FOURIER SERIES

Introduction: In many engineering problems, especially in the study of periodic phenomenae
in conduction of heat, electro-dynamics and acoustics, it is necessary to express a function in a

series of sines and cosines. Such a series is known as the Fourier series.

DEFINITIONS:

A function y = f(x) is said to be even, if f(—x)= f(x). The graph of the even function is
always symmetrical about the y-axis.

A function y = f(x)is said to be odd, if f(—x) = —f(x). The graph of the odd function is always
symmetrical about the origin.

For example, the function f(x) = |x| in [-1, 1] is even as f(-x) = |— x| = |x| = f(x) and the function

f(x) =x1in [-1, 1] is odd as f(-x) = -x = -f(x). The graphs of these functions are shown below:

1.0
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.

Graph of f(x) = |x| Graph of f(x) = x
Note that the graph of f(x) = |x| is symmetrical about the y-axis and the graph of f(x) = x is
symmetrical about the origin.
1. Iff(x) is even and g(x) is odd, then
e h(x)=f(x) x g(x) is odd
e h(x)=f(x) x f(x) is even
e h(x)=g(x) x g(x) is even

For example,
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1. h(x) = x? cosxis even, since both x2and cosxare even functions
2. h(x) = xsin x is even, since x andsin x are odd functions

3. h(x) = x2 sin x is odd, since xis even and sin x is odd.
2. Iff(x) is even, then j F(x)dx =2 j f(x)dx
—a 0
3. If f(x) is odd, then j F(x)dx=0

For example,

a a
j cosxdx = ZI cosxdx, ascos xis even
—a 0

a
and Isin xdx =0, as sinxis odd
—a

PERIODIC FUNCTIONS:-

A function f'(x )is said to be periodic function with period T'if f(x+T7 )= f(x)

Here f(x) is a real-valued function and T is a positive real number.

As a consequence, it follows that

f)=f(x+T)=f(x+2T)= f(x+3T) =........... = f(x+nT)

Thus, f(x)=f(x+nT ), n=1,2,3,4,.........

The function f(x ) = sinx is periodic of period 27 since
sin(x+2nm)=sinx, n=1,23,........

Note that the graph of the function between 0 and 27 is the same as that between 21 and 47 and
so on. It may be verified that a linear combination of periodic functions having period T is also
periodic of period T.

EULER’S FORMULAE:

The Fourier series for the function f(x) in the interval o < x <o+ 27 is given by

f(x) :%OJr ian cos nx+ ibn sin nx

n=1 n=l1
1 a+2n ] a+2n ] a+2n
Where a, =— [ f(x)dx, a, =— [ f(x)cosnxdx, b, =— [ f(x)sinnxdx,
7T o Y o T 03

These values of ay,a,,,b,, are known as Euler’s formulae.

Proof: Let f(x) be represented in the interval (o, o0 + 27) by the Fourier series-
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f(X)Z%OJr S, cosmx+ b Sinnx - (1)

n=l1 n=l1
To find a,, a,, b, , assume that the series (1) can be integrated term by term from x = o to
X=0+2T7.

o+2m o+27 oa+2n [/ o o+27 [ oo
To find ay: | f(x)dx= %ao [dx+ | (Zan cos nx)a'x+ | (Zb,, sin nxjdx
a o o n=1

n=l1 o

=%a0.(a+2n—a)+0+0=a0n

a+21 1 a+271
, sinnx |0+ 27 : cosnx |0+ 21
Since | cos nxdx = =0& [sinnxdx=-— =0
o n a a n o
1 o+2n

Soay=— [f(x)dx
T o

To find a, , multiply each side of (1) by cosnx and integrate from x = o to x = o + 2w, we get

o+27n 1 o+2m o+2m (" oo a+2m (" oo .
[ f(x)cosnxdx = % [cosnxdx+ | (Z a, cos nxj cosnxdx+ | (an sin nx) Ccos nxdx

o o o n=l1 o n=l1

=0+ma, +0=mna,

Since
a+2m a+2m :
1+cos2 1 2nx\a+27r 1
I cos? nxdx = j S TEOS AR = —| w2 =—(a+27-a+0-0)=x
2 2 2n a
(24 (24
a2 in? nx|o+27
& | sin nxcos nxdx = =0
o 2n o

a+27

Hence a, =— [ f(x)cosnxdx
T o

Similarly To find b, , multiply each side of (1) by sin nx and integrate from x = o to
X =0+ 271, we get

o+27 . 1 a+2m o+2n [ oo . o+2n [ oo . .
[ f(x)sinnxdx = 5% [sinnxdx+ | (Z a, cos nx) sinnxdx+ | (Z b, sin nxj sin nxdx

o o o n=l1 o n=l1

=0+0+mb, =nb,

Since
a+2m a+2m .
. 1—-cos2 1 2nx\a+27r 1
j sin? nxdx = f ST COS A = | x-SR =—(a+27-a+0-0)=x
2 2 2n o 2
(24 a
a2 in? nx|o+27
& | sin nxcos nxdx = =0
o 2n o
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a+2n

Hence b, = — j S (x)sin nxdx

FOURIER SERIES.

A Fourier series of a periodic function consists of a sum of sine and cosine terms. Sines and
cosines are the most fundamental periodic functions.

The Fourier series is named after the French Mathematician and Physicist Jacques Fourier (1768
— 1830).

FORMULA FOR FOURIER SERIES

Consider a real-valued function f(x) which obeys the following conditions called Dirichlet’s
conditions:
1. f(x) is defined in an interval (a, a+2/), and f(x+2/) = f(x) so that f(x) is a periodic function
of period 21.
2. f(x) is continuous or has only a finite number of discontinuities in the interval (a, a+2/).

3. f(x) has no or only a finite number of maxima & minima in the interval (a, a+2/).

Also, let a, = —mjz}( X )X mmmmmmmmmeeeea- (1)
1 a+2l
=7 J f(x) COS( dex, n=123,..... ~—--———- Q)
1 a+2l
~7 I f(x)szn( jxdx n=123,.... ----eeeem- (3)

Then, the infinite series
%)7“2“” cos(nl jx+2b sm[nlﬁjx —————————— 4)
is called the Fourier series of f(x) inn‘;he interval (a, a+2/). Also, the real numbers ao, ai, as,
...an, and by, ba, ....b, are called the Fourier coefficients of f(x). The formulae (1), (2) and (3)
are called Euler’s formulae.
It can be proved that the sum of the series (4) is f(x) if f(x) is continuous at x. Thus we have f(x)

_ —+Z“ cos[ jx+2b sm(nf}x ....... (5)

n=1

Suppose f(x) is discontinuous at x, then the sum of the series (4) would be
1 . _
S+
where f(x" )& f(x ) are respectively right hand and left hand limits of f(x) given by.
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f(x7)=Limf(x+h), [(x")=Limf(x=h) h>0

Particular Cases:
Case (i)

Suppose a = 0. Then f(x) is defined over the interval (0,2/). Formulae (1), (2), (3) reduce to
2]

1

ap =~ [ f(x)dx
! 0
1% nrx

a, :—If(x)cos — |xdx, n=12,....00 - (6)
[ 0 [
1% . (nrx

b, =~ [ f(x)sin| == |xdx,
/ 0 [

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (0, 2/).

If we set / = =, then f(x) is defined over the interval (0, 27). Formulae (6) reduce to
1 2
a0 = — [ f(x)dx
70

1 27
a, = {f(x)cosnxdx’ =1, 200 e ™

127r
b, =— [ f(¥)sinnxdx  n=1,2,....c0
T o

o ay <« < .
Also, in this case, (5) becomes:  f(x) = —2 + Y a,cosnx+ Y.b,sinnx
n=l1 n=1

Case (ii)
Suppose a = -/. Then f(x) is defined over the interval (-/, /). Formulae (1), (2) (3) reduce to

I
a9 = % [ f(x)x
-1
a —y]‘l f (x)cos(ﬂjxdx
" ! S T TP R— 9)

+/
b, = % If(x)sin(%)xdx n=1,2,.....0
-1

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (-/, /).
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If we set / = =, then f(x) is defined over the interval (-wt, 7). Formulae (9) reduce to

ap = 1 Tf(x)dx
g

T
a, :i If(x)cos nxdx, n=1,2,.....00 —mmmmmeme- (10)
72-—72'
1 T
b, =— [ f(x)sinnxdx n=1,2,.....0
7[—72'

a o0 o0 )
Putting / = 7 in (5), we get f(x) = =04 Zan coS nx + an sin nx
n=l1 n=l1
Some useful results:

1.The following rule called Bernoulli’s generalized rule of integration by parts is
useful in evaluating the Fourier coefficients.
Iuvdx =uv, — u'vz + u"v3 + o
Here u',u",..... are the successive derivatives of u and v, = jvdx, v, = I vdx,......

We illustrate the rule, through the following examples:

e - {2 s o)

n n n

2x 2x 2x 2x
jx3ezxdx:x3 € o3 C e & |-6
2 4 8 16

2. The following integrals are also useful:
ax

I e™ cos bxdx = [a cos bx + bsin bx]

a’ +b>
ax
Ieax sin bxdx = [asin bx — b cos bx]

2 2
a“+b
3. If ‘n’ is integer, then

sinnt=0, cosnmt = (-1)", sin2nmt = 0, cos2nm=1

sin(n+1/2)r =(-1)", cos(n+1/2)r =0

Examples
1. Obtain the Fourier series for f(x) =e " in the interval 0 <x <27

12 “R2n 1 1-e’
We have a, =— [ e “dx = ¢ =——(e_2“ —1)= ¢
T o -1]0 T T
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127 1| e . 27
a, =— _[e COS nxdx = — (~ cos nx + nsin nx)
7 | 1+ n? 0

. [6_2” (—cos 2nr + nsin2n7) — e’ (—cos 0+ nsin 0)]

2(1+n?)

2z
:;2[—6_2ﬂ +1]: ! ¢ . ! )
z(l+n") T l+n

1 2n . 1 - ) 271
b, =—[ e " sinnxdx=— € —(~sinnx—ncos nx)
T 0o | l+n 0

N 5 [e‘z" (—sin2nm —ncos 2nm) — e’ (—sin 0 — ncos O)]
n(l+n")

! [—ne‘2“+n]:£1_6_2nJ "

n(1+n?) . J1+n?

1= afl-e? 1 o»(l-e? n .
e’ = +> . 5 |cosnx+ 2 . > |sinnx
I+n

27 n=l1 T n=l1 7T 1+n

l-e?™ |1 = 1 ( n .
= —+ cosnx + Sin nx
T {2 ;121(1+n2) zl(l+n2j }

1
2. Obtain the Fourier expansion of f(x) = —(Tt - x) n-t<x<m

2

~
3

| 1”1 1 )C2 a
We have, a, = — X)dx=— |=(r —x)dx= —| mx—-—| =
e 7Z'J.‘”f() 7Z'J;2( ) Zﬁ{ﬂx 217[ "

a, = 1 If(x)cosnxdx = 1 Il(ﬂ — x)cosnxdx
e 72

Here we use integration by parts, so that

‘ T
a, zzin|:(n_x)smnx_(_1)(—c0;nxj:| 1 [0]:0
-7

n n 2n

b, :l T l(Tc—x)sinnxdx :L{(n_x)—cosnx _(_1)(—Sinnxﬂ = (=)
2 2n r

2
n n

-

Using the values of ag , a, and by in the Fourier expansion

a, < T
f(x)= ?O + > a,cosnx+ Y b, sinnx
n=1 n=1

0 _1 n .
weget,f(x)=%+z( ) sin nx
n=1 n

This is the required Fourier expansion of the given function.
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3. Obtain the Fourier expansion of f(x) = ¢ in the interval (-rt, ). Deduce that
T z ( D’

smhn n= zn 241
— T — .
1 {e “x} e —e™ ™  2sinhan
—T

17
Here, ay =— [e “dx=—
n-

T amn amn

T
I 1| e* , 2a| (-1)" sinhan
a,=—[e ™ cosnxdx=—| —— {~acosnx+nsinnx}| == ()2—2
T Tl a”+n e a’ +n

T

17 1 e " _ 2n](=1)'sinh
bn = —_[e sin nxdx = —{ f 2{—asmnx—ncosnx}} - _n{()zs#}
73 | a®+n . L atn

sinhar 2asmnhar& (-1)" n
+ (2 ) S COSNX + — smha;zz S smnx
ar Vs ~at+n Vs ~a*+n’

Thus, f(x) =

For x =0, a=1, the series reduces to
sinh T, 2sinh 77 & (—1)”

£(0)=1 =

T n=1 n +1
or 1 = smh7r 2sinhz| 1 (= )"
V4 V4 2 =’ +1
or 1= 2smh7zz( 1"
Vi —n +1
Thus, =2 Z (=D" . This is the desired deduction.

smhn nan’ +1

4. Obtain the Fourier expansion of f(x) = x” over the interval (-, 7). Deduce that

a)_z—l_i+i_i+ + 00 b)_z— +L+L+i+ + 00
P20 3 4 6 2° 3 4
c)—z——i+i+i+L+ + 00
12 32 52 72 .....

The function f(x) 1s even. Hence

ao :%][.f(x)dx:%]{f(x)dx:%szdx _ %{%3} :2L

0

a, =— If(x) cosnxdx——If(x)cosnxdx since f'(x )cos nx is even
T

-

j cosnxdx ,Integrating by parts, we get
0
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_ g{xz(smnxj_zx(—coi nxj+2(—suznxﬂ _ 4(—21)
n n n n o n

Also, =— Jf(x)szn nxdx =0, since f(x)sinnx is odd.

-T

Thus

f(x)=x"= 3 +4Z

a) By putting x—O in (i) we get,
(-1)" COSO Tc_2+ > (-1)"

(— 1) coS nx

(1)

0= = +4 4
flx) =T A B =Ty
T’ 1 1 1 1

le —_— = _1_2+2_2_32 42 T eeecesscsccee
1 1 1 1

1.6, — =—F/————F/— 1+ —F/— ———— T iiiirrrnm..

2 TC 2 1 s 1 7T
m=—+4) — =) —=—
3 Zinz lenz 6
2
Hence, KL L+i+i+ .....
22 32 42
¢) by adding (a) and (b) we get,
LSS WS U NN U APUE U S O
" 6 R SRBCRPRE
2 2
,e3L:2+£+_+ ....... :>—=21+i+i+i+ ........
12 3252 32 52 72
2
1 1 1
Orn—=l+3—2+—2+—2 ........
Functions having points of discontinuity:
5. Obtain the Fourier expansion of
x,0<x<m
f(x)_{27c—x,néx£2n
2
Deducethatﬂ-——l+i+i2+ ......
8 3?5
27‘C 27 1 27
Here, ao—— | f(x)dx— j f()dx+ [ f(x)dx = j xdx+ [(2m—x)dx
O 0 b4 0 T
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=2 {n +8n2—4n2—4n2+n2} P
T

5
1 27 27
a, =— _[f(x) cosnxdx = — jf(x) cos nxdx + Jf(x) cos nxdx
T
0 i
B 2n
— Ix cos nxdx + _[ (2m — x)cos nxdx ¢, integrating using Bernoulli’s generalized rule
T
0 i
. . 2
_ l{x( sin nxJ (l)( cos nxﬂ . {(271 ~ x)[ sin nxj “ 1)( cos nx ﬂ n}
n? 0 n n? T
x sin nx  cosnx sinnx ) cosnx |27
+ 27 —x) -
2 0 n n2 T
n n
1) ot oD
Tl 2 2 2
1{ )" —2} 2 )
T
1 2n Bk 2n
Also, b, =— [ f(x)sin nxdx = = [ f(x)sin nxdx + [ f(x)sin nxdx {,
To Tlo n
117 2n
=— _[x sin nxdx + j (2 — x)sin nxdx ; , integrating using Bernoulli’s generalized rule
T
0 I
_1
T

{ x(—cc;snxj (1)[ sin nxﬂgJ{(zn_x)(—cc;snxj - 1)( sin nxﬂin}
L n 2
%{__ XC(;ZS nx . Sinznx:| T { Q- x) cosnx sin nx:| ZTE}

Y ekl VT s h" Liznc D", m- 1) 0
s n

o0
Thus the Fourier series of f(x) is f(x) = E Z [(—1)” — l]cos nx
n:

Forx=m, we get

()=

+

QN

%O: Lz [(—1)” - l]cosmt

T
2
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But (-1)" —1=0, if nis even & (~1)" —1=-2,if nis odd.

(since f(x) is discontinuous at x =7, (1) =

_z +£Z 2cos(2n;1)7z
2 7 2n-1)
2 o —2(-1 2

Thes, T=23 220D 7 s 2

2 =1(2n—1)> 4 SQ2n-1)°
This is the series as required.
6. Obtain the Fourier expansion of

-n,—n<x<0
f — 2
®) {x O<x<m

hence deduce that % =1+—=+ i +

%[f(ﬂ—0)+f(7r+0)]=%(x+27r—x)=7T)

2

?

1
e

1

1

S(2n—1)2

2
32 ......

52

2
Here, lﬁ ndx+jxdx} 1{[—704 0 +|:x—:|n}:l[—n(0—(—n))+l(ﬂ:2 —O)}
T “x T -7 2 10 T 2
) 1 =n
T no2 2
1 0 T
— I—ncosnxdx+fxcosnxdx
T 0
_1 (_nsmnx) 0 J{ smnx_(l) cozsnxJﬂ}
T| n J)-mn n 0
1] D" 1 1 .
:;_O-l—o-}-n—z—n—z]:nn—z[(—l) —1]
1_ 0 T ]
b, =— _[—nsinnxdx+jxsinnxdx =
Tc_—rc 0
1_( —cosnxj 0 { (—cosnxj (—sinnxj}n}
==|[-n +x —()
| n .’ n n? 0
= l_z(cosO—(—l)”)—E(—l)” +o} 21[5(1—2(—1)”} = l[1—2(—1)"]
| n n |l n n

.. Fourier series is

-7 1 &1 —2(=D" | .
fx)=—+— ) —|(-=1)" —1|cosnx+ sin nx
) ] 3;{ ¢ }

Note that the point x = 0 is a point of discontinuity of 7 (x). Here f(x7)=0, f(x")=-m atx =
0. Hence%[f()fr)Jrf(x_)]:%(()_n):_77t

The Fourier expansion of f(x) at x = 0 becomes
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-1 -1t 1=1

—_— > —[(-D" -1
2 4 nnzln (=D =]
or——Z—[( D" —1]
nln
But (-1)" —1=0, if nis even &(-1)" —1=-2,if nis odd.
o= 2 o= 1 1 1 1
_ = —2 —:Z—z = - —2 —2 .........
4 =1(2n-1) 8 w1(2n-1) 1 3 5
2
Henceﬂ——1+i2+iz+ ......
8 3 5

7. Obtain the Fourier series of f(x)=1— x? over the interval (-1, I).

The given function is even as f(-x) = f(x). Also period of f(x) is 1-(-1)=2 =2/ =2=[=1

1

1 1 1 3

Here ap = % jf(x)dx=2jf(x)dx= 2 j(l —xz)dx = 2{)5—%} = % as f(x) is even.
-1 0 0 0

1 1
" =% [ f(x)cos(nmx)dx = 2[ £ (x)cos(nmx)dx
-1 0

= 2I (1—-x%) cos(nmx)dx[as f(x)cosnmxiseven. Integrating by parts, we get

1
[ sm nrr.xj ~ (—2x)(_ cos n;r.x} . (_2)£— sin nsrr.x]
(nm) (nm) 0

{[O 2 (0)} Sl
(n'rc) nmw

% f (x)sin(nmx)dx = 0, since f(x)sin(nmx)is odd.
The Fourier series of f(x)is  f(x) = 5 —2 z cos(nmx)
8. Obtain the Fourier expansion of
1+4—xin—§<x30 2 | 1
f(x) = 3 2 .Hence deduce that — =1+—+—+......
8 32 52

1——xin0Sx<—
3 2

The period of f(x) is %—(_73)=3:>21=3:>l=3/2

Also  f(-x) =f(x). Hence f(x) is even
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1 3/2 2 3/2 43/2 4x
di=_2 de == 1= g =0
o= 3/2_3I/Zf()x 3/2 % Jf () 3{( 3)x

3/2 3/2 L1372
4 J'(3 4x)dx—4 3x—4L 4[3) - :i 2—2x2 =0
9 2 0 0 912 4

Ttxjd

3/27]

1 3}2 3‘/[2 n
a, = f(x) cos( jdx =— | f(x) cos(
3/2 3/ 3/2 3/2

e
RCINICH!

4 4 9 4 8
=—|0——=x—((-1)"-1) |=—=—=[1-(-D"|= ,n=1,3,5 .........
3_ 3 4}127'[2 (( ) ):| n27l'2[ ( )] n2n2 n
1% . | nmx .| nmx |, .
Also, b, 3 J' f(x)sin 3/ dx=0,as f(x)sin =3/ |18 an odd function.
7 % %
Thus f(x) = % iizcos(znnx}n =13,5,........
T n=11 3
putting x=0, we get  f(0)= — > —
T n=1N
8 1 1
or 1:?|:1+3—2+5—2+ ...... :|
2
Thus, n—=1+L+L+ ......
8 3?5

in 0 < x < 2m. Hence deduce

T
Exercises: 1) Obtain the Fourier series of f(x) =

that 1——+——l ......... =T
7 4
) If f(x)=x(2n—x) in0 < x <27 show that
2
f(x)= 2% —4(60;9)6 cos22x+cosz3x+ .......... j hence deduce that
3 1 2 3
L2 S S
g TpE Tttt
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3) Find a Fourier series in (—7, 7)to representa) f(x)=x—x> b) f(x)=x+x’
Hence deduce that

e e sl SOPR + 00
)12 12 2% 3% 47

2

T 1 1 1
b) —=14+—+—4+—+...... + 00
) 6 22 32 42
) 0 1 1 . 1 1 o
C) —=— — — i PR

8 12 32 52 72

0 in —m<x<0

4) Obtain the Fourier series for the function f(x) =< . )
sinx in 0<x<m

Hence deduce that
1 1 1 1 1 1 T—2
. —+—+—+=— 2. ———+ —=
1.3 35 57 2 1.3 35 5.7 4
2

2
S5If f(x)= (%) in the range 0 to 27, show that f(x) = % +y COSan
n=1 N

6) An alternating current after passing through a rectifier has the form
I,sinx for 0<x<m

0 for n<x<2n
Where / is the maximum current and the period is 27. Expressias a Fourier series.

7) Obtain the Fourier series for the function
0, —mt<x<0

f(x)= Where f(x+271) = f(x)

x?, 0<x<m

8) Obtain the Fourier series for the function
x*, 0<x<m

fx)=

—x*, —m<x<0

9) Expand f(x) = e " as a Fourier series in the interval (=/,/)

w, 0<x<l1
10) If f(x) = ; show that in the interval (0,2)
n 4 = cos(2n—1)x

n(2—-x),1<x<2
f="-2

2 maa (2n-1)°

> 1
Answers: 1) f(x)=> —sinnx

n=11N
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e o (_1)"] o (_ 1\t
=T +4Z( 1)2 cos nx+ 22( D sin nx
T on T n

(_ 1) n+l

n

sin nx

2
n

2 o (_1\"
SEAPIC)
3 1

cosnx+2)
1

1z -l ; 1.
4) f(x)= — +§m{l +(=1) }cos nx + 5 sin x.

21, ® cos2nx
T oami4n® -1

1 .
6) i:—0+110 sin x —
T 2

2 n+l 2
T » (=1 cosnx 1= 2 = )

n TTn=l\ N n

8) f(x)= Z(Tc—ijsinx—nsianJrz(n—ijsinSx—Esin4x+ ..........
T 3 O 2

9 e = sinhl{%—%i ! > COos m;x —2nZl " sin nnx}

—l?+n’n 2 ntn? /

HALF-RANGE FOURIER SERIES

The Fourier expansion of the periodic function f(x) of period 2/ may contain both sine and cosine
terms. Many a time it is required to obtain the Fourier expansion of f(x) in the interval (0, /)
which is regarded as half interval. The definition can be extended to the other half in such a
manner that the function becomes even or odd. This will result in cosine series or sine series

only.

Sine series :
Suppose f(x) = @(x) is given in the interval (0, /). Then we define f(x) = -¢(-x) in (-/, 0). Hence

f(x) becomes an odd function in (-/, /). The Fourier series then is

f@:i@mggj (11)
where b = %0[ f(x) sin(?jdx

The series (11) is called half-range sine series over (0, /).

Putting I=r in (11), we obtain the half-range sine series of f(x) over (0, 1) given by

f(x)= ibn sin nx
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b = 2 j £(x)sin nxdx
7 0

Cosine series :
Let us define

¢(x) in (0,0).......given

¢(—x) in (=1,0)....... in order to make the function even

f(X)={

Then the Fourier series of f(x) is given by
f(x)= % + Zan cos(%) (12)
n=1

where,

a, = % ! F(x)dx

l
@ =2 [ f(x)cos[ﬂjdx
[y /
The series (12) is called half-range cosine series over (0,/)
Putting | = 7 in (12), we get
f(x)= a7°+ Zan cosnx
n=1

where

a, = zjff(x)dx
4 0

a, =£If(x)cosnxdx n=1.273,.....
T 0

Examples :

1. Expand f(x) = x(m-x) as half-range sine series over the interval (0,m).
We have,

b, = 2J.f(x)sin nxdx
7[0
=£J(7zx—x2)sinnxdx
72-0

Integrating by parts, we get
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4 n
--h-c]

The sine series of f(x) is
1 21
f(x) = 2—3[ 1—(=1)" Jsin nx

2. Obtain the cosine series of

T
x,0<x<—
f(x)= 2 over(0,7)

T
T—X,—<X<T
2

Here

%

T
a0:% dex+ j(n—x)dx :g

T
2|72 :
— f X cos nxdx + j(n—x)cosnxdx
| © 7

Performing integration by parts and simplifying, we get

2 n_ nm
a, ——E{l+(—l) 2cos( 5 ﬂ

Thus, the Fourier cosine series is
m 2| cos2x cosbx coslOx
fx)= ——— + + +.....0
4 1 12 32 52

3. Obtain the half-range cosine series of f(x) = c-x in 0<x<c

C
Here ag = %j(c -x)dx=c, = —I(c X) cos[ jdx
<y c

a, =

—(—1)"]

Integrating by parts and simplifying we get, a,, = 55
n

The cosine series is given by

f(x)—£+—oo 1 [1 -)" ]COS(HTDCJ

TC n= 1n
Exercices:
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I. Obtain the half-range sine series of the following functions over the specified intervals:
1. f(x) =cosx over (0,m) 2. f(x)=sin’x over (0,m) 3.f(x)=/x-x> over (0,
II. Obtain the half-range cosine series of the following functions over the specified
intervals:
1. f(x) =x*> over (0,m) 2. f(x)=xsinx over (0,n) 3.f(x)=(x-1)*> over (0, 1)
kx,0<x< i

4. f(x) = ]
k(l—x),z <x<l

HARMONIC ANALYSIS

The Fourier series of a known function f(x) in a given interval may be found by finding the
Fourier coefficients. The method described cannot be employed when f(x) is not known
explicitly, but defined through the values of the function at some equidistant points. In such a
case, the integrals in Euler’s formulae cannot be evaluated. Harmonic analysis is the process of
finding the Fourier coefficients numerically.

To derive the relevant formulae for Fourier coefficients in Harmonic analysis, we employ the
following result:

The mean value of a continuous function f(x) over the interval (a, b) denoted by [ f(x)] is defined

as  [f()]= ﬁ [ £ ().

The Fourier coefficients defined through Euler’s formulae, (1), (2), (3) may be redefined as

1 a+2l
ap =2 5 [ f)dx | =2[f(x)]

[ a+21
a, =2 % +j f(x)cos(?jdxlzz{ f(x)cos(@ﬂ

a

a+2l
b= 2{211 J () sin[?jdx} : 2{f(x) sm(@ﬂ

Using these in (5), we obtain the Fourier series of f(x). The term a; cosx + b sin x is called the

first harmonic or fundamental harmonic, the term aj cos2x+ b, sin 2x is called the second

harmonic and so on. The amplitude of the first harmonic is /a’ +5 and that of second

harmonic is+/a; +b; and so on.

Examples

Page 18



1. Find the first two harmonics of the Fourier series of f(x) given the following table:

X 0 % 2% T 4% S % 271

f(x) 1.0 1.4 1.9 1.7 1.5 1.2 1.0

Note that the values of y = f(x) are spread over the interval 0< x < 2r and f(0) = f(2n) = 1.0.

Hence the function is periodic and so we omit the last value f(2n) = 0. We prepare the following

table to compute the first two harmonics.

0 y= f(x) | C0s¥ | cos2x | sinx | sin2x | oo | coson ysinx | ysin2x
0° 1.0 1 1 0 0 1 1 0 0
60° 1.4 0.5 -0.5 0.866 0.866 0.7 -0.7 1.2124 | 1.2124
120° 1.9 -0.5 -0.5 0.866 | -0.866 -0.95 -0.95 1.6454 | -1.6454
180° 1.7 -1 1 0 0 -1.7 1.7 0 0
240° 1.5 -0.5 -0.5 -0.866 | 0.866 -0.75 -0.75 -1.299 1.299
300° 1.2 0.5 -0.5 -0.866 | -0.866 0.6 -0.6 -1.0392 | -1.0392
Total -1.1 -0.3 0.519 | -0.1732

We havea,, = Z[f(x) COS(?H =2[ycosnx] b, = 2{f(x) sm[?ﬂ = 2[ysin nx]

as the length of interval =2/ =2n or/=n
Putting, n=1, 2, we get
2) ycosx 2(-1.1)

a; =2[ycosx] = 6 = —0.367
ar = 2[ycos2x] = 2).ycos2x _2A03)_
6 6
2 sin
by = 2[ysinx] = 22 08mx o 193
2 sin 2
by = 2[ysin2x] = 22 SN2 o577

The first two harmonics are a; cos x + b; sin x and a, cos 2x + b, sin 2x .That is
(—0.367 cosx +1.0392sin x) and (—0.1cos 2x — 0.0577 sin 2x)

2. Express y as a Fourier series up to the third harmonic given the following values:
X 0 1 2 3 4 5
Y 4 8 15 7 6 2

The values of y atx =0, 1, 2, 3, 4, 5 are given and hence the interval of x should be

0 <x < 6. The length of the interval = 6 - 0 = 6, so that 2/ =6 or [/ = 3.

Page 19




The Fourier series up to the third harmonic is
a, m . TIX 2mx . 2mx 3mx . 3mx
y=—-+|a,cos—+bsin— |+| a,cos— +b,sin — |+| a,cos— + b, sin — | or
2 [ ) ) [ ) [
agp X . TX 2nx . 2mx 3mx . 3mx
y=—+|ajcos— +b;sin— |+| ay cos—— + by sin — |+| a3 cos—— + b3 sin —
2 3 3 3 3 3 3

Put 0 = ?, then

y= % +(a, cos@ + b sin 0)+ (a, c0s 20 + b, sin 20)+ (a, cos 30 + b, sin 30) (1)
We prepare the following table using the given values:
X 92% y ycosO | ycos20 | ycos30 | ysinO ysin20 | ysin30
0 0 04 4 4 4 0 0 0
1 60° 08 4 -4 -8 6.928 6.928 0
2 120° 15 -7.5 -7.5 15 12.99 -12.99 0
3 180° 07 -7 7 -7 0 0 0
4 240° 06 -3 -3 6 -5.196 5.196 0
5 300° 02 1 -1 -2 -1.732 -1.732 0
Total 42 -8.5 -4.5 8 12.99 -2.598 0
2 1
ag =2[f(x)]=2[y]= % = 5(42) =14, a; =2[ycos0] = %(—8.5) =-2.833,

b = 2[ ysin 0] = %(12.99) =433, ay=2[ycos20]= %(—4.5) =-15,

by, =2[ysin 20] = %(—2.598) =-0.866, a3 =2[ycos30]= %(8) =2.667, by=2[ysin30]=0
Using these in (1), we get

y=7-2833 cos(?j 1 (4.33) sin(%j 15 cos(szj —0.866 sin(%mj +2.667 cos

This is the required Fourier series up to the third harmonic.

3. The following table gives the variations of a periodic current A over a period T:
T (secs) 0 T/6 T/3 T/2 2T/3 5T/6 T
A (amp) 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98

Show that there is a constant part of 0.75amp. in the current A and obtain the amplitude of the

first harmonic.
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Note that the values of A at t=0 and t =T are the same. Hence A (t) is a periodic function of

period T. Let us denoted = (27”]: . We have

ag =2[A4], a = Z[A cos(z—;jt} =2[AcosH], b = 2{A sm(%}t} =2[ Asin 0] ------ (1)

We prepare the following table:

27t

t 0= 7 A cosO sin® A cos0 A sinf®

0 0 1.98 1 0 1.98 0
T/6 60° 1.30 0.5 0.866 0.65 1.1258
T/3 120° 1.05 -0.5 0.866 -0.525 0.9093

T/2 180° 1.30 -1 0 -1.30 0
2T/3 240° -0.88 -0.5 -0.866 0.44 0.7621
5T/6 300° -0.25 0.5 -0.866 -0.125 0.2165
Total 4.5 1.12 3.0137

Using the values of the table in (1), we get

2) 4 4. 2) AcosO 1. ' .
do=22A A5 g5, 22A0 112 g, 22,Asin0 30137 04
6 3 6 3 6
The Fourier expansion up to the first harmonic is

A= 4 a cod 2™ )4 by sin| 22| — 0.75+0.3733 cos| 2 |+1.0046 sin| 2™
2 T T T T

The expression shows that A has a constant part 0.75 in it. Also the amplitude of the first

harmonic is \/a] +b] =1.0717.

ASSIGNMENT:
1. The displacement y of a part of a mechanism is tabulated with corresponding angular

movement x° of the crank. Express y as a Fourier series up to the third harmonic.

x? 0 30 60 90 120 | 150 | 180 | 210 | 240 | 270 | 300

330

y 1.80 | 1.10 | 0.30 | 0.16 | 1.50 | 1.30 | 2.16 | 1.25 | 1.30 | 1.52 | 1.76

2.00

2. Obtain the Fourier series of y up to the second harmonic using the following table:
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X

0

45

90

135

180

225

270

315

360

y

4.0

3.8

24

2.0

-1.5

2.8

3.4

3. Obtain the constant term and the coefficients of the first sine and cosine terms in the Fourier

expansion of y as given in the following table:

X

0

1

2

3

4

5

y

9

18

24

28

26

20

4. Find the Fourier series of y up to the second harmonic from the following table:

X

0

2

4

6

8

10

12

Y

9.0

18.2

24.4

27.8

27.5

22.0

9.0

5. Obtain the first three coefficients in the Fourier cosine series for y, where y is given in the

following table:
X 0 1 2 3 4 5
y 4 8 15 7 6 2

6. The turning moment T is given for a series of values of the crank angle 0° = 75°,

90

0

30

60

90

120

150

180

T

0

5224

8097

7850

5499

2626

0

Obtain the first four terms in a series of sines to represent T and calculate T at 6 = 75°.
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FOURIER TRANSFORMS

Introduction
Fourier Transform is a technique employed to solve ODE’s, PDE’s, IVP’s, BVP’s and
Integral equations.

Infinite Fourier Transform

Let f(x) be a real valued, differentiable function that satisfies the following conditions:

1) f(x)and its derivative f"'(x)are continuous, or have only a finite number of simple
discontinuities in every finite interval, and
o0
2) The integral I |f (x)| dx exists.

o0
Also, let s be non — zero real parameter. Then infinite Fourier Transform of f(x) denoted

by f‘ (s)or F[ f(x)]or F(s) is defined by
a (s)=F(s)= FLf(x)]= OJ? F(x)e"*dx , provided the integral exists.

The infinite Fourier Transform is also called complex Fourier Transform or just the Fourier

Transform. The Inverse Fourier Transform of f‘ (s)denoted by F -1 [ f (s)]is defined by

“1[» 1 ®.
F7E)= 1= Treoea
—0
Note: The function f(x) is said to be self reciprocal with respect to Fourier transform

it fls)=/(s).

Basic Properties:

Below we prove some basic properties of Fourier Transforms:

1. Linearity Property

For any two functions f(x) and ¢(x) (whose Fourier Transforms exist) and any two constants
aandb, Flaf(x)+bd(x)]=aF[f(x)]+bF[4(x)]

Proof: By definition, we have

Flaf (x)+bg(x)] = Haf(x)+b¢(x)]eisxdx =a jf(x)eisxderb J‘¢(x)eisxdx

= aF [ f(x)]+bF[#(x)]. This is the desired property.

In particular, ifa=b =1, we getF[f(x)+ ¢(x)] = F[f(x)]+ F[¢(x)]
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Againifa=-b=1, we get F[f(x)-¢(x)]= F[f(x)]- F[g(x)]
2. Change of Scale Property
If f (s)= F[f (x)], then for any non — zero constant a, we have F[f(ax)|= lf‘ (Ej ,a#0
a \a

Proof: By definition, we have F f f (x)e’sx dx

w .
~ Ff(ax)]= If(ax)elsxdx put ax =t = adx = dt = dx = dt
a

- Jrwe UC” TRy

3. Shifting Properties:

For any real constant ‘a’, (i) F[f(x—a)]=e™f(s) (i) F[e'™ f(x)]= f(s+a), Where

()= FLf )]
Proof : (i) We have F[f(x)]= f(s)= T f(x)e™* dx

© .
Hence, F[f(x—a)]= [f(x—a)e dx,set x—a=t=> dx=dt,then

—0o0

F[f(x—a)]: Tf(t)eis(Ha)dt _ eias Tf(t)eiStdt _ eisa]}(s)

—0o0

i1) We have f(s +a)= Tf(x)ei(s+“)xdx _ T[f(x)eia"x ]eisxdx

—o0 —o0

= T g(x)e ¥ dx, where g(x) = f(x)e'™

—0o0

= F[g(x)] = F[¢"* f(x)] This is the desired result.
4. Modulation Property: If F[f(x)]= f(s), then F[ £ (x)cos ax] [f (s+a)+ f(s— a)]

where ‘a’ is a real constant.

] —iax
ax 4 e

2

Hence F[f(x)cosax]= { f (x{wﬂ

= —F [f ()™ + f (X)e_m] [F [/ (x)e"™ 1+ FLf (x)e ]

Proof: We have cos ax =
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= %[ f (s + a) + f (S - a)l by using linearity and shift properties.
This is desired property.

Note: SimilarlyF[f( )sm ax [f s+a f(s—a)]

Examples
1 for|x| <1 sin x
1. Find the Fourier transform of f(x) = f | | hence evaluate [——dx
0 for|x|>1 0 X

<< The Fourier transform of f(x) is given by

isx | ] is IS 7si
f(s)= jf(x)e’sxdx = j 0. dx + jl &5 dx + jO e dx = e' =¢ _ L e )
e i 2 1 is -1 is s
& fors =0, f(s):2.
Now by the inverse Fourier transform we have
_ O 25ins _ 1f0r|x|<1
x)=— s)e lS)CdSO - lSXd
1= 170 = 0 forl >
By putting x = 0 we get,
1 ©2 o
— f Sms f wd =2] ﬂds = 17, as the integrand is even
0o §
JsdeS__Or Ismxd
0o S 2 o X
] ) 1_x2f0r|x|S1
2. Find the Fourier transform of f'(x) = Hence evaluate
0 f0r|x| >1
Ofxcos x3—sinx cos ™ dy
0 X 2
<< The Fourier transform of f(x) is given by
R © . -1 . 1 , o .
s)= x)e"dx = e dx+ |(1-x7)e™dx+ 0. dx
f( ) J‘f( ) lSXd J‘O lSXd J‘(l 2) lSXd J‘O lS.X'd
—0 —0 -1 1
isx isx |1 isx
=(1-2") |~ (20| (D)
s |- (is)” =1 (is)” I~
- i ; i -4 4si 4 .
=0+—— (" +e ’S)—%(els —e )= czoss + STS =—— (scoss —sins)
—-S —1s s s

Now by inversion formula, we have

== [F(s)e™ds
T o
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© 4 o 1-x2 ¥ <1
Or — [ ——(scoss—sins)e xgg =4 "% |
T _on S O’ |X|>1
Puttingx =1/2, we get
4 ) _ 3
—— [ —(scoss—sins)e ' 2ds ==
27[—005'3 4
© §CoSs —Ssins s .. S RY/4
Or [ ————— cos——isin— |ds=——
e $3 2 2 8
© §coss—sins S RY/1 ©gCcoss —sins s 3r .
Or j —_——cosS—ds=— = j—cos—dsz——,smcethe
% = 2 8 0 §3 2 16
integrand
1s even
©xCcosx—Sinx X RY/4
j—.cos—dx:——
0 x3 2 16

[

3. Find the Fourier Transform of the function f(x)=e “*where a >0

The Fourier transform of f(x) is given by

. © , - . 0 , © _
f()= [ f(x)e" dx = j.e_a‘x‘elsxdx = J'e_a‘x‘elsxdx+ J'e_a‘x‘e”xdx

—00 —o0 —o0 0

Using the fact that |x| =x0<x<0o& |x| =—x,—0 < x <0, we get

A 0 . o0 ) 0 . . .
f(s) = l: Ieaxezsxdx n fe_axelsxdx:| — l: Je(aﬂs)xdx n Ie—(a—zs)xdx}

— 0 —0 0
. 0 . *®

~ e(a+zs)x N e—(a—zs)x ~ 1 N 1 ~ 2a

| (a+is) | _y | —(a—is) 0 (a+is) (a—is)| | g2 442
Exercises:

. . . {1, K <a
4. Find the Fourier Transform of the function f(x) =

0, |x| >a

where ‘a’ is a positive constant. Hence evaluate
w SInSsa coss x o0 SIN §

0) j_ooT ds (i) |,
<< For the given function, we have

Flrwl= |7, reoeas]

I e+ [4 ploei T [ fee ]

= Ufa eisxde: 2|:Sin Sa}

N

ds
s
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Thus F[f(x)]= f(s) = 2[ sinSs aj ......... )
Inverting f (s) by employinginversion formula, we get
1 i —i
7)= Lo S i
l.[oo sin sa(cos sx —isin sx)
—o0

= ds
Vs s
1| ;0 sinsalcoss x 0 SIN S asin sx
=— _Oo#ds—zj_w—ds
T K s

Here, the integrand in the first integral is even and the integrand in the second integral is odd.

Hence using the relevant properties of integral here, we get

o SIN Sa COS sX

fx)= Lo SLSACOSH jo o
T S

T, |x|£a
0, |x| >a

J-oo sin sa cos sx

SRS s — f (x) ={
S

For x = 0,a =1, this yields [* "~ ds =7
S

sin §

Since the integrand is even, we have ngo ds=rm
s
sin § r
or [ ds ==
.[() s 2
a?x

5. Find the Fourier Transform of f(x) =¢"

2/

_X

Deduce that f(x)=e 2 s self reciprocal with respect to Fourier transform.
Here

2.2 .
F[f(x)]:jioooe_azxzeisxdx =Eoooe_(a ’ _lsx)dx

[s? j
i 2
Settingt:ax-;—s,weget F[f(x)]ze (42 © et dt
a a

—00

where ‘a’ is a positive constant.
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a

2
ey e
="e a 2.foe dt but je 2
0

2
_i//]
2 . .
= le ( 4a N7, using gamma function.

-7

This is the desired Fourier Transform of f(x).
2.2
For a’ =% inflx)=e @ X

<2

2
we get f(x) =e and hence,
2
A _S
f (s) =+2re 5

2 2
X _S
Also putting x =s in f(x)=e g,we get f(s)=e 4
Hence, f(s)and f (S) are same but for constant multiplication by /27 .
Thus f(s) = f‘ (s)
xZ
It followsthatf{x) =¢ % is self reciprocal

6) Find the inverse Fourier Transform of f (s) =e

Exercises:
Find the Complex Fourier Transforms of the following functions:

(Hf (X) = {x, |x| 5 awhere 'a'is a positive constant 2)f (X) = {1 i |x| <!
0, |x| >a 0, |x| >1
0, X <a ) )

3)f (x) =41, a<x<bwhere'a'and'b'are positive constants  (4) f (x) = {a e |x| =a
0, x>b 0. M>a

(5)£(x) = xe M where'a'is a positive constant  (6)£(x)=e M1 (7)£(x) = cos2x>
(8) £ (x) = sin 3x?
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FOURIER SINE TRANSFORMS:

Let f(x) be defined for all positive values of x.

o0
The integral j f(x)sin sxdx s called the Fourier sine Transform of f(x) . This is denoted by
0

fs (s)or F,[ f(x)], thus fs (S) =F; [f(x)] = Tf(x) sin sxdx
0

e 0]
The inverse Fourier sine Transform of f (i) is defined through the integral 2 I S5 (s)sin sxds .
V4
This is denoted by f(x) or Fg ! [, (s)] Thus
-1 2% - .
) =F5"[f(s)]= = ] /5 ()sin sxds
0

Properties

The following are the basic properties of Sine Transforms.

(1) LINEARITY PROPERTY
If ‘a’ and ‘b’ are two constants, then for two functions f(x) and ¢(x), we have

Fylaf(x)+bg(x)]|= aFy | f (x)]+ bF [(x)]

Proof : By definition, we have

Flaf (x)+bg(x)]= [ 80 [af (x)+ b(x)]sin sx dx = Ofaf (x)sin sxdx + Tb¢(x) sin sxdx
0 0

o0 0
=a | f(x)sin sxdx + b [ §(x)sin sxdx = aFy [£(x)]+ bF, [p(x)]
0 0
This is the desired result. In particular, we have

£ (x)+ ()] = F [ (x)]+ Fy[p(o)land £y [ (x) - pla)] = F [ £ (x)] - Fy o))

(2) CHANGE OF SCALE PROPERTY

If F [f(x)] = fs (s), then for a # 0, we have F,[f(ax)|= 1 AS (ﬁj
a

Proof : We have F, [f(ax)] = Jo

Seting ax =t e get R [F(@0]= /(i > ][]

- j () sm( }dt _1 (i)
a a
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(3) MODULATION PROPERTY

If F [f(x)]: fs(s),then fora # 0, we have F,[f(x)cosax]= %[fs(s +a)+ fs(s—a)]

Proof: We have F,[f(x)cosax]= jgo f(x)cosaxsin sx dx

! F F(x)lsin(s +a)x +sin(s — a)x}dx}

T2
0

= %ﬁjf(x) sin(s + a)xdx + Tf(x) sin(s — a)xdx}
0 0

= % [f s (S + a) + j} s (s - a)l by using Linearity property.
FOURIER COSINE TRANSFORMS:

0
Let f(x)be defined for positive values of x. Then the integral j f(x)cossxdx is called the
0

Fourier Cosine Transform of f(x)and is denoted by fc (s)or F.[f(x)]. Thus

f“c (s)=F, [f(x)] = % [ f(x)cossxdx
0

The inverse Fourier Cosine Transform of f ~(s)1s defined through the integral

% [ f.(s)cossxds . This is denoted by f(x) or F. [ /.(s)]. Thus
0

-1l 2%,

f(x)= Fcl[f(s)]= - [feo(s)coss xd s
0

Basic Properties:

The following are the basic properties of cosine transforms:

(1) Linearity property: If ‘a’ and ‘b’ are two constants, then for two functions f(x) and

#(x), we have F,[af(x)+bg(x)]= aF,(f(x))+bF, (4(x))

(2) Change of scale property: If F, {f(x)} = fc (), then for a # 0, wehave F,[f(ax)]= 1 fy (ij
a

(3) Modulation property: If F, {f(x)} = fc (s), then for a # 0, we have

F.[f(x)cossx]|= % [f“c (s+a)+ fc (s— a)]
The proofs of these properties are similar to the proofs of the corresponding properties of

Fourier Sine Transforms.

Page 8



EXAMPLES

: —m
1. Find the Fourier Sine transform ofe ~ . Hence show that J' xsin ’Zxdx - ,m>0
0o 1+x 2

o0

<< F[f(x)]= jf(x) sin sxdx = je | sin sdx = [e " sinsxdx [since x| =-xin (0, )]
0

- ” —(0-5)=
= —Sinsx—sCcossx) = s)=
1+s2 0 1 + 52 1+ S2

By using inverse formula for Fourier sine transform, we get

sm sxds , By changing x to m, we get

S(x) =EOJ?FS[f(x)]sinsxds =e ¥ =_I
7y

01+S
_ 2 ©ssin ms 2 % xsin mx % x sin mx me "
e M== 2ds=—j dx = 2dx:
Togl+s Tol+x o 1+x 2

x for 0<x<l1

2. Find the Fourier Cosine transform of f(x)=<2—-x for 1<x<2
0 for x>2

00 1 2 o0
<< F[f(x)]= [ f(x)cossxdx = [ f(x)cossxdx + [ f(x)cossxdx + [ f(x)cos sxdx

0 0 1 2
1 2 00

= [xcossxdx + [ (2 — x) cos sxdx + [0.cos sxdx

0 1 2

. 1 . 2
_ |:x. Sm SX _1.(—C02SSXJ} +{(2_x) Sm sx _( 1)( COSSX]:|
A Ky 0 S Ky 1

sins CcoOSs 1 cos2s [sins coOSs
—~ T2 |\ Z )2 2
s Ky Ky Ky s Ky

_ 2cc;ss _Lz_ 005225 :%(zcoss—cosk—l)
s s s s

3. Find the Fourier Sine transform of € _a%

—ax : L :
<<Let f(x)=¢ 4 , then its Fourier sine transform is

0 ooe—ax
Ff(x)]= jf(x) sin sxdx = j sin sxdx = F'(s), say
0 0
Differentiate both sides w.r.t. s we get,
a ooxe—ax o0
— {F(s} =[= sin sx |dx = | cossxdx = [e~ ™ cos sxdx
00s o * 0
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e . 0
= 2(—acossx+ss1nsx
a“+s
1 a
= 2[0_(_a)]= 2. 2
s°+a s°+a
Integrating w.r.t. s, we get,
1S
F(s)= j 2a’s:tan 24e
s? +a a

But F(0) =0 whens=0 = ¢ =0. Hence F(s) = tan"! 2
a

4. Find the Fourier Cosine Transform of f(x) = . Hence derive Fourier sine transform of

1+x

S

<< F[f(x)]= _[f(x)cossxdx f

0+x

5 08 sxdx = I(say)

oo . 2 2_ .
odl .[a (cossxjd _J. —xsinsx _Jx smsxd _ .[[ler l]smsxdx
S

s gos\ 1y 2 0 1+x2 0 x(1+x2) x(1+x2)
=_Ismsxdx+J. smsx2 dx=—£+j smsx2 dx:>d 2I=I xcoss;c =1
0 X ox(1+x°) 2 ox(1+x7) ds  ox(1+x~)
.‘” [=0= (D —1)I =0, where D=
ds? ds

_ /i _
~I=cie’ +cre S = —=ce’ —cre®
1 2 ds 1 2

o0
BT ey =T o0&y = E
ds 2 2

When s =0,we get ¢; +¢cp =1 = 5
ol+x 2

CELS@I=1=7

% xsin sx dl

T
Now F,[¢(x)] = dx=——="¢""
’ {) 1+x? ds 2
. . @ l-a, 0<a<l 0in? ¢
5. Solve the integral equation j f(@)cosabdl = .Hence evaluate j dt
0 0, a>1 0 t

o0
<<We have [ f(6)cosabdf = F.(a)
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.. by the inverse formula we have

o0 1 : 1
1o)== [ F.(a)cosabda = 31(1—a)cosaeda I AL N COS“QJ
7y 7y 7 0 0?2 0
_ 2(1—cos0)
762
e} o0 _
Now F,(a) = [ f(O)cosab db = 2(1—(:(2)5‘9)c0sa6? 7 [ R — (2)
0 o 0
21— l-a, 0<a<l
From (1) & (2) we have zj'l Cosgcosaﬁ do=1"¢ “
729 0, a>1
Now take limit as oo — 0, we get
001 _ 007 _ 0 i 2
2! c;se 6 =1= |1 C;’SG do="= IM =" put =1 then db =24
Ty 0 0o 6 2 5 6 2 2
0n i 2 02
2sin 2t2dt:E: Is1n2 t .
0(2/2) 2 ot 2
o0
(6) Solve the integral equation [ f'(x)cosoxdx = e ¢
0
Let ¢(ar) be defined by ¢(a) = e ¢
© A
Given ¢(a)= [ f(x)cosoxdx =f,(ct)
0
Using this in the inversion formula, we get
2% 2%
F(x) == [¢(a)cosoxdo == [e** cosaxda
To To
o0
2| e . 2| a 2a
=—| {—acosowc+xsmouc} b el e
Tla” +x Ona+x m(a” +x7)
Exercises:
, 0<x< _
1. Find the Fourier sine transform of f(x)= { T {Ans : lcﬂ}
0, x>a N
" L 0<a<l
2. Find f(x) from the integral equation | f'(x)sin oxdx =12, 1<a <2
0
0, a=2

[Ans : 2 [1 +cosx —2cos 2x]}
™

3. Find the sine transforms of the following functions
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x, 0O<x<l )
() f(x)=4a-x, l<x<a (i) f(x)=xe ™, a>0 (iii)f(x):{su(l)x’
0, xX>a ’
) o ) lI-a, 0<ac<l
(4) Solve for f(x) given [ f(x)sin ouxdx =
0 0, a>1

5) Find the inverse sine transforms of the following functions:
—as

N e .G
0 fs(s)==—a>0 @) fs(s)=7
. . —ax “ coskx
6. Find the Cosine transform of f(x) = e~ “*,a > 0.Hence evaluate | 5 dx
0x" +a
0 —ax
Ans : 2a 2&[ czoskxzdxzne
a“+a 0x“+a 2a
7. Find the Fourier Cosine Transforms of the following functions:
4x, O<x<l1
: . —ax? cos X,
() fx)=44—-x, l<x<4 (ll)f(x)=e ,a>0 (zzz)f(x)z{ 0
0, x>4 ’
(i) f(x) = 3™, a>0 0) S0 =—— (vi) () = S22
I+x I+x

I-a, 0<a<l

e 0]
8. Solve for f(x)given [ f(x)cosoxdx =
0 0, a>1

O<x<a

xX>a

O<x<a

xX>a
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Z — TRANSFORMS

Introduction

The Z-transform plays an important role in the study of communications, sample data control
systems, discrete signal processing, solutions of difference equations etc.

Definition:
A difference equation is a relation between the differences of an unknown function at one or

more general values of the argument.

Eg: Ayiuiny +ym) =2& Azy(nH) + Ay (,—1) = 0 are difference equations.
Another way of writing a difference equation is as follows:

We know that Ay(,11y = Y(n+2) = V(n+1)

Hence the first equation can be written as y(,,42) = Y(n+1) + Y(n) =2 - (1)

Also A2y(n+1) = V(n+3) ~2V(n+2) T V(n+1)

Hence the second equation can be written as

Yn+3) = 2Vn+2) T Vn+1) T V) = Y(n-1) =0 -mmomm 2)

Order of a difference equation:

Order of a difference equation is the difference between the largest and the smallest arguments

occurring in the difference equation divided by the unit of increment.

Thus the order of the equation (1) is 2. Since

Larg est argument — smallest argument (n+2)—n _

2
Unit of increment 1

(n+3)—(n—-1) _

& that of (2) is 4

Solution: Solution of a difference equation is an expression for Y(n) Which satisfies the given

difference equation.
General solution: The general solution of a difference equation is that in which the number

of arbitrary constants is equal to the order of the difference equation.
A Particular solution or Particular integral is that solution which is obtained from the general

solution by giving particular values to the constants.

Z — TRANSFORMS:
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Definition: Let u,, = f(n)be a real-valued function defined for n =0,1,2,3,.......... and u, =0

forn <0. Then the Z-transform ofu,, denoted by Z(u,,) is defined by

0
U(z)=Z(uy)= Yu,z " —emmmemmmeeee (1) whenever the infinite series converges
n=0

We can also write it as Z | [U(z)] = u,, and is called the inverse Z — Transform.
Properties of Z-transform:

1. Linearity property:-
Consider the sequences {u,, } & {v, } and constants a and b. Then

Zlau, +bv,]=aZlu,]+bZ[v,]

o0
Proof: By definition, we have Z[au, +bv,]= >.[au, +bv,]z""
n=0

o0 o0
=ad u,z "+bdv,z " =aZ(u,)+bZ(v,)
n=0 n=0
In particular, fora =b =1, we get Z[u,, +v, ] = Z[u,, 1+ Z[v,,] and fora=-b =1, we get

Z[un _vn] = Z[”n]_z[vn]
2. Damping property:-
LetZ(u,)=U(z). Then (1) Z(a"u,)= U(%) () Z(a "u,)=U(az)

o0 00 —n
Proof: By definition, we have Z(a"u,) = Y (a"u,)z"" = Y u, (Ej = U(ij
n=0 n=0 a a

Thus Z(a"u,) = U(i]

a
This is the result as desired. Here, we note that that if Z(u,,) = U(z) , then

n _ _ z
Z(@"uy) = W) ; 7/ = U(;]

0 o0

Next, Z(a "u,)= >.(a "u,)z"" = Yu,(az)™" =U(az)
n=0 n=0

Thus Z(a "u,,) = U(az) .This is the result as desired.

3. Shifting property:

(a) Right shifting rule:

IfZ(u,)=U(z) , then Z(u,_;) =z *U(z) where k >0

o0
Proof: By definition, we have Z(u,_j )= Yu,_zz "
n=0

Since u,, =0forn <0, we have u,_; =0 forn=0,12,........ -(k=1)
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o0
Hence Z(un_k)z Zun_kz_" = uoz_k +ulz_(k+l) o 0 = z_k[uo +ujz . + 0]
n=k

0
=7k Su,z7" = z_kU(z)
n=0

Thus Z(u,_;) = z_kU(z)

(b)Left shifting rule: Z(u,,, ;)= KUz - ug — iz —uyz P — - uk_lz—(k—l)]
o0 o0 o0

Proof: Z(uys)= Sttyapz " =25 Tuyppz " = zk{ Zun+kz_(k+n)}
n=0 n=0 n=0

o0
=z Zumz_m},where m=n+k
m=k

S o0 k-1
= F Zunz_"} = zk{ Du,z " - Zunz_"}
Ln=k n=0 n=0

=Z U(Z)—uo—lxllz_l —T/lzz_z— ...... —uk_lz_
Particular cases:

In particular, we have the following standard results:
L. Z(,) = 2[U(2) ~ug]
2. Z(upsn) =22 [U(2)—ug —1z"']

3. Z(u,,13) :Z3[U(z)—u0 —ulz_1 —uzz_z] etc.
Some Standard Z-Transforms:
1. Transform ofa” :

& © (a)" a (a)
By definition, we have Z(a") = Y.a"z7" = ¥ (—j =1+—+(—j +ot 0
n=0 n=0\ 2

The series on the RHS is a Geometric series. Sum to infinity of the series is

z
or

Thus, Z(a") =
zZ—da z—a

In particular, when a =1, we get Z(1) = .

2. Transform of e”" :
Here Z(e“")=Z(k") where k = e
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z

Thus Z(e™) = -
z—e

3. Transform of n” , p being a positive integer:
o0 o0
We have, Z(nP)= Y nPz7" =2 an_lz_("+l)n -------- (1)
n=0 n=0
o0
By changing pto p—1, we get Z(n? 1 y= S nP7 17"
n=0
Differentiating with respect to z, we get

Z

dzn=0 n=0
Using this in (1), we get Z(n?) = —zdi[Z(np_l)]
-z

Particular cases of Z(n?) :-

1. Forp=1, we get Z(n):—zj[Z(l)]:—zi( z ] z

dz dz\z-1 :(2_1)2
z
Thus, Z(n) = —
(n) 1)
2
2. Forp =2, we get Z(nz):—zi[Z(n)]:—zi z > |= z +Z3
dz dz\ (z-1)?% ) (z-1)
2
Thus, Z(n?) = = ”3
(z=D
3 2
3. For p =3, we get Z(n3)=LZ4+Z&soon
(z=1)

4. Transform of na"
By damping property, we have

7
_Z 2} =— 2 - fz 2
-0 72/ (Z_lj (z—a)

Z(na") = [Z(n)]zﬁ% {

a

az

(z—a)*

Thus, Z(na") =

5. Transform of 724" :

We have, Z(na") = [Z(nz)]z_)Z =

22 +z _(z/a)2+z/a_(22+az)a3
a Z—>Z

(z—1)3 (zla-1}  a*(z-a)

a
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az* +a’z
(z—a)’
6. Transforms of coshn@ and sinhn@:
n@ -n@

We have coshnf = % = Z(coshn®) = %Z(e”g +e %)

Thus, Z(n’a") =

= % [Z ")+ zEe™"? )], by using the linearity property

0., -0
e +e
e te)

l{ z ¢z }_f z—e @ yz-¢? . 2
20z-¢? z-¢7? 2 zz—z(e0+e_9)+l zz—z(e9+e_9)+1
z[z—cosh 6]
22—2zcosh49+1
no -n6
) - . 1 1
Next, sinh n9=L:>Z(smhn9)=£{ 5~ 9}
2 2| z-¢ z—e
z| f?-e? | zsinho
2 22—2zcosh0+l 22—2zcosh6?+l
7. Transforms of cosn@ and sinnf@
in@ —in@
Wehavecosn@ze +2€
. . 1 2 _ i0 —i0
Z(cosnd) =~ 2(e" 1 e ’”‘9)=—{ R .9}5 = (e.e +e.9)
2 20z-¢"% z-¢™' 21 2%z +e ') +1
z[z—cosd]
22 _2zcos6+1
in@_e—inﬁ
Next, sinnf =
2i
i _—if :
Z(sinnﬁ):i{ z.g_ z ﬂ}:i. 2e e - — zsin &
20| 7% ¢! 2i| 2z —2zcosO+1| z°—-2zcosh+1

8. Transforms of «” cosn@ and a” sinné

We know that Z(cosn6) = ZZ[Z —cos0] =U(z) . Hence by using damping rule we get
z% =2zcosf +1
Z(a" cosnd) =U(z/a) = z/za[z/a—cose] _ 2z(z—acosé’) _
(z/a)” =2(z/a)cos@+1 z“ —2azcosf+a
zsin 6

=U(z). Hence by using damping rule we

Similarly we know that Z(sin nf) =
z% —2zcosf+1

get
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(z/a)sin 8 B azsin 6
(z/a)* —2(z/a)cosO+1 z> —2azcosf+a’

Examples: Find the Z-transforms of the following:
1. 3n—4sin(nz/4)+5a

<< ZBn—-4sin(nr/4)+5a) =3Z(n)—4Z(sin(nrx/4))+5aZ(1)

4z 1
z zsin(z/4) z 3z Z(/\/Ej | Saz

. 2—4. 2 + 5a. = 7~
(z-1)? 22 -2zcos(z/4)+1  z-1 (z-1) 22_22(%_j+1 z-1
2

Z(a"sinn@)=U(z/a)=

=3

C3z+Saz(z-1) 22z (3-3a)z+5az’ 242z

(z—l)2 22 =2z +1 (z—l)2 22 =2z +1
2. (n+1)?
2
< Z[(n+1)*]=Z(n* +2n+1) = Z(n>) +2Z(n) + Z(1) = = ”3 F2—
(z-1) (z-1)~ z-1
B z2 +Z+22(Z—1)+Z(Z—1)2 B 22424222 —2z+23 222 42 B 3 +22
(z=1)° (z=1)° (z-1)°
3. sin(3n+5)
<<Z[sin(3n+5)] = Z(sin3ncos5+cos3nsinS) = cos 5Z(sin3n) +sin 5Z(cos 3n)
zsin3 : z(z—cos3) zsin3cos5+ 22 sin5— zsin5cos3
= COSJ. 5 +sin 5. 3 = 5
z°—=2zcos3+1 z=—=2zcos3+1 z%—=2zcos3+1
_ z(sin3cos5—cos3sin5)+z2sin5 _ zsin(—2)+z>sin5 _ z(zsin5—sin2)
z? —2zcos3+1 z? —2zcos3+1 z? —2zcos3+1
4. ne™"

Let u, =n, e = k" where k = e

Therefore Z(ne") = Z(nk") = U(z/ k), By damping rule.
z z/k kz

WhereU(z) = Z(n) = > =>U(z/k)= 5= > » where k= e
(z=1) (z/k=1)2  (z—=k)
e’z
Hence Z(nea"):U(z/k)—2
(z—e”)

5. n2e™
Let u, =n?, e = k" where k =e“

Therefore Z(n?e™) = Z(n*k") = U(z/ k), By damping rule.
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224z (z/k) +zlk ke +k*z

WhereU(z) = Z(n?) = - = U(z/k) = : ., where k =e“
(z-1) (z/k-1) (z—-k)
a_? a2 a a
Hence Z(n2e™)=U(z/k) 2T )72 _ezz+e )
(z-e¢)®  (z-e)’
6.1) a” coshn@ ii) a” sinhn@
1) We know that Z(coshn @) = ZZ[Z —cosh 9] =U(z), Hence by using damping rule we
z% —2zcosh@ +1
get Z(a" coshnf) = U(z/ a) = (z/a)[(z/a)—cosh @] _ z(z—acosh0)
(z/a)? —2(z/a)cosh@+1 z> —2azcosh® +a>
i1) We know that Z(sinh n60) = 3 zsinh =U(z), Hence by using damping rule we
z% —2zcosh@ +1
(z/a)cosh @ B azcosh @

getZ(a" smhn@)=U(z/a) =

(z/a)? —2(z/a)cosh@+1 22 —2azcosh 6+ a>
7. ¢! sin 2t

We know that sin 2¢ = 5 Zsin 2 =U(z2)
z% —=2zcos2+1

S Z(e'sin2)=U(z/e), By damping rule.
B (z/e)sin 2 B ezsin 2
(z/e)2—2(z/e)cos2+1 22 —2ezcos2 +e?

8. e* coska (k=0)

z(z—cosa)

We know that Z(coska) = =U(z)

z= —2zcoso +1

Z(ek coska) = Z((el)k coska)=U(z/e)=

9. cos E+E
2 4
<<Z| cos ﬂ+£ =7 cosﬂcosz—sinﬂsinE =cosEZ cosE —sinEZ sinﬂ
2 4 2 4 2 4 4 2 4 2

_cos ™ in
1 z(z cos2 1 zs1n2 1[22 - J_ 2(z—1)

(z/e)[(z/e)—cosa]  z(z—ecosa)

(z/e)2 —2(z/e)cosa+1 - 22 —2ezcosa + e’

N R 7 T

2
22—ZZcosg+1 o+l 27+l

10. cosh[% + Gj

22 —2zcos§ +1
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— Z[cosh(% N Gﬂ _ Z[enn/2+9 +Ze—(nn/2+6) } _ %[eez(enn/z)Jr e—eZ(e—(nn/Z) )]

z

/2 -n/2 7 e

e zZ—e

:l{ee £y ® z } Using Z(e*) =
7
_E{ee(z_e—n/z)+e—e(z_en/2)}_E{Z(ee +e—e)_e—(n/2—e) _en/2—9:|

2] 22—z 12y 41 2 22 —z(e™? v e M)+ 1

B E{z.ZcoshG—[e(nu_e) +e~ (/270 :l B Z[zcoshe—cosh(n/Z—O)}

2 z2 —2zcosh(n/2)+1 z% —2zcosh(n/2)+1
B 22 cosh® —zcosh(n/2—0)
z? —2zcosh(n/2) +1
11. nCp O0<p<n)

n

<< Z(”Cp)z > (”sz‘l’):1+"clz‘1+”czz‘2 ..... +1C, 27 =(+z )"
{42
z z

& 1 1, n+2 2, n+3 3
Z(”+an): S HPC, 2P =14z T C, 2 T C 2T
p=0
:1+I’l+1 CIZ_1+n+2C2Z_2+n+3C3Z_3 +oena - USil’lg ncn_r:ncr
(n+2;$n+l) 2_2 N (n+3)(n;2)(n+l) Z_3 N

12. "*PC,

=1+(n+1)z_1 +

=1+ (—I’l _ 1)(_2)—1 + (_l’l - 2)(_7’1 - 1) (_Z—l )2 +.(—l’l - 3)(—11 - 2)(—1’1 - 1) (—Z_l )3

2! 3!
—(n+1) (D) (n+1)
{2 )
z z z—1
. 1 n=0
13. Unit impulse sequence d(n) =
0 n#0
o0
<< Z[8(n)]= D 6(m)z7 " =1+0+0+0+........ =1
n=0
14, Unit st =10 <0
. Unit step sequence u(n) =
P 5ed I n>0
< - 1, -2 ,.-3 1 z
< Zlum)]= dum)z"" =1+z" +z " +z " +....= =
n=0 -z z-1
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15. Show that Z 1 — ¢!/7 Hence evaluate Z ! &7 !
n! (n+1)! (n+2)!

1 2 3
1 © 1 _ z z z -1
<< Z(—Jz >~z =1+ 4+ +E = =ellF

Shifting L one unit to the left gives Z L. AUz)-ug)|=22 L= z((el/z - 1)
n! (n+1)! n!

Similarly .Z[ ] = zz[U(z) —u —ulz_l] = zz[el/z —l—z_l]

(n+2)!
o2 (1)
2 4

n n n n
We have, Z(u,)) =Z (lj +(lj =7 1 +7 Iy _ = 2z _ 2z n 4z
2 4 2 4 1 1 2z-1 4z-1

zZ—— z

N~

_ 22(8z-3)
C(2z-1)(4z-1)

Multiplication by n: If Z(u,) = U(z),then Z(nu,) =~z aU)

dz
© 0 el © gz © d(u,z")
Proof: Z(nu,)= Y nu,z"" =-z Y u,(-n)z =—z ) u, =—zy —"——
n=0 n=0 n=0 dz n=0 dz
e 0]
A $, e dUG)
dz n=0 dz
m
Note: In general Z(n"'u,)) =(-z)" d[—U;n(Z)]
Z
Example: Find the z — transform of i) nsin n@ i) n2e"?
i) We know that Z(sin n6) = ——=509  \sing Z(mt,) = —z- LU (2), we get
z% —=2zcosf+1 dz
. 2 o 3
Z(nsin n6) =—zi( . zsin @ Jz _, (z 2zcosl9-;1)sm<9 zsin 02(22 2cosf)
dz\ z* —2zcos@ +1 (z7 —2zcosf+1)

=_Z£zzsin(9—2zcosl9sint9+1sin9—2zzsint9+2zsinz90056’]
(22 —22c050+1)2
=_Z[ sin 6 — 22 sin @ Jz 2(z2 ~1)sin @

(z2 —2zcosO+1)? ) (2% —2zcosf+1)?

2
i1) We know that Z(ene) = L& & Z(nzun) = (—z)2 d—zU(z)
z—e dz
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Coaaey 2 d [z ) ad|E=eDa-z)| L d| -
s Z(n"e)=(-2) dzz(z—eg)]_z dZI: (2_60)2 :|_Z dZ|:(Z_e¢9)j|

2.0 -2 26922
-Ee 03 |~ 013
(z—e") (z—e")
L. Initial value theorem: If Z(u,) =U(z),then ug = Lt U(z)

Z—>0

Proof: we know that U(z) = Z(u,,) = ug +ulz_1 + uzz_2 e

Taking limit as z > oo, we get Lt U(z) =u
Z—>©0

Similarly u); = Lt {Z[U(z)—uo]}, uy, = Lt {zz[U(z)—uo —ulz_l]}& SO on
Z—>0 Z—>®0

II. Final value theorem: If Z(u,,) =U(z),then Lt (u,)= Lt (z-1)U(z)
z—1

n—»

o0
Proof: By definition Z(pp1 —up)= DUy —uy)z " Or
n=0

Z(upy1)—Z(uy,) = i(unﬁ-l _un)z_n
n=0

o0 o0
Or Z[U(2) ~up]~U(2) = X(uyyy ~u,)z"" Or U z-D)—ugz= 3 (e —uy)z "
n=0 n=0
Taking limits of both sides as z — 1, we get

[(z-DU(2)]-ug = OZO:(unH —up)= Lt [(ug —ug)+ @y —up)+ Uz —up)+....... + Uy —uy)]
n=0

Lt
z—1 n—>w

= Lt upy —ug =ug —ug

n—»o0
Hence u,, = Lt [(z—1)U(z)] Or Lt u, = Lt [(z-1)U(2)]
z—1 n—>0 z—1
2
Example: If U(z) = 22+—524+l4,evaluate uy &uy
(z-1)

2z° +5z+14 1 24527 414277

<< U(z)= .
=) (z-1)* 22 (1-zhH?

By Initial value theorem, ug = Lt U(z)= Lt =0

Z—>© Z—>0

22 a-zhH?

{ 1 24527 +14z‘2}

zo® z® 1-z"H*

1 245271 414272
= Lt |—. =0
zo0| Z (1-z"hH#

-1 -2
Similarly u; = Lt {Z[U(Z)—uo]}z It Z{%.2+52 +14z }
z
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Z—0 Z—0 22 (1_2_1)4

-1 )
Now up = Lt %2Rﬂﬁ)—“0‘4ﬂ2_ﬁ}= Lt{zz{J;-2+SZ F J}

= Lt

Z—>®0

-z

24557 +14z‘2}_ ,

2
& uy = Lt {23[U(Z)—u0—ulz_1—uzz_z]}z Lt %{w—ow—kﬂ}

e Z 500 (z-1*

3| 222 +5z+14 2 3| 22222 +52+14)—2(z—1)*
= Lt z —4——2 = Lt z 5 4
Z—0 (z-1 z z—® z7(z-1)

= Lt {23_224 +523 +142%2 —22% —822 24823 +82 -4z }}

z—0 22(2—1)4

_1323 +222 +82-2 3 Z3[13+2Z_1 +8272-2773
= Lt {z 5 2 = Lt {z z ™ =13
zoo| | z%(z-1) Z—® z(1-z7)

Exercises: Find the Z — Transforms of the following:
1
1y
(n+1)!

+
an3

w

2) (cosO+isin®)"  3) 2n+55in%—3a4 4) (n—-1)* 5)

ze (ze? —cosh)

6) Show that i) Z(e™“" cosn6) =

22 —2z¢% cosf+1
a .
if) Z(e™ " sinnf) = —— ze sin®
z7e” —2ze% cosf +1
. 2 Z2 +z 2 23 +Z2
7) Using Z(n )=—3, Show that Z(n+1)” = 3
(z—-1) (z—-1)
If Z(u,) = z +L,ﬁnd the Z — Transform of u,, »
z=1 7241
2
9) If U(z) = w,ﬁnd the value of u &us
(z-
222 +3z+4
10) Given that Z(u,,) = —s Z| > 3, show that u; =2, uy =21, u3 =139
(z-3)

z—1

11) Show that Z(lj =zlog
n
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(z3 +2z)cosd — 272

12) Using Z(n) = ——, show that Z(ncos6) =

(z-1)?2’ (z2 —2zc0s0 +1)2
4
Answers: 1. z(e!/? —1) 2. Z_g 3. 222+ 22/‘5 _3az
z—é (z-1)? z2-J2z+1 z-1
23 -3z2 +4z za® 22(1+322)
4, 2 702 TRE 5) §) ——— L
(z-1)° z-a (1-z)(1+2%)

N uy=2,u3=11

Inverse Z — Transform: IfU(z)is Z — Transform of u,,, then u,,is called Inverse Z — Transform

ofU(z), Denoted by u,, = Z_l[U(z)].
Some Useful Inverse Z — transforms:

1.z 2 }:a” 2.z =2 }:1
z—a L z—1
3. 7! i 3 =a"n 4. 7z z 5 |=n
| (z—a) L (z-1)
5.771 —azz +a’z =a" n? 6. 77! 2tz =n?
3 3
| (z—a) (z-1)
[ 3 2.2, 3 [ .3 2
T +4a z4+a Z|_ g3 g 7712 +4z 4+z _ 3
L (z—a) (z—-1)
B 2
9.z 2Z }=sin(n7z/2) 10. z7! ; =cos(nx/2)
Lz= +1 z7+1

Evaluation of inverse Z — Transforms: We have the following 3 methods —

1. Power series method:

Example: 1) Find the inverse Z — Transform of log Ll , by power series method.
z+

1
<< Putting z=1/y,we get U(z) =log z =log Iy =log =—log(1+y)
z+1 1/y+1 I+y

1 » 1
=—y+—p2 =y 4

2 3
o0 _ n
=—z_1+lz_2—l B, = ) z "
2 3 n=l N
0 for n=0
U, = n )
(—=1)" /n other wise
2) Find the inverse Z — Transform of 3 ,by division method
(z+1
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<< By Dividing we get _2 __ ,__ VE
z424+2z1
21
247712,
3,71 40,72
327 46272 43273
47723273 &soon
Hence 5= P P P D T ., which is an infinite series
(z+1)

ie.U(z)= %O:(—l)n_lnz_n =u, =(-1)"n
n=0

II. Partial fraction method:

2 3_
1. Find the inverse Z — Transform of 1) 243z 1) z ~20z

(z+2)(z—4) 1 (z-2)%(z-4)

222 +3z LU@ 2243 A4 B

<<1) Write U(z) = = = +
(z+2)(z—-4) z (z+2)(z—-4) z+2 z-4

Then 2z+3=A(z—4)+B(z+2)=11=6B=B=11/6&-1=—64= A=1/6

Uz _1 1 11 1

11 1=
z 6z+2 6z—-4

1 z
— +
6z+2 6z-4

=U(z)=

] . 1 11
On inversion we get u,, = g (-2)" + 3 4)"

23 =20z U(z) z2 =20 A+ Bz +cz? D
as = = +

i) Write U(z) = =
) Wite U(2) (z-2)%(z-4) z (z=-2z-4)  (z-2® z-4

Then (A+ Bz +Cz2)(z—4)+ D(z-2)> =z> 20

If z=4,then8D =16-20= D =-1/2, By putting z =0,1 & —1, we get
—44-8D=-20= A+2D=5=A4-1=5=A4=6
(A+B+C)(-3)-D=1-20=-3A-3B-3C-D=-19=3A+3B+3C-1/2=19

19+1/2 39 138, ~_ B 1 (1)
6 2 2 2

6+B+C=
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~38-27 —65

& (A=B+C)(-5)-271D=-19 = -5(4-B+C)=-19+27(-1/2) =

2
d-BrCc=— B pio B g 1 )
2-=5) 2 2 2
By adding (1) & (2) we get
2C=1=C=1/2=B=0
U(z) 6+1/2z%2 1 1 6z+1/2z° 1 z  1|12z+2° =z
z (z-2)> 2z-4 (z-2)> 2z-4 2| (z-2)3 z-4
! Z(z—2)2+422+82_ z |_1}] z ) 222+222_ z
2 (z-2)3 z-4| 2(z-2  (z-2) z-4
On inversion, we get u,, = %[2" +2.2"n? —4"]= 2"l p22n 4 220
2_
2. Find the inverse Z — Transform of 2z 52+6'5),for 2<|Z|<3
2
(z=-2)(z-3)
2_
<<U(z):2(Z SZ+6.§)= A N B N C 2,Then
(z-2)(z-3)" -2 z-3 (z-3)
2z% =52+6.5)= A(z—3)% + B(z-2)(z—3) + C(z - 2)
z=2=24-10+65)=Ad= A=1, z=3=29-15+65=C=C=1
z=0=13=94+6B-2C,ie. 13=9+6B-2=6B=6=B=1
-1 -1 -2
UGy =— ] :1(1—3j —1(1—fj +1(1—5)
z=2 z-3 (2_3)2 z z 3 3 9 3
(sothat2/z<1&z/3<1)
1, 2 4 38 1, z 22 2° 1|, 2z 322 473
=—|l+—+—+—+..... ——l+=+—+—=+...... =+ —F——F+—+...
|z 23 3073 9 27 9| 3 9 27

Where 2 < |z| <3

(1 2,22 2 (1 =z 2 2 ) [ 2z 327 4
Ll ha T e e T e

o0 o0 o0 1
= 22”_12_” - Z —j z" + Z (n+l)(—j z"
=1 =0 3 =0 3
n= n= n=
) : o [ 1 n+2 1 n+l
= Z2n_ z7 " - Z (n+1)(§j —[gj 2"
n=1 n=0[
o o | n+2
= Z2n_lz_n - Z (n—2)(—j z"
n=1 n=0 3

On inversion, we get
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u, =2""1 n>18u, =—(n+2)3""2,n<0
Exercises: Find the inverse Z — Transform of the following:

2
Y S— ) |2 > |a 3%
(z—-D(z-3) z—a (2-2(3z-1
z 322 42 8z—z°
4, > 5. 6. 5
(z-1) (z-D(z+2) (4-2)
4z% _ 27 z+3
75— g — >
z> =5z +8z—-4 (z+1)(z-2)
Answers:
n
1. l(3””—1) 2. 4q" T 0 R LS B 02y + & o4y
2 3 75 75
6. (% +7Tn+4)4)"! 7.24+2" +3(n-12",(n=1) 8. 2(=)" ' —(=2)""!

Application to difference equations:

Procedure to solve a linear difference equation with constant coefficients by Z 0
Transforms:
1. Take the Z — transforms of both sides of the difference equation.

2. Transpose all terms without U(z) to the right.
3. Divide by the coefficient of U(z), gettingU(z) as a function of z.

4. Find inverse Z — Transform to getu,,.
Example: 1) Solve u,,, 5 +4u, 1 +3u, =3" with uy =0, u; =1

Solution: If Z(u, ) =U(z), Then Z(u, 1) = 2[U(2) —ug1& Z (1, ) = 22 [U(z) —ug —ugz ']

z

Also Z(3") =
z-3

.. Taking the Z — Transform on both sides, we get
Zlity o} 42lutn ]+ 320y |- 23"

= 22[U(z) —ug —uyz " 1+ 42[U(2) —ug 1+ 3U(z) = L3

o
= 22[U(2)-0-1.2"" 1+ 42[U(z) - 0]+ 3U(z) = L3 ,(Using the given conditions).
-

2 2
i.€.(22+4Z+3)U(Z)=Z+ Z Lz 3Z+Z:Z 2z
z-=3 z-3 z-3
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22—22 22—22

~U(2) = 5 =
(z° +4z+3)(z-3) (+D(z+3)(z-3)

tU(Z)— z—-2 _A+B+C'
z (z+D)(z+3)(z-3) z+1 z+3 z-3

=z-2=Az+3)(z-3)+B(z+1)(z-3)+C(z+1)(z+3)

Le

Z:—3:>—5=B(—2)(—6):>B:—%, z=3:>1=C(4)(6):>C=2—14,

z=—1:>—3=A(2)(—4):>A=%.

Uiz) 3 1 5 1 I 1 3 z 5 z 1 =z
=— - — + — :}U(Z)z— - + — ,
z 8z+1 12z+3 24:z-3 8z+1 12z+3 24:z-3
On inversion we get,

WIS | I BRI B LSS | DR DR P Y I LS
87 |z+1] 127 |z+3] 247 [z-3] 8 12 24

2) Solve y,40 +6y,41 +9y, =2" with yy = y; =0, using Z — Transform.
Solution: Let Z(y,) =U(z),then Z(y, 1) = 2lU(2) = o1& Z(yy42) = 2°[U(2) = yo — 12" ']

Also Z(2") = LZ . .. by taking Z — Transform we get,

z

Zlynra ]+ 62y, ]+ 92]y, ] = 2[2” ]: 22 U(2)~ yo — 312 1+ 62[U(2) ~ vy ] +9U(2) =

.
ie.z2[U(z)-0-0.2""1+62[U(z) - 0]+9U(z) = LZ (Using the condition yq = y; =0)
o
z
(z2 +62+9)(z-2)
U(z) 1 1 A B C
t =— = 3 = + >+
Z (246249 (z-2) (z+3)°(z-2) z+3 (z+3)- z-2
1= A(z+3)(z-2)+ B(z-2) + C(z +3)>

= (22 +62+9)U(z) = Lz = U(z) =
-

Le

z=2:>1:C(25):>C:2i5,z:—3:>1:B(—S):Bz—%&z=0:>l=—6A—2B+9C

:>1:—6A—2[—§j+9(2—15j:>6A:2+%—1:M:—£:>A= !

255 25 25 25
U@ 11 1 1 +L 1 1 1 5
oz 25243 5(z;43)2 25z-2 25|z-2 z43 (743)2
1 z z 5z ..
=>U(z)=— - - , On taking inverse Z — transform we get,
25|z-2 z43 (z7+3)?
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y”_zslz L—z} “ L+3}+3Z Lﬂgyﬂ
_l_ n_ N é Y. o7l az _ o h
_25{2 (-3) +3(n( 3) )} [ VA Lz_a)z} na }

3) Find the response of the system y, ., —5y,,,1 + 6y, =u,withyy =0, y; =1&u,, =1 for
n=0,12,........ by Z — Transform method.
Solution: Taking Z — Transform of both sides we get,

Zlyne2]-5Z]yys]+62]y, 1= Zlu, | = Z11]

ie. 22 [U(2) - yo — vz 1-520U(z) - v 1+ 6U(2) = il , Using yp =0& y; =1 we get,
Z_

22[U(z)-0—-1.2"11=52[U(2) - 0]+ 6U(z) =

z
Z_
2 z 2 z z2-z+z z°

=z -5z+60)U(z)—z=—-=(z" =5z+6)U(2) =z + = =
z—1 z—-1 z—-1 z—1

2 2
z z

(z-D2—5246) (z-D(z-2)z-3)
U(z) z A B C
= = + +
z (z-D)(z-2)(z-3) z-1 z-2 z-3
=z=A(z-2)(z-3)+B(z-1)(z-3)+C(z—-1)(z—-2)

= U(z) =

Let

z:1:>1:A(—1)(—2):>A:%, z=2=2=B()(-1)= B=-2,

z:3:>3:C(2)(1):>C=%

Jua 11 2 30 = lE o, 2 03 , inversion we
z 2z-1 z-2 2z-3 2z-1 z—2 2z-3

get

I EEE RV N N R D L R R B e
2 z—1 z=2| 2 z—3 2 2

4. Using the Z — Transform, solve u,,,» —2u, | +u, =3n+5

Solution: Taking Z — Transform of both sides we get,
Z[un+2 ]_ 2Z[”n+l]+ Z[un ] = Z[3n + 5]

= 22[U(2)—ug -z - 22U (2) —up ]+ U(2) =3——— +5—
(z-1) z-1
2 2 3z 5z
= (z°-2z+D)U(2)—z"ug —ujz +2zugy = 5+
(z-p° z-1
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2 2
= (22— 22+ 1)U(z) = 3Z+52—252+(z2 ~22)ug +uyz = ¥+(22 —22)ug +uyz
(z-1) z—1)

2 2
:>U(z)=52 242+(Z 222)u0 +u1;2,0n inversion we get,

(z-1) (z-1) (z-1)

2 2
u, =z! % +uOZ_1 (2—222) +u12_1 z 3 @

(z—-1) (z—-1) (z—-1)

2
Now we know that Z'[1]=——, Z ' [n]=——, 7' [n?] == ”3&
z-1 (z-1) (z-1)

Z_l[n3]:z3+422—z

(z-1*

2
.. We can write %as
(z-1)
2 3 _ 2

5z 242= Z+4Z4Z+BZ +Z3+C 22+Dz
(z-1) (z-1) (z-1) (z-1) z—1

=522 -2z= A(z3 +4z2 —z) +B(22 +z)(z—-1)+ CZ(Z—l)2 +DZ(Z—1)3
ie 522 —2z= A(Z3 +4z2 —Z)+B(Z3 —-z)+ C(z3 ~2z2 +Z)+D(Z4 —3z3 4322 —2)

By equating coefficient of like powers of z, we get

D=0, A+B+C-3D=0,44-2C+3D=5-A-B+C—-D=-2

—-A-B+C=-2 -—-- 3)
Adding (1) & 3) we get 2C=-2=C=-1

From (2) we get 4A—2(—1):5:>4A:5—2=3:>A=%.

From (3) we get B:—A+C+2:—%—1+2:ﬂ:%,

i 522—2Z_§Z3+4Z—Z+l 22+z_ z
-D* 4 -0t AE-Dt @)

2 3 )
e R e e ]

=§n3 +ln2 —-n :l(3n3 +n? —4n)zﬁ(3n2 +n—4):ln(n—l)(3n+4)
4 4 4 4 4
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=2 A B o uz-1+B

(z-D2 z-1 (z-1)?
z=1=2-1=B=>B=-1&z=0=2=—A4A+B=>A4=B+2=—1+2=1

z—2 1 1 22—22_ z z

T2 2l oD’ a1 2ol (1)

2
.-.z—llz —ZZZ}Z—{LJ_Z—{ Z 2}1_” &z
(z-1) - (z-1)

Substituting these values in (I) we get

z =n
(z-1)?

uy, =%n(n—1)(3n+4)+u0(1—n)+u1n =in(n—l)(3n+4)+u0 + (uy —ug)n

1
Zn(n—l)(3n+4)+co +cyn, Where ¢y =uy &c; =u; —uy

Exercises: Solve the following difference equations using Z — Transforms

l. y,42—4y, =0 given that yy =0,y; =2 2. Uy, —Su, 1 +6u,=0
3. x(n+2)—-3x(n+1)+2x(n) =0,given that x(0) =0,x(1) =1

4. f(n)y=3f(n-1)—4f(n—2)=0,n>2, given that f(0)=3, f(1)=-2

S.ttyio —Sup iy —6u, =2" 6. Y42 =6Vp41 +9y, =3"

1 1" .
T Yps1 T Vn :(Zj (n=0),y9 =0 8. Ynt+2 +2¥p41 ty, =n with yg =y =0

4
9. upn —2up g +uy =2k withuy =2,u; =1 10. y,42 =5V,41 -6y, =4"
Answers: 1. y, =2"71 4 (=2)"! 2. u, =c1.2" +¢y.3" 3. x(n)=1-2"
4. f(n)=2+(-4)" 5. u, =c|(=1)" +c,(6)" —é(2)n
1 ) 1" 1
6.y, =(c{ +con)3" +=n(n-1)3"" 7 v =2 =] | ==
Yn (1 2 ) 5 ( ) Yn (4J ( 4)
3 k n n_ 1 n
& I =Zn Oup =1-2k+2 10. y, =c1(6)" +c(-1) —54
0 3k 3% 3k 3k
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Linear Programming Problems

Linear programming is a decision making technique under the given constraints on the condition
that the relationship among the variables involved is linear. A general relationship among the
variables involved is called objective function. The variables involved are called decision
variables.

Canonical and Standard forms of LPP

After the formulation of LPP, the next step is to obtain its solution. But before any method is
used to find its solution, the problem must be presented in a suitable form. Two forms are dealt
with here, the canonical form and the standard form.

The canonical form : The general linear programming problem can always be expressed in the following
form :
Maximize Z=c1 X1+ C2 X2 + C3 X3+ ...+ Cn Xn
subject to the constraints
A1X1 + apX2 + ... + a1 Xn < by
a21X1+ aX2 + ... + @ Xn < by
AmX1 + @m2 X2 + ... + @mn Xn £ b
and the non-negativity restrictions
X1, X2, X3, ... Xn > 0.

This form of LPP is called the canonical form of the LPP.

In matrix notation the canonical form of LPP can be expressed as :

MaximizeZ = CX (objective function)
Subject to AX < b (constraints)
and X 2 0(non-negativity restrictions)
where C = (c1 ¢z ...Cn),
r a. a a . I( X |' b] |
1u 4 1x .
X b,
a4, ay -4y, ’ ’
dwr) s X = b=
/I a_ | Lol
U ~ M. -~ = l'. l‘ ‘ '. b '




The Standard From :

The general linear programming problem in the form
Maximize or Minimize

Z=C1X1+CaXa+ .o, + Cn Xn
Subject to the constraints
A11X1 F A12X2 F e + ain Xpn = b1
A21X1 +F A22X2 F e + axy Xpn = bz
AmX1 + Am2 X2 F eeeeeeennnnns +amn Xn = bm
aNd X1, X2, evevvveverennnnnnnnnns Xn 2 0 is known as standard form.

In matrix notation the standard form of LPP can be expressed as :
Maximize or Minimize Z = CX (objective function)
Subject to constraints AX =b and X 2 0. Where, C = (c1,c2,...,cn),

el - - ,

— - |I. x] .II i I;-I;] .II
dyy dy -y, ! | !
X b,
a, d,, .., : :
A= . ... X = b=
a a __ﬂ | ’ | | |
L "] e ms . II. x I II b I

The set of real values X = (x4, x5, ..., X;,) which satisfies the constraint AX < (=)B is called a
basic solution.

A set of real values x; which satisfies the constraints and also satisfy non negativity
constraints x; = 0 is called feasible solution.

A set of real values x; which satisfies the constraints along with non negativity restrictions
and optimizes the objective function is called optimal solution.

Simplex Method

It is an iterative method to solve a Linear programming Problem.

Slack Variable: It is a variable introduced to convert " < " (less than or equal to) to

=" (equal to).

Surplus Variable: It is a variable introduced to convert " > " (greater than or equal to) to

=" (equal to)




PROBLEMS:

1.use simplex method to maximize Z = x + 1.5y subject to the constraints
x+ 2y <160,3x + 2y = 240,x =20,y = 0.
Solution: Let us introduce slack variables s; and s, to the inequalities to write
them in the following form.
x+ 2y +1s; +0s, =160
3x + 2y + 0s; + 1s, = 160

x+ 15y +0s; +0s, =2z

1s the objective function.
Solution by simplex method is presented in the following table.

NZV X y Sy S Qty Ratios
Sy 1 g 1 0 160 160/2=80 | -1.51s least
S, 3 g 0 1 240 2 is pivot .
240/2=120 sq is
replaced by
y.
Indicators(A) -1 -1.5 0 0 0
y 0.5 1 0.5 0 80 Rz = —2R, + R,
S, 3 2 0 1 240 Rs - 15R, + Ry
Indicators(A) -1 -1.5 0 0 0
y 0.5 1 0.5 0 80 80 -0.25 1s
1 - 160 least. 2 is
2 pivot .s, is
S5 2 0 -1 1 80 80/2=40 | replaced by
V2.
Indicators(A) | -0.25 0 0.75 0 120
y 0.5 1 0.5 0 80
X 1 0 -0.5 0.5 40
Indicators(A) | -0.25 0 0.75 0 120
y 0 1 3/4 -1/4 60 Ry
- —1/2R,
+R,
X 1 0 -1/2 1/2 40 Ry
- 0.25R, + R,
Indicators(A) 0 0 0.625 0.125 130 No negative

integer

Since there are no negative indicators , the entries in the last column will give us
the optimal solution.

Thus (Z)max = 130 at x = 40 and y = 60.




2. use simplex method to maximize Z = 2x + 4y subject to the constraints
3x+y<22 2x+3y=24 x>0, y=>0.

Solution: Let us introduce slack variables s; and s, to the inequalities to write

them in the following form.
3x+y+1s; +0s, =22

2x + 3y +0s; +1s, =24
2x+4y+0s; +0s, =2z

Solution by simplex method is presented in the following table.

is the objective function.

NZV X y Sy S, Qty Ratio
S1 3 1 1 0 22 22/1=22 | 8 1is least,3is
S5 2 3 0 1 24 24/3=8 pivot, s, is
replaced by
y.Also 1/3.R,
Indicators(A) -2 -4 0 0 0
S1 3 1 1 0 22 R, = —2R, + R,
y 2/3 1 0 1/3 8
Indicators(A) -2 -4 0 0 0 R, > —2R, + R,
S1 7/3 0 1 -1/3 14
y 2/3 0 0 1/3 8
Indicators(d) |  2/3 0 0 4/3 32 No negative

indicators.

Thus (Z)ax =32 at x =0andy = 8.




3.Maximize P = 2x + 3y + z subject to the constraints .
x+3y+2z2<11, x+2y+52<19,3x+y+4z<25x>0,y,z > 0.

Solution: Let us introduce slack variables s;, s, and s; to the inequalities to write
them in the following form.
x+3y+2z+1s; +0s, +0s; =11
x+2y+5z+0s;+1s, +0s3 =19
3x+y+4z+0s; +0s, +153 =25
2x +3y+2z+0s; +0s, + 053 =P is the objective function.
Solution by simplex method is presented in the following table.

NZV X y z S1 S, s3 | Qty Ratio
S1 1 3 2 1 0 0 11 | 11/3=3.33 3.33is least,3is
S5 1 2 5 0 1 0 19 19/2=9.5 | pivot, s;is replaced
Ss3 3 1 4 0 0 1 25 | 25/1=25 by y.Also 1/3.R;
Indicators(A) | -2 | -3 -1 0 0 0 0
y 13 1 1 | 23 | 173 0 0 11/3
S5 1 2 5 0 1 0 19 Ry > =2R; + Ry
S3 3 1 4 0 0 1 25 R3 = =Ry + R3
Indicators(A) | -2 | -3 -1 0 0 0 0 Ry > —3R, + R,
y /3 11 | 23 | 1/3 0 0 11/3 %+%= 11 8 is least,8/3is
310 | 113 |23 | 1 | 0 | 353 | 35, 1_, | Pivot, szisreplaced
%2 773735 | by x.Also 3/8.R,
S3 83 | 0 | 103 |-1/3 | O 1 64/3 %+§: 8
Indicators(A) | -1 0 1 1 0 0 11
y /3 11 | 23 | 1/3 0 0 11/3 Rlﬁ—%RﬁRl
S5 /3 1 0 | 11/3 | -2/3 1 0 35/3 R, q_%1[33+1[32
X 1 0O [10/8 | -1/8 | O 3/8 8
Indicators(A) | -1 0 1 1 0 0 11 Ry~ Ry + R,
y 0 1 1/4 | 3/8 0 | -1/8 1
S, 0 0O | 13/4|-58| 1 |-1/8 9
X 1 0O [ 10/8 | -1/8| O 3/8 8
Indicators(A) | O 0 | 94 | 7/8 0 3/8 19 No negative
indicators.

Thus (P)jpax =19 atx =8,y =1andz=0




4. Use simplex method to manimize P = x — 3y + 2z subject to the constraints .
3x—y+2z<7,-2x+4y <12,-4x+3y+82<10,x >0,y =0,z = 0.
Solution: Let us introduce slack variables s;, s, and s; to the inequalities to write them in the
following form. The given L.P.P is equivalent to maximizing the objective function —P subject
to the same constraints.

Thatis —P = P’ = — x + 3y — 2z is to be maximized.
3x—y+2z+1s;+0s, +0s3 =7
—2x+4y+0z+0s; +1s, + 053 =12
—4x +3y+8z+0s; +0s, + 153 =10

Solution by simplex method is presented in the following table.

—x+3y—2z +0s; +0s, + 0s; = P’ is the objective function.

NZV X y z Sy Sy s3 | Qty | Ratio
Sy 3 -1 2 1 0 0 7 7_ 1=_7 3 is least,y
1 . .
s 20140 o] 1 o] 12 12 S pivot. y
2 7 =3 replace
5 4 | 3] 8 | 0 0 1| 10 13_0 _33 | S2AlsoR,
Indicators(A) | 1 -3 2 0 0 0 0
S1 3 -1 2 1 0 0 7 Ry =R + R,
y -12 ] 1 0 0 1/4 0 3
S3 -4 3 8 0 0 1 10 Rs > —3R; + Ry
Indicators(A) | 1 -3 2 0 0 0 0 Ry — 3R, + R,
Sq 5/2 0 2 1 1/4 0 10 10 +; _4 | 4isleast ; is
y 12 1 0 0 1/4 | 0 3 | 5.71_ | pivot.xis
2 replaces s;.
S3 -5/2 0 8 0 -3/4 1 1 1 = _75 _ _?2 Also %‘Rl
Indicators(A) | -1/2 | O 2 0 3/4 0 9
Sy 1 0 4/5 | 2/5 | 1/10 0 4
y -12 ) 1 0 0 1/4 0 3 R,
1
i _ERl + Rz
S3 -5/2 0 8 0 -3/4 1 1 Rs _,;R1+R3
Indicators(A) | -1/2 | O 2 10 3/4 0 9 R, - % R, +R,
X 1 0 4/5 | 2/5 | 1/10 0 4
y 0 1 2/5 1/5 | 3/10 0 5
S3 0 0 10 1 -1/2 1 11
Indicators(A) | O 0 | 12/5 | 1/5 4/5 0 11 No negative

indicators.

Thus (P)pmax = 11atx =4,y =5and z = 0.




5. Show that the L.P.P for minimizing the objective function Z = —2u — 3v —w
subject to the constraints u + 2v — 2w < 5,3u—v—w < 2,u,v,w = 0 has
unbounded solution.

Solution: Let Z' = —Z = 2u + 3v + w for miximization to the objective function.
Let us introduce slack variables s; and s, to the inequalities to write them in the
following form.

u+2v—-2w+1s; +0s, =5

3u—v—w+0s; +1s, =2

2u+3v+w+0s; +0s, =Z" s the objective function.

Solution by simplex method is presented in the following table.

NZV u v W Sy S, Qty Ratio
S, 1 2 -2 1 0 5 S _,e 2.5 is least
2 2 is pivot
S5 3 -1 -1 0 1 2 Negative v replace s;.
Also =. Ry
ot
Indicators(A) | -2 -3 -1 0 0
v 1/2 1 -1 1/2 0 5/2
S5 3 -1 -1 0 1 R, > Ry + R,
Indicators(A) | -2 -3 -1 0 0 0 Ry = 3R, + Ry
\% 1/2 1 -1 1/2 0 52 | 5 _-5
2
=1
S 7/2 0 -2 1/2 1 9/2 | 2/2_-9
-2 4
Indicators(Ad) | -1/2 0 -4 372 0 15/2 No negative
indicators.

Since both the ratios are negative we cannot proceed further.
Thus we conclude the L.P.P has unbounded solution.




Graphical Method in Linear Programming Problems (LPP)

The Graphical Method is a technique used to solve a Linear Programming Problem (LPP) when there are
only two decision variables. It helps determine the optimal value (maximum or minimum) of a linear objective
function while satisfying a set of linear constraints

1.Maximize z = x +1.5y given x = 0,y = 0 subject to the constraints:
x + 2y <160, 3x + 2y < 240 by graphical method.
Solution: Let us consider the equations,

x+ 2y =160, 3x + 2y = 240
. X y x Yy _
Implies Teo T e = 1..eqnl, 5o T 120~ 1..eqn2

Let eqn1 represent the straight line joining the points E (160, 0), C(0,80) and eqn2
Represent the straight line CD joining A(80,0), F(0,120).
We draw the lines AB and CD in the XOY plane.

140 Feasible Region and Corner Points

X+ 2y =160
3x + 2y = 240
Feasible Region

120 1

100 +

80

40

20

%(:).o \

o 25 50 75 100 125 150 75

Shaded potion is the feasible and OABC is the convex polygon . The point B is the point of intersection of
the lines AB and CD. We can obtain this point by solving simultaneously the system of equations:

x + 2y = 160 and 3x + 2y = 240 on solving we obtain B(X,Y) = (40,60).

The value of the objective function at the corners of the convex polygon OCEB are tabulated.

corner Value of z = x +1.5y
0(0,0) 0

A(80,0) 80

B(40,60) 130

C(0,80) 120

Thus Z is maximum at B(x, y)=(40,60) and has the maximum value equal to 130.




2.Minimize z = 5x + 4y subject to the constraints:
x+2y>210,x+y=8,2x+y =>12,x = 0,y = 0 by graphical method.
Solution: Let us consider the equations,

x+2y =10, x+y=38§, 2x+y =12

Implies 1x—0+ JEI =1..eqnl, §+% =1..eqn2, §+ % =1..eqn3

Let eqnl, eqn2,eqn3 respectively represent the straight line AB,CD,EF joining the points
A(10,0),B(0,5),€(8,0),D(0,8),E(6,0) and F(0,12).

We draw the lines in the XOY plane.

14
—— x+2y=10

0.12) — x+y=28
—_— 2x+y=12
Feasible Region

12 A

10 4

(2.4)

6.2)

10,0}
0 2 a 6 8 10 12 14

Shaded potion is the feasible region . The point ‘G’ is the point of intersection of the lines AB and CD. H
is the point of intersection of the lines CD and EF.

We can obtain this point by solving simultaneously the system of equations:

x + 2y = 160 and 3x + 2y = 240 on solving we obtain H(X,Y) = (4,4).

Here the feasible region is unbounded and we tabulate the value of the objective function
corresponding to the points A,G,H,F.

The value of the objective function at the corners of the convex polygon OCEB are tabulated.

corner Value of z = 5x + 4y
A(10,0) 50
G(6,2) 38
H(4,4) 36
F(0,12) 48

Thus Z is minimum for x=4, y=4 and the minimum value is 36.




3.Use the graphical method to maximize z = 3x + 4y subject to the constraints,
2x+y <40,2x+5y <180,x =20,y = 0.
Solution: Let us consider the equations,
2x+y =40, 2x + 5y = 180,
. x y x
Implies wtw= 1..eqnl, ot % =1..eqn2,
Let eqnl, eqn2 respectively represent the straight line AB,CD joining the points
A(20,0),B(0,40),€(90,0),D(0,36). We draw the lines in the XOY plane.

Feasible Region and Corner Points

50
2x + vy =40
—— 2Zx + S5y = 180
Feasible Region
40 H
30 +
=,
20 +
10
o
o) 10 20 30 40 50
X

Shaded potion is the feasible and OABD is the convex polygon . The point B is the point of intersection.
We can obtain this point by solving simultaneously the system of equations:

2x +y =40 and 2x + 5y = 180 on solving we obtain B(X,Y) = (2.5,35).

The value of the objective function at the corners of the convex polygon OABC are tabulated.

corner Value of z = 3x + 4y
0(0,0) 0

A(20,0) 60

D(0,36) 144
B(2.5,35) 147.5

Thus Z is maximum at B(X,Y) = (2.5,35) and has the maximum value equal to 147.5.
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4. Suppose an organisation is manufacturing two products P1land P2. The profit per tonne of the two
products are Rs. 50 and Rs. 60 respectively. Both the products require processing in three types of
machine. The following Table indicates the available machine hours per week and the time required on
each machine for one tonne of P1 and P2. Formulate this product mix problem in the linear
programming form.

Solution: Let x4 be the number of tonnes of product p; manufactured per week.

Let x, be the number of tonnes of product p, manufactured per week.
Objective Function

The objective is to maximize the total profit per week. The profit contribution is Rs. 50 per tonne for p; and Rs. 60 per tonne

forp, .
Maximize: Z=50 X1 +60X,

Constraints

The time required on each machine type and its maximum availability per week lead to the following constraint equations:

Machine 1: 2x; +x, < 300
Machine 2: 3x4 1 +4x, < 509
Machine 3: 4x; + 7x, < 812
Non-negativity: X; ,x, =0

Graphical Solution

To find the solution graphically, we first plot the boundary lines for each constraint inequality by determining their axis
intercepts:

Line 1 (Machine 1): 2x; +x, = 300

If x1 =0 implies X, = 300; Intercept = (0, 300)

If x5 = 0 implies X1 = 150; Intercept = (150, 0)

Line 2 (Machine 2): 3x; + 4x, = 509

If X1 =0 implies X, = 127.25; Intercept = (0, 127.25)
If X, = 0 implies X1 = 169.67; Intercept = (169.67, 0)
Line 3 (Machine 3): 4x; + 7x, =812

If X1 = 0 implies X, = 116; Intercept = (0, 116)

If X, = 0 implies X1 =203; Intercept = (203, 0)




Graphical Solution for Product Mix Problem

140
—_— 22X+ x2 = 300 (M1}
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Shaded potion is the feasible and OABCD is the convex polygon . The point C is the point of intersection.
We can obtain this point by solving simultaneously the system of equations:
2x; +x, = 300 and 3x; + 4x, = 509 on solving we obtain B(138.2,23.6) .Also 2x; +x, = 300 and

4x, +7x, =812 on solving we obtain C(63,80).
The value of the objective function at the corners of the convex polygon OABCD are tabulated.

corner Value of z = 3x + 4y
0(0,0) 0

A(150,0) 7500
B(138.2,23.6) 8326
C(63,80) 7950
D(0,116) 6960

Thus Z is maximum at B(138.2,23.6) and has the maximum value equal to Rs.8326 per week.




Big M method

The Big-M-Method is an alternative method of solving a linear programming problem involving
artificial variables. To solve a L.P.P by simplex method, we have to start with the initial basic
feasible solution and construct the initial simplex table. In the previous problems we see that the
slack variables readily provided the initial basic feasible solution. However, in some problems,
the slack variables cannot provide the initial basic feasible solution. In these problems atleast one
of the constraint is of = or > type. “Big-M-Method is used to solve such L.P.P.

The big M-method or the method of penalties consists of the following basic steps :
Step 1:

Express the linear programming problem in the standard form by introducing slack and/or
surplus variables, if any.

Step 2:

Introduce non-negative variables to the left hand side of all the constraints of (> or =) type.
These variables are called artificial variables. The purpose of introducing artificial variables is
just to obtain an initial basic feasible solution. However, addition of these artificial variables
causes violation of the corresponding constraints. Therefore we would like to get rid of these
variables and would not allow them to appear in the optimum simplex table. To achieve this, we
assign a very large penalty ' — M ' to these artificial variables in the objective function, for
maximization objective function.

Step 3:
Solve the modified linear programming problem by simplex method.

At any iteration of the usual simplex method there can arise any one of the following three cases

(a) There is no vector corresponding to some artificial variable, in the basis yp.
In such a, case, we proceed to step 4.

(b) There is at least one vector corresponding to some artificial variable, in the basis ys, at the
zero level. That is, the corresponding entry in Xg is zero. Also, the co-efficient of M in each net
evaluation Zj- C;(j = 1, 2, .... n) is non- negative.

In such a case, the current basic feasible solution is a degenerate one. This is a case when an
optimum solution to the given L.P.P. includes an artificial basic variable and an optimum basic
feasible solution still exists.

(c) At least one artificial vector is in the basis yg, but not at the zero level. That is, the
corresponding entry in Xg is non-zero. Also coefficient of M in each net evaluation Z; - C; is non-
negative,




In this case, the given L.P.P. does not possess any feasible solution.
Step 4:

Application of simplex method is continued until either an optimum basic feasible solution is
obtained or there is an indication of the existence of an unbounded solution to the given L.P.P.

Note. While applying simplex method, whenever a vector corresponding to some artificial
variable happens to leave the basis, we drop that vector and omit all the entries corresponding to
its column from the simplex table.

Example:
Maximize z = x1 + 5x2
Subject to

3x1 H4x2<6
X1 +3x2<2

X1,X2>0

Solution:
Converting inequalities to equalities

By introducing surplus variables, slack variables and artificial variables, the standard form
of LPP becomes

Maximize x1 + 5x2 + 0x3 + 0x4— MA1
Subject to

3x1 +4x +x3=6
X1 +3x20—x4a+ A1 =2

x1> 0,x2> 0,x3> 0,x4>0,A1> 0
where,

x3 1S a slack variable
X4 1s a surplus variable
A1 1s an artificial variable.




Initial basic feasible solution

X1=X2=x4=0,A1=2,Xx3=6
Iteration 1:

Cj 1 5 0 0 -M
CB Basic variables B X1 X2 X3 X4 Al SOllll)ti((;n;;)lues
0 X3 3 4 1 0 0 6
-M Aj 1 3 0 | -1 1 2
Zi—Cj -M-1 | -3M-5 0 M 0

Calculating values for index row (zj- cj)
zi—c1=0x3+(-M)x1-1=-M-1
Zp—c=0x4+(-M)x3-5=-3M-5
z3—c3=0x1+(-M)x0-0=0
Z4—Cc4=0x0+(-M) x (-1)-0=M
zs—¢c5=0x0+(-M)x1-(-M)=0

As M is a large positive number, the coefficient of M in the zj—cj row would decide the incoming
basic variable.

As -3M < -M, x» becomes a basic variable in the next iteration.

Key column = x; column.

Minimum (6/4, 2/3) =2/3

Key row = Al row

Pivot element = 3.

Al departs and x> enters.

Note: The iteration just completed, artificial variable A; was eliminated from the basis. The new
solution is shown in the following table.




Iteration 2:

Cj 1 510 0
B Basic variables ORI I Solution values
B b (= Xs)
0 X3 5310 | 1| 4/3 10/3
5 X2 73110 |-1/3 2/3
Zi—Cj 2310 |0 |-573
Iteration 3:
Cj 1 51010
B Basic variables 1 lx | x| xa Solution values
B b (= Xs)
0 X4 54 |0 [3/4]1 572
5 X2 34 |1 [ 1/4] 0 372
Zj—Cj 11/41 0 | 5/4| 0

Result:

The optimal solution is x1 = 0, x2=3/2
Maxz=0+5x3/2=15/2




ARTIFICIAL VARIABLE TECHNIQUES

You may recall that while introducing the slack and surplus variables, we had assigned a zero
cost to them in the objective function. Moreover, the slack variables readily provided the initial
basic feasible solution. There are, however, many linear programming problems where slack
variables cannot provide such a solution. To solve such linear programming problems, there are
two (closely related) methods, viz.,

e The "big M-method"” or the "method of penalties” due to A. Charnes, and

e "two phase method"” due to Dantzig, Orden and Wolfe.

SAMPLE PROBLEMS
1. Use penalty (or Big 'M') method to
Minimize z =4xi+ 3x2
subject to the constraints :
2x1tx2 =210, -3x1,+ 2x2 <6
X1 +x2>6, x1=>0andx >0.

Solution. Introducing surplus (negative slack) variables x3 >0, xs > 0 and slack variable x4 >
0 in the constraint inequations, the problem becomes

Maximize z* = -4x;-3x2+ 0.x3+ 0.x4 + 0.X5

subject to the constraints :
2x1+x2-x3=10, -3x1 +2Xx2+x4= 6
xitx2—x5= 6, x;>20Q(G=1,2,3,4,5)

Clearly, we do not have a ready basic feasible solution. The surplus variables carry negative
coefficients (-1). We introduce two new variables A1> 0 and A>> 0 in the first and third
equations respectively. These extraneous variables, commonly termed as artificial variables, play
the same role as that of slack variables in providing a starting basic feasible solution.

We assign a very high penalty cost (say -M, M > 0) to these variables in the objective function
so that they may be driven to zero while reaching optimality.

Now the following initial basic feasible solution is available :




A1=10,x4=6 and A= 6

with B= (a¢, a4, a7) as the basis matrix. The cost matrix corresponding to basic feasible
solutionis cs = ( -M, 0, -M)

Now, corresponding to the basic variables Ai, x4 and A,. the matrix Y = B-'A and the net
evaluations z; - ¢c;(j =1, 2, .... 7) are computed. The initial basic feasible solution is displayed in
the following simplex table :

Initial Iteration. Introduce y; and drop vs. 0 0 -M -M
—4 —3 0
c8 Y& X8 i V2 V3 V4 Vs V6 y7
-M ve 10 2 1 -1 0 0 1 0
0 V4 6 -3 2 0 1 0 0 0
-M v7 6 1 1 0 0 -1 0 1
z* -16M -3W+4 -2M+3 M 0 M 0 0

We observe that the most negative zj - ¢j is 4 - 3M (= zi— c1). The corresponding column vector
y1, therefore, enters the basis. Further, since min. =5; the element y11 (=2) becomes the leading
element for the first iteration

First Iteration: Introduce y> and drop y7.

CB VB XB yi y2 y3 V4 Vs ¥
4 1 5 1 12 12 0 0 0
0 ve 21 0 7 37 1 0 0
M v 0 0 1/2% 12 0 1 0
- = 1) . v
¢ -M20 0 ;u i Mg D M 0

In the above table, we omitted all entries of column vector ys, because the artificial variables
A has left the basis and we would not like it to re-enter in any subsequent iterations.




Now since the most negative (z—-c;) is z2-C2; the non-basic vector y2 enters the basis. Further,
since min is 2 which occurs for the element y3» ( = 1/2), the corresponding basis
vector y7 leaves the basis and the element y32 becomes the leading element for the next iteration.

Final Iteration: Optimum Solution,

B ¥B XB b y2 V3 V4 Vs
= 1 4 1 0 -1 0 1
0 v 14 0 0 5 1 7
3 V2 2 0 1 1 0 3
z* 22 0 0 1 0 2

It is clear from the table that all z; - cj are positive. Therefore an optimum basic feasible solution
has been attained which is given by

x1=4, xo =2, maximum z =22,
2. Maximize z = 3x1, + 2x2 subject to the constraints :
2x1 +x2 <2, 3xi +4x2 > 12, x1,x2 > 0.

Solution:

Introducing slack variable x3 > 0, surplus variable x5 > 0 and an artificial variable 4; > 0, the
reformulated L.P.P. can be written as :

Maximize z = 3x; + 2x2 + 0.x3 + 0.x4 — MA|
subject to the constraints :

2X1+x0+x3=2,

3x1 +4x2-x4 t A1=12

X1, X2, X3, X4 >0 and A= 0.

An obvious starting basic feasible solution is :
x3=2 and A;=12.

The iterative simplex tables are :

Initial Iteration: Introduce y> and drop ys.




(V%)
[S]
o
o
<

CB VB XB yi y2 y3 V4 ¥s
0 V3 2 2 1 0 0
-M Vs 12 3 - 0 -1 1
z -12M-2 -3M-3 -4M 0 M 0

Final Iteration. No solution.

B ¥B XB Vi y2 V3 V4 Vs
2 V2 2 2 1 1 0 0
-M Vs 4 25 0 4 -1 1
z 4M+4 SM+1 0 4M+2 M 0

Here the coefficient of M in each z; - cjis non-negative and an artificial vector appears in the
basis, not at the zero level. Thus the given L.P.P. does not possess any feasible solution.

Unrestricted (unconstrained) Variables

Sometimes decision variables are unrestricted in sign (positive, negative or zero). In all such
cases, the decision variables can be expressed as the difference between two non-negative
variables. For example, if x; is unrestricted in sign, then Put x; = x; - x1"

Example:
Maximize z = 2x1 + 3x2
Subject to
-X1] F2x<4
X1 +x2 <6
X1 +3x2<9

X1, X2 are unrestricted in sign

Solution:




Since x; and x; are unrestricted in sign, we can replace them by non-negative variables x; , x1",
X2 ,X2 .

Putx; =x1 -x1"
X2 =X3 - X"

The given problem can be written as
Max. z = 2(sx1 - x1"") + 3(x2 - x2"")
Subject to
-(x1' -x1") + 2(X2' -x2")< 4
x1 -x1")+(x2 -x2") <6

(x1 -x1")+3(x2 -x2") <9
Introducing slack variables
Max. z = 2x1' - 2x1"' + 3x2' - 3x2"
Subject to

-X1' +x"+ 2X2V -2x" +x3=4

X1 X"t x2-X2"+xX4=6
X1 -X1"+3x2 -3x2" +x5=9

where x3, X4 and x5 are slack variables

Iteration 1:

Cj 2 =2 3 310010
Basic Solution
cB variables xi | xi" [ x2 | x2" | x3| x4/ X5 values
B b (=X5)
0 X3 -1 1 2 -2 1{0]O0 4
0 X4 1 -1 1 -1 011 0 6
0 X5 1 -1 3 -3 001 9
Zi-C; 212303 0]o]o




Key column = x2 column.
Minimum (4/2, 6/1, 9/3) =2
Key row = x3 row.

Pivot element = 2
x3 departs and X, enters.

Iteration 2:

Cj 2 -2 3| -3 0 00
Basic Solution
cB variables xi [xi"|[x2|x2"| x3 |x4]Xs5 values
B b (=XB)
3 X2 12 12 | 1 -1 1721010 2
0 X4 3/2 3 0 0 12 10 4
0 X5 5/2 5/ 0 0 3 011 3
Zj-Cj 7;2 7721 0 0 32 10| 0
[teration 3:
Cj 2| 21|13 -3 0 0 0
c Basic variables a1 1o | xa Ixe |l x Solution values
B B 1 1 2 2 3 4 5 b (=XB)
3 X2 oo |1 |-1|lws]0]1/5 13/5
0 X4 0 0 0 0 | 2/5|11|-3/5 11/5
2 X1 1L{-1]0]| 0 |-35]0]25 6/5




Zj-Cj 0 0 0 3/51 0| 7/5
Iteration 4:
Cj 21 213|310 0 0
Basic Solution
CB variables xi [ xi"|[x2|[x2"|x3]| x4 X5 values
B b (=XB)
3 X2 oo |1|-11]0 1;2 1/2 3/2
0 X3 0 0 0 0 11]572 3 11/2
2 X1 1 -1 0 0 0| 372 1;2 9/2
Zé'f ol o0 ]o|o]o]|32]1r
j

Result:

The optimal solution is X1 = 9/2, x1" =0, x2 = 3/2, x2" = 0.

Solution of the original problem is
X1 =X1' -x1"=9/2-0=9/2

X2=X2 -x2"=3/2-0=3/2

Maxz=2x9/2+3x3/2=27/2.




Transportation Problems

Transportation Problems is a special kind of linear programming problem in which goods are
transported from a set of sources to a set of destination subjected to supply and demand for
source and destination respectively such that the total cost of transportation is minimized.

Generalisation of transportation problem or formulation of transportation problem
Suppose we are supplying the resources from ‘m’ source to the ‘n’ destinations such that
a; : the quantity available at the source S;

b; : the quantity required at the destination D;

c;j : the cost of transportation of one unit resource from §; to D;

X;j . units of resources transported from S; to D; where 1 <i<m and1<j<n

Transportation Table

D, D, D4 cen D, | supply
S €11 C12 €13 Cin a
S5 C21 C22 C23 Con a
S3 C31 C32 C33 C3n as
S m Cm1 Cm2 Cm3 oo Cmn am
Demand | b, b, by b,

Types of Transportation Problem
The transportation problem has 2 types they are

1) Balanced transportation problem
The sum of the supply or available is equal to the sum of requirements then it is called

balanced transportation problem.
m
$a-3
i=1 j

n
j=1

bj
2) UnBalanced transportation problem
Suppose the sum of supply is more than sum of requirements or sum of source is less
than sum of destination is called an unbalanced transportation problem.To solve this
type problem we shall add one dully source (if supply > requirement) and add dummy
source (if demand > supply) with zero cost, to make them balance.

Evaluation of Transportation Problem



To evaluate the transportation problem we have the following methods

(1) North-West corner rule method
(i1))  Least Cost method
(ii1))  Vogel’s approximation method (VAM) or penalty method.

(i)North-West corner rule method

Step-1 : select the upper left corner cell of the transportation matrix and allocate the
minimum of a4, by .

Step-2 : subtract this value from supply and demand of respective row and column.
Step-3 : If supply is zero then cross (strike) that row and move down to the next cell.

Step-4 : If the demand is zero then cross (strike) that column and move to the right to
next cell.

Step-5 : repeat this step until all the supply and demand values are zero.

Step-6 : count the number of cells allocated and if it is equal to m+n-1 then it is called the
non degenerate solution.

Problems

Find a solution using North-West corner rule method destination

Dy D, D, D, | supply
M 19 30 50 10 7
S, 70 30 40 60 9
S3 40 8 70 20 18
Demand 5 8 7 14

The given transportation problem is balanced TP

S, sl 2]30 ] 50 10
S, 70 [ 6] 30 [ 3 ]40] 60
Ss 40 8 4] 70 [14] 20

Minimum transportation cost
=(5x%x19)+(2x%x30)+(6x30)+(3x40)+ (4%x70)+ (14 x 20)
= 1015

m+n—1=3+4—1= 6 =number of cell allocated

The solution is non degenerate



Find the transportation cost using North-West corner method to the following

D, D, D, D, | supply
S1 3 1 7 4 300
S, 2 6 5 9 400
S 8 3 3 2 500
Demand | 250 | 350 | 400 | 200

The given transportation problem is balanced TP

D D, Dy D,
S 250 50 | 1 7 4
S, 2 300] 6 [100 | 5 9
S, 8 3 300] 3 200

Minimum transportation cost
= (3x250) + (1 x50)+ (300 x6) + (5x100) + (3 x300) + (2 x200)
= 4400
m+n—1=3+4—1= 6 =number of cell allocated

The solution is non degenerate

(ii)Least cost method of transportation problem

Step-1 : Determine the smallest cost in the cost matrix of the transportation table. Let it
be ¢;; allocate x;; = min(a;, b;) in the cell (i,)).

Step-2 : If x;; = a; then cross of i row of the transportation table and decrease b; from
a;. Then go to step-3.

If x;; = bj then cross of j™ column of the transportation table and decrease a;
from b;.Then go to step-3.

Step-3 : If x;; = a; = b; cross of either i row or j™ column but not both.

Between step-1 and step-2 for resulting reduced transportation table until all the rim
requirement are satisfied. Whenever the minimum cost is not unique make arbitrary
choice along the mima.

Problems

Obtain an initial feasible solution for following transportation problems.



D, D, D, D, | supply
0,4 1 2 3 4 6
0, 4 3 2 0 8
05 0 2 |2 1 10
Demand 4 6 8 6
The given transportation problem is balanced.
Sum of supply = Sum of demand
Dy D, D, D,
0, | 6 2 3 4
1
0, 4 3 2 | 21]6] 0

0; [4]0 2 |6] 2 1

Minimum transportation cost

=(6x2)+(2%x2)+(6x0)+(@Ex0)+(6x2)
= 28
m+n—1=3+4—1= 6 =number of cell allocated
But number of cell allocated is 5

The solution is degenerate.

Determine an initial basic feasible solution for the following TP using least cost
method

Dy D, D, D, | supply
0, 6 4 1 5 14
0, 8 9 2 7 16
04 4 3 6 2 5
Demand 6 10 15 4

The given transportation problem is balanced.

Sum of supply = Sum of demand

D, D, Dy D,
0, 6 4 14 1 5

0, l6]/8]19] 9 [1 2] 7
1] 3 6 4] 2




Minimum cost Z
=(14x1D)+(6X8)+(OxND+(1x2)+(1x3)+(4x2)
=156
m+n—1=3+4—1= 6 =number of cell allocated

The solution is non degenerate.

(iii)Vogel’s approximation method

Step-1 : Find the penalty cost namely the difference between the smallest and next smallest
causes in each row and column.

Step-2 : Among the penalties as found in step 1 choose the maximum penalty. If this
maximum penalty is more tham one (that is if there is a tie) choose any one arbitrary.

Step-3 : In the selected ro or column as by step 2 find out the cell having the least cost.
Allocate to this cell as much as possible depending on the capacity and requirement.

Step-4 : Delete the row or column which is fully exhausted. Again compute the column and
row penalties for the reduced transportation table and then go to step 2. Repeat the procedure
until all the rim requirements are satisfied.

Note: If the column is exhausted then there is a change in row penalty and viceversa.

Find the initial basic feasible solution for following transportation by VAM

A B C D | supply

P 5 4 2 6 20
Q 8 3 5 7 30
R 3 9 4 6 60

Demand 10 40 20 30

The given transportation problem is balanced.

P 5 4 20] 2 6 20

Q 8 30] 3 5 7 30

R 10]3/10]9] 4 [30]6]| 60

Minimum cost Z
=(20%x2)+(B0x3)+(10x3)+(10x9) + (30 X 6)
=510



Find the initial basic feasible solution for following transportation by VAM

D D, D D, supply

04 11 13 17 14 250
0, 16 18 14 10 300
03 21 24 13 10 400

Demand | 200 225 275 250

The given transportation problem is balanced TP.

D D, Dy D,
0, |200]11]50 [13] 17 14
0, 16 |[175]18] 14 [125]10
05 21 24 [275]13]125] 10

Minimum cost Z

= (200 x 11) + (50 x 13) + (175 X 18) + (125 x 10) + (125 x 10) + (275 X 13)
+ (125 x 10)

= 12075

Algorithm for assignment problem by Hungarian Method

The solution of assignment problem can be arrived using Hungarian method. The steps
involved in this method are as follows.

Step-1 : Prepare a cost matrix. If the cost matrix is not a square matrix then add a dummy
row(column) with zero cost element.

Step-2 : Subtract the minimum element in each row from all the elements of the respective
TOWS.

Step-3 : Further modify the resulting matrix by subtracting the minimum element of each
column from all the elements of the respective columns. Thus, obtain the modified matrix.

Step-4 : Then, draw minimum number of horizontal and vertical lines to cover all zeroes in
the resulting matrix. Let the minimum number of lines be N. Now there are two possible
cases.

Case(i) : If N = n where n is the order of matrix then an optimal assignment can be made.
So make the assignment to get the required solution.

Case(ii) : If N < n then proceed to step 5.



Step-5 : Determine the smallest uncovered element in the matrix (element not covered by N
lines). Subtract this minimum element from all uncovered elements and add the same element
at the intersection of horizontal and vertical lines. Thus, the second modified matrix is
obtained.

Step-6 : Repeat step 3 and 4 until we get the case (i) of step 3.

Step-7 : (To make zero assignment) examine the rows successively until a row wise exactly
single zero is found. Circle (0) this zero to make the assignment. Then mark a cross (x) over
all zeroes if lying in the column of the circled zero, showing that they can’t be considered for
future assignment. Continue in this matter until all the zeroes have been examined. Repaeat
the same procedure for column also.

Step-8 : Repeat the step 6 successively until one of the following situation arises.
1)If no unmarked zero is left, then the process ends or

i1)If there lies more than one of the unmarked zero in any column or row then, circle one of
the unmarked zeroes arbitrarily and mark a cross in the cells of remaining zeroes in its rows
or column. Repeat the process until no unmarked zero is left in the matrix.

Step-9 : Thus exactly one marked circled zero in each row and each column of the matrix is
obtained. The assignment corresponding to these marked circled zeroes will give the optimal
assignment.

Problems
Solve the assignment problem

M1 M2 M3 M4

J1 10 12 19 11
J2 5 10 7 8
J3 12 14 13 11
J4 8 12 11 9

The total number of machines = number of jobs
n=4
Given assignment problem is balanced.

Step 1: Row operation

M1 M2 M3 M4

J1 0 2 9 1
J2 0 5 2 3
J3 1 3 2 0
J4 0 4 3 1

Step 2: Column operation



Ml M2 M3 M4
71 0 0 7 1
) 0 3 0 3
13 1 1 0 0
14 0 2 1 1
Step 3: Row operation
Ml M2 M3 M4
Jl 0 10| 7 1
i) 0 3 [0 ]
13 1 1 10|
J4 | 0] 2 1 1

The number of covered line = order of matrix = 4

The optimum solution is obtained

Job Machine Cost
J1 M1 12
12 M2 7
I3 M3 11
J4 M4 8

Minimum cost z= 12+7+11+8=38

There are 4 jobs to be assigned to the machines. Only one job could be assigned to 1
machine. The amount of time in hours required for jobs in a machine are given in a
following matrix. Find an optimum assignment of jobs to machine to minimum total
processing time and also for each machine no job is assigned. What is total processing

time to complete all the jobs?

Jobs Machines
A B C D E
1 4 3 6 2 7
2 10 12 11 14 16
3 4 3 2 1 5
4 8 7 6 9 6

Given assignment problem is not balanced.

So that let’s add one dummy job as 5. We get




1
12
I3
J4
J5

Bl
12
I3
J4
J5

I
12
I3
J4
J5

bl
12
I3
J4
J5

A B C D E
4 3 6 2 7
10 12 11 14 16
4 3 2 1 5
8 7 6 9 6
0 0 0 O 0
Step 1: Row operation
A B C D E
21 4 0 5
0 2 1 4 6
3 2 1 0 4
lZ 1 0 3 OJ
0 0 0 0 O
Step 2 : Column operation
A B C D E
[2 1 4 0 5]
0 2 1 4 6
13 2 1 0 4]
lz 1 0 3 OJ
0 0 0 0 O
A B C D E
1 4 5
2 1 6
3 2 1 4

Here the number of covered lines is less than the order of matrix that is 4<5.
Identify the least cost among the uncovered table and subtract the same from the uncovered cost and

add the same to the intersection points.



J1
J2
J3
J4
J5

Minimum cost z= 3+10+1+6=20

A B C D E

2 |0 0 4

Pﬁl 1 o 4 5]

I3 1 o [0 3I

3 1 0 4 ©

i o o 1 @
Job Machine Cost
J1 A 3
J2 B 10
J3 C 1
J4 D 6
J5 E 0




