = 100.4¢,(0.49)1(0.51)3 = 25.999 = 26

F(2) = 100.4¢,(0.49)%(0.51)? = 37.47 = 37

F(3) = 100.4¢5(0.49)3(0.51)! = 24.0004 = 24

F(4) = 100.4¢,(0.49)*(0.51)° = 5.765 = 6

Thus the required theoretical frequencies are 7,26,37,24.,6.

We have the following table
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0; 5 29 36 25
E; 7 26 37 24
n
2 (Ol - 1)2
i=1

,_4, 9 1 1 1
X =7t 56%3772 7%

x? =115 < x5 95 = 9.49

Thus the hypothesis that the fitness is good can be accepted.
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5. Fit a poisson distribution for the following data and test the goodness of fit given that
Xéos = 7.815 for3d.f

X 0 1 2 3 4

f 122 60 15 2 1

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

2 fx _ (0)(122)+(1)(60)+(2)(15)+(3)(2)+(4)(1) _ 100 _ 0.2

Mean, u =

Yf 122+60+15+2+1 200
From poisson distribution, u = m.
~m=20.2
m¥e™M

Wkt, P(x) =

x!
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Let F(x) =200 * P(x)

mXe~™
F(x) = 200 * =
_ (0.5)¥e~(0-5)
F(x) =200 x !
0.5)*
F(x) = 121.3 &2

But e~ (95 = 0.6065

F(0)=121,F(1)=61,F(2) =15,F(3)=3,F(4) =0
Thus the required theoretical frequencies are 121,61,15,3,0.
Since the last of the expected frequency 1s 0 we shall club 1t with the previous one.

We have the following table
0, 122 60 15 2+1=3

E; 121 61 15 3+0=3
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i 0; - 1)2

i=1

2
X =121 61+0+0

x? = 0.025 < x5 o5 = 7.815
Thus the hypothesis that the fitness 1s good can be accepted.
6. The number of accidents per day (x) as recorded 1n a textile industry over a period of 400

days 1s given below. Test the goodness of fit in respect of Poisson distribution of fit to
the given data(x5 o5 = 9.49 for 4d.f).

X 0 1 2 3 4 5

f 173 168 37 18 3 1
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Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

Mean. y = Y fx _ (0)(173)+(1)(168)+(2)(37)+(3)(18)+(4)(3)+(5)(1) _ 313 _ 07825
K= Yf 173+168+37+18+3+1 400

From poisson distribution, 4 = m.

~m = 0.7825
Wkt, P(x) = "5
Let F(x) =400x*P(x)
F(x) = 400 = mx;_m
F(x) = 400 x (0'7825)9:_(0'7825) But e~(07825) = 4573
F(x) = 182.92 (275257

x!
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F(0)=183,F(1) =143,F(2) =56,F(3) =15,F(4) =3,F(5) =0
Thus the required theoretical frequencies are 183,143,56,15,3,0.
Since the last of the expected frequency 1s 0 we shall club it with the previous one.

We have the following table

0; 173 168 37 18 3+1=4
E, 183 143 56 15 3+0=3
n
2
- z (0; — E;)
X E;
i=1

2 100 625 361 9 1

— 2 _ 2 .

X

Thus the hypothesis that the fitness 1s good can be rejected.
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  𝒂  ∑ 𝑷 + 𝒃  ∑   𝑷 𝟐 =  ∑  𝑷 𝒀


  𝐧 = 𝟔


  𝑷


  𝒀


  𝑷 𝒀


   𝑷 𝟐


   ∑  𝑷 = 𝟗 𝟎 𝟎


   ∑  𝒀 = 𝟑 . 𝟗 𝟓


   ∑  𝑷 𝒀 = 𝟔 𝟐 𝟏


   ∑   𝑷 𝟐 = 𝟏 𝟒 𝟐 𝟎 𝟎 𝟎


  6 𝒂 + 𝟗 𝟎 𝟎 𝒃 = 𝟑 . 𝟗 𝟓


  𝟗 𝟎 𝟎 𝒂 + 𝟏 𝟒 𝟐 𝟎 𝟎 𝟎 𝒃 = 𝟔 𝟐 𝟏


  𝒂 = 𝟎 . 𝟎 𝟒 𝟕 𝟔


  𝐛 = 𝟎 . 𝟎 𝟎 𝟒 𝟏


  ⇒


  𝒀 =  ( 𝟎 . 𝟎 𝟒 𝟕 𝟔 ) 𝑷 + ( 𝟎 . 𝟎 𝟎 𝟒 𝟏


  P = 𝟏 𝟓 𝟎


  ⇒


  Y = ( 𝟎 . 𝟎 𝟒 𝟕 𝟔 ) ( 𝟏 𝟓 𝟎 ) + ( 𝟎 . 𝟎 𝟎 𝟒 𝟏 )


  = 𝟎 . 𝟔 𝟔 𝟐 𝟔


  𝒙


  𝒚


  𝐲 = 𝐚 + 𝐛 𝒙


  𝐗 = 𝒙 − 𝟏 𝟗 𝟖 𝟏


  𝐲 = 𝐚 + 𝐛 𝐗


  𝒏 𝒂 + 𝒃  ∑ 𝑿 =  ∑ 𝒚


  𝒂  ∑ 𝑿 + 𝒃  ∑   𝑿 𝟐 =  ∑  𝑿 𝒚


  𝒙


  𝐗 = 𝒙 − 𝟏 𝟗 𝟖 𝟏


  𝒚


  𝑿 𝒚


   𝑿 𝟐


   ∑ 𝑿 = 0


   ∑  𝒚 = 𝟓 𝟔


   ∑  𝑿 𝒚 = 𝟏 𝟔 𝟎


   ∑   𝑿 𝟐 = 𝟏 𝟎 𝟎 𝟎


  𝟓 𝒂 + 𝟎 . 𝒃 = 𝟓 𝟔


  𝟎 . 𝒂 + 𝟏 𝟎 𝟎 𝟎 𝒃 = 𝟏 𝟔 𝟎


  𝒂 = 𝟏 𝟏 . 𝟐


  𝒃 = 𝟎 . 𝟏 𝟔


  ⇒


  y = 11 . 2 + ( 0 . 16 ) X


  y = 11 . 2 + ( 0 . 16 ) ( x − 1981 )


        𝐲 = − 𝟑 𝟎 𝟓 . 𝟕 𝟔 +  ( 𝟎 . 𝟏 𝟔 ) 𝐱


  𝐱 = 𝟐 𝟎 𝟎 𝟔


  𝐲 = − 𝟑 𝟎 𝟓 . 𝟕 𝟔 +  ( 𝟎 . 𝟏 𝟔 )  ( 𝟐 𝟎 𝟎 𝟔 ) = 𝟏 𝟓 . 𝟐   𝒕 𝒐 𝒏 𝒔


  𝒆 𝒄 𝒐 𝒏 𝒅   𝒅 𝒆 𝒈 𝒓 𝒆 𝒆   𝒑 𝒂 𝒓 𝒂 𝒃 𝒐 𝒍 𝒂   𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


    𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑ 𝒙 + 𝒏 𝒄 =  ∑ 𝒚


  𝒂  ∑   𝒙 𝟑 + 𝒃  ∑   𝒙 𝟐 + 𝒄  ∑  𝒙 =  ∑  𝒙 𝒚


  𝒂  ∑   𝒙 𝟒 + 𝒃  ∑   𝒙 𝟑 + 𝒄  ∑   𝒙 𝟐 =  ∑   𝒙 𝟐 𝒚


  𝒂


  𝒃


  𝒄


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  𝒏 𝒂 + 𝒃  ∑ 𝒙 + 𝒄  ∑   𝒙 𝟐 =  ∑ 𝒚


  𝒂  ∑ 𝒙 + 𝒃  ∑   𝒙 𝟐 + 𝒄  ∑   𝒙 𝟑 =  ∑  𝒙 𝒚


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑   𝒙 𝟑 + 𝒄  ∑   𝒙 𝟒 =  ∑   𝒙 𝟐 𝒚


  y = a  x 2 + b x + c


  y


  x = 6 .


    𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


  a  ∑   x 2 + b  ∑ x + n c =  ∑ y


  a  ∑   x 3 + b  ∑   x 2 + c  ∑  x =  ∑  x y


  a  ∑   x 4 + b  ∑   x 3 + c  ∑   x 2 =  ∑   x 2 y


  x


  y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 15


   ∑  y = 70


   ∑  x y = 232


   ∑   x 2 = 55


   ∑   x 2 y = 906


   ∑   x 3 = 225


   ∑   x 4 = 979


  55 a + 15 b + 5 c = 70


  225 a + 55 b + 15 c = 232


  979 a + 225 b + 55 c = 906


  𝒂 = 𝟎 . 𝟐 𝟖 𝟓 𝟕


  𝐛 = 𝟎 . 𝟒 𝟖 𝟓 𝟕


  𝐜 = 𝟗 . 𝟒


  ⇒


  𝒚 = ( 𝟎 . 𝟐 𝟖 𝟓 𝟕 )  𝒙 𝟐 + ( 𝟎 . 𝟒 𝟖 𝟓 𝟕 ) 𝒙 + ( 𝟗 . 𝟒 )


  𝒙 = 𝟔


  y = ( 0 . 2857 )    ( 6 ) 2 + ( 0 . 4857 ) ( 6 ) + ( 9 . 4 )


  𝒚 = 𝟐 𝟐 . 𝟕 𝟖


  y = a + b x + c  x 2


    𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 10


   ∑  y = 12 . 9


   ∑  x y = 37 . 1


   ∑   x 2 = 30


   ∑   x 2 y = 130 . 3


   ∑   x 3 = 100


   ∑   x 4 = 354


  5 a + 10 b + 30 c = 12 . 9


  10 a + 30 b + 100 c = 37 . 1


  30 a + 100 b + 354 c = 130 . 3


  𝒂 = 𝟏 . 𝟒 𝟐


  𝐛 = − 𝟏 . 𝟎 𝟕


  𝐜 = 𝟎 . 𝟓 𝟓


  ⇒


  𝒚 = ( 𝟏 . 𝟒 𝟐 )   + ( − 𝟏 . 𝟎 𝟕 ) 𝒙 + ( 𝟎 . 𝟓 𝟓 )  𝒙 𝟐


  y = a  x 2 + b x + c


  x


  y


    𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


  a  ∑   x 2 + b  ∑ x + n c =  ∑ y


  a  ∑   x 3 + b  ∑   x 2 + c  ∑  x =  ∑  x y


  a  ∑   x 4 + b  ∑   x 3 + c  ∑   x 2 =  ∑   x 2 y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 30


   ∑  y = 196 . 06


   ∑  x y = 1618 . 3


   ∑   x 2 = 220


   ∑   x 2 y = 14152 . 12


   ∑   x 3 = 1800


   ∑   x 4 = 15664


  220 a + 30 b + 5 c = 196 . 06


  1800 a + 220 b + 30 c = 1618 . 3


  15664 a + 1800 b + 220 c = 14152 . 12


  𝒂 = 𝟎 . 𝟗 𝟗 𝟐


  𝐛 = − 𝟎 . 𝟖 𝟓 𝟓 𝟏


  𝐜 = 𝟎 . 𝟔 𝟗 𝟔


  ⇒


  𝒚 = ( 𝟎 . 𝟗 𝟗 𝟐 )  𝒙 𝟐 + ( − 𝟎 . 𝟖 𝟓 𝟓 𝟏 ) 𝒙 + ( 𝟎 . 𝟔 𝟗 𝟔 )


  a


  b


  c


  y = a + b x + c  x 2


  𝒙


  𝒚


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 0


   ∑  y = 4 . 338


   ∑  x y = 21 . 326


   ∑   x 2 = 10


   ∑      x 2 y   = 10 . 402


   ∑   x 3 = 0


   ∑   x 4 = 34


  5 a + 0 . b + 10 c = 4 . 338


  0 . a + 10 b + 0 . c = 21 . 326


  10 a + 0 . b + 34 c = 10 . 402


  𝒂 = 𝟎 . 𝟔 𝟐 𝟏 𝟎


  𝐛 = 𝟐 . 𝟏 𝟑 𝟐 𝟔


  𝐜 = 𝟎 . 𝟏 𝟐 𝟑 𝟑


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 45


   ∑  y = 74


   ∑  x y = 421


   ∑   x 2 = 285


   ∑   x 2 y   = 2771


   ∑   x 3 = 2025


   ∑   x 4 = 15333


  9 a + 45 b + 285 c = 74


  45 a + 285 b + 2025 c = 421


  285 a + 2025 b + 15333 c = 2771


  𝒂 = − 𝟎 . 𝟗 𝟐 𝟖 𝟔


  𝐛 = 𝟑 . 𝟓 𝟐 𝟑 𝟐


  𝐜 = − 𝟎 . 𝟐 𝟔 𝟕 𝟑


  ⇒


  𝒚 = ( − 𝟎 . 𝟗 𝟐 𝟖 𝟔 )   + ( 𝟑 . 𝟓 𝟐 𝟑 𝟐 ) 𝒙 + ( − 𝟎 . 𝟐 𝟔 𝟕 𝟑 )  𝒙 𝟐


  𝒙


  𝒚


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 17 . 5


   ∑  y = 16 . 2


   ∑  x y = 47 . 65


   ∑      x 2   = 50 . 75


   ∑   x 2 y   = 154 . 475


   ∑   x 3 = 161 . 875


   ∑   x 4 = 548 . 1875


  7 a + 17 . 5 b + 50 . 75 c = 16 . 2


  17 . 5 a + 50 . 75 b + 161 . 875 c = 47 . 65


  50 . 75 a + 161 . 875 b + 548 . 1875 c = 154 . 475


  𝒂 = 𝟏 . 𝟎 𝟑 𝟓 𝟕


  𝐛 = − 𝟎 . 𝟏 𝟗 𝟐 𝟖


  𝐜 = 𝟎 . 𝟐 𝟒 𝟐 𝟖


  ⇒


  𝒚 = ( 𝟏 . 𝟎 𝟑 𝟓 𝟕 )   + ( − 𝟎 . 𝟏 𝟗 𝟐 𝟖 ) 𝒙 + ( 𝟎 . 𝟐 𝟒 𝟐 𝟖 )  𝒙 𝟐


  𝒖 𝒓 𝒗 𝒆   𝒐 𝒇   𝒕 𝒉 𝒆   𝒇 𝒐 𝒓 𝒎   𝒚 = 𝒂  𝒙 𝒃


  𝒚 = 𝒂  𝒙 𝒃


    l o g 𝒆


    l o g e y =   l o g e  ( a  x b )


    l o g e y =   l o g e a +   l o g e  x b


    l o g e y =   l o g e a + b   l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


    Y = l o g e y


    A = l o g e a


    X = l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


  n A + b  ∑ X =  ∑ Y


  A  ∑ X + b  ∑   X 2 =  ∑  X Y


  A , b


        l o g e a = A


  ⇒


  𝒂 =  𝒆 𝑨


  y = a  x b


  𝒚 = 𝒂  𝒙 𝒃


    l o g 𝒆


    l o g e y =   l o g e  ( a  x b )


    l o g e y =   l o g e a +   l o g e  x b


    l o g e y =   l o g e a + b   l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


    Y = l o g e y


    A = l o g e a


    X = l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


  n A + b  ∑ X =  ∑ Y


  A  ∑ X + b  ∑   X 2 =  ∑  X Y


  x


  y


  5 A + 4 . 7874 b = 6 . 1092


  4 . 7874 A + 6 . 1993 b = 9 . 0804


  𝒙


  𝒚


  𝑿 =   l o g e x


  𝒀 =   l o g e y


  𝑿 𝒀


   𝑿 𝟐


   ∑ X = 4 . 7874


   ∑ Y = 6 . 1092


   ∑  X Y = 9 . 0804


   ∑   𝑿 𝟐 = 6 . 1933


  𝑨 = − 𝟎 . 𝟔 𝟗 𝟑 𝟐


  𝐛 = 𝟐


        l o g e a = − 0 . 6932


  ⇒


  𝒂 =  𝒆  − 𝟎 . 𝟔 𝟗 𝟑 𝟐 = 𝟎 . 𝟓


  ⇒


  𝒚 = 𝒂  𝒙 𝒃


  𝒚 =  ( 𝟎 . 𝟓 )  𝒙 𝟐


  t


  v


  v = a  t b


  v


  t )


  𝒗 = 𝒂  𝒕 𝒃


    l o g 𝒆


    l o g e v =   l o g e  ( a  t b )


    l o g e v =   l o g e a +   l o g e  t b


    l o g e v =   l o g e a + b   l o g e t


  𝑽 = 𝑨 + 𝒃 𝑻


    V = l o g e v


    A = l o g e a


    T = l o g e t


  𝑽 = 𝑨 + 𝒃 𝑻


  n A + b  ∑ T =  ∑ V


  A  ∑ T + b  ∑   T 2 =  ∑  V T


  𝒗


  𝒕


  𝑽 =   l o g e v


  𝑻 =   l o g e t


  𝑽 𝑻


   𝑻 𝟐


   ∑ V = 24 . 4609


   ∑ T = 10 . 2704


   ∑  V T = 61 . 8073


   ∑   𝑻 𝟐 = 32 . 2142


  4 A + 10 . 2704 b = 24 . 4609


  10 . 2704 A + 32 . 2142 b = 61 . 8073


  𝑨 = 𝟔 . 𝟓 𝟓 𝟑 𝟗


  𝐛 = − 𝟎 . 𝟏 𝟕 𝟎 𝟗


  But        l o g e a = 6 . 5539 ⇒   𝒂 =  𝒆  𝟔 . 𝟓 𝟓 𝟑 𝟗 = 𝟕 𝟎 𝟏 . 𝟗 𝟕 𝟔 𝟔


  Thus , (∗)  ⇒   𝒗 = 𝒂  𝒕 𝒃


                        𝒗 =  ( 𝟕 𝟎 𝟏 . 𝟗 𝟕 𝟔 𝟔 )  𝒕  − 𝟎 . 𝟏 𝟕 𝟎 𝟗   , is the curve of best fit.


  y = a  x b


  x


  y


  x


  y


  x


  y


  r


  𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  𝑿 = 𝒙 −  𝒙 -


  𝒀 = 𝒚 −  𝒚 -


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   𝝈 𝒙 𝟐 =    ∑   𝑿 𝟐 𝒏


   𝝈 𝒚 𝟐 =    ∑   𝒀 𝟐 𝒏


   𝝈 𝒙  𝝈 𝒚 =     ∑   𝑿 𝟐 .   ∑   𝒀 𝟐 𝒏


  𝒏  𝝈 𝒙  𝝈 𝒚 =   ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  − 𝟏 ≤ 𝒓 ≤ 𝟏


  𝒓 = ± 𝟏


  x


  y


  𝒓 = 𝟎


  x


  y


  r =    𝜎 x 2 +  𝜎 y 2 −  𝜎  x − y 2  2  𝜎 x  𝜎 y


  x


  y


  x


  y


  y = a x + b


  y


  x


  x = a y + b


  x


  y


  𝒚


  𝒙


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


  𝒙


  𝒚


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


  𝒓    𝝈 𝒙   𝝈 𝒚


  𝒓    𝝈 𝒚   𝝈 𝒙


  r = ±   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  𝒀 =    ∑  𝑿 𝒀   ∑   𝑿 𝟐 ( 𝑿 )


  𝑿 =    ∑  𝑿 𝒀   ∑   𝒀 𝟐 ( 𝒀 )


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 28


   ∑  y = 77


  n = 7


   x - =  28 7


   y - =  77 7


   𝒙 - = 𝟒


   𝒚 - = 𝟏 𝟏


  𝒙


  y


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟒


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟏 𝟏


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 26


   ∑   X 2 = 28


   ∑   Y 2 = 28


      𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  r =  26   28 .  28


  r =  26 28


  𝒓 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


  𝒓    𝝈 𝒚   𝝈 𝒙 =    ∑  𝑿 𝒀   ∑   𝑿 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( y − 11 ) = 0 . 9286  ( x − 4 )


  y − 11 = 0 . 9286 x − 3 . 7144


  𝒚 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒙 + 𝟕 . 𝟐 𝟖 𝟓 𝟔


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


  𝒓    𝝈 𝒙   𝝈 𝒚 =    ∑  𝑿 𝒀   ∑   𝒀 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( x − 4 ) = 0 . 9286  ( y − 11 )


  x − 4 = 0 . 9286 y − 10 . 2146


  𝒙 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒚 − 𝟔 . 𝟐 𝟏 𝟒 𝟔


  𝒙


  y


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 28


   ∑  y = 77


  n = 7


   x - =  28 7


   𝒙 - = 𝟒


   y - =  77 7


   𝒚 - = 𝟏 𝟏


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟒


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟏 𝟏


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 26


   ∑   X 2 = 28


   ∑   Y 2 = 28


   ( 𝒚 −  𝒚 - ) =    ∑  𝑿 𝒀   ∑   𝑿 𝟐  ( 𝒙 −  𝒙 - )


     ∑  𝑿 𝒀   ∑   𝑿 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( y − 11 ) = 0 . 9286  ( x − 4 )


  y − 11 = 0 . 9286 x − 3 . 7144


  𝒚 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒙 + 𝟕 . 𝟐 𝟖 𝟓 𝟔


   ( 𝒙 −  𝒙 - ) =    ∑  𝑿 𝒀   ∑   𝒀 𝟐  ( 𝒚 −  𝒚 - )


     ∑  𝑿 𝒀   ∑   𝒀 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( x − 4 ) = 0 . 9286  ( y − 11 )


  x − 4 = 0 . 9286 y − 10 . 2146


  𝒙 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒚 − 𝟔 . 𝟐 𝟏 𝟒 𝟔


  r =   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r =   ( 0 . 9286 ) .  ( 0 . 9286 )


  𝒓 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 751


   ∑  y = 718


  n = 10


   x - =  751 10


   𝒙 - = 𝟕 𝟓 . 𝟏


   y - =  718 10


   𝒚 - = 𝟕 𝟏 . 𝟖


  𝑨


  B


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟕 𝟓 . 𝟏


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟕 𝟏 . 𝟖


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 1774 . 2


   ∑   X 2 = 2086 . 59


   ∑   Y 2 = 2837 . 6


      𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  r =   1774 . 2   2086 . 59 .  2837 . 6


  r =   1774 . 2  2433 . 29


  𝒓 = 𝟎 . 𝟕 𝟐 𝟗 𝟏


  x


  y


  𝒙


  y


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 15


   ∑  y = 25


  n = 5


   x - =  15 5


   𝒙 - = 𝟑


   y - =  25 5


   𝒚 - = 𝟓


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟑


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟓


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 13


   ∑   X 2 = 10


   ∑   Y 2 = 26


      𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  r =  13   10 .  26


  𝒓 = 𝟎 . 𝟖 𝟎 𝟔 𝟐


   𝜎 x 2 =    ∑   𝑿 𝟐 n =  10 5 = 2


   𝜎 x 2 = 2


   𝝈 𝒙 =  𝟐


   𝜎 y 2 =    ∑   𝒀 𝟐 n =  26 5 = 5 . 2


   𝜎 y 2 = 5 . 2


   𝝈 𝒚 =  𝟓 . 𝟐


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


   ( y − 5 ) = ( 0 . 8062 )    2   5 . 2  ( x − 3 )


   ( y − 5 ) = ( 1 . 3 )    ( x − 3 )


  y − 5 = 1 . 3 x − 3 . 9


  y = 1 . 3 x − 3 . 9 + 5


  𝒚 = 𝟏 . 𝟑 𝒙 + 𝟏 . 𝟏


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


   ( x − 3 ) = ( 0 . 8062 )    2   5 . 2  ( y − 5 )


  x − 3 = 0 . 5 ( y − 5 )


  x = 0 . 5 y − 2 . 5 + 3


  𝒙 = 𝟎 . 𝟓 𝒚 + 𝟎 . 𝟓


  x


  y


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 300


   ∑  y = 250


  n = 10


   x - =  300 10


   y - =  250 10


   𝒙 - = 𝟑 𝟎


   𝒚 - = 𝟐 𝟓


  x


  y


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟑 𝟎


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟐 𝟓


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 123


   ∑   X 2 = 138


   ∑   Y 2 = 164


   ( 𝒚 −  𝒚 - ) =    ∑  𝑿 𝒀   ∑   𝑿 𝟐  ( 𝒙 −  𝒙 - )


     ∑  𝑿 𝒀   ∑   𝑿 𝟐 =   𝟏 𝟐 𝟑  𝟏 𝟑 𝟖 = 𝟎 . 𝟖 𝟗 𝟏 𝟑


   ( y − 25 ) = 0 . 8913  ( x − 30 )


  y − 25 = 0 . 8913 x − 26 . 739


  𝒚 = 𝟎 . 𝟖 𝟗 𝟏 𝟑 𝒙 − 𝟏 . 𝟕 𝟑 𝟗


   ( 𝒙 −  𝒙 - ) =    ∑  𝑿 𝒀   ∑   𝒀 𝟐  ( 𝒚 −  𝒚 - )


     ∑  𝑿 𝒀   ∑   𝒀 𝟐 =   𝟏 𝟐 𝟑  𝟏 𝟔 𝟒 = 𝟎 . 𝟕 𝟓


   ( x − 30 ) = 0 . 75  ( y − 25 )


  x − 30 = 0 . 75 y − 18 . 75


  𝒙 = 𝟎 . 𝟕 𝟓 𝒚 + 𝟏 𝟏 . 𝟐 𝟓


  𝒚 = 𝟏 𝟔 ,   𝒙 = 𝟎 . 𝟕 𝟓 ( 𝟏 𝟔 ) + 𝟏 𝟏 . 𝟐 𝟓


  𝒙 = 𝟐 𝟑 . 𝟐 𝟓 ≅ 𝟐 𝟑


  y


  x


  x  


  y


  4 x − 5 y + 33 = 0


  20 x − 9 y = 107


  x


  y


  y


  x


  x  


  y


  4 x − 5 y + 33 = 0


  20 x − 9 y = 107


  5 y = 4 x + 33


    20 x = 9 y + 107


  y =  4 5 x +  33 5


  x =  9 20 y +  107 20


  𝒙 =  𝟒 𝟓


  𝒚 =  𝟗  𝟐 𝟎


  r =   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r =   (  𝟒 𝟓 ) .  (  𝟗  𝟐 𝟎   )


  r =   36 100


  r =  6 10


  𝒓 = 𝟎 . 𝟔


  x = 19 . 13 − 0 . 87 y


  y = 11 . 64 − 0 . 5 x


   x ′ s


   y ′ s


   𝒙 -


   𝒚 -  


  𝒓


   (  x - ,  y - )


  ∴


   x - = 19 . 13 − 0 . 87  y -


   y - = 11 . 64 − 0 . 5  x -


   x - + 0 . 87  y - = 19 . 13


  0 . 5  x - +  y - = 11 . 64


   𝒙 - = 𝟏 𝟓 . 𝟗 𝟒


   𝒚 - = 𝟑 . 𝟔 𝟕


  y = − 0 . 5 x + 11 . 64


    x = − 0 . 87 y + 19 . 13


  𝒙 = − 𝟎 . 𝟓


  𝒚 = − 𝟎 . 𝟖 𝟕


  r = −   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r = −   ( − 𝟎 . 𝟓 ) .  ( − 𝟎 . 𝟖 𝟕   )


  𝒓 = − 𝟎 . 𝟔 𝟓 𝟗 𝟓


   x -


   y -  


  r


  2 x + 3 y + 1 = 0


  x + 6 y − 4 = 0


   (  x - ,  y - )


  ∴


  2  x - + 3  y - = − 1


   x - + 6  y - = 4


   𝒙 - = − 𝟐


   𝒚 - = 𝟏


  2 x + 3 y + 1 = 0


  x + 6 y − 4 = 0


  3 y = − 2 x − 1


  𝒙 = − 𝟔 𝒚 + 𝟒


  𝒚 = −  𝟐 𝟑 𝒙 −  𝟏 𝟑


  𝒙 = −  𝟐 𝟑


  𝒚 = − 𝟔


  r = −   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r = −   ( −  𝟐 𝟑 ) .  ( − 𝟔 )


  r = −  4


  𝒓 = − 𝟐


  𝒓


  x + 6 y − 4 = 0


  2 x + 3 y + 1 = 0


  6 y = − x + 4


  2 x = − 3 y − 1


  𝒚 = −  𝟏 𝟔 𝒙 +  𝟒 𝟔


  𝒙 = −  𝟑 𝟐 𝒚 −  𝟏 𝟐


  𝒙 = −  𝟏 𝟔


  𝒚 = −  𝟑 𝟐


  r = −   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r = −   ( −  1 6 ) .  ( −  3 2 )


  r = −   1 4


  𝒓 = − 𝟎 . 𝟓


   𝒙 - = − 𝟐


   𝒚 - = 𝟏


  𝒓 = − 𝟎 . 𝟓


  r = 0 .


  y


  x = 70


   𝒙 - = 𝟏 𝟖


   𝒚 - = 𝟏 𝟎 𝟎


   𝝈 𝒙 = 𝟏 𝟒


   𝝈 𝒚 = 𝟐 𝟎


  𝒓 = 𝟎 .


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


   ( y − 100 ) = ( 0 . 8 )  20 14  ( x − 18 )


   ( x − 18 ) = ( 0 . 8 )  14 20  ( y − 100 )


  y − 100 = 1 . 14 ( x − 18 )


  x − 18 = 0 . 56 ( y − 100 )


  𝒚 = 𝟏 . 𝟏 𝟒 𝒙 + 𝟕 𝟗 . 𝟒 𝟖


  𝒙 = 𝟎 . 𝟓 𝟔 𝒚 − 𝟑 𝟖


  x = 70


  y = 1 . 14 ( 70 ) + 79 . 48


  𝒚 = 𝟏 𝟓 𝟗 . 𝟐 𝟖


  𝒙


  𝜽


  𝒕 𝒂 𝒏 𝜽 =    𝝈 𝒙  𝝈 𝒚   𝝈 𝒙 𝟐 +  𝝈 𝒚 𝟐  (   𝟏 −  𝒓 𝟐 𝒓 )


  𝜽


  y =  m 1 x +  c 1


  y =  m 2 x +  c 2


  𝒕 𝒂 𝒏 𝜽 =    𝒎 𝟐 −  𝒎 𝟏  𝟏 +  𝒎 𝟏  𝒎 𝟐


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


   ( 𝒚 −  𝒚 - ) =    𝝈 𝒚    𝒓 . 𝝈 𝒙  ( 𝒙 −  𝒙 - )


   𝒎 𝟏 = 𝒓    𝝈 𝒚   𝝈 𝒙


   𝒎 𝟐 =    𝝈 𝒚    𝒓 . 𝝈 𝒙


  t a n 𝜃 =      𝜎 y    r . 𝜎 x − r    𝜎 y   𝜎 x  1 + r    𝜎 y   𝜎 x .    𝜎 y    r . 𝜎 x


  t a n 𝜃 =      𝜎 y   𝜎 x  (  1 r − r )  1 + r .  1 r    𝜎 y 2   𝜎 x 2


  t a n 𝜃 =      𝜎 y   𝜎 x  (   1 −  r 2 r )  1 +    𝜎 y 2   𝜎 x 2


  t a n 𝜃 =      𝜎 y   𝜎 x  (   1 −  r 2 r )       𝜎 x 2 + 𝜎 y 2   𝜎 x 2


  t a n 𝜃 =    𝜎 y   𝜎 x .    𝜎 x 2   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −  r 2 r )


  𝒕 𝒂 𝒏 𝜽 =    𝝈 𝒙  𝝈 𝒚   (    𝝈 𝒙 𝟐 + 𝝈 𝒚 𝟐 )  (   𝟏 −  𝒓 𝟐 𝒓 )


  r = ± 1


  tan θ = 0


  ⇒


  θ = 0


  r = 0


  tan θ = ∞


  ⇒


  θ =  𝜋 2


   𝜎 x =  𝜎 y


        t a n  − 1 ( 3 )


  𝜃


  t a n 𝜃 =    𝝈 𝒙  𝝈 𝒚   (    𝝈 𝒙 𝟐 + 𝝈 𝒚 𝟐 )  (   𝟏 −  𝒓 𝟐 𝒓 )


  𝜃 =     t a n  − 1 ( 3 )


  tan 𝜃 = 3


   𝜎 x =  𝜎 y


  3 =    𝜎 x .  𝜎 x   (    𝝈 𝒙 𝟐 + 𝝈 𝒙 𝟐 )  (   𝟏 −  𝒓 𝟐 𝒓 )


  3 =    𝝈 𝒙 𝟐    𝟐 𝝈 𝒙 𝟐  (   𝟏 −  𝒓 𝟐 𝒓 )


  6 =  (   𝟏 −  𝒓 𝟐 𝒓 )


  6 r = 1 −  r 2


   r 2 + 6 r − 1 = 0


  r =   − 6 ±   6 2 − 4 . 1 . ( − 1 )  2 . 1


  r =   − 6 ±  36 + 4 2


  r =   − 6 ±  40 2


  r =   − 6 ± 2  10 2


  r = − 3 ±  10


  r = + 0 . 1623


  r = − 6 . 1623


  − 1 ≤ r ≤ 1


  𝒓 = 𝟎 . 𝟏 𝟔 𝟐 𝟑


  x  


  y


    t a n  − 1  (  3 5 )


   𝜎 x = 2  𝜎 y


   𝜎 y = 2  𝜎 x


  r = 0 . 5


    𝜃 = t a n  − 1  (  3 5 )


  t a n 𝜃 =  3 5


  t a n 𝜃 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −  r 2 r )


   3 5 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −    (  1 2 ) 2   1 2 )


   3 5 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −  1 4   1 2 )


   3 5 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (  3 4 .  2 1 )


   3 5 =   3  𝜎 x  𝜎 y  2  (    𝜎 x 2 + 𝜎 y 2 )


   1 5 =    𝜎 x  𝜎 y  2  (    𝜎 x 2 + 𝜎 y 2 )


  2  (    𝜎 x 2 + 𝜎 y 2 ) = 5  𝜎 x  𝜎 y


  2    𝜎 x 2 + 2 𝜎 y 2 = 5  𝜎 x  𝜎 y


  2    𝜎 x 2 − 5  𝜎 x  𝜎 y + 2 𝜎 y 2 = 0


  2    𝜎 x 2 −  𝜎 x  𝜎 y − 4  𝜎 x  𝜎 y + 2 𝜎 y 2 = 0


   𝜎 x  ( 2  𝜎 x −  𝜎 y ) − 2  𝜎 y  ( 2  𝜎 x −  𝜎 y ) = 0


   ( 2  𝜎 x −  𝜎 y )  (  𝜎 x − 2  𝜎 y ) = 0


   𝝈 𝒚 = 𝟐  𝝈 𝒙


   𝝈 𝒙 = 𝟐  𝝈 𝒚


  P  ( A ) =  m n


  P  ( A ) + P (   A ) - = 1


   A -


  A ,   B


  𝑷  ( 𝑨   𝒐 𝒓   𝑩 ) = 𝑷  ( 𝑨 ) + 𝑷 ( 𝑩 )


  A ,   B


  𝑷  ( 𝑨   𝒂 𝒏 𝒅     𝑩 ) = 𝑷  ( 𝑨 ) . 𝑷 ( 𝑩 )


  X , Y , Z …


  S


  X  


  X .


  S =  { H , T }


  X


  X  ( H ) = 1


  X  ( T ) = 0


  X =  { 0 , 1 }


  X , Y


  S =  { H H , H T ,   T H ,   T T }


  X =


  S


  X


  X =  { 0 , 1 , 2 }


  Y =


  Y =  { 0 , 1 , 2 }


   x i


  X


  p (  x i )


  i )   p (  x i ) ≥ 0


  i i )     ∑ i  p  (  x i ) = 1


  p ( x )


  X


   x i


   p i


  P  ( X =  x i ) =  p i


  p (  x i )


   [  x i   ,   p (  x i ) ]


  X


  P  ( X )


  f ( x )


  f  ( x ) = P  ( X ≤ x ) =   ∑  i = 1 n  P (  x i )


  x


  𝜇 =   ∑ i   x i . p  (  x i )


  V =   ∑ i     (  x i − 𝜇 ) 2 . p  (  x i )


  V =   ∑ i   x i 2 . p  (  x i ) −    [   ∑ i   x i . p  (  x i ) ] 2


  V =  ∑   x i 2 . p  (  x i ) −  𝜇 2


  𝜎 =  V


  X    


  X


  S =  { H H , H T ,   T H ,   T T }


  X =  { 0 , 1 , 2 }


  P  ( H H ) =  1 4


  P  ( H T ) =  1 4


  P  ( T H ) =  1 4


  P  ( T T ) =  1 4


  P  ( X = 0 ,   i . e . ,   n o   h e a d   t u r n i n g   u p ) = P ( T T ) =  1 4


  P  ( X = 1 ,   i . e . ,   o n e   h e a d   t u r n i n g   u p ) = P  ( H T ∪ T H ) = P  ( H T ) + P  ( T H ) =  1 4 +  1 4 =  1 2


  P  ( X = 2 ,   i . e . ,   t w o   h e a d s   t u r n i n g   u p ) = P ( H H ) =  1 4


  X


  p  (  x i ) > 0


    ∑ i  p  (  x i ) = 1


  𝜇 =   ∑ i   x i . p  (  x i ) =  ( 0 ) .  (  1 4 ) +  ( 1 ) .  (  1 2 ) +  ( 2 ) .  (  1 4 ) =  1 2 +  1 2


  𝝁 = 𝟏


  V =   ∑ i     (  x i − 𝜇 ) 2 . p  (  x i )


  V =   ( 0 − 1 ) 2 .  1 4 +   ( 1 − 1 ) 2 .  1 2 +   ( 2 − 1 ) 2 .  1 4


                                 


   𝒙 𝒊


  p (  x i )


   1 4


   1 2


   1 4


  V =  1 4 + 0 +  1 4


  𝑽 =  𝟏 𝟐


  X


  X


  S =  {  ( x , y )   w h e r e   x = 1 , 2 , … , 6     ; y = 1 , 2 , … , 6 }


  S =  {  ( 1 , 1 ) ,  ( 1 , 2 ) ,  ( 1 , 3 ) ,  ( 1 , 4 ) ,  ( 1 , 5 ) ,  ( 1 , 6 ) ,  ( 2 , 1 ) ,  ( 2 , 2 ) ,  ( 2 , 3 ) , … ,  ( 6 , 5 ) ,  ( 6 , 6 ) }


  X


   { 2 , 3 , 4 , 5 , … , 10 , 11 , 12 }


  p  (  x 1 ) =   n ( E )  n ( S ) =  1 36


  p  (  x 2 ) =  2 36


  X


  p  (  x i ) > 0


    ∑ i  p  (  x i ) = 1


  𝜇 =   ∑ i   x i . p  (  x i )


  𝜇 =  ( 2 ) .  (  1 36 ) +  ( 3 ) .  (  2 36 ) + … +  ( 11 ) .  (  2 36 ) +  ( 12 ) .  (  1 36 )


  𝝁 =   𝟐 𝟓 𝟐  𝟑 𝟔 = 𝟕


  𝑿 =  𝒙 𝒊


  p (  x i )


   1 36


   2 36


   3 36


   4 36


   5 36


   6 36


   5 36


   4 36


   3 36


   2 36


   1 36


  V =   ∑ i     (  x i − 𝜇 ) 2 . p  (  x i )


  V =   ( 2 − 7 ) 2 .  1 36 +   ( 3 − 7 ) 2 .  2 36 + … +   ( 12 − 7 ) 2 .  1 36


  𝑽 =   𝟐 𝟏 𝟎  𝟑 𝟔 =   𝟑 𝟓 𝟔


  𝜎 =  V


  𝝈 =    𝟑 𝟓 𝟔 = 𝟐 . 𝟒 𝟐


  𝒙


  p ( x )


   1 8


   3 8


   3 8


   1 8


    p  ( x ) > 0


   ∑  p  ( x ) = 1


  𝜇 =  ∑ x . p  ( x )


  𝜇 =  ( 10 ) .  1 8 +  ( 20 ) .  3 8 +  ( 30 ) .  3 8 +  ( 40 ) .  1 8


  𝜇 =   10 + 60 + 90 + 40 8 =  200 8


  𝝁 = 𝟐 𝟓


  V =  ∑     ( x − 𝜇 ) 2 . p  ( x )


  V =   ( 10 − 25 ) 2 .  1 8 +   ( 20 − 25 ) 2 .  3 8 +   ( 30 − 25 ) 2 .  3 8 +   ( 40 − 25 ) 2 .  1 8


  𝑽 =   𝟔 𝟎 𝟎 𝟖 = 𝟕 𝟓


  k


  p ( x ≤ 1 )


  p ( x > 1 )


  p ( − 1 < x ≤ 2 )


  p  ( x ) ≥ 0


  x


   ∑  p  ( x ) = 1


  k ≥ 0


   ∑  p  ( x ) = 1


  k + 2 k + 3 k + 4 k + 3 k + 2 k + k = 1


  16 k = 1


  ∴


  𝒌 =  𝟏  𝟏 𝟔


  𝒙


  p ( x )


  k


  k


  k


  k


  k


  2 k


  k


  𝜇 =  ∑ x . p  ( x )


  𝜇 =  ( − 3 ) .  1 16 +  ( − 2 ) .  2 16 +  ( − 1 ) .  3 16 +  ( 0 ) .  4 16 +  ( 1 ) .  3 16 +  ( 2 ) .  2 16 +  ( 3 ) .  1 16


  𝝁 = 𝟎


  V =  ∑     ( x − 𝜇 ) 2 . p  ( x )


  V =   ( − 3 − 0 ) 2 .  1 16 +   ( − 2 − 0 ) 2 .  2 16 +   ( − 1 − 0 ) 2 .  3 16 +   ( 0 − 0 ) 2 .  4 16 +   ( 1 − 0 ) 2 .  3 16 +   ( 2 − 0 ) 2 .  2 16 +   ( 3 − 0 ) 2 .  1 16


  𝑽 =  𝟏  𝟏 𝟔  ( 𝟗 + 𝟖 + 𝟑 + 𝟎 + 𝟑 + 𝟖 + 𝟗 ) =   𝟒 𝟎  𝟏 𝟔 =  𝟓 𝟐


  𝒙


  p ( x )


   1 16


   2 16


   3 16


   4 16


   3 16


   2 16


   1 16


  𝜎 =  V


  𝝈 =   𝟓 𝟐 = 𝟏 . 𝟓 𝟖


  p  ( x ≤ 1 ) = p  ( − 3 ) + p  ( − 2 ) + p ( − 1 ) + p  ( 0 ) + p ( 1 )


  =  1 16 +  2 16 +  3 16 +  4 16 +  3 16


  𝒑  ( 𝒙 ≤ 𝟏 ) =   𝟏 𝟑  𝟏 𝟔


  p  ( x > 1 ) = p  ( 2 ) + p ( 3 )


  p  ( − 1 < x ≤ 2 ) = p  ( 0 ) + p  ( 1 ) + p ( 2 )


  =  2 16 +  1 16


        =  4 16 +  3 16 +  2 16


  𝒑  ( 𝒙 > 𝟏 ) =  𝟑  𝟏 𝟔


  𝒑  ( − 𝟏 < 𝒙 ≤ 𝟐 ) =  𝟗  𝟏 𝟔


  X


  x .


  i )   F i n d   k


  i i )   E v a l u a t e   P  ( x < 6 ) ,       P  ( x ≥ 6 )   a n d   P  ( 3 < x ≤ 6 )


  X


  P ( x ) ≥ 0


   ∑  P  ( x ) = 1 .


  k ≥ 0


  k


   ∑  P  ( x ) = 1


  0 + k + 2 k + 2 k + 3 k +  k 2 + 2  k 2


   k 2 + k ) = 1


                                            10  k 2 + 9 k − 1 = 0


   ( 10 k − 1 )  ( k + 1 ) = 0


  𝒌 =  𝟏  𝟏 𝟎


  𝒌 = − 𝟏


  𝒙


  P ( x )


  k


  k


  k


  k


   k 2


  2  k 2


   k 2 + k


  P  ( x < 6 ) = P  ( 0 ) + P  ( 1 ) + P  ( 2 ) + P  ( 3 ) + P  ( 4 ) + P  ( 5 )


  = 0 +  1 10 +  1 5 +  1 5 +  3 10 +  1 100 =  81 100


  𝑷  ( 𝒙 < 𝟔 ) = 𝟎 . 𝟖 𝟏


  P  ( x ≥ 6 ) = P  ( 6 ) + P ( 7 )


    P  ( x ≥ 6 ) =  1 50 +  17 100 =  19 100


  𝑷  ( 𝒙 ≥ 𝟔 ) = 𝟎 . 𝟏 𝟗


  𝒙


  P ( x )


   1 10


   1 5


   1 5


   3 10


   1 100


   1 50


   17 100


  P  ( 3 < x ≤ 6 ) = P  ( 4 ) + P  ( 5 ) + P ( 6 )


  =  3 10 +  1 100 +  1 50 =  33 100


  𝑷  ( 𝟑 < 𝒙 ≤ 𝟔 ) = 𝟎 . 𝟑 𝟑


  X


  f  ( x ) = P  ( X ≤ x ) =   ∑  i = 1 n  p (  x i )  


  𝒙


  f ( x )


  𝒙


  P ( x )


  X


  − 3 , − 2 , − 1 , 0 , 1 , 2 , 3


  P  ( X = 0 ) = P ( X < 0 )


  P  ( X = − 3 ) = P  ( X = − 2 ) = P  ( X = − 1 ) = P  ( X = 1 ) = P  ( X = 2 ) = P ( X = 3 )


  P  ( X = 0 ) = P ( X < 0 )


  ⇒


  P  ( X = 0 ) = P  ( X = − 1 ) + P  ( X = − 2 ) + P ( X = − 3 )


   p 4 =  p 3 +  p 2 +  p 1


  P  ( X = − 3 ) = P  ( X = − 2 ) = P  ( X = − 1 ) = P  ( X = 1 ) = P  ( X = 2 ) = P ( X = 3 )


   p 1 =  p 2 =  p 3 =  p 5 =  p 6 =  p 7


  𝑿


  P ( X )


   p 1


   p 2


   p 3


   p 4


   p 5


   p 6


   p 7


   p 1 +  p 2 +  p 3 +  p 4 +  p 5 +  p 6 +  p 7 = 1


   p 4 =  p 1 +  p 1 +  p 1


   𝒑 𝟒 = 𝟑  𝒑 𝟏


   p 1 +  p 1 +  p 1 +  p 4 +  p 1 +  p 1 +  p 1 = 1


  6  p 1 +  p 4 = 1


  6  p 1 +   3 p 1 = 1


  ( s i n c e    p 4 = 3  p 1


  9  p 1 = 1


   𝒑 𝟏 =  𝟏 𝟗


   𝒑 𝟒 =  𝟑 𝟗


   p 2 =  p 3 =  p 5 =  p 6 =  p 7 =  1 9


  X


  K


  P ( x ≥ 5 )


  P  ( 3 < x ≤ 6 ) .


  P ( x ) ≥ 0


   ∑  P  ( x ) = 1


  K ≥ 0


  K + 3 K + 5 K + 7 K + 9 K + 11 K + 13 K = 1


  𝑿


  P ( X )


   1 9


   1 9


   1 9


   3 9


   1 9


   1 9


   1 9


  𝒙


  P ( x )


  K


  K


  K


  K


  K


  11 K


  13 K


  49 K = 1


  𝑲 =  𝟏  𝟒 𝟗


  P  ( x ≥ 5 ) = P  ( 5 ) + P ( 6 )


  P  ( x ≥ 5 ) = 11 K + 13 K = 24 K


  𝑷  ( 𝒙 ≥ 𝟓 ) =   𝟐 𝟒  𝟒 𝟗


  P  ( 3 < x ≤ 6 ) = P  ( 4 ) + P  ( 5 ) + P ( 6 )


  P  ( 3 < x ≤ 6 ) = 9 K + 11 K + 13 K


  P  ( 3 < x ≤ 6 ) = 33 K


                      𝑷  ( 𝟑 < 𝒙 ≤ 𝟔 ) =   𝟑 𝟑  𝟒 𝟗


  X  


  Y


  X  


  Y


  P  ( X = x , Y = y ) = f ( x , y )


  f ( x , y )


  f  ( x , y ) ≥ 0


    ∑ x    ∑ y  f  ( x , y ) = 1


  X =  {  x 1   , x 2   , … . , x m }


  Y =  {  y 1   , y 2   , … . , y n }


  P  ( X =  x i , Y =  y j ) = f (  x i ,  y j )


   J  i j


  X


   x 1   , x 2   , … . , x n


  f ( x )


  X


   𝜇 X = E  ( X ) =   ∑  i = 1 n   x i f (  x i )


  X


  V  ( X ) =   ∑  i = 1 n   x i 2 f (  x i ) −  𝜇 2


  𝜇


  X


  V = E  (  X 2 ) −  𝜇 X 2


  X


   𝜎 X =  V ( X )


  X  


  Y


  f ( x , y )


  X  


  Y


   𝜇 X = E  ( X ) =   ∑ i   x i f (  x i )


   𝜇 Y = E  ( Y ) =   ∑ j   y j g (  y j )


  E  ( X Y ) =   ∑  i , j     x i y j  J  i j


  X  


  Y


   𝜇 X  [ o r E  ( X ) ]


   𝜇 Y  [ o r E  ( Y ) ]


  X  


  Y


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  X  


  Y


  𝜌 ( X , Y )


  𝝆  ( 𝑿 , 𝒀 ) =   𝑪 𝒐 𝒗 ( 𝑿 , 𝒀 )   𝝈 𝑿  𝝈 𝒀


   𝜎 X 2 = E  (  X 2 ) −  𝜇 X 2


   𝜎 Y 2 = E  (  Y 2 ) −  𝜇 Y 2


  X  


  Y


  E  ( X Y ) = E  ( X ) E ( Y )


  C o v  ( X , Y ) = 0       a n d   𝜌  ( X , Y ) = 0


  X  


  Y


  𝒀 →


  𝑿 ↓


   1 8


   1 4


   1 8


   1 4


   1 8


   1 8


  E  ( X )


  E  ( Y )


  E  ( X Y )


   𝜎 X


   𝜎 Y


  C o v  ( X , Y )


  𝜌  ( X , Y )


  X


  Y


  X


  Y


  𝒀 →


  𝑿 ↓


  f (  x i )


   1 8


   1 4


   1 8


   1 8 +  1 4 +  1 8 =  1 2


   1 4


   1 8


   1 8


   1 4 +  1 8 +  1 8 =  1 2


  g (  y j )


   1 8 +  1 4 =  3 8


   1 4 +  1 8 =  3 8


   1 8 +  1 8 =  1 4


   x i


  f (  x i )


   1 2


   1 2


   y j


  g (  y j )


   3 8


   3 8


   1 4


  E  ( X ) =   ∑ i   x i f (  x i )


  E  ( Y ) =   ∑ j   y j g (  y j )


  E  ( X ) =  ( 1 )  (  1 2 ) +  ( 5 )  (  1 2 )


    E  ( Y ) =  ( − 4 )  (  3 8 ) +  ( 2 )  (  3 8 ) +  ( 7 )  (  1 4 )


  E  ( X ) =  1 2 +  5 2                                                         E  ( Y ) = −  3 2 +  3 4 +  7 4


  𝑬  ( 𝑿 ) =  𝝁 𝑿 = 𝟑


  𝑬  ( 𝒀 ) =  𝝁 𝒀 = 𝟏


  E  ( X Y ) =   ∑  i , j     x i y j  J  i j


  E  ( X Y ) =  ( 1 )  ( − 4 )  (  1 8 ) +  ( 1 )  ( 2 )  (  1 4 ) +  ( 1 )  ( 7 )  (  1 8 ) +  ( 5 )  ( − 4 )  (  1 4 ) +  ( 5 )  ( 2 )  (  1 8 ) +  ( 5 )  ( 7 )  (  1 8 )


  E  ( X Y ) = −  1 4 +  1 2 +  7 8 − 5 +  5 4 +  35 8


  𝑬  ( 𝑿 𝒀 ) =  𝟑 𝟐


   𝜎 X 2 = E  (  X 2 ) −  𝜇 X 2  


   𝜎 Y 2 = E  (  Y 2 ) −  𝜇 Y 2


  E  (  X 2 ) =   ∑ i   x i 2 f (  x i )


  E  (  Y 2 ) =   ∑ j   y j 2 f (  y j )


  E  (  X 2 ) =  (  1 2 )  (  1 2 ) +  (  5 2 )  (  1 2 )


  E  (  Y 2 ) =  (   ( − 4 ) 2 )  (  3 8 ) +  (  2 2 )  (  3 8 ) +  (  7 2 )  (  1 4 )


    𝑬  (  𝑿 𝟐 ) = 𝟏 𝟑


                        𝑬  (  𝒀 𝟐 ) =   𝟕 𝟗 𝟒


  ∴


   𝜎 X 2 = 13 −  3 2  


   𝜎 Y 2 =   𝟕 𝟗 𝟒 −  1 2


   𝜎 X 2 = 4  


   𝜎 Y 2 =   𝟕 𝟓 𝟒


   𝝈 𝑿 = 𝟐


   𝝈 𝒀 = 𝟒 . 𝟑 𝟑


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  C o v  ( X , Y ) =  𝟑 𝟐 − ( 3 ) ( 1 )


  𝑪 𝒐 𝒗  ( 𝑿 , 𝒀 ) = −  𝟑 𝟐


  𝜌  ( X , Y ) =   C o v ( X , Y )   𝜎 X  𝜎 Y


  𝜌  ( X , Y ) =   −  3 2  ( 2 ) ( 4 . 33 )  


  𝝆  ( 𝑿 , 𝒀 ) = − 𝟎 . 𝟏 𝟕 𝟑 𝟐


  X


  Y


  X


  Y


  X , Y


  X Y


  X , Y


  X


  Y


  X


  Y


  Y →


  X ↓


  X


  Y


  P  ( X + Y > 0 ) .


  X  


  Y


  E  ( X ) =   ∑ i   x i f (  x i )


  E  ( Y ) =   ∑ j   y j g (  y j )


  E  ( X ) =  ( 1 )  ( 0 . 6 ) +  ( 2 )  ( 0 . 4 )


    E  ( Y ) =  ( − 2 )  ( 0 . 3 ) +  ( − 1 )  ( 0 . 3 ) +  ( 4 )  ( 0 . 1 ) + ( 5 ) ( 0 . 3 )


  E  ( X ) = 0 . 6 + 0 . 8                                         E  ( Y ) = − 0 . 6 − 0 . 3 + 0 . 4 + 1 . 5


  𝑬  ( 𝑿 ) =  𝝁 𝑿 = 𝟏 . 𝟒


  𝑬  ( 𝒀 ) =  𝝁 𝒀 = 𝟏


   x i


  f (  x i )


   y j


  g (  y j )


  E  ( X Y ) =   ∑  i , j     x i y j  J  i j


  E  ( X Y ) =  ( 1 )  ( − 2 )  ( 0 . 1 ) +  ( 1 )  ( − 1 )  ( 0 . 2 ) +  ( 1 )  ( 4 )  ( 0 ) +  ( 1 )  ( 5 )  ( 0 . 3 ) +  ( 2 )  ( − 2 )  ( 0 . 2 ) +  ( 2 )  ( − 1 )  ( 0 . 1 ) +  ( 2 )  ( 4 )  ( 0 . 1 )


  +  ( 2 )  ( 5 )  ( 0 )


  E  ( X Y ) = − 0 . 2 − 0 . 2 + 0 + 1 . 5 − 0 . 8 − 0 . 2 + 0 . 8 + 0


  𝑬  ( 𝑿 𝒀 ) = 𝟎 . 𝟗


   𝜎 X 2 = E  (  X 2 ) −  𝜇 X 2  


   𝜎 Y 2 = E  (  Y 2 ) −  𝜇 Y 2


  E  (  X 2 ) =   ∑ i   x i 2 f (  x i )


  E  (  Y 2 ) =   ∑ j   y j 2 g (  y j )


  E  (  X 2 ) =  (  1 2 )  ( 0 . 6 ) +  (  2 2 )  ( 0 . 4 )


  E  (  Y 2 ) =  (   ( − 2 ) 2 )  ( 0 . 3 ) +  (   ( − 1 ) 2 )  ( 0 . 3 ) +  (  4 2 )  ( 0 . 1 ) +  (  5 2 )  ( 0 . 3 )


    𝑬  (  𝑿 𝟐 ) = 𝟐 . 𝟐


                        𝑬  (  𝒀 𝟐 ) = 𝟏 𝟎 . 𝟔


  ∴


   𝜎 X 2 = 2 . 2 −   ( 1 . 4 ) 2  


   𝜎 Y 2 = 10 . 6 −  1 2


   𝜎 X 2 = 0 . 24  


   𝜎 Y 2 = 9 . 6


   𝝈 𝑿 = 𝟎 . 𝟒 𝟗


   𝝈 𝒀 = 𝟑 . 𝟏


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  C o v  ( X , Y ) = 0 . 9 −  ( 1 . 4 )  ( 1 )


  𝑪 𝒐 𝒗  ( 𝑿 , 𝒀 ) = − 𝟎 . 𝟓


  𝜌  ( X , Y ) =   C o v ( X , Y )   𝜎 X  𝜎 Y


  𝜌  ( X , Y ) =   − 0 . 5  ( 0 . 49 ) ( 3 . 1 )  


  𝝆  ( 𝑿 , 𝒀 ) = − 𝟎 . 𝟑


  X


  Y


  f  (  x i ) . g  (  y j ) =  J  i j


  f  (  x 1 ) . g  (  y 1 ) =  ( 0 . 6 )  ( 0 . 3 ) = 0 . 18


   J 11 = 0 . 1


  f  (  x i ) . g  (  y j ) ≠  J  i j


  𝑿


  𝒀


  X =  {  x i } =  {  x 1 ,  x 2 } =  { 1 , 2 }


          Y =  {  y j } =  {  y 1 ,  y 2 ,  y 3 ,  y 4 } =  { − 2 , − 1 , 4 , 5 }


   J 11 = 0 . 1


   J 12 = 0 . 2


   J 13 = 0  


   J 14 = 0 . 3


   J 21 = 0 . 2


   J 22 = 0 . 1


   J 23 = 0 . 1  


   J 24 = 0


  X + Y > 0


  ( X , Y )


   (  x 1 ,  y 3 ) = ( 1 , 4 )


   (  x 1 ,  y 4 ) = ( 1 , 5 )


   (  x 2 ,  y 2 ) = ( 2 , − 1 )


   (  x 2 ,  y 3 ) = ( 2 , 4 )


   (  x 2 ,  y 4 ) = ( 2 , 5 )


  P  ( X + Y > 0 ) =  J 13 +  J 14 +  J 22 +  J 23 +  J 24


  P  ( X + Y > 0 ) = 0 + 0 . 3 + 0 . 1 + 0 . 1 + 0


  𝐏  ( 𝑿 + 𝒀 > 𝟎 ) = 𝟎 . 𝟓


    X


  Y


  X


  Y


  C o v  ( X , Y ) = 0 .


  X


  Y


  J  ( x , y )


  f  (  x i ) . g  (  y j ) =  J  i j


   J  i j


   x i


  f  (  x i )


   y j


  g  (  y j )


   J  i j


   J 11 = f  (  x 1 ) . g  (  y 1 ) =  ( 0 . 7 )  ( 0 . 3 ) = 0 . 21


   J 12 = f  (  x 1 ) . g  (  y 2 ) =  ( 0 . 7 )  ( 0 . 5 ) = 0 . 35


   J 13 = f  (  x 1 ) . g  (  y 3 ) =  ( 0 . 7 )  ( 0 . 2 ) = 0 . 14


   J 21 = f  (  x 2 ) . g  (  y 1 ) =  ( 0 . 3 )  ( 0 . 3 ) = 0 . 09


   J 22 = f  (  x 2 ) . g  (  y 2 ) =  ( 0 . 3 )  ( 0 . 5 ) = 0 . 15


   J 23 = f  (  x 2 ) . g  (  y 3 ) =  ( 0 . 3 )  ( 0 . 2 ) = 0 . 06


  Y →


  X ↓


  f  (  x i )


  g  (  y j )


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  E  ( X ) =   ∑ i   x i f (  x i )


  E  ( Y ) =   ∑ j   y j g (  y j )


  E  ( X ) =  ( 1 )  ( 0 . 7 ) +  ( 2 )  ( 0 . 3 )


    E  ( Y ) =  ( − 2 )  ( 0 . 3 ) +  ( 5 )  ( 0 . 5 ) +  ( 8 )  ( 0 . 2 )


  E  ( X ) = 0 . 7 + 0 . 6                                               E  ( Y ) = − 0 . 6 + 2 . 5 + 1 . 6


  𝑬  ( 𝑿 ) =  𝝁 𝑿 = 𝟏 . 𝟑


  𝑬  ( 𝒀 ) =  𝝁 𝒀 = 𝟑 . 𝟓


  E  ( X Y ) =   ∑  i , j     x i y j  J  i j


  E  ( X Y ) =  ( 1 )  ( − 2 )  ( 0 . 21 ) +  ( 1 )  ( 5 )  ( 0 . 35 ) +  ( 1 )  ( 8 )  ( 0 . 14 ) +  ( 2 )  ( − 2 )  ( 0 . 09 ) +  ( 2 )  ( 5 )  ( 0 . 15 ) +  ( 2 )  ( 8 )  ( 0 . 06 )


  E  ( X Y ) = − 0 . 42 + 1 . 75 + 1 . 12 − 0 . 36 + 1 . 5 + 0 . 96


  𝑬  ( 𝑿 𝒀 ) = 𝟒 . 𝟓 𝟓


  n ≤ 30


  ( 𝜇 )


  ( 𝜎 )


  ( 𝜌 )


  (  x - )


  ( s )


  ( r )


   H 0 .


   H 1


  𝜇


  𝜎


   x -


  n


  z


  z =    x - − 𝜇   (  𝜎   n )


  z = − 1 . 96


  z = + 1 . 96


  − 1 . 96


  + 1 . 96


   z  0 . 05


  − 1 . 96 ≤    x - − 𝜇   (  𝜎   n ) ≤ 1 . 96


  −  𝜎   n ( 1 . 96 ) ≤  x - − 𝜇 ≤ ( 1 . 96 )  𝜎   n


  𝜇 ≤  x - +  𝜎   n ( 1 . 96 )


   x - −  𝜎   n ( 1 . 96 ) ≤ 𝜇


   x - − 1 . 96  (  𝜎   n ) ≤ 𝜇 ≤  x - + 1 . 96  (  𝜎   n )


   x - − 2 . 58  (  𝜎   n ) ≤ 𝜇 ≤  x - + 2 . 58  (  𝜎   n )


  z


  𝒛


  x


  n


  μ = n p


  Z


  z =   x − 𝜇 𝜎 =   x − n p   n p q


   | Z |


  = p ± 2 . 58    p q n


   𝜇 1


   𝜇 2


   (    x - 1 ,  𝜎 1 )


   (    x - 2 ,  𝜎 2 )


   n 1


   n 2  


   H 0


   H 0 :  𝜇 1 =  𝜇 2


  𝒁 =    (    𝒙 - 𝟏 −    𝒙 - 𝟐 )      𝝈 𝟏 𝟐   𝒏 𝟏 +    𝝈 𝟐 𝟐   𝒏 𝟐


  x


  x


  z =   x − 𝜇   n p q =   x − n p   n p q =   540 − 500   1000 X 0 . 5 X 0 . 5


    z =


  p =  100 900 =  1 9


  ∴     q =  8 9


  n = 900


  = p ± ( 2 . 58 )    p q n


  =  1 9 ±  ( 2 . 58 )   1 9 .  8 9 .  1 900


  = 0 . 111 ± 0 . 027


  = 0 . 084     a n d     0 . 138


  p =  60 100 = 0 . 6


  ∴     q = 1 − p = 0 . 4


  n = 500


  = p ± ( 2 . 58 )    p q n


  = 0 . 6 ±  ( 2 . 58 )    ( 0 . 6 ) ( 0 . 4 ) 500


  = 0 . 6 ± 0 . 0565


  = 0 .   5435   a n d     0 . 6565


  p =  180 800 = 0 . 225


  ∴     q = 1 − p = 0 . 775


  n = 800


  = p ± ( 2 . 58 )    p q n


  = 0 . 225 ±  ( 2 . 58 )    ( 0 . 225 ) ( 0 . 775 ) 800


  = 0 . 225 ± 0 . 038


  = 0 .   187   a n d     0 . 263


  = 0 .   187 ∗ 2000   a n d     0 . 263 ∗ 2000


  = 374   a n d     526


  x


  x


  z =   x − 𝜇   n p q =   x − n p   n p q =  19   324 X 0 . 5 X 0 . 5 =  19 9


  z =


  p =  10 100 = 0 . 1


  ∴     q = 1 − p = 0 . 9


  n = 100


  = p ± ( 2 . 58 )    p q n


  = 0 . 1 ±  ( 2 . 58 )    ( 0 . 1 ) ( 0 . 9 ) 100


  = 0 . 1 ± 0 . 0774


  = 0 .   0226   a n d     0 . 1774


  p =  65 500 = 0 . 13


  ∴     q = 1 − p = 0 . 87


  n = 500


  =    p q n =    ( 0 . 13 ) ( 0 . 87 ) 500 = 0 . 015


  = p ± ( 2 . 58 )    p q n


  = 0 . 13 ±  ( 2 . 58 )  ( 0 . 015 )


      = 0 . 13 ± 0 . 0387


  = 0 . 0913   a n d   0 . 1687


  = 9 . 13 %   a n d   16 . 87 %


   x - = 11 . 09


  𝜎 = 0 . 73


  n = 60


   x - ± 1 . 96  (  𝜎   n ) = 11 . 09 ± ( 1 . 96 )  (   0 . 73   60 )


  = 11 . 09 ± 0 . 18


      = 10 . 91   a n d   11 . 27


   x - ± 2 . 58  (  𝜎   n ) = 11 . 09 ± ( 2 . 58 )  (   0 . 73   60 )


  = 11 . 09 ± 0 .


      = 10 . 85   a n d   11 . 33


  p =  1 2


  q =  1 2


  =    p q n


  =     1 2 .  1 2 n =  1  2  n


  p ± ( 1 . 96 )    p q n


    p ±  ( 1 . 96 )    p q n = 0 . 51   o r   0 . 49


      0 . 5 ±  ( 1 . 96 )  1  2  n = 0 . 51   o r   0 . 49


  0 . 5 ±   1 . 96  2  n = 0 . 51   o r   0 . 49


  0 . 5 +   1 . 96  2  n = 0 . 51  


  0 . 5 −   1 . 96  2  n = 0 . 49


    1 . 96  2  n = 0 . 51 − 0 . 5  


    1 . 96  2  n = 0 . 5 − 0 . 49


    1 . 96  2  n = 0 . 01


    1 . 96  2  n = 0 . 01


   n =   1 . 96  0 . 02


   n = 98


  𝐧 = 𝟗 𝟔 𝟎 𝟒


    1 . 645  2  n = 0 . 01


   n =   1 . 645  0 . 02


   n = 82 . 25


  𝒏 = 𝟔 𝟕 𝟔 𝟓


  p  


  ∴


  p = 0 . 95


  q = 0 . 05


   H 0 : p = 0 . 95


   H 1 : p < 0 . 95


  𝜇 = n p = 200 ∗ 0 . 95 = 190


  𝜎 =  n p q =  200 ∗ 0 . 95 ∗ 0 . 05 = 3 . 082


  Z =   x − n p 𝜎


  Z =   190 − 182  3 . 082


    𝒁 = 𝟐 . 𝟔


  Z


   H 0 : 𝜇 = 275 . 6   g m s


   H 1 : p < 275 . 6   g m s


  ∴


  n = 36


  Z =   D i f f e r e n c e   (  𝜎   n )


  Z =   22 . 4   (   39 . 7   36 )


  Z = 3 . 38


   H 1


     x - B = 72


   𝜎 B = 8


   n B = 32


     x - G = 75


   𝜎 G = 6


   n G = 36


  Z =      x - G −    x - B      𝝈 𝑮 𝟐   𝒏 𝑮 +    𝝈 𝑩 𝟐   𝒏 𝑩


  Z =   75 − 72     𝟑 𝟔  𝟑 𝟔 +   𝟔 𝟒  𝟑 𝟐


  Z =  3


  Z = 1 . 73


  Z = 1 . 73  {    >  Z  0 . 05 = 1 . 645   ( o n e   t a i l e d   t e s t )     <  Z  0 . 01 = 2 . 33   ( o n e   t a i l e d   t e s t )


     x - A = 1190


   𝜎 A = 90


   n A = 100


     x - B = 1230


   𝜎 B = 120


   n B = 75


  Z =      x - B −    x - A      𝝈 𝑩 𝟐   𝒏 𝑩 +    𝝈 𝑨 𝟐   𝒏 𝑨


  Z =   1230 − 1190       ( 𝟏 𝟐 𝟎 ) 𝟐  𝟕 𝟓 +     ( 𝟗 𝟎 ) 𝟐  𝟏 𝟎 𝟎


  Z = 2 . 42


  Z = 2 . 42  {    >  Z  0 . 05 = 1 . 96   ( T w o   t a i l e d   t e s t )     <  Z  0 . 01 = 2 . 58   ( T w o   t a i l e d   t e s t )


     x - 1 = 168 . 75


   n 1 = 1000


     x - 2 = 170  


   n 2 = 2000


  𝝈 = 6 . 25


  Z =      x - 2 −    x - 1  𝝈   𝟏   𝒏 𝟏 +  𝟏   𝒏 𝟐


  Z =   170 − 168 . 75  6 . 25   𝟏  𝟏 𝟎 𝟎 𝟎 +  𝟏  𝟐 𝟎 𝟎 𝟎


  Z = 5 . 16


  Z = 5 . 16


   Z  0 . 05 = 1 . 96


   Z  0 . 01 = 2 . 58


     x - 1 = 50


   𝜎 1 = 15


   n 1 = 1000


     x - 2 = 45


   𝜎 2 = 20


   n 2 = 1500


  Z =      x - 1 −    x - 2      𝝈 𝟏 𝟐   𝒏 𝟏 +    𝝈 𝟐 𝟐   𝒏 𝟐


  Z =   50 − 45       𝟏 𝟓 𝟐  𝟏 𝟎 𝟎 𝟎 +     𝟐 𝟎 𝟐  𝟏 𝟓 𝟎 𝟎


  Z = 7 . 1307


  Z = 7 . 1307


   Z  0 . 05 = 1 . 96


   Z  0 . 01 = 2 . 58


    (  x - 1 −    x - 2 ) ± 1 . 96     𝜎 1 2   n 1 +    𝜎 2 2   n 2 = 5 ± 1 . 96 ( 0 . 7012 )


    = 5 ± 1 . 374


  = 3 . 626   a n d   6 . 374


   x -  


  t =    x - − 𝜇 s  n


   | t |


   x - =    ∑ x n


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


  v = n − 1


  t


   | t | >  t  0 . 05


   x -


  𝜇


   | t | >  t  0 . 01


   x -


  𝜇


   | t |


  𝜇


  𝜇


   𝒙 - ±  𝒔   𝒏  𝒕  𝟎 . 𝟎 𝟓


  𝜇


   𝒙 - ±  𝒔   𝒏  𝒕  𝟎 . 𝟎 𝟏


  t =    x - −  y -  s .   1   n 1 +  1   n 2


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


  v =  n 1 +  n 2 − 2


  t


  t =    x - − 𝜇 s  n


  𝜇 = 0


  n = 8


   x - =    ∑ x n


   x - =  1 8  ( − 4 − 2 − 2 + 0 + 2 + 2 + 3 + 3 )


   x - =  1 4


   𝒙 - = 𝟎 . 𝟐 𝟓


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


   s 2 =  1  ( 8 − 1 )  {    ( − 4 . 25 ) 2 +    ( − 2 . 25 ) 2 +    ( − 2 . 25 ) 2 +    ( − 0 . 25 ) 2 +    ( 1 . 75 ) 2 +    ( 1 . 75 ) 2 +    ( 2 . 75 ) 2 +    ( 2 . 75 ) 2 }


   s 2 =  1   ( 7 ) ( 49 . 5 )


   s 2 = 7 . 07


  ∴


  𝒔 = 𝟐 . 𝟔 𝟔


  t =   0 . 25 − 0  2 . 66  8


  𝒕 = 𝟎 . 𝟐 𝟔 𝟔


   (  t  0 . 05   f o r   24   d . f   i s   2 . 064 )


  𝜇 = 3


   x - = 3 . 1 ,


  n = 25


  s = 0 . 3


  t =    x - − 𝜇 s  n


  t =   3 . 1 − 3  0 . 3  25


  𝒕 = 𝟏 . 𝟔 𝟕 < 𝟐 . 𝟎 𝟔 𝟒


   (  t  0 . 05 = 2 . 262   f o r   9   d . f )


  𝜇 = 66 ,


  n = 10


   x - =    ∑ x n


   x - =  678 10


   𝒙 - = 𝟔 𝟕 . 𝟖


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


   s 2 =  1 9  [    ( 63 − 67 . 8 ) 2 +    ( 63 − 67 . 8 ) 2 + … +    ( 71 − 67 . 8 ) 2 ]


   s 2 = 9 . 067


  𝒔 = 𝟑 . 𝟎 𝟏 𝟏


  t =    x - − 𝜇 s  n


  t =   ( 67 . 8 − 66 )  3 . 011  10


  𝒕 = 𝟏 . 𝟖 𝟗 < 𝟐 . 𝟐 𝟔 𝟐


  n = 10


   x - = 12


  s = 0 . 15


   t  0 . 05 = 2 . 262   f o r   9   d . f


   𝒙 - ±  [  𝒔   𝒏 ]  𝒕  𝟎 . 𝟎 𝟓


   x - ±  [  s   n ]  t  0 . 05 = 12 +  [   0 . 15   10 ]  ( 2 . 262 ) = 12 ± 0 . 1073


   (  t  0 . 05   f o r   11   d . f   i s   2 . 201 )


   x - =    ∑ x n


   x - =  31 12


   𝒙 - = 𝟐 . 𝟓 𝟖 𝟑 𝟑


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


   s 2 =  1 11  [    ( 5 − 2 . 58 ) 2 +    ( 2 − 2 . 58 ) 2 + … +    ( 4 − 2 . 58 ) 2 ]


   s 2 = 9 . 538


  𝒔 = 𝟑 . 𝟎 𝟖 𝟖


  t =    x - − 𝜇 s  n


  𝜇 = 0


  t =   ( 2 . 5833 − 0 )  3 . 088  12


  𝒕 = 𝟐 . 𝟖 𝟗 𝟕 𝟗 > 𝟐 . 𝟐 𝟎 𝟏


   (  t  0 . 05   f o r   20   d . f   i s   2 . 086 )


   x - = 74 ,


   s 1 = 8 ,


   n 1 = 12


   y - = 70 ,


   s 2 = 10 ,


   n 2 = 10


  t =    x - −  y -  s .   1   n 1 +  1   n 2


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


   s 2 =    n 1  s 1 2 +  n 2  s 1 2   n 1 +  n 2 − 2


   s 2 =   12  ( 64 ) + 10 ( 100 )  12 + 10 − 2


   s 2 =  1768 20


   s 2 = 88 . 4


  s = 9 . 402


  t =   74 − 70  ( 9 . 402 )   1 12 +  1 10


  𝒕 = 𝟎 . 𝟗 𝟗 𝟑 𝟔 < 𝟐 . 𝟎 𝟖 𝟔


  𝜇 ,


   (  t  0 . 05 = 2 . 228   f o r   10   d . f )


   x - = 3 . 92 ,


  s = 0 . 61 ,


   n 1 = 11


  μ =  𝒙 - ±  [  𝒔   𝒏 ]  𝒕  𝟎 . 𝟎 𝟓


   x - ±  [  s   n ]  t  0 . 05 = 3 . 92 ±  [   0 . 61   11 ] ( 2 . 228 )


  = 3 . 92 ± 0 . 41


  = 3 . 51     a n d     4 . 33


  𝜇


  3 . 51     a n d     4 . 33 .


   n 1 = 10 ,


     x - 1 = 500   h r s ,


   s 1 2 = 100


   n 2 = 10 ,


     x - 2 = 500   h r s ,


   s 1 2 = 121


   n 1 = 10 ,


     x - 1 = 500   h r s ,


   s 1 2 = 100


   n 2 = 10 ,


     x - 2 = 560   h r s ,


   s 1 2 = 121


   s 2 =    n 1  s 1 2 +  n 2  s 1 2   n 1 +  n 2 − 2


   s 2 =   ( 10 ∗ 100 )   + ( 10 ∗ 121 )  10 + 10 − 2


   s 2 = 122 . 78


  𝒔 = 𝟏 𝟏 . 𝟎 𝟖 𝟎 𝟔


  t =      x - 2 −    x - 1  s .   1   n 1 +  1   n 2


  t =  60  ( 11 . 0806 )   1 10 +  1 10


  t = 12 . 1081 > 2 . 101  


   (  t  0 . 05 = 2 . 101   f o r   18   d . f )


  x


  y


   x - =    ∑ x   n 1


   y - =    ∑ y   n 2


   x - =  64 10


   y - =  40 8


   𝒙 - = 𝟔 . 𝟒


   𝒚 - = 𝟓


    ∑  i = 1   n 1     (  x i −  x - ) 2 = 102 . 4


    ∑  j = 1   n 2     (  y j −  y - ) 2 = 82


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


   s 2 =  1 16  { 102 . 4 + 82 }


   s 2 =   184 . 4 16 = 11 . 525


  𝒔 = 𝟑 . 𝟑 𝟗 𝟓


  t =    x - −  y -  s .   1   n 1 +  1   n 2


  t =   1 . 4  ( 3 . 395 )   1 10 +  1 8


  t = 0 . 869 < 2 . 12


  x


  y


   x - =    ∑ x   n 1 =  219 7 = 31 . 3


   y - =    ∑ y   n 2 =  169 6 = 28 . 2


      ∑  i = 1   n 1     (  x i −  x - ) 2 = 31 . 43


    ∑  j = 1   n 2     (  y j −  y - ) 2 = 26 . 84


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


   s 2 =  1 11  ( 31 . 43 + 26 . 84 )


   s 2 = 5 . 2973


  ∴     𝒔 = 𝟐 . 𝟑 𝟎 𝟏 𝟔


  t =    x -   −    y -  s .   1   n 1 +  1   n 2


  t =   31 . 3 − 28 . 2  ( 2 . 3016 )   1 7 +  1 6


  t = 2 . 42 =  {    >  t  0 . 05 = 2 . 2   <  t  0 . 02 = 2 . 72


   O i ( i = 1 , 2 , … , n )


   E i ( i = 1 , 2 , … , n )


   𝛘 2


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏       (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊    


  = n − 1


   𝝌 𝟐


   𝝌 𝟐


  𝒙


   𝝌 𝟐


   264 6 = 44   e a c h


  𝒙


  f


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =      ( 40 − 44 ) 2 44 +      ( 32 − 44 ) 2 44 + … +      ( 60 − 44 ) 2 44


   𝜒 2 =  1 44  [ 16 + 144 + 256 + 196 + 100 + 256 ]


   𝑶 𝒊


   𝑬 𝒊


   𝝌 𝟐 = 𝟐 𝟐


  (  𝝌  0 . 05 2 = 11 . 07     f o r   5   d . f )


  p =  3 6 =  1 2


  ∴


  q = 1 − p =  1 2


  P  ( x ) =    C x  p x  q  ( n − x )   n


  96 ∗    C 0 ∗   5  1   2 5 ,


  96 ∗    C 1 ∗   5  1   2 5 ,


  96 ∗    C 2 ∗   5  1   2 5


  96 ∗    C 3 ∗   5  1   2 5


  96 ∗    C 4 ∗   5  1   2 5


    96 ∗    C 5 ∗   5  1   2 5  


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   O i


   E i


   𝜒 2 =  16 3 +  16 15 +  25 30 +  36 30 +  49 15 +  0 3


   𝜒 2 = 11 . 7 >  𝛘  0 . 05 2 = 11 . 07


  (  𝝌  0 . 05 2 = 7 . 81     f o r   3   d . f )


   4 10 ∗ 500 ,


   3 10 ∗ 500 ,


   2 10 ∗ 500 ,


   1 10 ∗ 500


  200 ,   150 ,   100 ,   50


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  400 200 +  400 150 +  100 100 +  900 50


   𝜒 2 = 23 . 67 >  𝛘  0 . 05 2 = 7 . 81


   O i


   E i


  (  𝝌  0 . 05 2 = 9 . 49     f o r   4   d . f )


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 5 ) +  ( 1 )  ( 29 ) +  ( 2 )  ( 36 ) +  ( 3 )  ( 25 ) + ( 4 ) ( 5 )  5 + 29 + 36 + 25 + 5 =  196 100 = 1 . 96


  𝜇 = n p


  4 p = 1 . 96


  𝒑 = 𝟎 . 𝟒 𝟗


  𝒒 = 𝟎 . 𝟓 𝟏


  P  ( x ) =   n  c x  p x  q  n − x


  𝑷  ( 𝒙 ) = 𝟒  𝒄 𝒙   ( 𝟎 . 𝟒 𝟗 ) 𝒙 (   𝟎 . 𝟓 𝟏 )  𝟒 − 𝒙


  F  ( x ) = 100 P ( x )


  F  ( x ) = 100 . 4  c x   ( 0 . 49 ) x (   0 . 51 )  4 − x


  x = 0 , 1 , 2 , 3 , 4 .


  F  ( 0 ) = 100 . 4  c 0    ( 0 . 49 ) 0 (   0 . 51 ) 4 = 6 . 765 ≅


  F  ( 1 ) = 100 . 4  c 1    ( 0 . 49 ) 1 (   0 . 51 ) 3 = 25 . 999 ≅ 26


  F  ( 2 ) = 100 . 4  c 2    ( 0 . 49 ) 2 (   0 . 51 ) 2 = 37 . 47 ≅ 37


  F  ( 3 ) = 100 . 4  c 3   ( 0 . 49 ) 3 (   0 . 51 ) 1 = 24 . 0004 ≅ 24


  F  ( 4 ) = 100 . 4  c 4   ( 0 . 49 ) 4 (   0 . 51 ) 0 = 5 . 765 ≅ 6


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  4 7 +  9 26 +  1 37 +  1 24 +  1 6


   𝜒 2 = 1 . 15 <  𝛘  0 . 05 2 = 9 . 49


   O i


   E i


   𝝌  0 . 05 2 = 7 . 815     f o r   3   d . f


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 122 ) +  ( 1 )  ( 60 ) +  ( 2 )  ( 15 ) +  ( 3 )  ( 2 ) + ( 4 ) ( 1 )  122 + 60 + 15 + 2 + 1 =  100 200 = 0 . 2


  𝜇 = m


  ∴   𝒎 = 𝟎 . 𝟐


  P  ( x ) =    m x  e  − m  x !


  x


  f


  F  ( x ) = 200 ∗ P  ( x )


  F  ( x ) = 200 ∗


     m x  e  − m  x !


  F  ( x ) = 200 ∗     ( 0 . 5 ) x  e  − ( 0 . 5 )  x !


   e  − ( 0 . 5 ) = 0 . 6065


  F  ( x ) = 121 . 3


      ( 0 . 5 ) x  x !


  F  ( 0 ) = 121


  F  ( 1 ) = 61 ,


  F  ( 2 ) = 15 ,


  F  ( 3 ) = 3 ,


  F  ( 4 ) = 0


   O i


   E i


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  1 121 +  1 61 + 0 + 0


   𝜒 2 = 0 . 025 <  𝛘  0 . 05 2 = 7 . 815


  x


  (  𝝌  0 . 05 2 = 9 . 49     f o r   4   d . f ) .


  x


  f


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 173 ) +  ( 1 )  ( 168 ) +  ( 2 )  ( 37 ) +  ( 3 )  ( 18 ) +  ( 4 )  ( 3 ) +  ( 5 )  ( 1 )  173 + 168 + 37 + 18 + 3 + 1 =  313 400 = 0 . 7825


  𝜇 = m


  ∴   𝒎 = 𝟎 . 𝟕 𝟖 𝟐 𝟓


  P  ( x ) =    m x  e  − m  x !


  F  ( x ) = 400 ∗ P  ( x )


  F  ( x ) = 400 ∗


     m x  e  − m  x !


  F  ( x ) = 400 ∗     ( 0 . 7825 ) x  e  − ( 0 . 7825 )  x !


   e  − ( 0 . 7825 ) = 0 . 4573


  F  ( x ) = 182 . 92


      ( 0 . 7825 ) x  x !


  F  ( 0 ) = 183


  F  ( 1 ) = 143 ,


  F  ( 2 ) = 56 ,


  F  ( 3 ) = 15 ,


  F  ( 4 ) = 3 ,


  F  ( 5 ) = 0  


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  100 183 +  625 143 +  361 56 +  9 15 +  1 3


   𝜒 2 = 12 . 297 >  𝛘  0 . 05 2 = 9 . 49


   O i


   E i


  3+0=3

