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Complex Analysis, Transform Techniques and Optimization

Course Code 1BMATEE301 Scheme 2025
Type of Course Applied Science Course (ASC) | Semester I11
Teaching Hours/Week (L:T:P) 70 (3:2:0) CIE Marks 50
Total Hours of Pedagogy per

semester 120 (42:28:0:50) SEE Marks 50
L /T/P/SL&TW:

Credits 4 Total Marks 100
Examination type (SEE) Theory Exam Hours 3

Course outcome (Course SKkill Set):

At the end of the course, the student will be able to:

CO1: Apply the concepts of analytic functions, Cauchy-Riemann equations, complex integration,
Cauchy’s theorem, and Cauchy’s integral formula to solve engineering and mathematical
problems involving complex variables.

CO2: Develop Fourier series representations of periodic functions and perform harmonic
analysis for functions with different periodicities, discontinuities, and symmetry

properties.

CO03: Utilize Fourier transforms and Z-transforms, including their inverse transforms and
properties, to analyze signals and solve difference equations arising in engineering applications.
CO4: Apply probability distributions, sampling theory, and statistical hypothesis testing
techniques for analyzing uncertainty and making data-driven decisions.

CO5: Formulate and solve linear programming problems using graphical, simplex, and Big-M
methods to obtain optimal solutions in engineering and management applications.

Module-1: Complex Analysis

Review of a function of a complex variable, limits, continuity and differentiability.
Analytic functions-Cauchy-Riemann equations in Cartesian and polar forms. Construction of
analytic functions by Milne-Thomson method, Problems on electric flux.
Complex integration: Line integral of a complex function, Cauchy’s theorem and Cauchy’s
integral formula (statement only) and problems.

Number of Hours:8+5T

Module-2: Fourier Series

Periodic functions, Euler’s Formula, Conditions for Fourier series expansion(Dirichlet’s
condition), Fourier series of functions -having points of discontinuity, with period 2m, with
change of interval (arbitrary period) and, Even and odd functions. Half range Fourier series.
Practical harmonic analysis.

Number of Hours:8+5T

Module-3: Fourier transforms and Z-transforms

Infinite Fourier transforms: Definition, Fourier transforms, Fourier sine, and cosine
transforms. Inverse Fourier Transforms, inverse Fourier sine and cosine transforms. Problems.
Z-transforms: Definition, Standard Z-transforms, Damping, and shifting rules, Statements of
initial value theorem and Final Value Theorem (statements only). Inverse Z-transform and
applications to solve difference equations.

Number of Hours:9+6T




Module-4: Probability distributions and Sampling theory

Probability Distributions: Review of basic probability theory, Random variables-discrete and
continuous. Probability distribution function, cumulative distribution function, Mathematical
Expectation-mean and variance. Repeated Trials- Binomial, Poisson, Normal and exponential
distribution (without proofs for mean and SD).
Sampling Theory: Introduction to sampling distributions, standard error, Type-I and Type-II
errors. Test of hypothesis for single means, single proportions. Student’s
t-distribution, Chi-square distribution as a test of goodness of fit.

Number of Hours:9+6T

Module-5: Linear Programming Problems

Linear Programming Problems: Introduction to optimization techniques, formulation of the
problems. Introduction to Linear programming, graphical solution, solution by simplex and
Big M method.

Number of Hours:8+6T

Suggested Learning Resources: (Text Book/ Reference Book/ Manuals):
Textbooks:

(i) Higher Engineering Mathematics, B.S. Grewal, 45th Edition, Khanna Publishers.

(ii) Operations Research: An Introduction, Hamdy A. Taha,Pearson Education.

(iii) Higher Engineering Mathematics, H.K. Dass and Er. Rajnish Verma, S. Chand
Publications.

Reference books:

(i) Complex Variables and Applications by James Ward Brown and Ruel V. Churchill, McGraw-Hill
Education.

(ii) Advanced Engineering Mathematics, Erwin Kreyszig, 10th Edition, Wiley India.

(iii) Fourier Series and Boundary Value Problems by Ruel V. Churchill and James Ward Brown.

(iv) Probability and Statistics for Engineers and Scientists by Ronald E. Walpole et al., Pearson
Education.

(v) Operations Research by Hamdy A. Taha, Pearson Education.

(vi) Schaum's Outline of Complex Variables, McGraw-Hill.

Web links and Video Lectures (e-Resources):

e NPTEL Courses on Engineering Mathematics
e MIT OpenCourseWare Mathematics

e SWAYAM Online Courses

Teaching-Learning Process (Innovative Delivery Methods):

The following are sample strategies that educators may adopt to enhance the effectiveness of the
teaching-learning process and facilitate the achievement of course outcomes.

1. Flipped Classroom Approach
o Students review video lectures and reading materials before class.
o Classroom sessions focus on problem-solving, discussions, and applications of
transform techniques and optimization models.
2. Problem-Based Learning (PBL)
o Real-world engineering problems involving Fourier Transforms, Z-Transforms,
and Linear Programming are assigned for collaborative solution development.

2




3. ICT-Enabled Teaching (may be conducted in Tutorial hours)
o Use of MATLAB, Python, and online simulation tools to visualize transforms,
optimization problems, and signal-processing applications.
4. Collaborative Learning (may be conducted in Tutorial hours)
Group assignments and mini-projects on optimization models and transform applications.

Assessment Structure:
The assessment in each course is divided equally between Continuous Internal Evaluation (CIE)
and the Semester End Examination (SEE), with each carrying 50% weightage.

e To qualify and become eligible to appear for SEE, in the CIE, a student must score at least
40% of 50 marks, i.e., 20 marks.

e To pass the SEE, a student must score at least 35% of 50 marks, i.e., 18 marks.

o Notwithstanding the above, a student is considered to have passed the course, provided
the combined total of CIE and SEE is at least 40 out of 100 marks.

Continuous Comprehensive Assessments (CCA)+ Internal Assessment Test (IA) =
Continuous Internal Evaluation CIE [25+25=50 marks]

A minimum of two Internal Assessment Tests (IA)shall be conducted, carrying a total of 25
marks.

In addition, Continuous Comprehensive Assessment (CCA) shall be conducted for a total of 25
marks.

It is recommended to include a maximum of two learning activities as part of the CCA to foster

the holistic development of students. These activities shall be:

S1. No. Name of the Learning activity Maximum Marks
1. Assignment at RBL3 and RBL4 levels based on Team 10
Work(TW) activities.
2. GATE-based Aptitude Test 15

Rubrics for Learning Activity (Based on the nature of learning activity, design the rubrics
for each activity):




Rubrics for Learning Activity—1: Assignment (10 Marks)

. with minor errors
and application

Performance . . Needs
Indicator Superior (10) Good (8) Fair (6) Improvement (5)
Demonstrates Good
Understanding  |lexcellent nderstandin Basic Poor
of Concepts conceptual clarity u & understanding  |[understanding

Solves all problems

correctly with Solves most

Problem Solving

Partial solutions

Unable to solve

Ability proper E (r)(;l)elcegls with errors Ie) a?ebcltei\risl
methodology Y M
. Calculations and  ||Minor
Mathematical Y . .
derivations are computational Several errors  ||Significant errors
Accuracy
error-free errors
1l-struct . .
. Well-structured, Organized with
Presentation & |neat, and . Average .
.. . minor . Poor presentation
Organization professionally L presentation
deficiencies
presented

Rubrics for Learning Activity—2: GATE-Based Aptitude Test (15 Marks)

Performance . . Needs
Indicator Superior (15) Good (12) Fair (10) Improvement (8)

Quqntltatlve >90% correct responses ||75-89% correct |60—74% correct ||[<60% correct
Aptitude
Analytical Excellgnt logical Good reasoning |[Moderate .

.7 reasoning and e . Weak reasoning
Thinking . . ability reasoning

mterpretation
. Completes all questions ||[Completes most |[Requires

Time Management within allotted time questions additional time Unable to complete
Accuracy & . Moderate
Precision Very high accuracy Good accuracy accuracy Low accuracy




Term Work (TW) and Self Learning (SL) components in
Number of Hours per semester

Term work (includes assignments, seminars, micro projects, industrial visits, any other student

activities etc.)

Sl No. Term Work (TW) Activity Number of Hours / Semester
1. Group Assignment on Applications of Complex
Variables in Electrical Engineering (AC circuits, 5
electric flux, potential theory)
2. MATLAB/Python Exploration of Fourier and Z- 5
Transforms
3. Mini Project on Linear Programming Models in 5
Engineering Applications
4, Case Study on Signal Processing using Transform 5

Techniques

SL: Self Learning, MOOCs, spoken tutorials, online educational resources etc.

Sl. No. Self-Learning (SL) Activity Number of Hours / Semester
1. Conformal transformations: Discussion of
transformations:w = z2,w = e?,w = z +§ ,Z + 0, 6
Bilinear transformations
2. Complex form of Fourier Series 6
3. Convolution theorem for Fourier transforms and Z
transforms. Applications of transforms to boundary 6
value problems
4. Joint probability distributions. 6
5. Dual simplex method. 6

Continuous Internal Evaluation (CIE)

1.

4,

The CIE marks shall be decided based on internal tests and other outcome-based
activities. The continuous internal evaluation shall be carried out by the teacher
handling the course.

Out of 50 marks earmarked for CIE, 25 marks shall be assigned for internal tests.
The first test shall be conducted after completing two modules of the syllabus and
the second one after completing the remaining three modules.

The remaining 25 marks shall be assigned for Continuous Course Assessment (CCA),
conducted as per the rubrics listed in the assessment section of the respective
syllabus.

A student shall obtain a minimum of 40% marks or 20 out of 50 marks allotted to
CIE to become eligible to appear for the SEE.

Passing requirement in SEE

1.

2.

For a pass in the Semester End Examination (SEE), a student shall secure a
minimum of 35 marks out of 100.

For the declaration of a pass grade, the sum of the Continuous Internal Evaluation
(CIE) marks (out of 50) marks and the SEE marks scaled down to 50 shall be
greater than or equal to 40 marks.

If the total (CIE + SEE) is less than 40 marks, the student shall be awarded the grade
‘F’ (Fail).




Module-1
Complex Analysis

Recapitulation of Basic concepts
» Z=xtiy [Cartesian form of ‘Z’]
«  Z=r[cosB + isin® ]=rei®[Polar form of ‘Z’]
©olEx2 ety =
Amplitude of z=tan™(y/x)=6

* Z=x— 1y is called the complex conjugate of z.

0

o ¢® = cosB + isind and e"® = cosO — isin®
ei9+e—i9
e cosO=
2
. eie_e—ie
sin0=

2i
* cos(iB)=coshB and sin(i0)=isinh®
 De-Moiver’s theorem:
(cosB + isinB)"= cosn6 + isinn®, where n is a real number.

Review of function of a complex variable

Functions of a complex variable:

Let C be a set complex numbers. If to each complex number z in C there corresponds a
unique complex number w, then w is called a complex function of z defined on C, and we write
w = f(z)=u+iv.

Hence, w has a real part, say u and an imaginary part , say v.
Then, w has the representation
w=f(z) =u(x,y) +1v(x,y) (Cartesian form)

w=u(r,0) +1v(r,0) (polar form)

Continuity:
A complex valued function f(z) is said to be continuous at a point z o if f(z) is defined at
zoand lim f(z) =f(z,).
Z—-Zg

Derivative of a complex function:

The derivative of a complex function f at a point z=zo is defined as

f(z+6z)—f(z)

5 provided the limit exists.

"G = i,



We should remember that by the definition of limit f(z) is defined in a neighborhood of z ¢
and z may approach z o from any direction in the complex plane. The derivative of a function
at a point is unique if it exists.

Analytic Functions

In complex analysis we are interested in the functions, which are differentiable in some
domain, called the analytic functions. A large variety of functions of complex variables which
are useful for applications purpose are analytic.

A function f(z) is said to be analytic at a point zo , if it is differentiable at zo and, in addition ,
it is differentiable throughout some neighborhood of zo .

That is , a complex valued function w= f(z) is said to be analytic at a point z = zg if
v _ ¢ '(z) = lim

f(z+62z)—f(z)
dz 8§20 8z

exists and is unique at zo and in the neighbourhood of zo
Analytic function is also called a regular function or holomorphic function.

Cauchy-Riemann Equations in the Cartesian form
The necessary conditions that the function w= f(z) = u(x,y) + 1 v(x,y) be analytic at any

. . . . . . . du Ou ov dv
point is that, there exists four continuous first order partial derivatives % 39’ o’ 39 and
x’ 0y’ 0x’ dy
. . du oOv av Jdu
satisfy the equations: —=— and —=- —.
y q Jx 0dy ax ay

These are known as Cauchy-Riemann ( C-R )equations.
Equivalently, uy= vy and vy=-uy

Proof:

Let f(z) be analytic at a point z=x+iy and hence by the definition,

f(z+82)—1f(z . . .
(—i() exists and is unique.

e = i,

In the Cartesian form, f(z) = u(x,y) + 1 v(x,y) and let 8z be the increment in z corresponding
to the increments 8x, 8y in X, y.

o u(x+6x,y + 8y) +iv(x + 8x,y + 8y) — (u(x, y) +iv(x, y))
f'(z) = shmo =
VAl

u(x+6x,y +8y) —u(x,y) . . v(x+38xy+38y) —v(xy)
+ lim i 52 -— (1)

() = Slir—r»lo 0z 820
Now, 6z = (z+ 6z) -z where z=xtiy

8z = [(x + 6x) + i(y + 8y)] — [x+iy]

i.e., 6z = 8x + idy

Since 6z tends to zero, we have the following two possibilities.

Case-1: Let 8y = 0 then 6z = 6x + 18y becomes 6z = 6x and 6z = 0 then 6x = 0



u(x+6x,y)—u(x,y) v(x+8%x,y)-v(xy)

&x T lx—>0 8x

Now (1)= f'(z) = lim
8x—-0
By the definitions of the partial derivatives of u and v w.r.t x. It can be written as
=M
f(Z)_6x+10x 2)

Case-2: Let 6x = 0 then 6z = 6x + i8y becomes 6z = iy as §z — 0 then §y —» 0

(1) = f,(Z) = 6llm —u(x,y+8y)—u(x,y) + lim I—V(Xy+8y) v&y)

y—0 i8y 5y—0 i8y
It can be writtenas ~ f'(z) = E + &
1 1
But T = 1—2 =-1
aV ov Ju
ro=5+5=G-%  — O
Equating RHS of equation (2) and (3) we get
6_11 — @ d 0_V _ au
ox oy 0 ax oy

These are known as the Cauchy-Riemann equations.

Cauchy —Riemann equations in the polar form

If f(z)=f(re'®)=u(r, ) + iv(r, 0) is analytic at a point z , then there exists four

Jdu BV 6V du . .
continuous partial derivatives — 55" 90" 95’ 98 and satisfies the equation
du 1 av d _ _10u
or  roe’  roe

These are known as Cauchy —Riemann ( C-R) equations in the polar form

Proof:

Let f(z) be analytic at a point z=re'® and hence by definition

f'(z) =

f(z+82) —f(z)

8 m 5 — (1) exists and unique
A4

In the polar form f(z) = u(r, 0) + iv(r, 6) and let 6z be the increment in z corresponding to
the increments are or and 60 in r and 6 respectively.

u(r+8r,0+806)+iv(r+8r,0+606)—(u(r,0)+iv(r,0))
8z

(=00 =1

+ 86,0+ 80) — u(r, 0 + 81,0+ 80) — v(r,0
£(2) = lim SO ) Zuw® v ter ) —v(r8) -~ @
8z2—0 5z 8§z-0 oz




Consider z=rei® | since z is a function of two variables r and 8 we have,

8z =251 + 22 80
= %(reie) 8r + % (re'®) 50
8z =e%8r + irel®50
Since 6z tends to zero, we have the following two possibilities.

Case-1: Let 80 = 0 then 8z = €981 + ire'®80 becomes 6z = e'®8r and as 6z — 0

then6r - 0

u(r+8r,0)—u(r,0) . v(r+8r,0)—-v(r,0)

PeoN s .
)= () = (%IILHO ei®sr + sliglol el®sr
, __ 0u ov _i(@_u ﬂ) _
f (Z) T ei®gr 1eie ar  ei® \ar + lar (3)
Case-2: Let 6r = 0 then 8z = €'%6r + ire'®80 becomes 6z = irei®80 as 6z — 0
then 60 - 0
, BT u(r,0+806)—u(r,0) . . v(r,0+80)—v(r,0)
filz) = 8161_1)10 950 (slér_l)lol irei®50
It can be written as
0 Y S T S (Y. Ty B
f'(z) = irei996  re®90  re® \ g + a0 (4)

Equating RHS of equation (3) and (4) we get
-io (U | OV)_ -ip (_j10u 10V
el(6r+16r) el(l + )

roé raoo
Cancelling e~ on both sides and equating real and imaginary parts, we get
u_1ov  4Ov_ _10u
ar_raean ar  rae
OR
ru, = vg and rvp, = —ug

Thus we have established Cauchy-Riemann equations in polar form.

Consequences of C-R Equations:

Harmonic function — Definition

A function ¢ is said be harmonic if it satisfies Laplace equation V2¢ = 0.



. . ..o 02 e
In the Cartesian form ¢(x,y) is harmonic if e o = 0.
2 2
In the Polar form ¢(r,0) is harmonic if G + 106,190

or2 r or r2 902

Harmonic Property: The real and imaginary parts of an analytic function are harmonic

ey . 0%u | 9%u
e If‘w’is harmonicthen —+-—=20
ax%  Qdy?

s s . %v  9%v
e If‘v’is harmonicthen — +-—=0
0x%  dy?

9%u  10u , 1 0%u _

° 13 93 3 P — —
If ‘u’ is harmonic then —— +-—+ -2 =10
If ‘v’ is harmonic then v $Lovy 10 _ 0
or2 rar r29ez
Note:

1. The real and imaginary parts of an analytic function when expressed in Cartesian and polar
form satisfy Laplace’s equation in the Cartesian and polar form.

2. The converse of this property is not true. That is we can say that if a function is harmonic it
may not be analytic.

Ex.u = x? —y? ;v = x3 — 3xy?. In this example u and v are harmonic functions but its not
analytic [ Since C-R equations are not satisfied].

Orthogonal Property

If f(z) = u + iv 1s an analytic function, then the family of curves u( x, y)=c1 and v( x, y)= c2
, c1and c2 being constants , intersect each other orthogonally.
Proof:
We know that two curves intersect each other orthogonally if the tangents at the point of
. . . d
intersection are at right angles. Further we know that d—i represents slope of the tangent and

the condition for the perpendicularity of two lines is that the product of their slopes must be
equal to -1.

Let u(x,y)=c1 -- (i)

v(x,y)=c2 -- (i)
Differentiating eqn (i) partially w.r.t x treating y as a function of x , we get

Jdu
du Jdudy dy X
[ —_—— h _ = —_——_——=
6x+6ydx 0 so that Ix 9u m,
dy

Similarly , the slope of the member of the family v(x, y)=c:

ov

Passing through the point (X,y) is % = - % = m,

ay



mim; = 5uav

But f{(z) is analytic, then CR equation hold we get mym, = —1.
Hence the curves intersect orthogonally at every point of intersection.

Note: Converse of this theorem is not true

Problems on finding the derivative of an analytic function

1. Given w= f(z) , we substitute z=x+iy or z=re'® to find the real and imaginary parts u and v
as functions of x, y or r, 6.
2. We find first order partial derivatives and verify Cauchy-Riemann equations in the
Cartesian or polar form to conclude that f(z) is analytic.
3. To find the derivative of f(z) we make use of the fundamental results derived while
establishing Cauchy-Riemann equations. They are as follows
f'(z) = uy + ivy [ Cartesian form ]
f'(z) = e ®u, +iv,] [ Polar form ]
4. We substitute for the partial derivatives and rearrange as a function of (x+iy) or re® which
is z, with the result f'(z) is obtained as a function of z.

1. Show that w = z + e” is analytic and hence find Z—VZV.
Sol: By data w = z + e*, Put z=x + iy
u+iv=(x+iy) + e&+y)
= (x +iy) + e*. eV
= (x + iy) + e*(cosy + isiny)

u + iv = (x + e*cosy) + i(y + e*siny)

u = x + e*cosy v =y + e¥siny
u, = 1+ e*cosy vy = e¥siny

— X a1 — X
uy = —e’siny vy =1+ e“cosy

We observe C-R equations u,= vy and vy= - uy, are satisfied .

y
Thus, w = z + e? is analytic.

Now, i—vzv = f'(z) = uyg + ivy

i—vzv = (1 + e*cosy)+i(e*siny)
= 1+eX (cosy+i siny) =1+e*, el¥ = |+eX*¥
dw

_— z
= 1+e



2. Show that f(z) = Sinz is analytic and hence find f'(z).
Sol: Given: f(z)=Sinz , Put z=x+iy

f(z)y=Sin(x+iy)

utiv=sinxcos(iy)+cosxsin(iy)

[Since sin(iB)=isinh@ and cos(if)=cosh0]

utiv=sinxcoshy+icosxsinhy

u=sinxcoshy v=cosxsinhy
uy = cosxcoshy vy = —sinxsinhy
u, = sinxsinhy vy = cosxcoshy

We observe C-R equations u,=vy, and vy= - u, are satisfied
Thus,f(z)=Sinz is analytic.

Now, f'(z) = uy +ivy

f'(z) = (cosxcoshy) + i(—sinxsinhy)

f’(z) = cosx(coshy) — sinx(isinhy)

f'(z) = cosxcos(iy) — sinxsin(iy)

f'(z) = Cos(x + iy)

f'(z) = Cosz

3. Show that w = logz , z # 0 is analytic and hence find i—‘:.

Sol:
By dataw = logz,z # 0, Put z = re'®
u + iv = log(re'®)
u+iv = logr + log(e'®)
u +iv = logr + i6 log. e
u +iv = logr + i0 [loge e=1]
u = logr v=20
Ur = % v, =0
rup =1 v, =0
ug =0 vg =1

C-R equations ru, = vg and rv, = — ug are satisfied.



Thus,w = logz is analytic.
Now, f'(z) = e ®[u, + iv,]
= e[z +1.0]

1
rei

f'(z) = %

4. Show that f(z) = z", where n is a constant is analytic and hence find its derivative.
Sol:
By data, f(z) = z", Put z = re®
u+iv= (re®)n
in®

u+iv=r"

.e
u + iv = r"(cosn6 + isinn0)

u + iv = rcosn® + ir"sinn®d

u =r"cosnd v = rsinn6

u, = nr® 1cosn@ v, = nr" !sinn®

ru, = nr’cosn6 rv, = nrsinn6

Ug = —r"sinnB.n vg = r’*cosnb.n

C-R equations ru, = vg and rv, = — ug are satisfied.

Thus, f(z) = z" is analytic.
Now, f'(z) = e ¥[u, + iv,]
f'(z) = e”®[nr"~*cosnd + i.nr"~sinnd]
f'(z) = ne™®r"~1[cosnB + isinn0]
f’(Z) — ne—iern—leine
fI(Z) — nrn—leine—ie
fI(Z) — nrn—leie(n—l)
f'(z) = n(rel®)"1

f'(z) = nz"1

Construction of analytic function by Milne-Thomson Method



* Given u or v as functions of x and y we find uy , uy, or vy , v, and consider f'(z) =
Uy + vy .

* Given u, we use C-R equations vy, = —u,, or given u, we use uy = vy so that f'(z) =
uy —iuy, or f'(z) = vy +ivy.

*  We substitute the expression for the partial derivatives in the RHS and then put x = z
,y = 0 to obtain f'(z) as a function of z.

* Integrating w.r.t z we get f(z).

-if [

* Also in the case of polar co-ordinates r,  we consider f'(z) = e™"*[u, + iv,] and use

. . 1 . 1 .
C-R equations in the RHS, v, = — —Ug givenuor ur = —vp givenv. We use the

substitution r = z, 6 = 0 to obtain f'(z) as a function of z. Integrating w.r.t z we get

f(z).
1. Construct the analytic function whose real part is u = log,/x? + y?2.
Sol:

Given u = log,/x? + y?

u = log(x? + y2) /2

1
u= Elog(x2 +y?)

1 1 1 1

u, =-.——.2X u, =-.——.
X 2 x%Z+y2 y 2 x%2+y2 y
X y
Uy = ——— Uy = —5—~
X 7 x24y2 Y T x24y2

Consider, f'(z) = uy + ivy

By C-R equations vy, = —uy,

f'(z) = uy —iuy

.y
—1
X2+y2 X2+y2

f'(z) =

Putting x = zand y = 0 we have,

f'(z) = =——1.0

7240
F(2) = >
z _Z
f(z) = [~ dz+c

Thus, f(z) = logz + ¢



2. Find the analytic function f(z) whose imaginary part is e*(xsiny + ycosy).
Sol:
Given v = e*(xsiny + ycosy)
vy = e*(siny. 1 + 0) + (xsiny + ycosy)e*
vy = e* (siny + xsiny + ycosy)
Also, v, = e* (xcosy — ysiny + cosy. 1)
Consider, f'(z) = uy + ivy
By C-R equations uy = vy
f'(z) = vy +ivy
f'(z) = e* (xcosy — ysiny + cosy) + ie* (siny + xsiny + ycosy)
Putting x = z and y = 0 we have,
f'(z) =e*(z—0+1)+ie* (0+0+0)
f'(z)=e*(z+1)
f(z) = [e*(z+ 1) dz+c
f(z) =e*(z+1)— [e%1 dz+c
f(z) =e*(z+ 1) —e*+c
f(z) =e’z+e*—e*+c

Thus, f(z) = ze* + ¢

. . . . xt-yt-2x .
3. Find the analytic function whose real part is Xziyz .Hence determine v.
Sol:
. x*—y*-2x
Given u = 2y >
X“+y

Py x® -2) - (x* —y* - 2x)(2%)

Uy (x2 + y2)2
_ x* +y*)(—4y?) — (x* —y* = 2x)(2y)
Uy = (2 + y2)2

Consider, f'(z) = uy + ivy
By C-R equations vy, = —uy,

f'(z) = uy —iuy



Putting x = zand y = 0 we have,

f,(Z) = [ux] (z,0) — i[uy] (z,0)

(z*)(42° = 2) — (z* —22)(2z) 0
— i

f'(z) =

(z%)?

) 475 — 272 — 275 + 472
f'(z) = _

22° + 272
F(z) = =2

z

) 275 272
f'(z) = Z_4 + 2—4

, 2
f(Z)=2Z+Z—2

f(z) = [ (2z+3) dz+c
2

f(z)=2.%+2.(—%)+c

2
f(z)=z2—2+c

f(z) = (x +iy)? — Gt +c
B . . 2(x —iy)

f(z) = (x? +i%y? + 2xiy) — TGy +c
22 L 2&x—iy)

f(z) = (x* —y* + 2xiy) —(XZ ) +c

2x . 2y
f(Z) = [(XZ — y2) — m] +1 [ZXY + m] +c

x* —y*—2x
(x*+y?)

Equating imaginary part we get

u+iv=

[2x3y + 2xy3 + 2y
@+y) |

_ [2x3y + 2xy® + 2y
Ty

4 .Determine the analytic function f(z) = u + iv given that the real part
u = e?*(xcos2y — ysin2y).



Sol: Given

u = e**(xcos2y — ysin2y)

u, = e*(cos2y.1 — 0) + (xcos2y — ysin2y). 2e*
u, = e?*(cos2y + 2xcos2y — 2ysin2y)
uy = e**(—2xsin2y — 2ycos2y — sin2y)
uy = —e**(2xsin2y + 2ycos2y + sin2y)
Consider, f'(z) = uy + ivy

By C-R equations vy = —uy,

f'(z) = ux —iuy

Putting x = zand y = 0 we have,

f'(z) = [uxl(z,0) — i[uylz,0

f'(z) = e**(1 + 22)

f(z) = f e??(1+ 2z)dz + ¢

eZZ e22
f(z) =1 +2Z)7—2.T+C
e22 eZZ
f(Z) =7+Zezz—7+C

f(z) = ze?** + ¢

sin2x

5. Find the analytic function f(z) whose real part is ————.
cosh2y—cos2x

. sin2x
Sol: Givenu = ——
cosh2y—cos2x

_ (cosh2y — cos2x). 2cos2x — sin2x(0 — (—2sin2x))
a (cosh2y — cos2x)?

Uy

_ (cosh2y — cos2x). 2cos2x — sin2x(2sin2x)

Uy

(cosh2y — cos2x)?

0 — sin2x(2sinh2y — 0)
(cosh2y — cos2x)?

y:

_ —sin2x(2sinh2y)
~ (cosh2y — cos2x)?

Uy
Consider, f'(z) = uy + ivy

By C-R equations vy, = —uy,



f'(z) = uy —iuy
Putting x = z and y = 0 we have,
f'(z) = [uy] (z,0) — i[uy] (z,0)

(1 — cos2z).2cos2z — 2sin?2z

f'(z2) = —1.0
@) (1 — cos2z)? !
2c0s2z — 2c0s?2z — 2sin?2z
f'(z) =
(1 — cos2z)?
2c0s2z — 2(cos?2z + sin®2z)
f'(z) =
(1 — cos2z)?
2cos2z — 2(1)
£(2) =
(1 — cos2z)?
—2(1 — cos2z
P = 2 )
(1 — cos2z)?
F@) = ——
2= (1= cos22)
f'(z) = 2sin?z
f'(z) = —cosec?z

f(z) = — J cosec?zdz + ¢

f(z) = —(—cotz) + ¢
f(z) =cotz +c
6. If @ + 1Y represents the complex potential of an electrostatic field where

— (w2 _ 2 X
y = (x y)+(X2+y2)

and hence determine ¢.

find the complex potential as a function of the complex variable z

Sol: Given

— (2 _ 2 x
L|J_ (X y )+(X2+y2)
" :2X+(X2+y2).1—x.2x
X (x% + y2)2
yZ — x2
Yy = 2x + —(Xz Ty7)?

(x%+y?).0—x.2y
(x2 + y2)?

qu = _2y+



— 2xy
Yy = -2y (x% + y2)2

Consider, f'(z) = @y + iy
By C-R equations@y =
£'(2) = Py + il

f'(z) = [Wyl@o) + ilUx]z0)

(—Zz)l
(z2)?

f'(z) = 0+i[22+
f'(z) = i[Zz—Ziz]
f(z) =if(22—zl2)dz+c

f(z) = i(z2 + %)+c

To find @

(p+i¢=i{(x+iy)2+(x+iy)}+c

(x —iy)
x+iy)(x— iy)} T
(x —iy)
(x*+y?)

ix y
GZ+yD)  GEAyD) ¢

@+ iy = i{(xz + i%y? + 2xiy) +

@+ iy =i{(x2—y?) +2xiy } + i +c

@ +iPy=ix*—y?) —2xy +

. y . X
@+iy = —2xy+m]+1[(x2—y2)+m]+c

Equating real and imaginary parts, we observe that the imaginary part is same as that of the
given problem and the required real part is

Q= [—ny + ﬁ]
7. Construct the analytic function whose real part is r?cos26.
Sol: Given u = r?cos20
U, = 2rcos20 ug = —2r?sin20
f'(z) = e u, + iv,]

By C-R equations in the RHS,



_ 1
Ve = — FUQ

f'(z) = e ®[u, — i%ue]
Puttingr=2z,0=0
f'(z) = 1.[2z—i§.0]
f'(z) = 2z
f(z)=2fzdz+c

ZZ
f(Z) = 2.?+ C

f(z) =z%>+c

Problems on finding the conjugate harmonic function and the analytic

function
1. Show that u=x3—3xy?+3x?—3y?+ 1lis harmonic and find its harmonic
conjugate. Also find the corresponding analytic function f(z).

Sol: Given
u=x3—-3xy?+3x2 -3y +1

u, =3x>—3y?+6x u,=6x+6
u, = —6xy — 6y u,, = —6y—6
Ugy +Uyy =6X+ 6 —6x—6

Uyy + Uy, = 0.

Thus, u is harmonic.

Consider C-R equation

Vy = Uy and Vy = — Uy
Substituting u, and uy , we have

W _ 342 — 3y2 Y (—6xy —
6y_3X Jy“+6x & Pl (—6xy — 6Yy)

V= f(BXZ — 3y? 4+ 6x)dy + f(x)

V=3X2f1.dy—3fy2dy+6xf1dy+f(x)

3
V= 3x2y—3y?+6xy+f(x)

v = 3x%y — y3 + 6xy + f(x)



av
Now, Pl 6xy + 6y

XZ

V=6yfxdx+6yfdx+g(y)v=6y?+6y.x+g(y)

v = 3x%y + 6xy + g(y)

We have to choose f(x) and g(y) to obtain a unique expression for v. By comparison
f(x) =0 and g(y) = —y°.

Thus , v = 3x%y — y3 + 6xy is the harmonic conjugate.
The analytic function is, f(z) = u + iv
f(z) = (x3 = 3xy? + 3x% — 3y2 + 1) +i (3x%y — y3 + 6xy)
Putting x = z and y = 0 we have,
f(z) =z3+3z%2+1

2. Show that v = cosxsinhy is harmonic and find its harmonic conjugate. Also find
the corresponding analytic function f(z).

Sol: Given v = cosxsinhy

vy = —sinxcoshy Vygx = —cosxcoshy
vy = cosxcoshy Vyy = cosxsinhy
Uyx + Uy, = —cosxcoshy + cosxcoshy

Uyy + Uy, = 0.

Thus, u is harmonic.

Consider C-R equation

Uy = Vy and Uy = —Vy
Substituting vy, and vy , we have

Qu_ cosxcoshy & Qu_ —(—sinxcoshy)
ax ay

u = [ cosxcoshy dx + f(y)

u= coshyf cosx dx + f(y)

u = coshy.sinx + f(y)

Also, u = [ sinxcoshy dy + g(x)

u= sinxf coshy dy + g(x)



u = sinxsinhy + g(x)

We have to choose f(y) and g(x) to obtain a unique expression for u. By comparison
f(y) =0 and g(x) = 0.

Thus , u = coshysinx is the harmonic conjugate.
The analytic function is, f(z) = u + iv
f(z) = (coshysinx) + i (cosxsinhy)
Putting x = z and y = 0 we have,
f(z) = (1.sinz) +1i.0 (since sinh0=0,cosh0=1)

f(z) = sinz

3. Given that u = x% + 4x — y2 + 2y as the real part of an analytic function, find v and hence
find f(z)in terms of z.

Sol:Given u = x? + 4x — y? + 2y
Uy =2x+4  uy,=-2y+2

Consider C-R equation

Vy = Uy and Vy = — Uy

ov _ w_ oo
a—y—2x+4 and aX—Zy 2
v=[(2x+ 4)dy + f(x) v=[(Qy—2)dx + g(y)
v=2x[1dy+4[dy+f(x) v=2y[1dx—2[dx+ g(y)
v = 2xy + 4y + f(x) v =2yx — 2x + g(y)

We have to choose f(x) and g(y) to obtain a unique expression for v. By comparison
f(x) = —2x and g(y) =4y

Thus, v = 2yx — 2x + 4y

The analytic function is, f(z) = u + iv

f(z) = (x® + 4x — y? + 2y) + i (Qyx — 2x + 4y)
Putting x = zand y = 0 we have,

f(z) =z%+4z—i.2z

4. Show thatu = (r + %) cosB is harmonic. Find its harmonic conjugate and also



the corresponding analytic function.

Sol: Given u = (r + %) cos0
u, = (1 - riz) cos0 Uy = (0 - (;—32)) cosf = r£3cos€)
1 : 1 1
ug = (r + ;) (—sinB) Ugg = (r + ;) (—cosB) = — (r + ;) cosO
. 1 1 2 1 1 1 1
Consider u,. + “Ur + 5 Ugg = r—scose o (1 — r_Z) cosO + r_Z{_ (r + ;) cose}
= %cose +2cos — iscosﬂ —2cosB — %cose
r r r r r
1 1
Urr + U + = Ugg =0

Thus, u is harmonic.

To find v
Consider the C-R equation,  vg = ru, Ve = — U

v =1(1 - ) cos v = =1 (r+3) (=sinb)

vo = (r— 1) cosd v, = (1+5)sin6
v=[(r—1)cosé do + f(r) v=[(1+)sin6 dr + g(6)
v=(r—2)f cose do +f(r) v=sind [ (1+3) dr+g(e)
v=(r—1)sin6 + f(r) v =sin6 (r— 1) + g(6)

Comparing, we must have f(r) =0 and g(6) =0
1\ .
Thus, v = (r - ;) sin0
Also, wkt f(z) = u+iv
f(z) = (r + %) cosO + i (r — %) sin®
Putr=z and 6=0 (cos0 =1, sin0 = 0)

f(z) = +1
z) =2+



Miscellaneous Problems
1. Find the analytic function f(z) = u + iv given u — v = e*(cosy — siny)

Sol: Given u — v = e*(cosy — siny)
Differentiate w.r.t x and y partially
uy — vy = (cosy — siny)e* -—- (1)
And uy, — v, =e*(—siny —cosy) ---(2)
Using C-R equations uy, = —vy and vy, = uy for the LHS of (2), we get
—Vy — Uy = —e*(siny + cosy)
uy, + vy = e*(siny + cosy) ---(3)
(1)*+ (3): uy — vy + uy + vy = e*cosy — e*siny + e*siny + e*cosy
2u, = 2e*cosy ; u, = e*cosy
(1)- (3): uy — vy —uy — vy = e*cosy — e*siny — e*siny — e*cosy
—2vy = —2e*siny ; vy, = e*siny

Wkt, f'(z) = uy + ivy
f'(z) = e*cosy + ie*siny

f'(z) = e*(cosy + isiny)

f'(z) = eX. eV

(z) = X+

f'(z) = e*

Thus, f(z) = e*+ ¢

2. If f(z) is analytic, show that [% + %] If(z)|? = 4|f'(2)|?
Sol: Let f(z) = u + iv be analytic.

If(z)| =Vuz +v2 or |f(2)|? =u?+v? = @(say)

To Prove that [ﬁ + i] ¢ = 4|f'(2)|?
0x2  Qy?
i.e., to prove that @y + @yy = 4|f'(2)|?
Consider, ¢ = u? + v? and differentiate w.r.t ‘x’ partially
@y = 2uuy + 2vv, = 2[uuy + vvy]
(pXX = z[quX + uXuX + VVXX + VXVX]
Pxx = 2[uuyy + Ug + Vv + V5]

Similarly, @yy = 2[uuyy + u2 + vvyy + vZ]

Now , Oxx + Pyy = 2[Ullgy + UZ + Vi + VZ + uuyy + uZ + vvyy + v



Oxx + Pyy = 2[u(uyx + Uyy) + V(Vix + Vyy) F Uz +VE+uZ+vE (1)

Since f(z) = u + iv is analytic, u and v are harmonic.
Hence , uyy + uyy = 0, vyy + vyy=0.
By C-R equations: vy =uy and uy, = —vy
Using above results in RHS of (1), we get
Pxx T Pyy = 2[u(0) + v(0) + uz + v + (—v)* + (1)?]

Pxx + @yy = 2[2(u3 + V)]

Oxx T @yy =4 +VvD)] ()

But, f'(z) = uy + ivy

£ @) = ViF + V2
F @I = v +v2

Using this in RHS of (2) , we get @y + @y, = 4|f'(2)|?
. : ] 2 d 2
3. If f(2) is a regular function of z , show that {& |f(z)|} + {O_y |f(z)|} = |f'(2)|?

Sol: Let f(z) = u + iv be the regular(analytic) function.

If(2)| = Vu? +v? = ¢ (Say)
2 2
We have to prove that, (Z—Z) + (Z—‘;) = |f'(2)|?

That is prove that, @2 + @2 = |f'(z)|? where ¢ = VuZ + v
Consider @2 = u? + v?
Differentiating w.r.t X partially , we get
2@y = 2uuy + 2vvy , dividing by 2
PPy =uuy +vvy - (1)
Similarly @@y = uuy +vvy  ---(2)
Squaring and adding (1) and (2) we have,

0% (@2 + 92) = (uuy + vvy)? + (uuy + vvy)?



©?(@2 + 92) = (u?u + v3vZ + 2uvuyvy) + (u?ug + v3vi + 2uvuyvy)
Since f(z) = u + iv is analytic, by C-R equation uy, =—v, and vy =uy
By using these in the second bracket of the RHS , we have
0% (92 + 92) = (u?u2 + v3vZ + 2uvu,vy) + (uPud + v2vZ — 2uvvyuy

= u?(u2 + v2) + v3(u2 + v2)

= i + VD) ()
But @? = u? + v and using this in RHS , we have

0% (92 + 92)=@?(uZ + v2)
(02 + @2)=(uZ +v3) - 3)
But f'(z) = uy + ivy

If' (@) = vug + vg

Or |f'(2)|? =u2 + v?
Using this in RHS of (3), we get
9% + @5 = [f' (@)

@z + @3 = |f'(2)|?



Complex Integration
Let f(z) be a continuous function of the complex variable z = x + iy and C be a curve in
the xy — plane. The integral of f(z) along the path C is called the Complex line integral

usually denoted by fc f(z)dz. If C is any simple closed curve, the notation gﬁc f(z)dz is also
used.

Properties of Complex Integral

1. If —c denotes the curve traversed in the anticlockwise direction, then

J_ f(@)dz =~ [ f(z)dz
2. If c is split into a number of parts ¢, , c,, C3, ... then

D k
/ e
( i *:)f}
(=G
)
AT <

J. f()dz = fC1 f(z)dz + fcz f(z)dz + fC3 f(z)dz + - e
3.If A; and A, are constant, then

fc [A1f1(z) £ A,05(2)]dz = Ay fc f;(z)dz + A, fc fo(z)dz

Line integral of a complex valued function

Let f(z) = u(x,y) + iv(x,y) be a complex valued function defined over region R and C be a
curve in the region. Then

f f(z)dz =f (u+iv)(dx + idy)
C [«

ie., Jo f@dz= [ (udx—vdy)+if (vdx+udy)

CAUCHY’S THEOREM

Statement: If f(z) is analytic at all points inside and on a simple closed curve C then ,
Jo f(@)dz = 0.
Proof: Let f(z) = u + iv
dz = dx + idy
f(z)dz = (u + iv)(dx + idy) = udx + ivdx + iudy + i®vdy

Then, [, f(z)dz = [ (u+iv)(dx + idy)

ie, [, f(@dz=[ (udx—vdy)+if (vdx+udy) --(1)



We know the Green’s theorem in a plane
J. Mdx+Ndy) = [f, (a—N—a—M)dxdy
0x dy

Using Green’s theorem on RHS of (1) , we get

ff()d _ﬂ‘(—av au d+f au av q
) zz—R I 6y dxdy + i Ix dxdy

Since f(z) is analytic, we have C-R equations ; Z—V =- g; an Zz Z—;.
Hence, [, f(z)dz = [, (a_u__) dxdy +1i ff, (a—;——)d dy

Thus, we get fc f(z)dz = 0.

This proves Cauchy’s theorem.

Consequences of Cauchy’s theorem

If C and C; are two simple closed curves such that C; lies entirely within C and if f(z) is
analytic on C, C;then

y

-

<, :

or
J. f(@)dz = fcl f(z)dz
Problems

1.Verify Cauchy’s theorem for the function f(z) = z? where C is the square having vertices

(0,0),(1,0),(1,1),(0,1).

Sol: C is the square OABC . By Cauchy’s theorem, we have to show that [ c f(z)dz = 0.

~

B(1,1)

(0,1)¢

¥ A

o0, 7 AGD



Now , f(z) =z? ,dz=dx+idy
f(z)dz = (x +iy)?(dx +idy) ---(1)

Along OA(Cy): y=0=>dy =0

()= f(z)dz=x%dx ,0<x<1
Along AB(Cy): x=1=dx=0

()= f(z)dz = (1 +iy)%idy ,0<y<1
Along BC(C3): y=1=>dy =0

()= f(z)dz = (x+1i)?dx , 1<x<0

Along CO(Cy): x=0=>dx=0
DE f(z)dz = (iy)?idy = —iy?dy , 1<y <0

Wkt, [ f(z)dz = fcl f(z)dz + fcz f(z)dz + fC3 f(z)dz + fc4 f(z)dz

1 1 0 0
J f(z)dz = fxzdx+ j(l + iy)?idy + j(x+ i)2dx + J —iy2dy
C x=0 y=0 x=1 y=1

=[], [ o] 2]

fiomB {524 52

. 3 . . 3 .
Jo f@dz=2+S 1L L (32 = )

Jo f(@)dz=0
2.Verify Cauchy’s theorem for the function f(z) = 3z? + iz — 4 where C is the square
having verticesas 1 +i,—1 *1i.
Sol: Given f(z) = 3z% + iz — 4
f(z) =3(x+iy)? +i(x +iy) — 4
f(z) = 3(x%2 —y? + 2xiy) + i(x + iy) — 4

f(z) = 3x% — 3y? + 6xiy + ix —y — 4

f(z) = (3x%2 — 3y? —y — 4) + i(6xy + x)



f(z)dz = [(3x? — 3y? —y — 4) + i(6xy + x)][dx + idy] ---(1)

-1 1R

N

Qa,n

L

-1-15 > Pa,-1)

Along SP(Cy): y = —1 = dy = 0
(H=> f(z)dz = [(3x* —3 + 1 —4) + i(—6x + x)]dx
f(z)dz = [(3x? —6) —i5x]dx , -1<x<1
Along PQ(C,): x = 1= dx = 0
()= f(z)dz=[(3 —3y* —y—4) +i(6y + D][idy]
f(z)dz = i[(-3y* —y—1) +i(by+ 1)]dy , —1<y<1

Along QR(C3): y=1=>dy =0
(H=> f(z)dz = [(3x* =3 — 1 —4) + i(6x + x)]dx
f(z)dz = [(3x* —8) +i7x]dx , 1<x<-1

Along RS(Cy): x=-1=dx=0
()= fx)dz=[B -3y’ —y—4) +i(—6y — D][idy]

f(z)dz =i[(-3y? —y—1) —i(6y+ D]dy , 1<y<-1
Wkt, [ f(z)dz = fcl f(z)dz + fcz f(z)dz + fc3 f(z)dz + fc4 f(z)dz

1

f f(z)dz = f [(3x? — 6) — i5x]dx

x=-1
1

+ [ i3y -y = D+ iy + Dldy

y=-1
-1 -1

+ f [(3x% — 8) +i7x]dx + f i[(—3y? —y—1) —i(6y + 1)]dy

x=1 =

y=1
31 ) .le 31 2 21 )
e O o

-1

T I R A = R Rl v R



ff(z)dz=2—12—§(0)—21—1(0)—21—3(0)—2—2+16+§(0)+21—%(0)+2i+3(0)—2

fc f(z)dz=2—-12—-2i—2i—2—-2+16+21+2i—2

[. f@dz=0

3. Verify Cauchy’s theorem for the function f(z) = ze™* over the unit circle with origin as
the centre.
Sol: Given f(z) = ze™%, C is the circle |z| = 1
z=¢€f 0<06<2m
dz = ie'®do
f(z)dz = el®e*"iei®dp

Now, [ f(z)dz = 92:0 elfee jel®do
Put, el® =t
iel®do = dt

When06 =0 ,t=1

0 =2m ,t=e"?"=cos(2m) +isin(2n) =1+i.0=1

1

]f(z)dz= ]te_t. dt

C t=1

fc f(z)dz = 0 ( since both the limits are same, the value of the integral is zero)

Cauchy’s Integral formula

Statement: If f(z) is analytic inside and on a simple closed curve C and if ‘a’ is

any point within C then f(a) = ZL ) @ 4y

mi“C z-—a

Proof: Consider the function % , which is analytic at all points within C except at

Z = a.

Draw a circle C; with a as centre and radius r such that C, lies entirely inside C.




f(z)

Since pe— analytic in the region between C and C;, by Cauchy’s theorem
we have

f) . _ o f@)
fc = dz = fcl — dz (1)

The equation of circle C; is

|z—a|l=r
z—a = rel®
z=a+re® ,0<08<2n
dz = i.rei® do
f(z) _r2m f(a+re®) . g
(D= fc (z—a) dz = f6=0 rei® i.re™ do
2T
f(z) . 0
j (z—a)dz:l f f(a + re'®) do
c 6=0

In the limiting form, as the circle shrinks to the point ‘a’ i.e.,r — 0

@ [
dz =i f(a)do
c (Z B a) OIO
= if(a) [, 1.d6
= if(a)[6]§"
Ja % dz =if(a).2m
1 [ (@)
f(a) = 2_1'[1 Z—a dz

[o

Problems on Cauchy’s integral formula

Working rule

1. Firstly we have to find out whether the point z = a lies inside or outside the given
curve C.

2. Ifz = ais inside C then we use Cauchy’s integral formula

[, 12 dz=2mif(a) ;[ —2 dz=2"f"(a)

¢ (z—a)htl n!

3. If the point z = a is outside C, the value of the integral is zero.



1.Evaluate fc % dz over each of the following contours C:
a) |z| = 2m b)|z|=§ olz—11=1
Sol: Here f(z) = e*
z—a=z+in=z— (—imn)

~a=—-in = a=(0,—m)
a) C:|z| = 2misacircle
= Centre= (0,0) ; T=2T

The point a = (0, —) lies within the circle |z| = 2.

(0,27)

(211,06\ m,0)*
i\ 0,-m

From Cauchy’s integral formula,

f .
[, 12 dz = 2mif(a)

Z

e

Z+iT

Z

dz = 2mif(—im)
= 2mi.e” ™ (since f(z) = €%, z = —im)
= 2mi. (cosm — isinm) (cosm = —1, sinmt = 0)

/. * dz = —2mi

Z+im

b) C:|z| = gis a circle
= Centre= (0,0) ; T= g

The point a = (0, —) lies outside the circle |z| = g .




From Cauchy’s integral formula,
f(z) _
fc ; dZ =0

Z

dz=0

fe o
¢) C:|lz—1| = 1isacircle

= Centre= (1,0) ;o r=1

The point a = (0, —m) lies outside the circle [z —1| =1

y

(0,0 (1,00 (2,0)

1(0,-m)

From Cauchy’s integral formula,

f(2) _
fc ; dz=20

J.  dz=0

Z+im

2. Evaluate fc over each of the following contours C:

dz
(z2-4)
a)lz| =1 b) |z| =3 o)lz+2]=1

Sol: Here f(z) = 1
. 1 1
Consider [_ andz= J. ez —O

1 A B

Nowe e @t e (2)

1=A(z—2)+B(z+2)

Putz=2; 1=A(0)+B4) =1=4B ; :>B=i

Putz=-2; 1=A(-4)+B(0) =1=-4A ; :>A:_i
1 1
1 = 2 1 1

2)=

(z+2)(z-2)  (z+2)  (z—-2) - 4(z—2) 4(z+2)



1 1 1 1 1
1= fc (z2-4) dz = ch (z-2) dz — ch (z+2) dz - (*)

a) C:|z| =1 isacircle
= Centre= (0,0) ; r=1
The pointa = (2, 0)
a = (—2,0) lies outside the circle |z| = 1.

1,1}

[ T

(2.0 /-\\ (2,0
| rk‘ |

From Cauchy’s integral formula,

f dz _0_f dz
z—2 ) z+2

C C

(*):>~fc (Z:—_Ll)dz=0

b) C:|z| =3 isacircle
= Centre= (0,0) ; T=3
The pointa = (2, 0)

a = (—2,0) lies inside the circle |z| = 3.

.
0,3)

c—s.nkym} %

(0, =31

[, == = 2mif(a)

z—2 -

[, == dz = 2mif(2) (Herea = 2, f(z) = 1)

[ —dz=2mi(1)



fc L dz = 2mi

z—-2
dz .
Also, [, — = 2mif(a)
fc ﬁdz = 2mif(—2) (Herea = -2, f(z) = 1)

fc ﬁdz = 2mi(1)

[ 2m
z+2z_1tl

C

Thus , (*) = [ L

(z2-4)

T,n o 1, .
dz = " (2mi) — " (2mi)

1 g —
j—(z2_4) z=0

¢)C:|z+ 2| =1 isacircle
= Centre= (—2,0) cr=1
The point a = (2, 0) lies outside the circle |z + 2| =1

a = (—2,0) lies inside the circle |z + 2| =1.

[—31*1]@—1 0] o

fc i—zz = 0 (Since a = (2,0) lies outside C)

Also, fc idz = 2mif(a)

J ﬁdz = 2mif(—2) (Herea = -2, f(z) = 1)



fc ﬁdz = 2mi(1)

-
z+20 - ™

C

Thus, (*) = [ —

c (z2-4)

dz = 1 (0) — ; (2mi)

f 1 dz = T
ZZ—4) 2772
C

3.Evaluate fc dz where C is the circle |z| = 3.

s
(z+1)(z—2)

Sol: Here f(z) = e?2

1 A B
(z+1)(z=2)  (z+1) + (z-2) (D)

Consider
1=A(z—-2)+B(z+1)

Putz=2; 1=A(0)+B(3) =1=3B ; :>B=§

Putz=-1; 1=A(-3)+B(0) =1=-3A ; =>A=—§

_1 1
1 3 3 1 1

(z+1)(z-2) = @+ T (z—2)  3(z-2) 3(z+1)

(H=

2z eZZ eZZ

e g4,=1 _1 (%
fc (z+1)(z—2)dz_3fc (z—2)dZ 3fc (z+1)dZ *)

Now, C: |z| = 3 is acircle
= Centre= (0,0) ; T=23
The pointa = (2, 0)
a = (—1,0) lies inside the circle |z| = 3.

(030

(=107 (2,0}
i_]IUQ‘/lm |
(0,-31

Using Cauchy’s integral formula

eZZ
J. — dz = 2mif(a)



J, £ dz =2mif(2) (Herea = 2, f(z) = ¢%%)

eZZ

S —dz = 2mi(e??)

eZz
dz = 2mie*
f 2 y Tie

C

Also, [_ %dz = 2mif(a)

fc %dz = 2mif(—1) (Here a = —1, f(z) = e%%)

2z

J. ;1 dz = 2mi(e?(-V)

2z

e

f dz = 2mie?
z+1

C

e?z 1 . 1 .
= [ e =3 (2mie®) — 5 (2mie™?)

= [e* —e

e?? 2mi _
,f(z+1)(z—2)dz_ 3 ' ]

C

3z
4. Evaluate fc ez—zdz where C is the circle |z] = 1.

Sol: Here f(z) = e3*

Now, C: |z| = 1 isacircle
= Centre= (0,0) ; r=1

The point a = (0, 0) lies inside the circle |z| = 1.

0.1

{:IUQ}\/‘LW x

0,-1)




By Cauchy’s integral formula

f(z) 2mi

-7 ——— -1

—ap CSmon @

C
i 2m £(2-1) . _ .3 _ —

Je —dz = - 1)[f (0) (Since f(z) = e3%2,a=10, n=2)
3z

o Sz =00 (V@) = F'(2) = 3.¢%)

Je eZ;dz = 2mi[3.e3?] (e39=e"=1)

e3z

f —Zdz = 6mi
VA

C

2
5. Evaluate [ %

Sol: Here f(z) =z +z+ 1
Now, C:|z| = 3 is acircle

dz where C is the circle |z]| = 3.

= Centre= (0,0) ; r=3

The point a = (2, 0) lies inside the circle |z| = 3

¥

=30

By Cauchy’s integral formula

£(z) Coomi
f(z—a)ﬂ = 1)'f( Y@

C

2
fc z°+z+1 dz = 2T f(3 1)(2) (Since f(Z) = 22 +z+1 , d = 2, n= 3)

(z—2)3 G-t



7%+z s "
Jo G2 = O (@) =@ = 2)

z2+z+1 _ z2+z+1 _
W Z:TEI[Z] WdZZZTU

eT[Z

(2z-1)3 dz where Cis the circle |z| = 1.

6. Evaluate |, c

TZ TZ

e _ e
(2z-1)3 dz = fC 23(2_%)3 z

Sol: Given |,

TZ TZ

e

e _1
fC (2z-1)3 dz = 8 ”C (Z_%)B dz

Here f(z) = e™
Now, C: |z| = 1 is acircle
= Centre= (0,0) ; r=1

The point a = % = (0, %) lies inside the circle |z| = 1.

(lo}ky&m |

By Cauchy’s integral formula

f(z) _o2mi
G

ez _ l 2T (3-1) l . _ nz _ l _
Je T dz = 2. == fC7VQ) (Since f(z) = e™, a=-, n=3)
e™ —1Zme2) L 2 T — 2 ,TZ
e Gompdz=5-75f?Q (f@(2) = f(2) = 2. e™)

f e™ q ]f 1'[3i[ T in™
(2z—1)3 - (Zz =13 42 = g [cosy Hising
C



i
?[0 +i.1]

eT[Z
f 2z—1p =
C

eth 1.[3 i2

2z=1 %= g
C

ez 1.[3
f 22— =g
C

e
7.Evaluate fc m

dz where C is the circle |z| = 3.
Sol: Here f(z) = e%2

1 A B C
(z+1)2(z=2) ~ (z+1) T (z+1)2 T (z-2) (D

Consider

1=Az-2)z+1)+B(z-2)+C(z+ 1)

Putz=2; 1=A(0)+B(0)+C2+1)? =1=9C ; =C=;

Putz=-1; 1=A(0)+B(-1-2)+C(0) =1=-3B ; =>B=_§

Putz=0; 1=A-2)(1)+B0O0-2)+C0+1)2=>1=-2A-2B+C ;

>-2A=1-2-2 = _2a=2 SA=-1
3 9 9 9

1) = 1 _ A B c _ 1 1 1
(1) (z+1)2(z—2)  (z+1)  (z+1)2  (z—2)  9(z+1) 3(z+1)?  9(z—-2)

2z 1 2Z 1 2z

& g4y =1 e _21 e _1 e (%
fc (z+1)2(z—2)dz_9fc (z—z)dZ 3fc (z+1)ZdZ 9fc (z+1)dZ *)

Now, C: |z| = 3 isacircle
= Centre= (0,0) ; T=23
The pointa = (2, 0)
a = (—1,0) lies inside the circle |z| = 3.

¥

TN

| (=10 (2,0}
(-308 0,00 70)




Using Cauchy’s integral formula

2z 1 2mi

* e
= fc (z+1)2 (z-2) 3(2-1)!

% e —Yomie22) _12M e 4y 1o g2(-1)

= [ o o 5 (2mi.e??) — 2==f'(-1) — - (2mi.e*")

f e?? q _ 2mie* 4mie? 2mie”?
Z+1D2z-2""" "9 3 9

C

sinmz2+cosmz?

8. Evaluate [_ T

dz where C is the circle |z| = 3.

Sol: Here f(z) = sinmz? + cosmz?

1 A B
eDe2 @b @n (M

Consider

1=A(z—-2)+B(z—-1)
Putz=2; 1=A0)+B(l) =1=B ; =B-=1
Putz=1; 1=A(-1)+B0) =>1=-A ; =>A=-1

1 -1 1 1 1
()= (z-1)(z-2)  (z-1) T (z-2)  (z=2) (z—-1)

sinmz?+cosmnz? _ sinmz?+cosmnz? _ sinmz?+cosmnz? "
fc (z-1)(z—-2) - fc (z-2) d fc (z-1) dz - (*)
Now, C: |z| = 3 is acircle
= Centre= (0,0) ; T=23
The pointa = (2, 0)
a = (1,0) lies inside the circle |z| = 3.

¥

0,3)
/ Loy (20 |
1 ‘y [..'} |

=T 00y B ¢

Using Cauchy’s integral formula

f sinmz?+cosmz?
c

*= Do) dz = 2mif(2) — 2mif(1)

dz = (2mif(2)) — 2 =@V (=1) — = (2mif(~1))



i 2 2
) SIOTZ TCOSTE dz = 2mi[sin4T + cos4m| — 2mi[sinT + cosm]
¢ (z-D(z-2)

dz = 2mi[0 + 1] — 2mi[0 — 1]

f sinmz?+cosmz?
c

(z—-1)(z-2)

f sinmz2+cosmnz?
c

D2 dz = 4mi



Module-2
FOURIER SERIES

Introduction: In many engineering problems, especially in the study of periodic phenomenae
in conduction of heat, electro-dynamics and acoustics, it is necessary to express a function in a

series of sines and cosines. Such a series is known as the Fourier series.

DEFINITIONS:

A function y = f(x) is said to be even, if f(—x)= f(x). The graph of the even function is
always symmetrical about the y-axis.

A function y = f(x)is said to be odd, if f(—x) = —f(x). The graph of the odd function is always
symmetrical about the origin.

For example, the function f(x) = |x| in [-1, 1] is even as f(-x) = |— x| = |x| = f(x) and the function

f(x) =x1in [-1, 1] is odd as f(-x) = -x = -f(x). The graphs of these functions are shown below:

1.0
107078 076 074 02 u\'n 02 0’ 0's 0% L

.

Graph of f(x) = |x| Graph of f(x) = x
Note that the graph of f(x) = |x| is symmetrical about the y-axis and the graph of f(x) = x is
symmetrical about the origin.
1. Iff(x) is even and g(x) is odd, then
e h(x)=f(x) x g(x) is odd
e h(x)=f(x) x f(x) is even
e h(x)=g(x) x g(x) is even

For example,
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1. h(x) = x? cosxis even, since both x2and cosxare even functions
2. h(x) = xsin x is even, since x andsin x are odd functions

3. h(x) = x2 sin x is odd, since xis even and sin x is odd.
2. Iff(x) is even, then j F(x)dx =2 j f(x)dx
—a 0
3. If f(x) is odd, then j F(x)dx=0

For example,

a a
j cosxdx = ZI cosxdx, ascos xis even
—a 0

a
and Isin xdx =0, as sinxis odd
—a

PERIODIC FUNCTIONS:-

A function f'(x )is said to be periodic function with period T'if f(x+T7 )= f(x)

Here f(x) is a real-valued function and T is a positive real number.

As a consequence, it follows that

f)=f(x+T)=f(x+2T)= f(x+3T) =........... = f(x+nT)

Thus, f(x)=f(x+nT ), n=1,2,3,4,.........

The function f(x ) = sinx is periodic of period 27 since
sin(x+2nm)=sinx, n=1,23,........

Note that the graph of the function between 0 and 27 is the same as that between 21 and 47 and
so on. It may be verified that a linear combination of periodic functions having period T is also
periodic of period T.

EULER’S FORMULAE:

The Fourier series for the function f(x) in the interval o < x <o+ 27 is given by

f(x) :%OJr ian cos nx+ ibn sin nx

n=1 n=l1
1 a+2n ] a+2n ] a+2n
Where a, =— [ f(x)dx, a, =— [ f(x)cosnxdx, b, =— [ f(x)sinnxdx,
7T o Y o T 03

These values of ay,a,,,b,, are known as Euler’s formulae.

Proof: Let f(x) be represented in the interval (o, o0 + 27) by the Fourier series-
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f(X)Z%OJr S, cosmx+ b Sinnx - (1)

n=l1 n=l1
To find a,, a,, b, , assume that the series (1) can be integrated term by term from x = o to
X=0+2T7.

o+2m o+27 oa+2n [/ o o+27 [ oo
To find ay: | f(x)dx= %ao [dx+ | (Zan cos nx)a'x+ | (Zb,, sin nxjdx
a o o n=1

n=l1 o

=%a0.(a+2n—a)+0+0=a0n

a+21 1 a+271
, sinnx |0+ 27 : cosnx |0+ 21
Since | cos nxdx = =0& [sinnxdx=-— =0
o n a a n o
1 o+2n

Soay=— [f(x)dx
T o

To find a, , multiply each side of (1) by cosnx and integrate from x = o to x = o + 2w, we get

o+27n 1 o+2m o+2m (" oo a+2m (" oo .
[ f(x)cosnxdx = % [cosnxdx+ | (Z a, cos nxj cosnxdx+ | (an sin nx) Ccos nxdx

o o o n=l1 o n=l1

=0+ma, +0=mna,

Since
a+2m a+2m :
1+cos2 1 2nx\a+27r 1
I cos? nxdx = j S TEOS AR = —| w2 =—(a+27-a+0-0)=x
2 2 2n a
(24 (24
a2 in? nx|o+27
& | sin nxcos nxdx = =0
o 2n o

a+27

Hence a, =— [ f(x)cosnxdx
T o

Similarly To find b, , multiply each side of (1) by sin nx and integrate from x = o to
X =0+ 271, we get

o+27 . 1 a+2m o+2n [ oo . o+2n [ oo . .
[ f(x)sinnxdx = 5% [sinnxdx+ | (Z a, cos nx) sinnxdx+ | (Z b, sin nxj sin nxdx

o o o n=l1 o n=l1

=0+0+mb, =nb,

Since
a+2m a+2m .
. 1—-cos2 1 2nx\a+27r 1
j sin? nxdx = f ST COS A = | x-SR =—(a+27-a+0-0)=x
2 2 2n o 2
(24 a
a2 in? nx|o+27
& | sin nxcos nxdx = =0
o 2n o
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a+2n

Hence b, = — j S (x)sin nxdx

FOURIER SERIES.

A Fourier series of a periodic function consists of a sum of sine and cosine terms. Sines and
cosines are the most fundamental periodic functions.

The Fourier series is named after the French Mathematician and Physicist Jacques Fourier (1768
— 1830).

FORMULA FOR FOURIER SERIES

Consider a real-valued function f(x) which obeys the following conditions called Dirichlet’s
conditions:
1. f(x) is defined in an interval (a, a+2/), and f(x+2/) = f(x) so that f(x) is a periodic function
of period 21.
2. f(x) is continuous or has only a finite number of discontinuities in the interval (a, a+2/).

3. f(x) has no or only a finite number of maxima & minima in the interval (a, a+2/).

Also, let a, = —mjz}( X )X mmmmmmmmmeeeea- (1)
1 a+2l
=7 J f(x) COS( dex, n=123,..... ~—--———- Q)
1 a+2l
~7 I f(x)szn( jxdx n=123,.... ----eeeem- (3)

Then, the infinite series
%)7“2“” cos(nl jx+2b sm[nlﬁjx —————————— 4)
is called the Fourier series of f(x) inn‘;he interval (a, a+2/). Also, the real numbers ao, ai, as,
...an, and by, ba, ....b, are called the Fourier coefficients of f(x). The formulae (1), (2) and (3)
are called Euler’s formulae.
It can be proved that the sum of the series (4) is f(x) if f(x) is continuous at x. Thus we have f(x)

_ —+Z“ cos[ jx+2b sm(nf}x ....... (5)

n=1

Suppose f(x) is discontinuous at x, then the sum of the series (4) would be
1 . _
S+
where f(x" )& f(x ) are respectively right hand and left hand limits of f(x) given by.
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f(x7)=Limf(x+h), [(x")=Limf(x=h) h>0

Particular Cases:
Case (i)

Suppose a = 0. Then f(x) is defined over the interval (0,2/). Formulae (1), (2), (3) reduce to
2]

1

ap =~ [ f(x)dx
! 0
1% nrx

a, :—If(x)cos — |xdx, n=12,....00 - (6)
[ 0 [
1% . (nrx

b, =~ [ f(x)sin| == |xdx,
/ 0 [

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (0, 2/).

If we set / = =, then f(x) is defined over the interval (0, 27). Formulae (6) reduce to
1 2
a0 = — [ f(x)dx
70

1 27
a, = {f(x)cosnxdx’ =1, 200 e ™

127r
b, =— [ f(¥)sinnxdx  n=1,2,....c0
T o

o ay <« < .
Also, in this case, (5) becomes:  f(x) = —2 + Y a,cosnx+ Y.b,sinnx
n=l1 n=1

Case (ii)
Suppose a = -/. Then f(x) is defined over the interval (-/, /). Formulae (1), (2) (3) reduce to

I
a9 = % [ f(x)x
-1
a —y]‘l f (x)cos(ﬂjxdx
" ! S T TP R— 9)

+/
b, = % If(x)sin(%)xdx n=1,2,.....0
-1

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (-/, /).
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If we set / = =, then f(x) is defined over the interval (-wt, 7). Formulae (9) reduce to

ap = 1 Tf(x)dx
g

T
a, :i If(x)cos nxdx, n=1,2,.....00 —mmmmmeme- (10)
72-—72'
1 T
b, =— [ f(x)sinnxdx n=1,2,.....0
7[—72'

a o0 o0 )
Putting / = 7 in (5), we get f(x) = =04 Zan coS nx + an sin nx
n=l1 n=l1
Some useful results:

1.The following rule called Bernoulli’s generalized rule of integration by parts is
useful in evaluating the Fourier coefficients.
Iuvdx =uv, — u'vz + u"v3 + o
Here u',u",..... are the successive derivatives of u and v, = jvdx, v, = I vdx,......

We illustrate the rule, through the following examples:

e - {2 s o)

n n n

2x 2x 2x 2x
jx3ezxdx:x3 € o3 C e & |-6
2 4 8 16

2. The following integrals are also useful:
ax

I e™ cos bxdx = [a cos bx + bsin bx]

a’ +b>
ax
Ieax sin bxdx = [asin bx — b cos bx]

2 2
a“+b
3. If ‘n’ is integer, then

sinnt=0, cosnmt = (-1)", sin2nmt = 0, cos2nm=1

sin(n+1/2)r =(-1)", cos(n+1/2)r =0

Examples
1. Obtain the Fourier series for f(x) =e " in the interval 0 <x <27

12 “R2n 1 1-e’
We have a, =— [ e “dx = ¢ =——(e_2“ —1)= ¢
T o -1]0 T T
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127 1| e . 27
a, =— _[e COS nxdx = — (~ cos nx + nsin nx)
7 | 1+ n? 0

. [6_2” (—cos 2nr + nsin2n7) — e’ (—cos 0+ nsin 0)]

2(1+n?)

2z
:;2[—6_2ﬂ +1]: ! ¢ . ! )
z(l+n") T l+n

1 2n . 1 - ) 271
b, =—[ e " sinnxdx=— € —(~sinnx—ncos nx)
T 0o | l+n 0

N 5 [e‘z" (—sin2nm —ncos 2nm) — e’ (—sin 0 — ncos O)]
n(l+n")

! [—ne‘2“+n]:£1_6_2nJ "

n(1+n?) . J1+n?

1= afl-e? 1 o»(l-e? n .
e’ = +> . 5 |cosnx+ 2 . > |sinnx
I+n

27 n=l1 T n=l1 7T 1+n

l-e?™ |1 = 1 ( n .
= —+ cosnx + Sin nx
T {2 ;121(1+n2) zl(l+n2j }

1
2. Obtain the Fourier expansion of f(x) = —(Tt - x) n-t<x<m

2

~
3

| 1”1 1 )C2 a
We have, a, = — X)dx=— |=(r —x)dx= —| mx—-—| =
e 7Z'J.‘”f() 7Z'J;2( ) Zﬁ{ﬂx 217[ "

a, = 1 If(x)cosnxdx = 1 Il(ﬂ — x)cosnxdx
e 72

Here we use integration by parts, so that

‘ T
a, zzin|:(n_x)smnx_(_1)(—c0;nxj:| 1 [0]:0
-7

n n 2n

b, :l T l(Tc—x)sinnxdx :L{(n_x)—cosnx _(_1)(—Sinnxﬂ = (=)
2 2n r

2
n n

-

Using the values of ag , a, and by in the Fourier expansion

a, < T
f(x)= ?O + > a,cosnx+ Y b, sinnx
n=1 n=1

0 _1 n .
weget,f(x)=%+z( ) sin nx
n=1 n

This is the required Fourier expansion of the given function.
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3. Obtain the Fourier expansion of f(x) = ¢ in the interval (-rt, ). Deduce that
T z ( D’

smhn n= zn 241
— T — .
1 {e “x} e —e™ ™  2sinhan
—T

17
Here, ay =— [e “dx=—
n-

T amn amn

T
I 1| e* , 2a| (-1)" sinhan
a,=—[e ™ cosnxdx=—| —— {~acosnx+nsinnx}| == ()2—2
T Tl a”+n e a’ +n

T

17 1 e " _ 2n](=1)'sinh
bn = —_[e sin nxdx = —{ f 2{—asmnx—ncosnx}} - _n{()zs#}
73 | a®+n . L atn

sinhar 2asmnhar& (-1)" n
+ (2 ) S COSNX + — smha;zz S smnx
ar Vs ~at+n Vs ~a*+n’

Thus, f(x) =

For x =0, a=1, the series reduces to
sinh T, 2sinh 77 & (—1)”

£(0)=1 =

T n=1 n +1
or 1 = smh7r 2sinhz| 1 (= )"
V4 V4 2 =’ +1
or 1= 2smh7zz( 1"
Vi —n +1
Thus, =2 Z (=D" . This is the desired deduction.

smhn nan’ +1

4. Obtain the Fourier expansion of f(x) = x” over the interval (-, 7). Deduce that

a)_z—l_i+i_i+ + 00 b)_z— +L+L+i+ + 00
P20 3 4 6 2° 3 4
c)—z——i+i+i+L+ + 00
12 32 52 72 .....

The function f(x) 1s even. Hence

ao :%][.f(x)dx:%]{f(x)dx:%szdx _ %{%3} :2L

0

a, =— If(x) cosnxdx——If(x)cosnxdx since f'(x )cos nx is even
T

-

j cosnxdx ,Integrating by parts, we get
0
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_ g{xz(smnxj_zx(—coi nxj+2(—suznxﬂ _ 4(—21)
n n n n o n

Also, =— Jf(x)szn nxdx =0, since f(x)sinnx is odd.

-T

Thus

f(x)=x"= 3 +4Z

a) By putting x—O in (i) we get,
(-1)" COSO Tc_2+ > (-1)"

(— 1) coS nx

(1)

0= = +4 4
flx) =T A B =Ty
T’ 1 1 1 1

le —_— = _1_2+2_2_32 42 T eeecesscsccee
1 1 1 1

1.6, — =—F/————F/— 1+ —F/— ———— T iiiirrrnm..

2 TC 2 1 s 1 7T
m=—+4) — =) —=—
3 Zinz lenz 6
2
Hence, KL L+i+i+ .....
22 32 42
¢) by adding (a) and (b) we get,
LSS WS U NN U APUE U S O
" 6 R SRBCRPRE
2 2
,e3L:2+£+_+ ....... :>—=21+i+i+i+ ........
12 3252 32 52 72
2
1 1 1
Orn—=l+3—2+—2+—2 ........
Functions having points of discontinuity:
5. Obtain the Fourier expansion of
x,0<x<m
f(x)_{27c—x,néx£2n
2
Deducethatﬂ-——l+i+i2+ ......
8 3?5
27‘C 27 1 27
Here, ao—— | f(x)dx— j f()dx+ [ f(x)dx = j xdx+ [(2m—x)dx
O 0 b4 0 T
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=2 {n +8n2—4n2—4n2+n2} P
T

5
1 27 27
a, =— _[f(x) cosnxdx = — jf(x) cos nxdx + Jf(x) cos nxdx
T
0 i
B 2n
— Ix cos nxdx + _[ (2m — x)cos nxdx ¢, integrating using Bernoulli’s generalized rule
T
0 i
. . 2
_ l{x( sin nxJ (l)( cos nxﬂ . {(271 ~ x)[ sin nxj “ 1)( cos nx ﬂ n}
n? 0 n n? T
x sin nx  cosnx sinnx ) cosnx |27
+ 27 —x) -
2 0 n n2 T
n n
1) ot oD
Tl 2 2 2
1{ )" —2} 2 )
T
1 2n Bk 2n
Also, b, =— [ f(x)sin nxdx = = [ f(x)sin nxdx + [ f(x)sin nxdx {,
To Tlo n
117 2n
=— _[x sin nxdx + j (2 — x)sin nxdx ; , integrating using Bernoulli’s generalized rule
T
0 I
_1
T

{ x(—cc;snxj (1)[ sin nxﬂgJ{(zn_x)(—cc;snxj - 1)( sin nxﬂin}
L n 2
%{__ XC(;ZS nx . Sinznx:| T { Q- x) cosnx sin nx:| ZTE}

Y ekl VT s h" Liznc D", m- 1) 0
s n

o0
Thus the Fourier series of f(x) is f(x) = E Z [(—1)” — l]cos nx
n:

Forx=m, we get

()=

+

QN

%O: Lz [(—1)” - l]cosmt

T
2
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But (-1)" —1=0, if nis even & (~1)" —1=-2,if nis odd.

(since f(x) is discontinuous at x =7, (1) =

_z +£Z 2cos(2n;1)7z
2 7 2n-1)
2 o —2(-1 2

Thes, T=23 220D 7 s 2

2 =1(2n—1)> 4 SQ2n-1)°
This is the series as required.
6. Obtain the Fourier expansion of

-n,—n<x<0
f — 2
®) {x O<x<m

hence deduce that % =1+—=+ i +

%[f(ﬂ—0)+f(7r+0)]=%(x+27r—x)=7T)

2

?

1
e

1

1

S(2n—1)2

2
32 ......

52

2
Here, lﬁ ndx+jxdx} 1{[—704 0 +|:x—:|n}:l[—n(0—(—n))+l(ﬂ:2 —O)}
T “x T -7 2 10 T 2
) 1 =n
T no2 2
1 0 T
— I—ncosnxdx+fxcosnxdx
T 0
_1 (_nsmnx) 0 J{ smnx_(l) cozsnxJﬂ}
T| n J)-mn n 0
1] D" 1 1 .
:;_O-l—o-}-n—z—n—z]:nn—z[(—l) —1]
1_ 0 T ]
b, =— _[—nsinnxdx+jxsinnxdx =
Tc_—rc 0
1_( —cosnxj 0 { (—cosnxj (—sinnxj}n}
==|[-n +x —()
| n .’ n n? 0
= l_z(cosO—(—l)”)—E(—l)” +o} 21[5(1—2(—1)”} = l[1—2(—1)"]
| n n |l n n

.. Fourier series is

-7 1 &1 —2(=D" | .
fx)=—+— ) —|(-=1)" —1|cosnx+ sin nx
) ] 3;{ ¢ }

Note that the point x = 0 is a point of discontinuity of 7 (x). Here f(x7)=0, f(x")=-m atx =
0. Hence%[f()fr)Jrf(x_)]:%(()_n):_77t

The Fourier expansion of f(x) at x = 0 becomes
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-1 -1t 1=1

—_— > —[(-D" -1
2 4 nnzln (=D =]
or——Z—[( D" —1]
nln
But (-1)" —1=0, if nis even &(-1)" —1=-2,if nis odd.
o= 2 o= 1 1 1 1
_ = —2 —:Z—z = - —2 —2 .........
4 =1(2n-1) 8 w1(2n-1) 1 3 5
2
Henceﬂ——1+i2+iz+ ......
8 3 5

7. Obtain the Fourier series of f(x)=1— x? over the interval (-1, I).

The given function is even as f(-x) = f(x). Also period of f(x) is 1-(-1)=2 =2/ =2=[=1

1

1 1 1 3

Here ap = % jf(x)dx=2jf(x)dx= 2 j(l —xz)dx = 2{)5—%} = % as f(x) is even.
-1 0 0 0

1 1
" =% [ f(x)cos(nmx)dx = 2[ £ (x)cos(nmx)dx
-1 0

= 2I (1—-x%) cos(nmx)dx[as f(x)cosnmxiseven. Integrating by parts, we get

1
[ sm nrr.xj ~ (—2x)(_ cos n;r.x} . (_2)£— sin nsrr.x]
(nm) (nm) 0

{[O 2 (0)} Sl
(n'rc) nmw

% f (x)sin(nmx)dx = 0, since f(x)sin(nmx)is odd.
The Fourier series of f(x)is  f(x) = 5 —2 z cos(nmx)
8. Obtain the Fourier expansion of
1+4—xin—§<x30 2 | 1
f(x) = 3 2 .Hence deduce that — =1+—+—+......
8 32 52

1——xin0Sx<—
3 2

The period of f(x) is %—(_73)=3:>21=3:>l=3/2

Also  f(-x) =f(x). Hence f(x) is even

Page 12



1 3/2 2 3/2 43/2 4x
di=_2 de == 1= g =0
o= 3/2_3I/Zf()x 3/2 % Jf () 3{( 3)x

3/2 3/2 L1372
4 J'(3 4x)dx—4 3x—4L 4[3) - :i 2—2x2 =0
9 2 0 0 912 4

Ttxjd

3/27]

1 3}2 3‘/[2 n
a, = f(x) cos( jdx =— | f(x) cos(
3/2 3/ 3/2 3/2

e
RCINICH!

4 4 9 4 8
=—|0——=x—((-1)"-1) |=—=—=[1-(-D"|= ,n=1,3,5 .........
3_ 3 4}127'[2 (( ) ):| n27l'2[ ( )] n2n2 n
1% . | nmx .| nmx |, .
Also, b, 3 J' f(x)sin 3/ dx=0,as f(x)sin =3/ |18 an odd function.
7 % %
Thus f(x) = % iizcos(znnx}n =13,5,........
T n=11 3
putting x=0, we get  f(0)= — > —
T n=1N
8 1 1
or 1:?|:1+3—2+5—2+ ...... :|
2
Thus, n—=1+L+L+ ......
8 3?5

in 0 < x < 2m. Hence deduce

T
Exercises: 1) Obtain the Fourier series of f(x) =

that 1——+——l ......... =T
7 4
) If f(x)=x(2n—x) in0 < x <27 show that
2
f(x)= 2% —4(60;9)6 cos22x+cosz3x+ .......... j hence deduce that
3 1 2 3
L2 S S
g TpE Tttt
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3) Find a Fourier series in (—7, 7)to representa) f(x)=x—x> b) f(x)=x+x’
Hence deduce that

e e sl SOPR + 00
)12 12 2% 3% 47

2

T 1 1 1
b) —=14+—+—4+—+...... + 00
) 6 22 32 42
) 0 1 1 . 1 1 o
C) —=— — — i PR

8 12 32 52 72

0 in —m<x<0

4) Obtain the Fourier series for the function f(x) =< . )
sinx in 0<x<m

Hence deduce that
1 1 1 1 1 1 T—2
. —+—+—+=— 2. ———+ —=
1.3 35 57 2 1.3 35 5.7 4
2

2
S5If f(x)= (%) in the range 0 to 27, show that f(x) = % +y COSan
n=1 N

6) An alternating current after passing through a rectifier has the form
I,sinx for 0<x<m

0 for n<x<2n
Where / is the maximum current and the period is 27. Expressias a Fourier series.

7) Obtain the Fourier series for the function
0, —mt<x<0

f(x)= Where f(x+271) = f(x)

x?, 0<x<m

8) Obtain the Fourier series for the function
x*, 0<x<m

fx)=

—x*, —m<x<0

9) Expand f(x) = e " as a Fourier series in the interval (=/,/)

w, 0<x<l1
10) If f(x) = ; show that in the interval (0,2)
n 4 = cos(2n—1)x

n(2—-x),1<x<2
f="-2

2 maa (2n-1)°

> 1
Answers: 1) f(x)=> —sinnx

n=11N
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e o (_1)"] o (_ 1\t
=T +4Z( 1)2 cos nx+ 22( D sin nx
T on T n

(_ 1) n+l

n

sin nx

2
n

2 o (_1\"
SEAPIC)
3 1

cosnx+2)
1

1z -l ; 1.
4) f(x)= — +§m{l +(=1) }cos nx + 5 sin x.

21, ® cos2nx
T oami4n® -1

1 .
6) i:—0+110 sin x —
T 2

2 n+l 2
T » (=1 cosnx 1= 2 = )

n TTn=l\ N n

8) f(x)= Z(Tc—ijsinx—nsianJrz(n—ijsinSx—Esin4x+ ..........
T 3 O 2

9 e = sinhl{%—%i ! > COos m;x —2nZl " sin nnx}

—l?+n’n 2 ntn? /

HALF-RANGE FOURIER SERIES

The Fourier expansion of the periodic function f(x) of period 2/ may contain both sine and cosine
terms. Many a time it is required to obtain the Fourier expansion of f(x) in the interval (0, /)
which is regarded as half interval. The definition can be extended to the other half in such a
manner that the function becomes even or odd. This will result in cosine series or sine series

only.

Sine series :
Suppose f(x) = @(x) is given in the interval (0, /). Then we define f(x) = -¢(-x) in (-/, 0). Hence

f(x) becomes an odd function in (-/, /). The Fourier series then is

f@:i@mggj (11)
where b = %0[ f(x) sin(?jdx

The series (11) is called half-range sine series over (0, /).

Putting I=r in (11), we obtain the half-range sine series of f(x) over (0, 1) given by

f(x)= ibn sin nx
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b = 2 j £(x)sin nxdx
7 0

Cosine series :
Let us define

¢(x) in (0,0).......given

¢(—x) in (=1,0)....... in order to make the function even

f(X)={

Then the Fourier series of f(x) is given by
f(x)= % + Zan cos(%) (12)
n=1

where,

a, = % ! F(x)dx

l
@ =2 [ f(x)cos[ﬂjdx
[y /
The series (12) is called half-range cosine series over (0,/)
Putting | = 7 in (12), we get
f(x)= a7°+ Zan cosnx
n=1

where

a, = zjff(x)dx
4 0

a, =£If(x)cosnxdx n=1.273,.....
T 0

Examples :

1. Expand f(x) = x(m-x) as half-range sine series over the interval (0,m).
We have,

b, = 2J.f(x)sin nxdx
7[0
=£J(7zx—x2)sinnxdx
72-0

Integrating by parts, we get
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4 n
--h-c]

The sine series of f(x) is
1 21
f(x) = 2—3[ 1—(=1)" Jsin nx

2. Obtain the cosine series of

T
x,0<x<—
f(x)= 2 over(0,7)

T
T—X,—<X<T
2

Here

%

T
a0:% dex+ j(n—x)dx :g

T
2|72 :
— f X cos nxdx + j(n—x)cosnxdx
| © 7

Performing integration by parts and simplifying, we get

2 n_ nm
a, ——E{l+(—l) 2cos( 5 ﬂ

Thus, the Fourier cosine series is
m 2| cos2x cosbx coslOx
fx)= ——— + + +.....0
4 1 12 32 52

3. Obtain the half-range cosine series of f(x) = c-x in 0<x<c

C
Here ag = %j(c -x)dx=c, = —I(c X) cos[ jdx
<y c

a, =

—(—1)"]

Integrating by parts and simplifying we get, a,, = 55
n

The cosine series is given by

f(x)—£+—oo 1 [1 -)" ]COS(HTDCJ

TC n= 1n
Exercices:
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I. Obtain the half-range sine series of the following functions over the specified intervals:
1. f(x) =cosx over (0,m) 2. f(x)=sin’x over (0,m) 3.f(x)=/x-x> over (0,
II. Obtain the half-range cosine series of the following functions over the specified
intervals:
1. f(x) =x*> over (0,m) 2. f(x)=xsinx over (0,n) 3.f(x)=(x-1)*> over (0, 1)
kx,0<x< i

4. f(x) = ]
k(l—x),z <x<l

HARMONIC ANALYSIS

The Fourier series of a known function f(x) in a given interval may be found by finding the
Fourier coefficients. The method described cannot be employed when f(x) is not known
explicitly, but defined through the values of the function at some equidistant points. In such a
case, the integrals in Euler’s formulae cannot be evaluated. Harmonic analysis is the process of
finding the Fourier coefficients numerically.

To derive the relevant formulae for Fourier coefficients in Harmonic analysis, we employ the
following result:

The mean value of a continuous function f(x) over the interval (a, b) denoted by [ f(x)] is defined

as  [f()]= ﬁ [ £ ().

The Fourier coefficients defined through Euler’s formulae, (1), (2), (3) may be redefined as

1 a+2l
ap =2 5 [ f)dx | =2[f(x)]

[ a+21
a, =2 % +j f(x)cos(?jdxlzz{ f(x)cos(@ﬂ

a

a+2l
b= 2{211 J () sin[?jdx} : 2{f(x) sm(@ﬂ

Using these in (5), we obtain the Fourier series of f(x). The term a; cosx + b sin x is called the

first harmonic or fundamental harmonic, the term aj cos2x+ b, sin 2x is called the second

harmonic and so on. The amplitude of the first harmonic is /a’ +5 and that of second

harmonic is+/a; +b; and so on.

Examples
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1. Find the first two harmonics of the Fourier series of f(x) given the following table:

X 0 % 2% T 4% S % 271

f(x) 1.0 1.4 1.9 1.7 1.5 1.2 1.0

Note that the values of y = f(x) are spread over the interval 0< x < 2r and f(0) = f(2n) = 1.0.

Hence the function is periodic and so we omit the last value f(2n) = 0. We prepare the following

table to compute the first two harmonics.

0 y= f(x) | C0s¥ | cos2x | sinx | sin2x | oo | coson ysinx | ysin2x
0° 1.0 1 1 0 0 1 1 0 0
60° 1.4 0.5 -0.5 0.866 0.866 0.7 -0.7 1.2124 | 1.2124
120° 1.9 -0.5 -0.5 0.866 | -0.866 -0.95 -0.95 1.6454 | -1.6454
180° 1.7 -1 1 0 0 -1.7 1.7 0 0
240° 1.5 -0.5 -0.5 -0.866 | 0.866 -0.75 -0.75 -1.299 1.299
300° 1.2 0.5 -0.5 -0.866 | -0.866 0.6 -0.6 -1.0392 | -1.0392
Total -1.1 -0.3 0.519 | -0.1732

We havea,, = Z[f(x) COS(?H =2[ycosnx] b, = 2{f(x) sm[?ﬂ = 2[ysin nx]

as the length of interval =2/ =2n or/=n
Putting, n=1, 2, we get
2) ycosx 2(-1.1)

a; =2[ycosx] = 6 = —0.367
ar = 2[ycos2x] = 2).ycos2x _2A03)_
6 6
2 sin
by = 2[ysinx] = 22 08mx o 193
2 sin 2
by = 2[ysin2x] = 22 SN2 o577

The first two harmonics are a; cos x + b; sin x and a, cos 2x + b, sin 2x .That is
(—0.367 cosx +1.0392sin x) and (—0.1cos 2x — 0.0577 sin 2x)

2. Express y as a Fourier series up to the third harmonic given the following values:
X 0 1 2 3 4 5
Y 4 8 15 7 6 2

The values of y atx =0, 1, 2, 3, 4, 5 are given and hence the interval of x should be

0 <x < 6. The length of the interval = 6 - 0 = 6, so that 2/ =6 or [/ = 3.
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The Fourier series up to the third harmonic is
a, m . TIX 2mx . 2mx 3mx . 3mx
y=—-+|a,cos—+bsin— |+| a,cos— +b,sin — |+| a,cos— + b, sin — | or
2 [ ) ) [ ) [
agp X . TX 2nx . 2mx 3mx . 3mx
y=—+|ajcos— +b;sin— |+| ay cos—— + by sin — |+| a3 cos—— + b3 sin —
2 3 3 3 3 3 3

Put 0 = ?, then

y= % +(a, cos@ + b sin 0)+ (a, c0s 20 + b, sin 20)+ (a, cos 30 + b, sin 30) (1)
We prepare the following table using the given values:
X 92% y ycosO | ycos20 | ycos30 | ysinO ysin20 | ysin30
0 0 04 4 4 4 0 0 0
1 60° 08 4 -4 -8 6.928 6.928 0
2 120° 15 -7.5 -7.5 15 12.99 -12.99 0
3 180° 07 -7 7 -7 0 0 0
4 240° 06 -3 -3 6 -5.196 5.196 0
5 300° 02 1 -1 -2 -1.732 -1.732 0
Total 42 -8.5 -4.5 8 12.99 -2.598 0
2 1
ag =2[f(x)]=2[y]= % = 5(42) =14, a; =2[ycos0] = %(—8.5) =-2.833,

b = 2[ ysin 0] = %(12.99) =433, ay=2[ycos20]= %(—4.5) =-15,

by, =2[ysin 20] = %(—2.598) =-0.866, a3 =2[ycos30]= %(8) =2.667, by=2[ysin30]=0
Using these in (1), we get

y=7-2833 cos(?j 1 (4.33) sin(%j 15 cos(szj —0.866 sin(%mj +2.667 cos

This is the required Fourier series up to the third harmonic.

3. The following table gives the variations of a periodic current A over a period T:
T (secs) 0 T/6 T/3 T/2 2T/3 5T/6 T
A (amp) 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98

Show that there is a constant part of 0.75amp. in the current A and obtain the amplitude of the

first harmonic.
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Note that the values of A at t=0 and t =T are the same. Hence A (t) is a periodic function of

period T. Let us denoted = (27”]: . We have

ag =2[A4], a = Z[A cos(z—;jt} =2[AcosH], b = 2{A sm(%}t} =2[ Asin 0] ------ (1)

We prepare the following table:

27t

t 0= 7 A cosO sin® A cos0 A sinf®

0 0 1.98 1 0 1.98 0
T/6 60° 1.30 0.5 0.866 0.65 1.1258
T/3 120° 1.05 -0.5 0.866 -0.525 0.9093

T/2 180° 1.30 -1 0 -1.30 0
2T/3 240° -0.88 -0.5 -0.866 0.44 0.7621
5T/6 300° -0.25 0.5 -0.866 -0.125 0.2165
Total 4.5 1.12 3.0137

Using the values of the table in (1), we get

2) 4 4. 2) AcosO 1. ' .
do=22A A5 g5, 22A0 112 g, 22,Asin0 30137 04
6 3 6 3 6
The Fourier expansion up to the first harmonic is

A= 4 a cod 2™ )4 by sin| 22| — 0.75+0.3733 cos| 2 |+1.0046 sin| 2™
2 T T T T

The expression shows that A has a constant part 0.75 in it. Also the amplitude of the first

harmonic is \/a] +b] =1.0717.

ASSIGNMENT:
1. The displacement y of a part of a mechanism is tabulated with corresponding angular

movement x° of the crank. Express y as a Fourier series up to the third harmonic.

x? 0 30 60 90 120 | 150 | 180 | 210 | 240 | 270 | 300

330

y 1.80 | 1.10 | 0.30 | 0.16 | 1.50 | 1.30 | 2.16 | 1.25 | 1.30 | 1.52 | 1.76

2.00

2. Obtain the Fourier series of y up to the second harmonic using the following table:
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X

0

45

90

135

180

225

270

315

360

y

4.0

3.8

24

2.0

-1.5

2.8

3.4

3. Obtain the constant term and the coefficients of the first sine and cosine terms in the Fourier

expansion of y as given in the following table:

X

0

1

2

3

4

5

y

9

18

24

28

26

20

4. Find the Fourier series of y up to the second harmonic from the following table:

X

0

2

4

6

8

10

12

Y

9.0

18.2

24.4

27.8

27.5

22.0

9.0

5. Obtain the first three coefficients in the Fourier cosine series for y, where y is given in the

following table:
X 0 1 2 3 4 5
y 4 8 15 7 6 2

6. The turning moment T is given for a series of values of the crank angle 0° = 75°,

90

0

30

60

90

120

150

180

T

0

5224

8097

7850

5499

2626

0

Obtain the first four terms in a series of sines to represent T and calculate T at 6 = 75°.
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Module-3

Fourier transforms & Z-transforms

Introduction
Fourier Transform is a technique employed to solve ODE’s, PDE’s, IVP’s, BVP’s and
Integral equations.

Infinite Fourier Transform

Let f(x) be a real valued, differentiable function that satisfies the following conditions:

1) f(x)and its derivative f"'(x)are continuous, or have only a finite number of simple
discontinuities in every finite interval, and
o0
2) The integral I |f (X)| dx exists.

o0
Also, let s be non — zero real parameter. Then infinite Fourier Transform of f(x) denoted

by f‘ (s)or F[ f(x)]or F(s) is defined by
a (s)=F(s)= FLf(x)]= OJ? F(x)e"*dx , provided the integral exists.

The infinite Fourier Transform is also called complex Fourier Transform or just the Fourier

Transform. The Inverse Fourier Transform of f‘ (s)denoted by F -1 [ f (s)]is defined by

“1[» 1 ®.
F7E)= 1= Treoea
—0
Note: The function f(x) is said to be self reciprocal with respect to Fourier transform

it fls)=/(s).

Basic Properties:

Below we prove some basic properties of Fourier Transforms:

1. Linearity Property

For any two functions f(x) and ¢(x) (whose Fourier Transforms exist) and any two constants
aandb, Flaf(x)+bd(x)]=aF[f(x)]+bF[4(x)]

Proof: By definition, we have

Flaf (x)+bg(x)]= [[af (x)+bg)F dx =a [ f(x)e™dx+b [p(x)e™dx

= aF [ f(x)]+bF[#(x)]. This is the desired property.

In particular, ifa=b =1, we getF[f(x)+ ¢(x)] = F[f(x)]+ F[¢(x)]
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Againifa=-b=1, we get F[f(x)-¢(x)]= F[f(x)]- F[g(x)]
2. Change of Scale Property
If f (s)= F[f (x)], then for any non — zero constant a, we have F[f(ax)|= lf‘ (Ej ,a#0
a \a

Proof: By definition, we have F f f (x)e’sx dx

w .
~ Ff(ax)]= If(ax)elsxdx put ax =t = adx = dt = dx = dt
a

- Jrwe UC” TRy

3. Shifting Properties:

For any real constant ‘a’, (i) F[f(x—a)]=e™f(s) (i) F[e'™ f(x)]= f(s+a), Where

()= FLf )]
Proof : (i) We have F[f(x)]= f(s)= T f(x)e™* dx

© .
Hence, F[f(x—a)]= [f(x—a)e dx,set x—a=t=> dx=dt,then

—0o0

F[f(x—a)]: Tf(t)eis(Ha)dt _ eias Tf(t)eiStdt _ eisa]}(s)

—0o0

i1) We have f(s +a)= Tf(x)ei(s+“)xdx _ T[f(x)eia"x ]eisxdx

—o0 —o0

= T g(x)e ¥ dx, where g(x) = f(x)e'™

—0o0

= F[g(x)] = F[¢"* f(x)] This is the desired result.
4. Modulation Property: If F[f(x)]= f(s), then F[ £ (x)cos ax] [f (s+a)+ f(s— a)]

where ‘a’ is a real constant.

] —iax
ax 4 e

2

Hence F[f(x)cosax]= { f (x{wﬂ

= —F [f ()™ + f (X)e_m] [F [/ (x)e"™ 1+ FLf (x)e ]

Proof: We have cos ax =
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= %[ f (s + a) + f (S - a)l by using linearity and shift properties.
This is desired property.

Note: SimilarlyF[f( )sm ax [f s+a f(s—a)]

Examples
1 for|x| <1 sin x
1. Find the Fourier transform of f(x) = f | | hence evaluate [——dx
0 for|x|>1 0 X

<< The Fourier transform of f(x) is given by

isx | ] is IS 7si
f(s)= jf(x)e’sxdx = j 0. dx + jl &5 dx + jO e dx = e' =¢ _ L e )
e i 2 1 is -1 is s
& fors =0, f(s):2.
Now by the inverse Fourier transform we have
_ O 25ins _ 1f0r|x|<1
x)=— s)e lS)CdSO - lSXd
1= 170 = 0 forl >
By putting x = 0 we get,
1 ©2 o
— f Sms f wd =2] ﬂds = 17, as the integrand is even
0o §
JsdeS__Or Ismxd
0o S 2 o X
] ) 1_x2f0r|x|S1
2. Find the Fourier transform of f'(x) = Hence evaluate
0 f0r|x| >1
Ofxcos x3—sinx cos ™ dy
0 X 2
<< The Fourier transform of f(x) is given by
R © . -1 . 1 , o .
s)= x)e"dx = e dx+ |(1-x7)e™dx+ 0. dx
f( ) J‘f( ) lSXd J‘O lSXd J‘(l 2) lSXd J‘O lS.X'd
—0 —0 -1 1
isx isx |1 isx
=(1-2") |~ (20| (D)
s |- (is)” =1 (is)” I~
- i ; i -4 4si 4 .
=0+—— (" +e ’S)—%(els —e )= czoss + STS =—— (scoss —sins)
—-S —1s s s

Now by inversion formula, we have

== [F(s)e™ds
T o

Page 3



© 4 o 1-x2 ¥ <1
Or — [ ——(scoss—sins)e xgg =4 "% |
T _on S O’ |X|>1
Puttingx =1/2, we get
4 ) _ 3
—— [ —(scoss—sins)e ' 2ds ==
27[—005'3 4
© §CoSs —Ssins s .. S RY/4
Or [ ————— cos——isin— |ds=——
e $3 2 2 8
© §coss—sins S RY/1 ©gCcoss —sins s 3r .
Or j —_——cosS—ds=— = j—cos—dsz——,smcethe
% = 2 8 0 §3 2 16
integrand
1s even
©xCcosx—Sinx X RY/4
j—.cos—dx:——
0 x3 2 16

[

3. Find the Fourier Transform of the function f(x)=e “*where a >0

The Fourier transform of f(x) is given by

. © , - . 0 , © _
f()= [ f(x)e" dx = j.e_a‘x‘elsxdx = J'e_a‘x‘elsxdx+ J'e_a‘x‘e”xdx

—00 —o0 —o0 0

Using the fact that |x| =x0<x<0o& |x| =—x,—0 < x <0, we get

A 0 . o0 ) 0 . . .
f(s) = l: Ieaxezsxdx n fe_axelsxdx:| — l: Je(aﬂs)xdx n Ie—(a—zs)xdx}

— 0 —0 0
. 0 . *®

~ e(a+zs)x N e—(a—zs)x ~ 1 N 1 ~ 2a

| (a+is) | _y | —(a—is) 0 (a+is) (a—is)| | g2 442
Exercises:

. . . {1, K <a
4. Find the Fourier Transform of the function f(x) =

0, |x| >a

where ‘a’ is a positive constant. Hence evaluate
w SInSsa coss x o0 SIN §

0) j_ooT ds (i) |,
<< For the given function, we have

Flrwl= |7, reoeas]

I e+ [4 ploei T [ fee ]

= Ufa eisxde: 2|:Sin Sa}

N

ds
s

Page 4



Thus F[f(x)]= f(s) = 2[ sinSs aj ......... )
Inverting f (s) by employinginversion formula, we get
1 i —i
7)= Lo S i
l.[oo sin sa(cos sx —isin sx)
—o0

= ds
Vs s
1| ;0 sinsalcoss x 0 SIN S asin sx
=— _Oo#ds—zj_w—ds
T K s

Here, the integrand in the first integral is even and the integrand in the second integral is odd.

Hence using the relevant properties of integral here, we get

o SIN Sa COS sX

fx)= Lo SLSACOSH jo o
T S

T, |x|£a
0, |x| >a

J-oo sin sa cos sx

SRS s — f (x) ={
S

For x = 0,a =1, this yields [* "~ ds =7
S

sin §

Since the integrand is even, we have ngo ds=rm
s
sin § r
or [ ds ==
.[() s 2
a?x

5. Find the Fourier Transform of f(x) =¢"

2/

_X

Deduce that f(x)=e 2 s self reciprocal with respect to Fourier transform.
Here

2.2 .
F[f(x)]:jioooe_azxzeisxdx =Eoooe_(a ’ _lsx)dx

[s? j
i 2
Settingt:ax-;—s,weget F[f(x)]ze (42 © et dt
a a

—00

where ‘a’ is a positive constant.
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a

2
ey e
="e a 2.foe dt but je 2
0

2
_i//]
2 . .
= le ( 4a N7, using gamma function.

-7

This is the desired Fourier Transform of f(x).
2.2
For a’ =% inflx)=e @ X

<2

2
we get f(x) =e and hence,
2
A _S
f (s) =+2re 5

2 2
X _S
Also putting x =s in f(x)=e g,we get f(s)=e 4
Hence, f(s)and f (S) are same but for constant multiplication by /27 .
Thus f(s) = f‘ (s)
xZ
It followsthatf{x) =¢ % is self reciprocal

6) Find the inverse Fourier Transform of f (s) =e

Exercises:
Find the Complex Fourier Transforms of the following functions:

(Hf (X) = {x, |x| 5 awhere 'a'is a positive constant 2)f (X) = {1 i |x| <!
0, |x| >a 0, |x| >1
0, X <a ) )

3)f (x) =41, a<x<bwhere'a'and'b'are positive constants  (4) f (x) = {a e |x| =a
0, x>b 0. M>a

(5)£(x) = xe M where'a'is a positive constant  (6)£(x)=e M1 (7)£(x) = cos2x>
(8) £ (x) = sin 3x?
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FOURIER SINE TRANSFORMS:

Let f(x) be defined for all positive values of x.

o0
The integral j f(x)sin sxdx s called the Fourier sine Transform of f(x) . This is denoted by
0

fs (s)or F,[ f(x)], thus fs (S) =F; [f(x)] = Tf(x) sin sxdx
0

e 0]
The inverse Fourier sine Transform of f (i) is defined through the integral 2 I S5 (s)sin sxds .
V4
This is denoted by f(x) or Fg ! [, (s)] Thus
-1 2% - .
) =F5"[f(s)]= = ] /5 ()sin sxds
0

Properties

The following are the basic properties of Sine Transforms.

(1) LINEARITY PROPERTY
If ‘a’ and ‘b’ are two constants, then for two functions f(x) and ¢(x), we have

Fylaf(x)+bg(x)]|= aFy | f (x)]+ bF [(x)]

Proof : By definition, we have

Flaf (x)+bg(x)]= [ 80 [af (x)+ b(x)]sin sx dx = Ofaf (x)sin sxdx + Tb¢(x) sin sxdx
0 0

o0 0
=a | f(x)sin sxdx + b [ §(x)sin sxdx = aFy [£(x)]+ bF, [p(x)]
0 0
This is the desired result. In particular, we have

£ (x)+ ()] = F [ (x)]+ Fy[p(o)land £y [ (x) - pla)] = F [ £ (x)] - Fy o))

(2) CHANGE OF SCALE PROPERTY

If F [f(x)] = fs (s), then for a # 0, we have F,[f(ax)|= 1 AS (ﬁj
a

Proof : We have F, [f(ax)] = Jo

Seting ax =t e get R [F(@0]= /(i > ][]

- j () sm( }dt _1 (i)
a a

Page 7

fax)sin s x dx




(3) MODULATION PROPERTY

If F [f(x)]: fs(s),then fora # 0, we have F,[f(x)cosax]= %[fs(s +a)+ fs(s—a)]

Proof: We have F,[f(x)cosax]= jgo f(x)cosaxsin sx dx

! F F(x)lsin(s +a)x +sin(s — a)x}dx}

T2
0

= %ﬁjf(x) sin(s + a)xdx + Tf(x) sin(s — a)xdx}
0 0

= % [f s (S + a) + j} s (s - a)l by using Linearity property.
FOURIER COSINE TRANSFORMS:

0
Let f(x)be defined for positive values of x. Then the integral j f(x)cossxdx is called the
0

Fourier Cosine Transform of f(x)and is denoted by fc (s)or F.[f(x)]. Thus

f“c (s)=F, [f(x)] = % [ f(x)cossxdx
0

The inverse Fourier Cosine Transform of f ~(s)1s defined through the integral

% [ f.(s)cossxds . This is denoted by f(x) or F. [ /.(s)]. Thus
0

-1l 2%,

f(x)= Fcl[f(s)]= - [feo(s)coss xd s
0

Basic Properties:

The following are the basic properties of cosine transforms:

(1) Linearity property: If ‘a’ and ‘b’ are two constants, then for two functions f(x) and

#(x), we have F,[af(x)+bg(x)]= aF,(f(x))+bF, (4(x))

(2) Change of scale property: If F, {f(x)} = fc (), then for a # 0, wehave F,[f(ax)]= 1 fy (ij
a

(3) Modulation property: If F, {f(x)} = fc (s), then for a # 0, we have

F.[f(x)cossx]|= % [f“c (s+a)+ fc (s— a)]
The proofs of these properties are similar to the proofs of the corresponding properties of

Fourier Sine Transforms.
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EXAMPLES

: —m
1. Find the Fourier Sine transform ofe ~ . Hence show that J' xsin ’Zxdx - ,m>0
0o 1+x 2

o0

<< F[f(x)]= jf(x) sin sxdx = je | sin sdx = [e " sinsxdx [since x| =-xin (0, )]
0

- ” —(0-5)=
= —Sinsx—sCcossx) = s)=
1+s2 0 1 + 52 1+ S2

By using inverse formula for Fourier sine transform, we get

sm sxds , By changing x to m, we get

S(x) =EOJ?FS[f(x)]sinsxds =e ¥ =_I
7y

01+S
_ 2 ©ssin ms 2 % xsin mx % x sin mx me "
e M== 2ds=—j dx = 2dx:
Togl+s Tol+x o 1+x 2

x for 0<x<l1

2. Find the Fourier Cosine transform of f(x)=<2—-x for 1<x<2
0 for x>2

00 1 2 o0
<< F[f(x)]= [ f(x)cossxdx = [ f(x)cossxdx + [ f(x)cossxdx + [ f(x)cos sxdx

0 0 1 2
1 2 00

= [xcossxdx + [ (2 — x) cos sxdx + [0.cos sxdx

0 1 2

. 1 . 2
_ |:x. Sm SX _1.(—C02SSXJ} +{(2_x) Sm sx _( 1)( COSSX]:|
A Ky 0 S Ky 1

sins CcoOSs 1 cos2s [sins coOSs
—~ T2 |\ Z )2 2
s Ky Ky Ky s Ky

_ 2cc;ss _Lz_ 005225 :%(zcoss—cosk—l)
s s s s

3. Find the Fourier Sine transform of € _a%

—ax : L :
<<Let f(x)=¢ 4 , then its Fourier sine transform is

0 ooe—ax
Ff(x)]= jf(x) sin sxdx = j sin sxdx = F'(s), say
0 0
Differentiate both sides w.r.t. s we get,
a ooxe—ax o0
— {F(s} =[= sin sx |dx = | cossxdx = [e~ ™ cos sxdx
00s o * 0
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e . 0
= 2(—acossx+ss1nsx
a“+s
1 a
= 2[0_(_a)]= 2. 2
s°+a s°+a
Integrating w.r.t. s, we get,
1S
F(s)= j 2a’s:tan 24e
s? +a a

But F(0) =0 whens=0 = ¢ =0. Hence F(s) = tan"! 2
a

4. Find the Fourier Cosine Transform of f(x) = . Hence derive Fourier sine transform of

1+x

S

<< F[f(x)]= _[f(x)cossxdx f

0+x

5 08 sxdx = I(say)

oo . 2 2_ .
odl .[a (cossxjd _J. —xsinsx _Jx smsxd _ .[[ler l]smsxdx
S

s gos\ 1y 2 0 1+x2 0 x(1+x2) x(1+x2)
=_Ismsxdx+J. smsx2 dx=—£+j smsx2 dx:>d 2I=I xcoss;c =1
0 X ox(1+x°) 2 ox(1+x7) ds  ox(1+x~)
.‘” [=0= (D —1)I =0, where D=
ds? ds

_ /i _
~I=cie’ +cre S = —=ce’ —cre®
1 2 ds 1 2

o0
BT ey =T o0&y = E
ds 2 2

When s =0,we get ¢; +¢cp =1 = 5
ol+x 2

CELS@I=1=7

% xsin sx dl

T
Now F,[¢(x)] = dx=——="¢""
’ {) 1+x? ds 2
. . @ l-a, 0<a<l 0in? ¢
5. Solve the integral equation j f(@)cosabdl = .Hence evaluate j dt
0 0, a>1 0 t

o0
<<We have [ f(6)cosabdf = F.(a)
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.. by the inverse formula we have

o0 1 : 1
1o)== [ F.(a)cosabda = 31(1—a)cosaeda I AL N COS“QJ
7y 7y 7 0 0?2 0
_ 2(1—cos0)
762
e} o0 _
Now F,(a) = [ f(O)cosab db = 2(1—(:(2)5‘9)c0sa6? 7 [ R — (2)
0 o 0
21— l-a, 0<a<l
From (1) & (2) we have zj'l Cosgcosaﬁ do=1"¢ “
729 0, a>1
Now take limit as oo — 0, we get
001 _ 007 _ 0 i 2
2! c;se 6 =1= |1 C;’SG do="= IM =" put =1 then db =24
Ty 0 0o 6 2 5 6 2 2
0n i 2 02
2sin 2t2dt:E: Is1n2 t .
0(2/2) 2 ot 2
o0
(6) Solve the integral equation [ f'(x)cosoxdx = e ¢
0
Let ¢(ar) be defined by ¢(a) = e ¢
© A
Given ¢(a)= [ f(x)cosoxdx =f,(ct)
0
Using this in the inversion formula, we get
2% 2%
F(x) == [¢(a)cosoxdo == [e** cosaxda
To To
o0
2| e . 2| a 2a
=—| {—acosowc+xsmouc} b el e
Tla” +x Ona+x m(a” +x7)
Exercises:
, 0<x< _
1. Find the Fourier sine transform of f(x)= { T {Ans : lcﬂ}
0, x>a N
" L 0<a<l
2. Find f(x) from the integral equation | f'(x)sin oxdx =12, 1<a <2
0
0, a=2

[Ans : 2 [1 +cosx —2cos 2x]}
™

3. Find the sine transforms of the following functions
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x, 0O<x<l )
() f(x)=4a-x, l<x<a (i) f(x)=xe ™, a>0 (iii)f(x):{su(l)x’
0, xX>a ’
) o ) lI-a, 0<ac<l
(4) Solve for f(x) given [ f(x)sin ouxdx =
0 0, a>1

5) Find the inverse sine transforms of the following functions:
—as

N e .G
0 fs(s)==—a>0 @) fs(s)=7
. . —ax “ coskx
6. Find the Cosine transform of f(x) = e~ “*,a > 0.Hence evaluate | 5 dx
0x" +a
0 —ax
Ans : 2a 2&[ czoskxzdxzne
a“+a 0x“+a 2a
7. Find the Fourier Cosine Transforms of the following functions:
4x, O<x<l1
: . —ax? cos X,
() fx)=44—-x, l<x<4 (ll)f(x)=e ,a>0 (zzz)f(x)z{ 0
0, x>4 ’
(i) f(x) = 3™, a>0 0) S0 =—— (vi) () = S22
I+x I+x

I-a, 0<a<l

e 0]
8. Solve for f(x)given [ f(x)cosoxdx =
0 0, a>1

O<x<a

xX>a

O<x<a

xX>a
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Z — TRANSFORMS

Introduction

The Z-transform plays an important role in the study of communications, sample data control
systems, discrete signal processing, solutions of difference equations etc.

Definition:
A difference equation is a relation between the differences of an unknown function at one or

more general values of the argument.

Eg: Ay + Vi) =2& Azy(n+1) +Ay(,—1) = O are difference equations.
Another way of writing a difference equation is as follows:

We know that Ay(,,11) = Y(n+2) = V(n+1)

Hence the first equation can be written as y(,,42) = Yn+1) + Y(n) = 2 e (1)

Also Azy(n+1) = Y(n+3) = 2V(n+2) T V(n+1)

Hence the second equation can be written as

Yn+3) = 2Y(n+2) T V(n+1) T V() = V(n-1) =0 - )
Order of a difference equation:

Order of a difference equation is the difference between the largest and the smallest arguments
occurring in the difference equation divided by the unit of increment.

Thus the order of the equation (1) is 2. Since

L arg est argument — smallest argument (n+2)—n _ )

Unit of increment 1

(n+3)=(n=1) _

& that of (2) is 4

Solution: Solution of a difference equation is an expression for Y(n) Which satisfies the given

difference equation.
General solution: The general solution of a difference equation is that in which the number

of arbitrary constants is equal to the order of the difference equation.
A Particular solution or Particular integral is that solution which is obtained from the general

solution by giving particular values to the constants.
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Z — TRANSFORMS:

Definition: Let u, = f(n) be a real-valued function defined for n =0,1,2,3,.......... and u

forn <0. Then the Z-transform ofu,, denoted by Z(u,,) is defined by

0]
U(z)=Z(uy)= Yu,z " —emmmemmeeee (1) whenever the infinite series converges
n=0

We can also write it as Z | [U(z)] = u,, and is called the inverse Z — Transform.
Properties of Z-transform:

1. Linearity property:-

Consider the sequences {u,, } & {v,, } and constants a and b. Then
Zlau, +bv,=aZlu, |+ bZ]v,]
o0

Proof: By definition, we have Z[au, +bv,]= > [au, +bv,]z""
n=0

o0 (e 0]

=ay u,z "+b>v,z7" =aZ(u,)+bZ(v,)
n=0 n=0

In particular, fora =b =1, we get Z[u,, +v, ] = Z[u,, 1+ Z[v,, ] and fora =—-b =1, we get

Z[un _vn] = Z[“n]_Z[vn]
2. Damping property:-
LetZ(u,) =U(z). Then (i) Z(a"u,)=U(%/) Gi) Z(a"u,)=Ulaz)

o0 00 -n
Proof: By definition, we have Z(a"u,) = 3 (a"u,)z"" = Yu, (ij = U(Ej
n=0 n=0 a a

Thus Z(a"u,,) = U(Ej

a
This is the result as desired. Here, we note that that if Z(u,,) = U(z) , then

n _ _ z
Z(@"uy) = W) 5 7/ = U(Z]

o0 0

Next, Z(a "u,) = Y(a "u,))z"" = Yu,(az)™" =U(az)
n=0 n=0

Thus Z(a "u,,) = U(az) .This is the result as desired.

3. Shifting property:

(a) Right shifting rule:

IfZ(u,)=U(z), then Z(u,_; )=z *U(z) where k>0

o0
Proof: By definition, we have Z(u,,_; )= Y u,_jz "
n=0
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Since u,, =0forn <0, we have u,_; =0 forn=0,12,........ -(k=1)
o0
Hence Z(un_k ) = Zun_kz_" = uoz_k + ulz_(k+l) o w0=zFk [ug +uz +...... + 0]
n=k
0
=7k Su,z7" = z_kU(z)
n=0

Thus Z(u,_;) = z_kU(z)

(b)Left shifting rule: Z(u,,, ;)= KUz - ug — iz —uyz P — - ”k—lZ_(k_l)]
o0 o0 o0

Proof: Z(uys)= Sttyapz " =25 Tuyppz " = zk{ Zun+kz_(k+n)}
n=0 n=0 n=0

o0
=z Zumz_m},where m=n+k
m=k

S o0 k-1
= F Zunz_"} = zk{ Du,z " - Zunz_"}
Ln=k n=0 n=0

= U(z) —ug — ulz_l - uzz_2 — e — uk_lz_(k_l)]J

Particular cases:

In particular, we have the following standard results:
L Z(uysy) = AU() 0]
2. Z(upsn) =22 [U(2)—ug —1z"']

3. Z(un+3):z3[U(z)—u0 —ulz_1 —uzz_z] etc.
Some Standard Z-Transforms:
1. Transform ofa” :

& © (a)" a (a)
By definition, we have Z(a") = Y.a"z7" = (—j =1+—+(—j +ot 0
n=0 n=0\ 2

The series on the RHS is a Geometric series. Sum to infinity of the series is

z

or Thus, Z(a") =

zZ—d z—a

In particular, when a =1, we get Z(1) = .

2. Transform of e”" :
Here Z(e"")=Z(k") where k = e
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z z

a

z—k z-—e
z

Thus Z(e“") = p
z—e

3. Transform of n”, p being a positive integer:
o0 o0
We have, Z(nP)= Y nPz7" =2 an_lz_("+l)n -------- (1)
n=0 n=0
Iy_ < p-l
By changing pto p—1, we get Z(n? )= Y. n? 7 z7"
n=0
Differentiating with respect to z, we get

d - d & ,-1 - S o -
d_[Z(np 1)]:d_ an IZ n_ an 1(—1’1)2 (n+1)
Z Z n=0 n=0

Using this in (1), we get Z(n?) = —zdi[Z(np_l)]
-z

Particular cases of Z(n?) :-

1. Forp=1, we get Z(n):—zj[Z(l)]:—zi[ z ] z

dz dz\z-1 :(2_1)2
z
Thus, Z(n) = —
(n) EE
2
2. For p =2, we get Z(n2)=—zi[2(n)]=_zi z S |= z ”3
dz dz\ (z-1)?% ) (z-1)
2
Thus, Z(n?) = ==
(z=1)
3 2
3. For p =3, we get Z(n3)=LZ4+Z&soon
(z-1)

4. Transform of na"
By damping property, we have

Z(na™y=[zm)],_,z/ = l _ % _az
Z—>4 (2_1)2 Z_>Z/ (2_1)2 (Z—a)2
¢ a

az

(z—a)?

5. Transform of n2a" :

Thus, Z(na™) =
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2 2 2 3
Wehave,Z(nza”):[Z(nz)]Z_)Z:{Z +z} Z:(z/a) +z/a:(z +az)a
Z—>—

(z-1)° (z/a=1)P  a*(z-a)’
a
2 2
Thus, Z(n’a") = &af
(z—a)
6. Transforms of coshn@ and sinhn@:
né -n6@

e +e

We have coshné = = Z(coshn®) =%Z(em9 +e 0

= % [Z "%+ 2z )], by using the linearity property

(eg+e_9)
1{ z z } z| z—e ¥ 4z-¢f -

e + = — =Z 2
20z-¢% z-¢7? 2 22—2(e9+e_9)+1 22—2(69+6_9)+1
z[z—cosh @]

22 —2zcosh@+1
nd _ -n6

Next,sinh n6 = $——% = Z(sinhn@) = 2| — !
2 2l z-¢? z-e7?
_z el —e0 B zsinh 6
2| 22 —2zcosh@+1| z2—2zcosh@+1
7. Transforms of cosnd and sinn@
in6 —in6
We have cosnf = & +2€
) » 1 95— i0 —-i6d
Z(cosnd) =~ 7(e" 1 e ’”‘9)=—{ R .9}5 = (e.e +e.9)
2 20z-¢'"% z-¢™' 20 25—z + ) +1
z[z—cosd]
22 —2zcosO+1
in@ _ _—in6
Next, sinnH:e ¢
2i
0 —io :
Z(sinn@):i{ 2.9_ z ~9}:i. 2e e - — zsin @
2| ;-0 ¢! 20| 2% —2zcos@+1| z“—2zcosO+1

8. Transforms of «” cosn@ and a" sinné

We know that Z(cosnf) = z[z —cos 0]
z"—2zcosf+1

=U(z). Hence by using damping rule we get
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z/alz/a—cosb] _ z(z—acos0)

(z/a)? —=2z/a)cosO+1 z%—2azcosO+a>
Similarly we know that Z(sin nf) = Zsin =U(z). Hence by using damping rule we
z% —2zcosf+1

Z(a" cosn@)=U(z/a) =

get
Z(a” sinn@)=U(z/a)= (z/a)sin 6 _ azsin 0
(Z/a)2—2(z/a)cos«9+1 z? —2azcosO+a’

Examples: Find the Z-transforms of the following:
1. 3n—4sin(nx/4)+5a

<< Z@Bn—-4sin(nx/4)+5a) =3Z(n)—4Z(sin(nx/4))+5aZ(1)

z zsin(7/4) z 3z 42(% J2 j Saz

4. + Sa. +

(-1 22 2zcos(n/d)+l z-1 (z—1)2 22_22(%5)“ z-1

=3

_3z+5az(z-1) 272z _ (3-5a)z+ Saz® 272z

(z—l)2 22 =2z +1 (z—l)2 22 =2z +1
2. (n+1)?
2
< Z[(n+1)*]=Z(n* +2n+1) = Z(n>) +2Z(n) + Z(1) = = +Z3+2. o
(z-1) (z-1)~ z-1
_22+Z+22(Z—1)+Z(Z—1)2_22+Z+222—22+Z3—222+Z_Z3+22
(z=1)° (z-1)° (z-1)°
3. sin(3n+5)
<<Z[sin(3n+5)] = Z(sin3ncos5+cos3nsinS) = cos 5Z(sin3n) +sin5Z(cos 3n)
zsin3 : z(z—cos3) zsin3cos5+ 22 sin5— zsin5cos3
=CoSS. 5 +sin 5. 3 = 5
z°—=2zcos3+1 z=—=2zcos3+1 z°—=2zcos3+1

_ z(sin3cos5—cos3sin 5) + z2sins _ zsin(=2) + z2sins _ z(zsin5-sin2)

22 —2zcos3+1 22 —2zcos3+1 22 —2zcos3+1

4. ne™"
Let u,, =n, e = k" where k = e“

Therefore Z(ne") = Z(nk") = U(z/ k), By damping rule.
z/k kz

WhereU(z) = Z(n) = > =>U(z/k) = 5= > » where k= e
(z=1) (z/k=1)2  (z—=k)
e’z
Hence Z(nea”):U(z/k)—2
(z—e?)
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5. n2e™
Let u, =n?, e = k" where k =e“

Therefore Z(n%e™) = Z(n*k™) = U(z/ k), By damping rule.

2 2 2 2
Where U(z) = Z(n?) = = ”3 = Uz k) = G0 ”3”‘ _k +k3z , where k = ¢
(z-1) (z/k-1) (z—k)
a_?2 a\2 a a
Hence Z(n2e™) =U(z/k) =+ 3) z_¢ Z(Z+e3)
(z—e%) (z—e)
6.1) a” coshn@ ii) a” sinhn@
1) We know that Z(coshn @) = 2Z[Z — cosh 9] =U(z), Hence by using damping rule we
z% —2zcosh@ +1
get Z(a" coshn®) = U(z/ a) = (z/a)[(z/a)—coshd] _ z(z—acoshf)
(z/a)? —2(z/a)cosh@+1 z? —2azcosh®+a>
i1) We know that Z(sinh n0) = 3 Zsinh =U(z), Hence by using damping rule we
z% —2zcosh@ +1
(z/a)cosh @ B azcosh @

getZ(a" sinhn@)=U(z/a) =

(z/a)® —2(z/a)cosh@+1 2% —2azcosh @ +a>
7. ¢! sin 2t
zsin 2

We know that sin 2¢ = =U(z2)
z"—2zcos2+1

Z(et sin 2¢t) =U(z/e) , By damping rule.
B (z/e)sin 2 B ezsin 2
(z/e)2—2(z/e)cos2+1 2% —2ezcos2 +e?

8. e* coska (k=0)

z(z—cosa)

We know that Z(coska) = =U(z)
z= =2zcosa+1

(z/e)[(z/e)—cosa]  z(z—ecosa)

Z(ek coska) = Z((el)k coska)=U(z/e)=

9. cos E+E
2 4

<< Z| cos E+E =7 cosﬂcosﬁ—sinﬂsinE :cosEZ cosE —sinEZ sinE
2 4 2 4 4 2

(z/e)2 —2(z/e)cosa+1 - 22 —2ezcosa +e?

2 4 4 2
z(z—cosE zsinE 2
_L 2 _L 2 _L z©  z _z(z-1)
V2 V2 V212241 2241 \/E(zz+l)

z2 —2zcosE+1 22—2zcosﬁ+l
2 2
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10. cosh[% + 9]

nm/2+0 —(nm/2+0)
B R e el A

z

_1Il e z -0 z : ax
_E{e Z_en/2+e z—e_”/z} Using Z(e )—Z_ea

Py e Oz —e™ )] [ 20 o)W/ 270 _om/20
_5{ 2222y 24 }5{ 22 2™ e 241 }
_ E{z.Zcoshe—[e(”/z_e) +e~(7/2-9) } _ Z[zcoshe—cosh(n/Z—O)}
2 2% —2zcosh(n/2) +1 2% —2zcosh(n/2) +1

B z? cosh®— zcosh(n/2 - 6)

- z? —2zcosh(n/2)+1
11."C, (0< p<n)

n
<< Z(”Cp): > (”sz‘l’)=1+"clz‘1+"czz‘2 ..... +1C, 2 = (427"

{32

12. "*PC,
o0
Z(”+an): S rPC, 2P =14 e, T2 e T2 2T
p=0
=1+ oz 20, 2 S . Using "C,_,="C,
_ 1+(n+l)z_1 N (n+2)(n+1) 2. (n+3)(n+2)(n+1) .3,
T y C e
vt vl n=2)(n=1) 12 (n=3)(n-2)(-n-1)  _1:3
=l+(-n-1)(-2)  + 0 (—z )"+ 3 (—z )+
_ (l_Z—l)—n—l :(l_l —(n+1) _ Z_l)—(n+1) (= (n+1)
z z z—1
. 1 n=0
13. Unit impulse sequence 6(n) =
0 n#0
o0
<< Z[8(n)]= D 6(n)z7 " =1+0+0+0+........ =1
n=0

0 n<0

14. Unit step sequence u(n) =
p seq (n) {1 150
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o0

<< Z[u(n)]= Sum)z " =1+z 4272423 +..= 1 = z

n=0 -z z-1
15. Show that Z 1 ¢!/ Z Hence evaluate Z ! &.7 !

n! (n+1)! (n+2)!

o 12 -3 1

<<Z(1J=le_"=l+z +E i y=ef =7
) Sl o2 3

Shifting L one unit to the left gives Z L. AU —ugl=2/ 2 LY z((el/z - 1)
n! (n+1)! n!

Similarly .Z[ ] = zz[U(z) —u —ulz_l] = zz[el/z —l—z_l]

(n+2)!
on=(2] (1)
2 4

n n n n
We have, Z(u,)) =Z (lj +(lj =7 1 +7 Iy _ = 2z _ 2z " 4z
2 4 2 4 1 1 2z-1 4z-1

Z—— Zz-—

4
_ 22(8z-3)
2z —1)(4z-1)
Multiplication by n: If Z(u,) = U(z),then Z(nu,) = —z@
Z
0 o0 ['s) —n) [e's) —n
Proof: Z(nu,)= Y nu,z " =-z Yu, (-m)z "=y u, aiz — _ -z dupz 7)
n=0 n=0 n=0 dz n=0 dz
e 0]
_ —zi Su,z" =2 d(U(2))
dz n=0 dz
m
Note: In general Z(n"'u,) =(-z)" d[—U;n(Z)]
z
Example: Find the z — transform of i) nsin n@ i) n2e"?
i) We know that Z(sin n6) = ——=509  \sing Z(mt,) = —z- LU (2), we get
z% —=2zcosf+1 dz
Z(nsin n@) = —zi( . zsin @ J _ . (z 2zcosl9-;1)sm<9 zsin 02(22 2cosf)
dz\ z* —2zcos@ +1 (z7 —2zcosf+1)

=_Z£zzsin(9—2zcosl9sint9+1sin9—2zzsint9+2zsinz90056’]
(22 —22c050+1)2
=_Z[ sin 6 — 22 sin @ Jz 2(z2 ~1)sin @

(z2 —2zcosO+1)? ) (2% —2zcosf+1)?
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2 2 d?
5 & Z(n"uy) =(-2)" —5 U(2)

z—e dz

2 0 0
2y 24|z | 2d|(z-e)]-z())_ o d| —e
(e =t dzz(z—ee)J dZ{ (z—e?)? dz| (z-e?)

) -2 26922
—TEe 03 |~ 0.3
(z—e€") (z—e")

I. Initial value theorem: If Z(u, ) =U(z),then uy = Lt U(z)

Z—>©

Proof: we know that U(z) = Z(u,,) = u +ulz_1 + uzz_2 + e

ii) We know that Z(e"?)=—2

Taking limit as z > oo, we get Lt U(z) =u
Z—>©0

Similarly u; = Lt {z[U(2)—ug]}, up = Lt {zz[U(z)—uo —ulz_l]k& so on
Z—>00 Z—®©

II. Final value theorem: If Z(u,)=U(z),then Lt (u,)= Lt (z—-1)U(z)
z—1

n—»o
o0
Proof: By definition Z(upyy —tp)= 2 (Ups) —ty)z " Or
n=0
< —n
Z(upyp1)—Z(uy,) = Z(un+l —up)z
n=0

o0 o0
Or Z[U(2) —ug]-U(2) = 2 (up41—uy, )z™" Or U(2)(z-1) —ugz = 2 (Upy1 — Uy )z "
n=0 n=0
Taking limits of both sides as z — 1, we get

Zlif)l[(z—l)U(Z)]—uo = OZO:O(”n-i—l —uy) = nitoo[(ul —ug)+ (uy —up)+ (U3 —up) oot (U — )]

= Lt upiy—up =up —ug

n—>0
Hence u,, = Lt [(z—1)U(z)] Or Lt u, = Lt [(z-1)U(2)]
z—1 n—>o z—1
2
Example: If U(z) = 2Z+—524+14,evaluate uy &uy
(z=1)

22" +5z+14 1 245z +14z7°

<< U = .
2 (z— 1)4 z2 (1- ! )4

-1 )
By Initial value theorem, uy = Lt U(z)= Lt {L.2+ 5z +14z } ~0

Z—>®© Z—>00 22 (]—2_1)4

{ 1 245271 +14z_2}

Similarly u; = Lt {Z[U(z)—uo]}: Lt z|—.
2 “1N4
z 1-z)

Z—>©0 Z—>X0
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= Lt

Z—>®

-1 )
Now up = Lt %2Rﬂﬁ)—“0‘4ﬂ2_ﬁ}= Lt{zz{J;-2+SZ F J}

Z—0 Z—0 22 (1_2_1)4

=0

12+ 5:7 0 414272
2 (1-z7hHd

= Lt

Z—>0

245271 414272
14 =2
(1-z

2
& uy = Lt {23[U(Z)—u0—ulz_1—uzz_z]}z Lt %{w—ow—kﬂ}

e Z 500 (z-1*

3| 222 +5z+14 2 3| 22222 +52+14)—2(z—1)*
= Lt z —4——2 = Lt z 5 4
Z—00 (z-1 z z—® z7(z-1)

{23_224 +52° +14z% =22 —82%2 —2+82% + 82427 }}

= Lt

Z—>0

z? (z—- 1)4

_1323 +222 +82-2 3 Z3[13+2Z_1 +8272 2773
= Lt {z 5 2 = Lt {z z ™ =13
zoo| | z7(z-1) Z—® z(1-z7)

Exercises: Find the Z — Transforms of the following:
1) !
(n+1)!

+
an3

w

2) (cosO+isin®)"  3) 2n+55in%—3a4 4) (n—-1)? 5)

ze (ze? —cosh)

6) Show that i) Z(e™“" cosn6) =

22 —2z¢% cosf+1
a .
if) Z(e™ " sinnf) = —— ze sin®
z7e” —2ze% cosf+1
. 2 22 +Zz 2 23 +ZZ
7) Using Z(n“) = 3 , Show that Z(n+1) =
(z—-1) (z—-1)
If Z(u,) = Z = , find the Z — Transform of u,, »
z—1 241
2
9) If U(z) = w,ﬁnd the value of u &us
z—1)
222 +3z+4

10) Given that Z(u,,) =

z| > 3, show that uy =2, up =21, u3 =139

b

(z-3)°
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z

11) Show that Z(lj =zlog
n

z —

(Z3 +2z)cosd — 222

12) Using Z(n) = ;2, show that Z(ncos@) =

(z-1) (z2 —2zcosO+1)?
4
Answers: 1. z(e!/7 -1 2. Z_e 3, % -+ 22/‘/5 _3a’z
z—é (z-1)? z2-2z+1 z-1
23 -322 +4z za® 22(1+322)
4 2= 5) g) S L32)
(z-1) z—a (1-z2)1+z%)

9) 23] =2,u3 =11

Inverse Z — Transform: IfU(z)is Z — Transform of u,,, then u,, is called Inverse Z — Transform

ofU(z), Denoted by u,, = z! [U(2)].
Some Useful Inverse Z — transforms:

I — }:an 2. 771 = }:1
z—a L z—1
3. 27| —E—|=d"n 4. 77— |=n
| (z—a) | (z-1)
5 Z_l a22+a22 — 4" nz 6 Z_1 22+Z _nz
| (z-a)’ (z-1)°
[ 3 2.2, .3 .3 2
7 7-1 42 +4a z4+a Z|_ g3 g 7712 +4z 4+z _ 3
(z—a) (z-1
_1_ . -1 22 _
9.7 5 =sin(nz/2) 10. Z 5 =cos(nz/2)
Lz7+1 z7+1

Evaluation of inverse Z — Transforms: We have the following 3 methods —

1. Power series method:

Example: 1) Find the inverse Z — Transform of log Ll , by power series method.
z+

<< Putting z=1/y,we get U(z) =log z =log 1y =log ! =—log(l+y)
z+1 1/y+1 I+y
1 o 1.3
=—y+—- - Fonnns
y 2y 3y
o (_1\"
=—Z_1+lZ_2—lZ_3+ ......... = =D z "
2 n

{ 0 for n=0
U, =

(=D)" /n other wise
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2) Find the inverse Z — Transform of L ,by division method

<< By Dividing we get _2 __ ,__ 1)z
z+2+ Z_l
—2—2_1
24771973
32_1 +22_2

32_1 + 62_2 + 32_3

— 42_2 —32_3 & so on

1

Hence — 0,723 4 ., which is an infinite series

(z+1)?
ie.U(z)= %O:(—l)n_lnz_n =u, =(-1)"n
n=0

II. Partial fraction method:

2 3
. . . -2
1. Find the inverse Z — Transform of 1) 227 A3z i1) z 0z

(z+2)(z—4) 1 (z-2)%(z-4)

222 +3z LU@ 2243 A4 B

<<1) Write U(z) = = = +
(z+2)(z—-4) z (z+2)(z—-4) z+2 z-4

Then 2z+3=A(z—4)+B(z+2)=11=6B=B=11/6&-1=—64= A=1/6

Uz _1 1 11 1

111 -
z 6z+2 6z—-4

1 z
— +
6z+2 6z-4

=U(z)=
. . 1 n 11 n
On inversion we get u,, = g(—2) + 3 4)

23 =20z as U(z) z2 =20 _A+Bz+czz+ D
(z-2)%(z-4) z (z-2)3(z-9) (z-2)° z—4

i) Write U(z) =

Then (A+ Bz +Cz2)(z—4)+ D(z-2)> =z> 20

If z=4,then8D =16-20= D =-1/2, By putting z =0,1 & —1, we get
—44-8D=-20= A+2D=5=A4-1=5=4=6
(A+B+C)(-3)-D=1-20=-3A-3B-3C-D=-19=3A+3B+3C-1/2=19
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19+1/2 _39 13 c-B_¢ 1 (1)

6+B+C= — =B+
3 6 2 2 2
& (A—B+C)(-5)-271D=-19 = -5(4-B+C)=-19+27(-1/2) = _382_27 = _265
d-prc=—0 B g B g 1 2)
2(-5) 2 2 2
By adding (1) & (2) we get
2C=1=C=1/2=B=0
U(z) 6+1/2z2 1 1 6z+1/22° 1 z 1|12z+2° =z
= 5 = U(z) = s S -
z (z-2) 2z-4 (z-2) 2z-4 2| (z-2) z-4

_11:2(2—2)2+422+8z_ z }_llz Z_ ., 222+222_ z :l
2

) (z-2)° 24| 2|z-2 7 (z_2)} z-4
On inversion, we get u, 25[2" +2.2"n? —4"]: pL L, L Rl
2(z% -5z +6.5)
(z-2)(z-3)>
2
2(z SZ+6.§)= A N B N C 2,Then
(z-2)(z-3)" -2 z-3 (z-3)

2z% =52+6.5) = A(z-3)? + B(z-2)(z—3) + C(z - 2)
z=2=24-10+65)=A= A=1, z=3=29-15+65)=C=C=1
z=0=13=94+6B8-2C, ie.13=9+6B-2=6B=6=B=1

-1 -1 -2
U(Z): ! + ! + ! :l(l—%j —l(l_ij +l(1_£j
z=2 z-3 (z-3)? =z z 3 3 9 3

(sothat2/z<1&z/3<1)
1, 2 4 38 1, z 22 23 1|, 2z 322 473
=—|l+—+—+—+..... ——l+=+—+—=+...... =+ —F——+—+...
7 9 3 9 27

Where 2 < |z| <3

(1,222 2 (1 =z 2 2 )1 2z 322 4
- Z 2 3 4 ----- 3 32 33 34 Rl 32 33 34 35 X

2. Find the inverse Z — Transform of for 2 < |z| <3

<<U(Z) =

00 o0 n+2 n+1
St w7 (1) ]
o 3 3
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n+2

= 32" NN n=-2) = | 2"

2o ooy
n=I n=0

On inversion, we get

u, =2"" 1 n>18&u, =—(n+2)3""2,n<0
Exercises: Find the inverse Z — Transform of the following:

2
Y — ) ¥ |2 > |a 3%
(z-1D(z-3) z—a 2-2)3z-1)
z 322 42 82—z
4, ; 5. 6. 5
(z-1) (Gz-D(z+2) (4-2)
422—22 z+3
75— A —
z> =5z +8z—-4 (z+1)(z—-2)
Answers:
n
1. l(3””—1) 2. 4q" s (L) Zon 4 s 1302y + 2 o4y
2 3 75 75
6. (% +7Tn+4)4)"! 7.2+2" +3(n-12",(n=1) 8. 2(=)" ' —(=2)""!

Application to difference equations:

Procedure to solve a linear difference equation with constant coefficients by Z 0
Transforms:
1. Take the Z — transforms of both sides of the difference equation.

2. Transpose all terms without U (z) to the right.
3. Divide by the coefficient of U(z), gettingU(z) as a function of z.

4. Find inverse Z — Transform to getu,,.
Example: 1) Solve u,,, 5 +4u, 1 +3u, =3" with uy =0, u; =1

Solution: If Z(u, ) = U(z), Then Z(u, 1) = 2lU(2) —ug1& Z(uyy, ) = 22 [U(z2) —ug —uyz ']

z

Also Z(3") =
z-3

.. Taking the Z — Transform on both sides, we get
Zlityo}+42lutn ]+ 320y = 23|

= 22[U(z) —ug —uyz " 1+ 42[U(2) —ug 1+ 3U(z) = L3

z —
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— 22[U(z) - 0—-1.2""1+42{U(z) - 0]+ 3U(z) = L3 ,(Using the given conditions).
Z —

2 2
i.e.(22+4z+3)U(z)=z+ Zo_Fodetz o2
z-3 z-3 z-3

22—22 22—22

~U(2)= 5 =
(z° +4z+3)(z-3) (+D(z+3)(z-3)

tU(z)_ z=2 _A+B+C
z (z+D(z+3)(z-3) z+1 z+3 z-3

=z-2=A(z+3)(z-3)+B(z+1)(z-3)+C(z+1)(z+3)

Le

z=—3:>—5:B(—2)(—6):B:—%, 22331:@4)(6):@:2_14,

z:—1:>—3:A(2)(—4):>A:§.

Uiz 3 1 5 1 I 1 3 z 5 z 1 =z
== - +— =>U(z) == - +— ,
z 8z+1 12z+3 24:z-3 8z+1 12z+3 24:z-3
On inversion we get,

un=§z—1[ z }—iz—l{ z }iz—l{ z }=§(—1)”—3(—3)”+i3"
8 z+1 12 z+3 24 z—3 8 12 24

2) Solve y,,2 +6y,41 +9y, =2" with yo = y; = 0,using Z — Transform.

Solution: Let Z(y,) =U(z),then Z(y,41) =2[U(2) = yo1& Z(yy12) = 2°[U(2) = yo — 127 ]

Also Z(2") = Lz . .. by taking Z — Transform we get,

z

Zlyna ]+ 62y, ]+92]y,]= Z[z” ]: 22 [U(2) — yg — 1z 11+ 62[U(2) — yo1+9U(2) =

ie. zz[U(z) —0-0z"" 1+ 6z[U(2)-0]+9U(z2) = Lz (Using the condition yy = y; =0)
-
zZ
(z2 +62+9)(z-2)
U(z) 1 1 A B C
t =— = 3 = + 5+
Z (246249 (z-2) (z+3)°(z=2) z+3 (z+3)= z-2

1= Az +3)(z=2)+ B(z—2) + C(z +3)?

= (22 +62+9)U(z) = Lz =U(z) =
o

Le

z=2:>1=C(25):>C=%,z=—3:>1=B(—5):>Bz—%&z=0:>1=—6A—2B+9C

1=—64-2 ~Llof L]seu=2 2 24025 6, 1
5)" 25 25 5 25 25 25
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i __1 1 1 1 1t 1 11 b3
oz 25243 5(z43)2 25z-2 25|z-2 z43 (743)2

25\z-2 z+3 (z43)2

L e A T | B R ik

y”_zslz L—z} ‘ L+3}+3Z Lﬂgyﬂ
_l_ n_ N é Y. o7l az _ o h
_25{2 (-3) +3(n( 3) )} [ VA Lz_a)z} na }

3) Find the response of the system y, ., —5y,,,1 + 6y, =u,withyy =0, y; =1&u,, =1 for
n=0,12,........ by Z — Transform method.
Solution: Taking Z — Transform of both sides we get,

Zlyne2]-5Z]yys1]+62]y, ] = Zlu, | = Z11]

ie. Zz[U(Z) -0 —ylz_l] =5z[U(z) = ygl+6U(2) = Ll ,Using yy =0& y; =1 we get,
Z_

=U(z)= L{ z z >z }, On taking inverse Z — transform we get,

z

22[U(z)-0—-1.2"11=52[U(2) - 0]+ 6U(z) = —

2 z 2 z 22-z+z Z?
=z =-5z+6)U(z)—z=—-=(z"=5z+6)U(2) =z + = =

z—1 z—1 z—1 z—1

2 2
z z

(z-D2—5246) (z-D(z-2)z-3)

U(z) z A B C
z (z-D)(z-2)(z-3) z-1 z-2 z-3
=z=A(z-2)(z-3)+B(z-1)(z-3)+C(z—-1)(z—-2)

= U(z) =

Le

z:1:>1:A(—1)(—2):>A:%, z=2=2=B()(-1)= B=-2,

z:3:>3:C(2)(1):>C=%

U(Z):l L 2 +E ! :>U(z):l CH, J +é , Inversion we
z 2z—-1 z-2 2z-3 2z-1 z—2 2z-3

get

T EEE RV N N R D LR R R B e
2 z—1 z=21] 2 z=3] 2 2

4. Using the Z — Transform, solve u,,,» —2u, 1 +u, =3n+5

Solution: Taking Z — Transform of both sides we get,
Z[un+2 ]_ 2Z[”n+l]+ Z[un ] = Z[3n + 5]
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z z

= 22[U(2)—ug —uyz ' 1= 22[U(2) g ]+ U(z) =3 45
(z-1) z-1
2 2 3z 5z
= (z°-2z+D)U(2) - z"ug —ujz +2zuy = >t
(z-n= z-1
2 2
= (22— 22+ 1)U(z) = 3Z+52—252+(z2 ~22)ug +uyz = ¥+(22 —22)ug +uyz
(z-1) z—1)
2 2
:>U(z)=52 242+(Z 222)u0 +u1;2,0ninversionwe get,
(z-1) (z-1) (z-1)
2 2
u, =722 =22 242 rugz | 22D 222) ruz | —— )
(z—-1) (z—-1) (z—-1)
2
Now we know that Z'[1]=——, Z ' [n]=——, Zz7'[n?]= = ”3&
z-1 (z-1) (z-1)
3 2
Z_l[n3]:Z +4z . z.
(z-1)
2
.. We can write %as
(z-1)
2 3 _ 2
5z 242= Z+4Z4Z BZ +Z3+C 22+Dz
(z-1) (z-1) (z-1) (z-1) z—1

=522 -2z= A(z3 +4z2 —z) +B(22 +z)(z—-1)+ CZ(Z—l)2 +DZ(Z—1)3
ie 522 —2z= A(Z3 +4z2 —Z)+B(Z3 —-z)+ C(z3 ~2z2 +Z)+D(Z4 —3z3 4322 —2)

By equating coefficient of like powers of z, we get

D=0, A+B+C-3D=0,44-2C+3D=5-A-B+C—-D=-2

—-A-B+C=-2 -—-- 3)
Adding (1) & 3) we get 2C=-2=C=-1

From (2) we get 4A—2(—1):5:>4A:5—2=3:>A=%.

From (3) we get B:—A+C+2:—%—1+2:ﬂ:%_

i 522—2Z_§Z3+4Z—Z+l 224z _z
z-D* 4 - 4E-) (-
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2 3 2
Hence 7! 5z% =2z =§Z—1 z7+4z—z +lZ_1 z°+z _ -l z
vt ] 4 [ et |4 e (z-17

:Ena’ +ln2 -n 21(3113 +n? —411)22(3112 +n—4):ln(n—1)(3n+4)
4 4 4 4 4

2‘222 4,8 s =z-2=A(z-)+B
(z-D* z=1 (z-))
z=1=2-1=B=>B=-1&z=0=>-2=-A4+B=>A=B+2=-1+2=1

z—2 1 1 22—22 z z

2 S R R RS

2
21[( —;Z}Z—I[LJ_Z—{( Z)z}l_n &z
z-1 zZ- z-1

Substituting these values in (I) we get

z =n
(z—1)?

u, :in(n—1)(3n+4)+u0(1—n)+u1n =in(n—1)(3n+4)+u0 + (U —ug)n

1
Zn(n—l)(3n+4)+c0 +cn, Where ¢y =uy &c; =uj —uy

Exercises: Solve the following difference equations using Z — Transforms

l. y,.0—4y, =0 giventhat y; =0,y; =2 2. uyyo—Su,, 1 +6u, =0
3. x(n+2)-3x(n+1)+2x(n) = 0,given that x(0) =0,x(1) =1

4. f(n)=3f(n—-1)—4f(n-2)=0,n>2, given that f(0)=3, f(1)=-2

S-ttpyo =Sty —6u, =2" 6. Y42 =6Vpi1 +9y, =3"

1 1)" .
T. Yps1 ¥ Vn =(—J (n=0),y9=0 8. Ynt2 +2¥p41 ty, =n with yg =y =0

4 4
9. upn —2up ) +uy =2k withuy =2,u; =1 10. y,42 =5V,41 -6y, =4"
Answers: 1. y, =2""1 1 (=2)"! 2. u, =c1.2" +¢y.3" 3. x(n)=1-2"
4. f(n)=2+(-4)" 5. u, =c1(-1)" +c,(6)" —é(Z)"
1 ) 1 I
6. =(c; +cyn)3" +—n(n-1)3"" 7. =2 =] —-|——
s (1) ()
8 _3 _1_ k _ n N\ 1 »
- Vn —Zn Qup =1-2k+2 10. y, =c1(6)" +co(-1) 54
% 3 ok 3% 3k
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MODULE- 4
PROBABILITY DISTRIBUTIONS

Introduction

The three main components of statistics are collection of data, analysis of data and
inference. The scope of statistics is very vast and finds its applications in almost all spheres.
Statistical methods guides us in any scientific enquiry and leans heavily on probability
theory.

Basic Definitions and concepts

Experiment is a process by which measurement or observation is obtained.

Random experiment : An experiment which does not result in the same out come when
performed under the same conditions.

Eg: 1. Tossing of a fair coin.
2. Throwing of a fair die.

Sample space : The set of all possible outcomes of a random experiment is called a sample
space usually denoted by S.
Eg 1. S = {H,T} is the sample space in tossing of a single coin.
2. S={HH,TH,HT,TT} is the sample space obtained in tossing of two coins.
3.5=1{1,2,3,4,5,6} in throwing of a die.

Event : Any event is a subset of an appropriate sample space.

Exhaustive event : An event consisting of all the various possibilities is called an exhaustive
event.

Mutually exclusive events : Events are said to be mutually exclusive if and only if one of
them can take place at a time, in other words happening of one event prevent the
simultaneous happening of the others.

Eg: In the tossing of a coin, either heads or tails may turn up but not both.

Independent events: Two or more events are said to be independent if the happening or non
happening of one event does not prevent the happening or non happening of the others.

Eg: 1.When two coins are tossed the event of getting head is an independent event as both
the coins can turn out heads.

Probability is the measure of the chance with which we can expect the event to occur. If an

event A can occur in m different ways out of number of n possible ways, all of which are
m

equally likely then the probability of the event A denoted by P(A) is given by P(A) = -
Note: 1) Since 0 < m <n = P (A)isnonnegativeand 0 < P(A)< 1
2) If P(A) = 0 then A is called a null event.

3) If P(A) =1 then A is called a sure event.



4) P(A) + P(A) = 1, the set of all unfavourable events is denoted by A.

Addition theorem of probability

The probability of the happening of one or the other mutually exclusive events is equal to
the sum of the probabilities of the two events.
That is, if A, B are two mutually exclusive events then,

P(A or B) = P(A) + P(B)

Product theorem of probability
If a compound event is made up of a number of independent events, the probability of the
happening of the compound event is equal to the product of the probabilities of the
independent events .
That is, if A, B are independent events then,
P(Aand B) = P(A).P(B)

RANDOM VARIABLE & PROBABILITY DISTRIBUTION

Introduction

When we consider an experiment of tossing two coins. The sample points or out comes are
qualitative and are described by their attributes though the probabilities attached to each of
these outcomes are quantitative. We now associate to each sample point a real number called
the random variable.

Random variable

Definition: Let S be a sample space then X : S — R defined over the elements of S is
called a random variable. A random variable is a function that assigns a real number to
every sample point in the sample space of a random experiment. Random variables are
usually denoted by X, Y, Z ... and it may be noted that different random variables may be
associated with the sample space S. The set of all real numbers of a random variable X is
called the range of X.

Eg:

1. While tossing a coin, suppose that the value 1 is associated for the outcome ‘head’ and 0
for the outcome tail. We have the sample space S = {H, T} and if X is the random
variable , then X(H) = 1 & X(T) = 0.

Range of X = {0,1}

2. Suppose a coin is tossed twice, we shall associate two different random variables X, Y as
follows, where we have the sample space
S = {HH,HT, TH, TT}
X = Number of ‘heads’ in the outcome.
The association of the elements in S to X is as follows.

Random variable
X



Range of X = {0,1,2}
Suppose Y = Number of ‘tails’ in the outcome, we have

Random variable Y

Range of Y = {0,1,2}

Discrete and Continuous random variables
If a random variable takes finite or countably infinite number of values then it is called a
discrete random variable.
Discrete random variable will have finite or countably infinite range.
Eg: 1. Tossing of a coin and observing the outcome.
2. Throwing a ‘die’ and observing the numbers on the face.

If a random variable takes non countable number of values then it is called a non discrete or
continuous random variable.

Eg:

1. Weight of articles

2. Length of nails produced by machine.

Generally counting problems correspond to discrete random variables and measuring
problems lead to continuous random variables.

Probability function and Discrete probability distribution

If for each value x; of a discrete random variable X, we assign a real number p(X;) such
that

) p(x)) =0 ii) Xip(x;) =1 then the function p(x) is called a probability function.
If the probability that X take the values x; is p;, then P(X = x;) = p; or p(x;).

The set of values [x;, p(x;)] is called a discrete (finite) probability distribution of the
discrete random variable X. The function P(X) is called the probability density function
(p.d.f) or the probability mass function (p.m.f)

The distribution function f(x) defined by f(x) = P(X < x) = );iL; P(x;) , x being an integer,
is called the cumulative distribution function (c.d.f).
The mean and variance of the discrete probability distribution are defined as follows
Mean p = Y;x;.p(x;)
Variance V = Y;(x; — 2. p(x;)
V= Yixt p(x) — [Zixi p(xp)]?
V=Xxfplx) — p?
Standard deviation o =V



Problems
1. A coin is tossed twice. A random variable X represent the number of heads turning up.

Find the discrete probability distribution for X. Also find its mean and variance.
Sol: Here S = {HH, HT, TH, TT}

X ={0,1,2}
1 1 1 1
Now, P(HH) ==  P(HT) =+ P(TH) = - P(TT) ==
1
P(X =0, i.e., no head turning up) = P(TT) = 2
1 1 1
P(X =1, i.e., one head turning up) = P(HT U TH) = P(HT) + P(TH) = 7 + 1°-3

1
P(X = 2, i.e., two heads turning up) = P(HH) = y
The discrete probability distribution for X is as follows

IS N N
1 1

p(x;) 1

We observe that, p(x;) > 0 and Y,;p(x;) = 1.

Mean , it = Zix;.p(xp) = (0).(5) + (0.(3) + @).(3) =5 +3
n=1

Variance, V = Yi(x; — )2 p(x;)

V=(0-D%;+ (1 - D2+ (2-1)2;

V—1+0+1

T4 4
1

V=2

2. A random experiment of tossing a ‘die’ twice is performed. Random variable X on this
sample space is defined to be the sum of the two numbers turning up on the toss. Find the
discrete probability distribution for the random variable X and compute the corresponding
mean and standard deviation.

Sol: Here S = {(x,y) wherex =1,2,...,6 ;y = 1,2, ...,6}
ie,S={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3), ...,(6,5),(6,6)}



Number of elements in S=36.

The set of values of the random variable X defined as sum of two numbers on the face of the
‘die’ are {2,3,4,5, ...,10,11,12}

n(E)

Now, p(x;) = )

1 2
_g 5p(X2)_£ ’

The discrete probability distribution for X is as follows

px) 1 2 3 2

Here p(x;) > 0 and };p(x;) = 1.
Mean p = Y;x;.p(x;)

n=@.(5)+G).(2)++an.(2)+12).(x)

252
n=36=7

Variance, V = Y;(x; — n)2. p(x;)
—(7_72 L 72 2 .. 72 L
V=(Q2-7%_+B-7%++12-7%

210 35
V:—:—
36 6

Std. deviation , 0 = V'V

0‘2\/37—522.42
6

3. Show that the following distribution represents a discrete probability distribution. Find

the mean and variance

p(x) = -
8

§ 5
Sol: We observe that p(x) > 0 and ) p(x) = 1.

Mean p =Y x.p(x)



b= (10).3+ (20).2 + (30). + (40).3

__10+60+90+40 _ 200
= 5 =

p=25
Variance, V= Y (x — 2. p(x)
V= (10 - 25)2.2 + (20 — 25)%.2 + (30 — 25)%.2 + (40 — 25)%.%

_ 60 _
S

\' 75

4. Find the value of k such that the following distribution represents a finite probability
distribution. Hence find its mean and standard deviation. Also find p(x < 1) , p(x > 1) and
p(—1<x<2)

p(x) k 2k 3k 4k 3k 2k k
Sol: We must have p(x) = 0 forall xand Y, p(x) = 1. The first condition is satisfied if

k>0
Since Y p(x) =1

k+2k+3k+4k+3k+2k+k=1

16k =1

1
k==
16

The discrete probability distribution is as follows

3 4 3 2 1

p(x) 1 2

16 16 16 16 16 16 16

Mean g = Y. x.p(x)

p=(-3). =+ (=D =+ D=+ (0).=+ .=+ 2). =+ ().

p=20



Variance, V = Y (x — p)2. p(x)

M2 o m2 A 1Mz 3 —_m2 A —_m2 3
V=(-3 0).16+( 2 O).16+( 1 0).16+(O O).16+(1 0).16+
—m2 2 _m2 L
(2 0).16+(3 0).16

1 40 _ 5
V—R(9+8+3+0+3+8+9)—E—2

Standard deviation o = V'V

_ |5 _
c—\/;—l.58

Now, p(x < 1) = p(=3) + p(-=2) + p(=1) + p(0) + p(1)

1 2 3
_E+E+E+E+_

13
px<1) =2

p(x>1) =p(2) +p(3) p(—1<x<2)=p(0)+p(1) +p(2)
=5t =t Tt
px>1) == p(-1<x<2)==

5. A random variable X has the following probability function for various values of x.
i) Find k ii) Evaluate P(x < 6), P(x = 6) and P(3 < x < 6). Also find the probability

P(x) 0 k2 7k?+k

distribution and the distribution function of X.
Sol: We must have P(x) > 0 and ) P(x) = 1.
The first condition is satisfied for k = 0 and we have to find k such that

YP(x) =1
ie, 0+ k+ 2k + 2k + 3k + k? + 2k*+(7k? + k) = 1
10k? +9k—1=0
(10k—1)(k+1)=0
k= % and k = —1 ( Neglect)

Hence we have the following table



P(x) 0

E § E 10 100 50 100

Now, P(x < 6) = P(0) + P(1) + P(2) + P(3) + P(4) + P(5)

=0+ Hrtstot—=o0
100 100

P(x < 6) = 0.81

P(x=>6) =P(6) + P(7)

19
P(X>6) —+m E

P(x>6)=0.19
P(3 < x < 6) = P(4) + P(5) + P(6)

1 33
=S4 o=
100 50 100

P(3<x<6)=0.33

The probability distribution is as follows

P(x) 0

The distribution function of X is f(x) = P(X < x) = XL, p(X;) is called cumulative
distribution function and same is as follows

fx) 0 0+0.1 0.1+0.2 0.3+0.2 0.5+0.3 0.8+0.01 0.81+0.02=0.83 0.83+0.17=1
=0.1 =0.3 =0.5 =0.8 =0.81

6. A random variable X take the values —3,—2,—-1,0,1,2,3 such hat P(X = 0) = P(X < 0)
and P(X=—-3) =P(X=-2) =P(X=—-1) = P(X=1) = P(X = 2) = P(X = 3) .Find the
probability distribution.

Sol: Let the distribution be as follows



P(X)
By data P(X = 0) = P(X < 0)
> PX=0=PX=-1)+PX=-2)+PX=-3)
e, ps =p3z+pz+p1 - (1)
Also we have
PX=-3)=PX=-2)=PX=-1)=PX=1)=PX=2)=PX=3)
e, P1 = P2 = P3 = Ps = Ps = P7 - (2)
Further we must have

p1+P2+pP3+ps+ps+pstpr=1 - (3)

Using (2)in (1), we get  py =p; +p1 +Dp1

P4 = 3p1
Using (2) in 3), we get  p; +p; +Pp1+ps+pr+pr+pr=1
6p; +ps=1
6p; +3p; =1 (since p4 = 3p1)
9p1 = 1
1
P1 =3

3
Hence py = 5

1
Thus, p, =Pp3 =Pps =Pe =Py =3

Thus the probability distribution is as follows

P(X)

5 5

7. The p.d.f. of variate X is given by the following table.

P(x) K



For what value of K, this represents a valid probability distribution? Also find P(x > 5) and
P(3<x<6).

Sol: The probability distribution is valid if P(x) > 0 and ) P(x) = 1
Hence we must have K> 0 and K+ 3K+ 5K+ 7K+ 9K+ 11K+ 13K =1

1
49K = 1K = —
49

Also, P(x = 5) = P(5) + P(6)
P(x >5) = 11K + 13K = 24K

b >5)_24
X=2)"49
Now, P(3<x<6)=P(4) + P(5) + P(6)
P(3 <x<6)=9K+ 11K + 13K
P(3 < x < 6) = 33K
P(3 < <6)—33
X=0)=49

Binomial Distribution

If p is the probability of success and q is the probability of failure, the probability of x
success out of n trials is given by P(x) = "Cyp*q"~*

Mean and Standard deviation of the Binomial Distribution

Mean, p = np

Variance, V = npq

Std. Deviation, 0 = ,/npq

Problems
1. Find the binomial probability which has mean 2 and variance %.
Sol: Given Mean, u = 2 and Variance, V = g

For binomial distribution, p = np

np =2
npq =V
) _4
1=3

2
1=3



Sincep=1—q=1—§

1
P=3
Since np = 2
n
§=2
n==6

The binomial probability function is P(x) = "C,p*q™* becomes

o= ) @)

The distribution of probability is as follows

6 1 5 4 3 3 4 2 5 1

PR W@l «606 ©A6 <«606 «®6 6

6

2.When a coin is tossed 4 times, find the probability of getting 1) exactly one head
i) atmost 3 heads 1iii) atleast two heads.

Sol:Givenn=4,p=P(H)=%,q=P(T)=% (sincep+q=1)
From binomial distribution ,the probability of x successes out of n trials is given by

P(x) = "Cxp*q" ™™
Peo = e (3) (5)
o9 = “c.(2)
P(x) = . *C,

1 1

i)P(1head) =P(x=1)=—. *C, = - (4)

16" 16
1
P(X— 1) —Z
P(x = 1) = 0.25

ii) P(atmost 3 heads) = P(x < 3)
Px<3)=Pxx=0)+Px=1)+Px=2)+Px=23)



P(x<3)=—. "Co+—. *C+—. "+ Gy

P(xs3)=1—16[1+4+6+4]
P(XS3)=1—2

P(x<3) =0.9375

iii) P(atleast 2 heads) = P(x = 2)
P(x>2)=1-P(x<3)
Px>2)=1—-[P(x=0)+P(x=1)

1 1
P(x > 2) =1_[E' *Co+ . 4c1]
P(X22)=1—1—16[1+4]

5
P(x=2)=1-—

11
P(X > 2) = 1_6
P(x>2) =0.6875

3. In a consignment of electric lamps 5% are defective. If a random sample of 8 lamps are

inspected. What is the probability that one or more lamps are defective?

Sol: Given n = §, Probability of defective lamp =p = 5% = %0 =0.05

~q=1—-p=1-0.05
q=20.95

From binomial distribution,

P(x) = ncep*q" ™™

P(x) = 8c4(0.05)%(0.95)8%

Probability that one or more lamps are defective
Px=>1)=1-P(x<1)
P(x=>1)=1-P(x=0)

P(x > 1) =1 — 8¢,(0.05)°(0.95)%°
P(x>1) = 0.3366.

Thus the required probability is 0.3366

4. The probability that a person aged 60 years will live upto 70 is 0.65. What is the
probability that out of 10 person aged 60 atleast 7 of them will live upto 70.

Sol: Given n=10, p = 0.65



~q=1—-p=1-0.65
q=20.35

Let x denote the number of person aged 60 years living upto 70 years.
From binomial distribution,

P(x) = neep*q"™™

P(x) = 10¢,(0.65)%(0.35)10~%

Probability that out of 10 person aged 60 atleast 7 of them will live upto 70
P(x>7) =P(7) + P(8) + P(9) + P(10)

P(x > 7) = 10¢,(0.65)7(0.35)3 + 10c5(0.65)8(0.35)2 + 10c4(0.65)°(0.35) +
10c,4(0.65)1°(0.35)°

P(x >7) = 0.5138

5.The number of telephone lines busy at an instant of time is a binomial variate with
probability 0.1 that a line is busy. If 10 such lines are chosen at random, what is the
probability that 1) no line is busy ii) all lines are busy iii) atleast one line is busy
iv) atmost 2 lines are busy.

Sol: Given n=10,p = 0.1

~q=1—-p=1-0.1
q=0.9

Let x denote the number of telephone lines busy.
From binomial distribution,
P(x) = ncep*q" ™™
P(x) = 10c,(0.1)%(0.9)10-%
1) Probability that no line is busy
P(x = 0) = 10¢((0.1)°(0.9)1°7% = (0.9)1° = 0.3487

i1) Probability that all lines are busy
P(x = 10) = 10c;((0.1)%°(0.9)° = (0.1)1°

ii1) Probability that atleast one line is busy
Px=1)=1-P(x<1)

Px=1)=1-P(kx=0)
P(x>1) =1—10cy(0.1)°(0.9)1°
P(x>1) = 1—0.3487

P(x>1) =0.6513



iv) Probability that atmost 2 lines are busy
Px<2)=Px=0)+Pxx=1)+Px=2)

P(x < 2) = (0.9)1° + 10¢, (0.1)*(0.9)2 + 10c¢,(0.1)2(0.9)8
P(x < 2) = 0.9298

6. In a quiz contest of answering ‘Yes’ or ‘No’ what is the probability of guessing atleast 6
answers correctly out of 10 questions asked ? Also find the probability of the same if
there are 4 options for a correct answer.

Sol: Given n=10
Let x denote the correct answer .
p= % =0.5
~q=1-p=1-05
q=0.5
From binomial distribution,
P(x) = ncxp*q™™™
P(x) = 10¢,(0.5)%(0.5)107%
P(x) = 10c,(0.5)1°
Probability of guessing atleast 6 answers correctly out of 10 questions
Px=6)=P(x=6)tP(x=7)+P(x=8)+P(x=9)+P(x=10)
P(x = 6) = 10¢s(0.5)1° + 10¢,(0.5)1° + 10cg(0.5)° + 10cq(0.5)1% + 10¢,,(0.5)1°
P(x > 6) = (0.5)1°[10cq + 10c; + 10cg + 10cg + 10¢4,]
P(x = 6) = (0.5)1°[210 + 120 + 45 + 10 + 1]
P(x>6)=0.3770

.. 1
ip=;
1
'_q:l—p:l—z
3
q:Z

From binomial distribution,

P(x) = ncyp*q"™

X 10—x

=106 (3 )



10—x

P(X) = 10cxm
10—x
P(X) = 10CXW

1
P(x) = 210 [310-% 10c,]

Probability of guessing atleast 6 answers correctly out of 10 questions
Px=>6)=P(x=6)tP(x=7)+P(x=8)+P(x=9)+Px=10)
P(x=>6) = 4%[34. 10cg + 33.10c; + 32.10cg + 3.10cq + 10c¢y,]

P(x > 6) = 4%0[81.210 +27.120 + 9.45 + 3.10 + 1]

P(x>6)=0.0197

7. In sampling a large number of parts manufactured by a company, the mean number of
defectives in samples of 20 is 2. Out of 1000 such samples how many would be expected
to contain atleast 3 defective parts.

Sol: Given Mean, p =2 andn = 20

np =2
20p = 2
p=%=01
q=1—p
q=1-= q===009

Let x denote the defective part.
From binomial distribution,
P(x) = ncyp*q"™™

P(x) = 20¢,(0.1)%(0.9)20%
Probability of atleast 3 defective parts
P(x=3)=1-P(x<3)
P(x=3)=1-[P(0)+ P(1) + P(2)]
P(x = 3) =1—[20c((0.1)°(0.9)2° + 20¢,(0.1)*(0.9)*° + 20c,(0.1)%(0.9)8]
P(x>3)=1-0.6769
P(x > 3) = 0.3231
Thus, the number of defectives in 1000 such samples= 1000%0.3231=323.1=323



8. If the mean and standard deviation of the number of correctly answered questions in a

test given to 4096 students are 2.5 and vV1.875 . Find an estimate the number of
candidates answering correctly 1) 5 questions ii) 2 or less iii) 8 or more.

Sol: Given Mean=2.5 o =+1.875
Wkt, 0 = np and 6 = V'V

Thus, np = 2.5 and V =npq = 1.875

n 1.875
Now, npq _ 187>
np 2.5

We get q=0.75, and p=1-q=0.25

n=10

Let x denote the number of correctly answered questions
P(x) = ncp*q™™* = 10¢,(0.25)%(0.75)10-%

1) Probability that 5 questions are answered correctly

P(x = 5) = 10¢5(0.25)5(0.75)10-5
P(x=5)=0.0584

Estimation for 4096 students is =4096*0.0584 = 239
Number of students correctly answering 5 questions is 239

ii) Probability that 2 or less questions are answered correctly
Px<2)=Px=0)+Px=1)+Px=2)

= 10¢((0.25)°(0.75)*° + 10¢,(0.25)*(0.75)° + 10c,(0.25)%(0.75)8
P(x <2)=0.5256
Estimation for 4096 students is =4096*0.5256 = 2153
Number of students correctly answering 2 or less than 2 questions is 2153
ii1) Probability that 8 or more questions are answered correctly

Px=>8)=P(x=8)+Px=9)+P(kx=10)

= 10c5(0.25)8(0.75)2 + 10co(0.25)?(0.75)* + 10¢;4(0.25)19(0.75)°
P(x > 8) = 0.0005

Estimation for 4096 students is =4096*0.0005 =2
Number of students correctly answering 8 or more than 8 questions is 2
. In 800 families with 5 children each how many families would be expected to have
1) 3 boys 11)5 girls 1ii) either 2 or 3 boys i1v) atmost 2 girls by assuming probabilities for

boys and girls to be equal.



10. An airline knows that 5% of the people making reservations on a certain flight will not
turn up. Consequently, their policy is to sell 52 tickets for a flight that can only hold 50
people. What is the probability that there will be a seat for every passenger who turns up?

11. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial
distribution for the data and calculate the theoretical frequencies.

29 36 25 5

Frequency 5

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is in

the form of a frequency distribution we shall first calculate the mean.
Yfx _ (0)(5)+(1)(29)+(2)(36)+(3)(25)+(4)(5) __ 196

Mean, u = =— — =196
M »f 5+29+36+25+5 100

From binomial distribution, i = np. Here n=4
Hence 4p = 1.96

p =0.49

q=0.51

From binomial distribution,
P(x) = nc,p*q" *P(x) = 4¢,(0.49)%(0.51)*7%
Since 4 coins were tossed , expected(theoretical) frequencies are obtained from
F(x) = 100P(x)

F(x) = 100.4¢,(0.49)*(0.51)** where x = 0,1,2,3,4.
F(0) = 100.4¢,(0.49)°(0.51)* = 6.765 =7
F(1) = 100.4¢,(0.49)1(0.51)3 = 25.999 = 26
F(2) = 100.4¢,(0.49)%(0.51)* = 37.47 = 37
F(3) = 100.4¢5(0.49)3(0.51)! = 24.0004 = 24
F(4) = 100.4¢,(0.49)*(0.51)° = 5.765 = 6
Thus the required theoretical frequencies are 7,26,37,24,6.

Poisson Distribution

Poisson distribution is regarded as the limiting form of the binomial distribution when n is
very large (n — o) and p the probability of success is very small (p — 0) so that np tends
to a fixed finite constant say m.

Let m be a positive constant. Consider the infinite discrete probability distribution of a

random variable x is given by P(x) = Z‘—:{ e ™



The above probability density function is called the poisson probability function.

Mean and Standard deviation of the Poisson Distribution

Mean, p = m
Variance, V=m
Std. Deviation, 6 = vVm

Problems
1. The probabilities of a poisson variate taking the values 3 and 4 are equal. Find the PDF.
Also, calculate the probabilities of the variate taking the values 0 and 1.

Sol: Given P(x = 3) = P(x = 4)

3 4

m —m_m —m
TR T
41 m*

31 md

~ m = 4.

From poisson distribution,

m* 4%

P(x) =—e M=—¢™*
X! X!

40 41
P(x=0) = ;;e™* = 0.0183 P(x=1) = 5ye™* = 0.0733

2. In a certain factory turning out razor blades there is a small probability of % for any

blade to be defective. The blades are supplied in packets of 10. Use poisson distribution
to calculate the approximate number of packets containing 1) no defective i1) one
defective 1ii) two defective blades in a consignment of 10,000 packets.

Sol: Probability of a defective blade= p = 310 = 0.002

In a packet of 10, the mean number of defective blades is
Mean, m = np

m = 10(0.002)

m = 0.02

From poisson distribution,

X

m
P(x) =—e™
x!

(0.02)*
_ —(0.02)
P(x) = 1 C



(0. 02)

P(x) = (0.9802) ( Since e7992 = 0,9802)

1)  Probability of no defective

(o. 02)

P(x =0) = (0.9802) ——— = 0.9802

For consignment of 10,000 packets= 10,000 * 0.9802 = 9802

i1) Probability of one defective

(0. 02)

P(x =1) = (0.9802) = 0.0196

For consignment of 10,000 packets= 10,000 * 0.0196 = 196

ii1) Probability of one defective

(o. 02)

P(x = 2) = (0.9802) 22X = 0.0002

For consignment of 10,000 packets= 10,000 * 0.0002 =2

3. The number of accidents in a year to taxi drivers in a city follows a Poisson distribution
with mean 3. Out of 1000 taxi drivers find approximately the number of the drivers with
1) no accident in a year ii) more than 3 accidents in a year.

Sol: Given Mean=3
Mean, p = m
m=3

From poisson distribution,

X

m
P(X) = X_ e m

P(x) =

®)F -
x!

P(x) = (0.05) - ( Since e~3 = 0.05)

1) Probability of number of drivers with no accident in a year
P(x = 0) = (005)(1_ 0.05
Number of drivers out of 1000 with no accident in a year = 1,000 = 0.05 = 50

i1) Probability of more than 3 accidents in a year
Px>3)=1—-Px<3)

P(x > 3) = 1 — [P(0) + P(1) + P(2) + P(3)]
P(x>3) = 1-[(0.05) 2 (3) +(0.05) & (3) +(0.05) E- (3) +(0.05) &L (3)

P(x>3)=1-— (0.05)[1 +3 445+ 4.5]



P(x > 3) = 0.35

Number of drivers out of 1000 with more than 3 accidents in a year = 1,000 x 0.35 =
350

4. Given that 2% of the fuses manufactured by a firm are defective, find, by using poisson
distribution, the probability that a box containing 200 fuses has 1) no defective fuse
i1) at least one defective fuse iii) exactly 3 defective fuses iv) 3 or more defective fuses.

Sol: The probability that a fuses is defective p = 2/100=0.02.
And n=200
Mean, p = np = 200 * 0.02 ; m = 4

From poisson probability function  P(x) = % e ™

X

— a4
P(x) = 2 e

Let x denotes the number of defective fuses in a box containing 200 fuses

1) Probability that the box contains no defective fuse

P(x=0)= Le*=0.0183
i1) Probability that the box contains at least one defective fuse is
Px=1)=1-P(x<1)
=1-P(x=0)
=1-0.013
P(x > 1) = 0.9817

ii1) Probability that the box contains exactly 3 defective fuse

43 4
P(x = 3) =5

P(x=3)=0.1952
1v) Probability that the box contains 3 or more defective fuses
Px=3)=1-P(x<3)
40 41 42
— | o4 a4 _ A4
Px=>3)=1 O!e +1!e +2!e
P(x>3)=0.7621

5. A certain screw making machine has a chance of producing 2 defectives out of 1000. The
screws are packed in boxes of 100. Using poisson distribution , find the approximate
number of boxes containing i) no defective screw ii)one defective screw iii) two defective
screw, in a consignment of 5000 boxes.

Sol: The probability that a screw is defective is given as p=2/1000 = 0.002.



Here n=100
Mean = np=100X0.002=0.2 ; m = 0.2

From poisson probability function P(x) = % e ™

(0.2)*
x!

e—0.2

P(x) =

Let x denotes the number of defective fuses in a box containing 100 screws

1) Probability that the box contains no defective screw
0
P(x = 0) = =-e "% = 0.8187

Number of boxes containing no defective screw in 5000 boxes =5000%0.8187=4094

i1) Probability that the box contains one defective screw is

1
Px=1) = &2-e0?

= 0.2X0.8187

P(x=1)=0.1637
Number of boxes containing one defective screw in 5000 boxes =5000*0.1637=819

ii1) Probability that the box contains two defective screw is

2
P(x=2) = &2e02

= 0.02X0.8187
P(x=2)=0.0163
Number of boxes containing two defective screw in 5000 boxes =5000%0.0163=82

6. A communication channel receives independent pulses at the rate of 12 pulses per micro
second. The probability of transmission error is 0.001 for each micro second. Compute
the probabilities of 1) no error during a micro second ii) one error per micro second
ii1) atleast one per micro second iv) two errors v) atmost two errors.

Sol: Givenn = 12 and p = 0.001

Mean number of errors in one micro second

B =np
m =12 % 0.001 (Since p = m, from poisson distribution)
m = 0.012

From Poisson distribution

X

m
P(x) =—.e™
x!



(0.012)*

_ —(0.012)
P(x) = 0 e
P(x) = (0.9880) “=2° (Sincee™(0012) = 0.9880)

1) Probability of no error during a micro second

P(x = 0) = (0.9880) ©%2"

P(x = 0) = 0.9880

i1) Probability of one error during a micro second

(0.012)*
1!

P(x =1) = (0.9880)
P(x=1)=0.0119

ii1) Probability of atleast one error during a micro second
Px>1)=1-P(x<1)
Px=>1)=1-P(x=0)

Px=>1)=1-P(x=0)

P(x=>1) =1-0.9880

P(x>1)=0.012

1v) Probability of two error during a micro second

(0.012)?
2!

P(x = 2) = (0.9880)
P(x =2) = 0.00007
v) Probability of atmost two error during a micro second
Px<2)=Px=0)+Px=1)+Px=2)
P(x < 2) =0.9880 + 0.0119 + 0.00007
P(x < 2) = 0.99997

Continuous Probability Distribution

If for every x belonging to the range of a continuous random variable X, we assign a real

number f(x) satisfying the conditions,

Df(x) =0 1) ffooo f(x)dx = 1 , then f(x) is called a Continuous probability function or

probability density function ( p.d.f)

Cumulative distribution function

If X is a continuous random variable with probability density function f(x) then the
function F(x) defined by F(x) = P(X < x) = ffoo f(x)dx is called the Cumulative distribution

function (c.d.f) of X.



NOTE: If r is any real number, then
P(x=>r) = froo f(x)dx

(0]

P(x<r)=1—P(X2r)=1—ff(x)dx

r

Mean and Variance

If X is a continuous random variable with probability density function f(x) where

—00 < x < o , the mean (W) or expectation E(X) and the variance (62) of X is defined as
follows.

Mean, p = fjooo x. f(x)dx
Variance, 6% = ffooo(x —w2fx)dx or V= fjooo x2.f(x) dx — p?
Problems

1. Find which of the following is a probability density function

2x, 0<x<1
0, otherwise

0<|xl<1
otherwise

) £, = {3 b £,60 = {5

2x ,0<x<1
o)f;(x) ={4—-4x,1<x<?2
0, otherwise

Sol: Conditions for p.d.fare f(x) = 0 and ffooo f(x)dx =1

a) Clearly f;(x) =0

f fi(x)dx = ffl(x)dx—f 2de—2[ ] [1-0]=1
~ fi(x)isap.df
b) Evidently f,(x) =|x| =0

[7 6@dx = [1 60 dx = [ [x] dx

-x, —1<x<0

But,|x] ={+X, 0<x<1

- fjooo f,(x)dx = f_Ol(—x) dx + f01X dx

o)

jfz(x)dxz — _gr +lX2—2r
o | 0
[ =-[o-3] + o] =L+ 1 =1

—00



o f(x)isap.d.f

¢)Givenf;(x) =2x>0 in0<x<1
But f5(x) =4 — 4xisnegativein 1 < x < 2
The first condition is not satisfied.

. f3(x) isnota p.d.f

2+c 0<x<3

2. Find the value of ¢ such that f(x) = { 6 isa p.d.f. Also find

0, elsewhere
P(1<x<2).
Sol: Here f(x) = 0 if ¢ > 0 ; Also we must have ffooo f(x)dx =1
ie. [;(3+c)dx=1
2 3
1e., [)1(—2+ cx]0 =1
i.e.,%(9 —0)+c(3-0)=1

ie,—+3c=1
12

ie,3c=1——
12
e
‘102
1
e L
12

Now, P(1 < x < 2) = [ f(x)dx

= flz (§+1_12) dx
2

_[xz X
12 12l
1 1
=lu-D+ie-1
_3. . 1_4
12 12 12

P(1§x§2)=§

2
3. Find the constant k such that f(x) = { kXO’ Oofhzrjv?se

DP(1<x<2) ii)P(x<1) iii)P(x>1) iv)Mean v) Variance

is a p.d.f. Also compute

Sol: : Here f(x) = 0 if k > 0 ; Also we must have ffooo f(x)dx =1



ie, [kadx=1

3

. kx3

1.e., [—] =1
3 1o

ie. ‘5‘(27 —0) =1
1re.,9%k =1
1

e, k==
9

2

X
-'-f(X)z{?, O<X<3
0, otherwise

NP1 <x<2)= [ f(x)dx
= 12x£ dx
-[5f
=56-1
Pl<x<2)= %

i) P(x < 1) = [} f(x)dx

1
2

P(XS1)=]%dX

0
-2,
=50-0

P(x<2)=_
i) P(x > 1) = [ f(x)dx

= flg);—z dx

%31
P(X > 1) = lﬁl

1
=2 (@27-1)

P(x>1)=;—g



iv) Mean, u = ffooo x. f(x)dx

=f03x.§dx
3x3
= Ong
x*13
n= 15l
= ! (81-0)
=36
81
=36
_9
H=%

v)Variance, V = ffooo x2.f(x) dx — p?

= f03 xz.gdx — (2)2

.
= ;%dx—%
[ s
45lg 16
1 81
V=gB-o-3
243 81
45 16
o8t
240
27
- 80

Exponential Distribution

The continuous probability distribution having the probability density function f(x) given by

—ax
f(x) = { ae™™, for x >0 , where a > 0 is known as the exponential distribution.

0, otherwise
Evidently f(x) = 0 and we have ffooo f(x)dx = 1.

f(x) satisfy both the conditions required for a continuous probability function.

Mean and standard deviation of the Exponential Distribution

1
Mean , =



Std. deviation , ¢ = i

Problems
1. If x is an exponential variate with mean 3 find i) P(x > 1) ii) P(x < 3)
Sol: The p.d.f of the exponential distribution is given by

oae” ™ for0<x < o
0, otherwise

) = |

The mean of the distribution is given by é
Bydata,u=i= 3
-1
. = 3

Hence f(X) = {§ e_§! for0 < x < oo

0, otherwise
DPx>1)=1-P(x<1)

Px>1)=1-P(x<1)
=1- fol f(x)dx

=1-[ ;e dx

=1-;[ e dx

=1+[e§—e 0]

=1+e_§—1
1

=e 3

P(x > 1) =0.7165

3

i Px<3)= ff(x)dx

0
31 X
= ["ze 3dx

03

1.3 X
P 3
3f0e dx



——el41=1-2
e

P(x < 3) = 0.6321

2. The length of telephone conversation in a booth has been an exponential distribution and
found on an average to be 5 minutes. Find the probability that a random call made from
this booth 1) ends less than 5 minutes ii) between 5 and 10 minutes.

Sol: We have, f(x) = ae™, 0<x< ®
By data, uziz 5

o =1
) T 5

1 x
f(x)=§e 5, 0<x<oo

5

i)P(x<5) = jf(x)dx

0
51 X
= [T-e 5dx
05

1.5 X
= - 5
—J, e dx

x15
lle's
P(x < 5) =§l—1]
_go
= —[e?!

— _e_O]
=—el4+1=1-2
e

P(x < 5) = 0.6321
10
ii)P(5<x<10) = J f(x)dx

5

101 X
= [, ce5dx
5 5

1,10 X
=-[ e 5dx
55



P(5<x<10) =

- - 1 1
=—eZ+el=-—=
e e

P(5<x<10)=0.2325
3. In a certain town the duration of a shower is exponentially distributed with mean 5

minutes. What is the probability that a shower will last for: (i) 10 minutes or more
(i1) less than 10 minutes (iii) between 10 and 12 minutes.

Sol: We have, f(x) = ae™™, 0 <x<

Bydata,u=§=5

. a—l
) s

1

X
f(x)=§e_§, 0<x<oo

oo

)P(x=>10) = f f(x)dx

10

P(x > 10) = 0.1353

i) P(x < 10) = 1 — P(x = 10)
P(x < 10) = 1 — 0.1353
P(x < 10) = 0.8647

i) P(10 < x < 12) = J f(x)dx

10



1,12 X
= - 5
— [, €5 dx

x112
_1 Ie_gl
5L
5110
= —[e72% —e7?]
P(10 <x<12) =e 2 —e™2*
P(10 < x < 12) = 0.0446
4.The life of a compressor manufactured by a company is known to be 200 months on an
average following an exponential distribution. Find the probability that the life of a
compressor of that company is 1) less than 200 months ii) between 100 months and 25
years.

Sol: We have, f(x) = ae™, 0<x<

By data, p = i = 200

a=—
200

1 _x
= —_— 200
f(x) 20Oe , 0<x< o

200

i) P(x < 200) = j f(x)dx

200 | —
200 1p
= [t e
— 1
= —€ 1+1:1_E

P(x <200) = 0.6321
Now, 25 years=25*12 months=300 months

300
i) P(100 < x < 300) = f f(x)dx

100

_f300 1 e_%dx
~ J100 200



1

_ f300 _%d
" 2007100 € X

_ x 1300
_ L e 200
~ 200 _Ll
200 1100
— _[e—l.s _ e—Z]
P(100 < x < 300) = 0.3834
5. Determine k if random variable x has the density function f(x) = %, —00 <X <0

hence find ))P(x = 0) ii) P(0 < x < 1) iii) c.d.f
Sol: Given f(x) is a probability density function.

» f(x) =0 and [ . f(x)dx=1

ie, [ K dx=1

1+x2
ijo - dx =1
1+ x2 X=
0
2k[tan x| =1 ; 2k[tan™'(e0) —tan~1(0)] =1
T
2k [E - o] =1
1
knm=1k =—
i1
1
f(x) = —L
) 1+ x2

[00]

DP(x=>0) = j f(x)dx

0

o)

A=

T Jo 1+x2

dx

1 po0 1
mY0 1+x2

= %[tan‘lx]gc’

P(x>0) = %[tan_l(OO) —tan"1(0)]

P(xZO)z%E—O]

1
P(XZO):E



1

i)P(0<x<1)= ff(x)dx

0
1 1
j— TC d
= — X
0 1+x2
1,01 1
mY0 1+x2

PO<x<1)= %[tan_lx]é

= %[tan_l(l) —tan™1(0)]

|- 0]

E]

Alr

A

PO<x<1)=
X
iii)c.d.f = ff(x)dx

-
=/ dx

o 1+x2

= lfx L ~dx
TV~ 14X
1
c.d.f = —[tan™1x]¥
T

= %[tan‘l(x) —tan"1(—o0)]

- (2]
cdf = }T[tan‘lx+g] if —o0o <x < o0,

6. The daily turn over in a medical shop is exponentially distributed with Rs.6000 as the
average with a net profit of 8%. Find the probability that the net profit exceeds Rs.500
on a randomly chosen day.
Sol: Let ‘x’ denote the turn over per day.
=~ By exponential distribution

f(x) = ae ™™ ;x> 0.

Given, By data, p = i = 6000
1
- 0= 000



X
e 6000, 0<x<oo

f0J = 5000
Let ‘A’ be the turn over for which the net profit is Rs.500.

Since the net profit is 8% of the turn over,

A = 500

*
100
= A=6250

=~ The probability of profit exceeding Rs.500 is

P(x > 6250) = f f(x)dx

6250
[1 __X
P(x > 6250) = f 6000e 6000dx
6250
1 0o __x
=m 6250 € 6000 dx

[0e]

__X_

1 e 6000

" 6000 | -1
6000 6250

6250
= — [e_oo —e 6000]

6250
= e 6000

P(x > 6250) = 0.3529

Normal Distribution

The continuous probability distribution having the probability density function f(x) given

(x-w?
1 - :
byf(x)=ﬁe 262 where —0 < x< o, —oco<pu<o and o> 0 isknown as the

normal distribution.
Evidently f(x) > 0 and we have fjooo f(x)dx = 1.
f(x) satisfy both the conditions required for a continuous probability function.

Mean and standard deviation of the Normal Distribution

Mean =

Variance = ¢?

Geometrically we can write

1

i) [, d@2)dz =1 i) [°, d@)dz = [} p(2)dz =1



Note

l. P(ro<z<w)=1

2. P(—0<z<0)=7

3. P(0<z<m) or P(z20)=§

Also, P(—0<z<2z) =P(—0<z<0)+P(0<z<2z)
ie,P(z<z)=0.5+¢(z1)
Also,P(z>12z,) =P(z=0)—-P(0<z<7z,)
ie,P(z>12z,) =0.5—¢(z;)
Problems
1. Evaluate the following probabilities with the help of normal probability tables
i) P(z > 0.85) ii) P(—1.64 <z < —0.88) iii) P(z < —2.43) iv) P(|z| < 1.94)
Sol: i) P(z>0.85) = P(z=0) — P(0 <z <0.85)
= 0.5 — $(0.85)
=0.5-0.3023
P(z > 0.85) = 0.1977
ii) P(—1.64 <z < —0.88)

By Symmetry, P(—1.64 <z < —0.88) = P(0.88 <z < 1.64)
=P(0<z<164)—P(0<z< 0.88)
= $(1.64) — $(0.88)
= 0.4495 — 0.3106

P(-1.64 <z < -0.88) =0.1389
iii) P(z < —2.43) = P(z > 2.43)
P(z < —2.43) =P(z>0) — P(0 < z < 2.43)
=0.5—-$(2.43)
= 0.5 —0.4925
P(z > —-2.43) = 0.0075
iv) P(Jz| < 1.94) = P(—1.94 < z < 1.94)
=2P(0<z<194)
= 2.$(1.94)
= 2.(0.4738)



P(|z| < 1.94) = 0.9476

2. If x is a normal variate with mean 30 and standard deviation 5 find the probability that
)26 <x<40 1i1)x=>45

Sol: We have standard normal variate, z = % = X_SSO [By datap =30, 0 =5]
i) To find P(26 < x < 40)
Ifx=126,z=2"2=_0.8 . Ifx=40,z="""=2

5 5

Hence we need to find, P(—0.8 <z < 2)
P(-08<z<2)=P(-08<z<0)+P(0<£z<2)
=P(0<z<08)+P(0<z<2)
= ¢(0.8) + ¢(2)
= 0.2881 + 0.4772
P(-0.8<z<2)=0.7653

ii) To find P(x > 45)

Ifx=45,z=45_T30=3

Hence we need to find , P(z = 3)
Pz=3)=P(z=>0)—-P(0<z<3)
=0.5—-¢(3)
= 0.5 —0.4987
P(z>3)=0.0013
3. The marks of 1000 students in an examination follows a normal distribution with mean
70 and standard deviation 5. Find the number of students whose marks will be
1) less than 65 ii) more than 75 iii) 65 to 75
Sol: Let x represent the marks of students
X—p _ x—=70

We have standard normal variate, z = — = [By datap =70, 0 =5]

i) To find P(x < 65)

Ifx=65,z=65;70= 1

Hence we need to find , P(z < —1)
Pz<—-1)=P(z>1)
=P(z=>0)-P(0<z<1)



=0.5-¢(1)

=0.5-0.3413
P(z < —-1) = 0.1587
Number of students scoring less than 65 marks=1000%0.1587= 158.7 = 159
ii) To find P(x > 75)

Ifx=75,z=75;70=

1

Hence we need to find , P(z > 1)
Pz>1)=P(z=20)—-P(0<z<1)
=0.5-¢(1)
=0.5-0.3413
P(z>1) =0.1587
Number of students scoring more than 75 marks=1000%0.1587= 158.7 = 159
iii) To find P(65 < x < 75)

Hence weneed to find , P(—1<z< 1)
P(-1<z<1)=2P(0<z<1)
=26(1)
= 2(0.3413)
P(-1<z<1)=0.6826

Number of students scoring marks between 65 to 75 marks=1000%0.6826= 682.6 =
683

4. In a test on electric bulbs, it was found that the life time of a particular brand was distributed
normally with an average life of 2000 hours and S.D of 60 hours. If a firm purchases 2500
bulbs, find the number of bulbs that are likely to last for i) more than 2100 hours ii) less than
1950 hours iii) between 1900 to 2100 hours.

Sol: Given p = 2000, o =60

. X— x—2000
We have standard normal variate, z = e %0
o

i) To find P(x > 2100)

Ifx=2100,z=w= 1.67

Hence we need to find , P(z > 1.67)
P(z>1.67)=P(z>0)-P(0<z<1.67)



= 0.5 - $(1.67)
= 0.5 — 0.4525
P(z>1.67) = 0.0475
= Number of bulbs that are likely to last for more than 2100 hours = 2500 * 0.0475
=118.75 =119
ii) To find P(x < 1950)

_1950-2000 _
= — =

Ifx=1950, z —0.83

Hence we need to find , P(z < —0.83)
P(z < -0.83) = P(z > 0.83)
=P(z=>0)—-P(0<z<0.83)
= 0.5 - $(0.83)
= 0.5—-0.2967
P(z < —0.83) =0.2033
= Number of bulbs that are likely to last for more than 1950 hours = 2500 * 0.2033
= 508.25 = 508
iii) To find P(1900 < x < 2100)

__1900—-2000
60

Hence we need to find, P(—1.67 <z < 1.67)

_2100-2000

Ifx =1900, z
60

=-1.67 ;Ifx=2100,z = 1.67

P(—-1.67<z<1.67) =2P(0<z<1.67)
=2 * $(1.67)
= 2% 0.4525
P(-1.67<z<1.67) =0.905
= Number of bulbs that are likely to last between1900 and 2100 hours
=2500+0.2033
=2262.5 = 2263

5. In a normal distribution 31% of the items are under 45 and 8% of the items are over 64.
Find the mean and S.D of the distribution.

Sol: Let p and o be the mean and S.D of the normal distribution.

By data, P(x < 45) =0.31 and P(x> 64) =0.08



. X—
We have standard normal variate, Z = Tu

When x = 45 ,z=45—_”=zl (Say)

o

X = 64 ,z=%=zz(8ay)

So we have ,
P(z<z,) =031 and P(z > z,) = 0.08
ie., 0.5+ ¢@(z;) =031 and 0.5 — ¢(z,) = 0.08

¢(z;) =031—-0.5 and ¢(z,) = 0.5—-10.08

©(z;) = —0.19 and ©(z,) = 0.42
Referring to the normal probability tables, we have

0.1915(= 0.19) = ¢(0.5) and  0.4192(= 0.42) = @(1.4)

¢(z1) = —9(0.5)  and ¢(zz) = 9(1.4)
= z;1 =—-0.5 and Z, = 1.4
ie., 450_“ =—0.5 and 646_“ =14
45 —p = —-0.50 and 64 —p=140
u—0.50 =45 and u+ 1l.40 = 64

Solving above equations, we get
p=>50 and =10
Thus, Mean=50 and S.D=10

6. The mean weight of 500 students during a medical examination was found to be 50 kgs and
S.D weight 6 kgs. Assuming that the weights are normally distributed, find the number of
student having weight i) between 40 and 50 kgs ii) more than 60 kgs. [¢@(1.67) = 0.4525]

Sol: Givenp =50, o0c=6

We have standard normal variate, Z = % = X_65°
i) To find P(40 < x < 50)
Ifx =40,z :40;50 =-167 :Ifx=50,z= 50-50 _

Hence we need to find, P(—1.67 <z < 0)
P(—1.67<z<0)=P(0<z<1.67)

= $(1.67)
P(-1.67 < z < 0) = 0.4525



= Number of students having weight between 40 and 50 kgs =500 * 0.4525
= 226.25 = 226
ii) To find P(x > 60)

Ifx=60,z= 6";5" —1.67

Hence we need to find , P(z > 1.67)
P(z>1.67)=P(z=0)-P(0<z<1.67)
= 0.5 - $(1.67)
= 0.5 — 0.4525
P(z>1.67) =0.0475
= Number of students having weight more than 60 kgs = 500 * 0.0475
=23.75 =24

7. In an examination 7% of students score less than 35% marks and 89% of students score
less than 60% of marks. Find the mean and S.D of the distribution if the marks are
normally distributed. It is given that P(1.2263)=0.39 and P(1.4757)=0.43.

Sol: Let p and o be the mean and S.D of the normal distribution.

By data, P(x<35)=0.07 and Px<60)=0.89

We have standard normal variate, Z = %

35—
Whenx =35 ,z =——=1 (Say)

x = 60 ,Z=%=22(Say)

So we have ,
P(z<z,)=0.07 and P(z < z,) = 0.89
ie., 0.5+ ¢@(z;) =0.07 and 0.5+ ¢(z,) = 0.89

¢(z;) =0.07—-0.5 and ©(z;) =0.89-0.5

©(z;) = —0.43 and ©(z,) = 0.39
Using the given data in the RHS of these, we have

©(z,) = —@(1.4757) and ©(z,) = ©(1.2263)
= z1 = —1.4757 and Z, = 1.2263

ie., 3%‘“ = —1.4757 and % = 1.2263



35 —u=-147570 and
u—1.47570 = 35 and
Solving above equations, we get
p=48.65 and c=9.25
Thus, Mean =48.65 and S.D=9.25

60 — p = 1.22630
1+ 1.22630 = 60



PROBABILITY DISTRIBUTION AND SAMPLING THEORY

Introduction

The three main components of statistics are collection of data, analysis of data and
inference. The scope of statistics is very vast and finds its applications in almost all spheres.
Statistical methods guides us in any scientific enquiry and leans heavily on probability
theory.

Basic Definitions and concepts

Experiment is a process by which measurement or observation is obtained.

Random experiment : An experiment which does not result in the same out come when
performed under the same conditions.

Eg: 1. Tossing of a fair coin.
2. Throwing of a fair die.

Sample space : The set of all possible outcomes of a random experiment is called a sample
space usually denoted by S.
Eg 1. S = {H,T} is the sample space in tossing of a single coin.
2. S={HH,TH,HT,TT} is the sample space obtained in tossing of two coins.
3.5={1,2,3,4,5,6} in throwing of a die.

Event : Any event is a subset of an appropriate sample space.

Exhaustive event : An event consisting of all the various possibilities is called an exhaustive
event.

Mutually exclusive events : Events are said to be mutually exclusive if and only if one of
them can take place at a time, in other words happening of one event prevent the
simultaneous happening of the others.

Eg: In the tossing of a coin, either heads or tails may turn up but not both.

Independent events: Two or more events are said to be independent if the happening or non
happening of one event does not prevent the happening or non happening of the others.
Eg: 1.When two coins are tossed the event of getting head is an independent event as both

the coins can turn out heads.

Probability is the measure of the chance with which we can expect the event to occur. If an

event A can occur in m different ways out of number of n possible ways, all of which are
m

equally likely then the probability of the event A denoted by P(A) is given by P(A) = —
Note: 1) Since 0 < m <n = P(A)isnonnegativeand 0 < P(A)< 1

2) If P(A) = 0 then A is called a null event.

3) If P(A) =1 then A is called a sure event.

4) P(A) + P(A) = 1, the set of all unfavourable events is denoted by A.



Addition theorem of probability
The probability of the happening of one or the other mutually exclusive events is equal to
the sum of the probabilities of the two events.
That is, if A, B are two mutually exclusive events then,
P(AorB) =P(A) + P(B)

Product theorem of probability
If a compound event is made up of a number of independent events, the probability of the
happening of the compound event is equal to the product of the probabilities of the
independent events .
That is, if A, B are independent events then,
P(Aand B) = P(A).P(B)

RANDOM VARIABLE & PROBABILITY DISTRIBUTION

Introduction

When we consider an experiment of tossing two coins. The sample points or out comes are
qualitative and are described by their attributes though the probabilities attached to each of
these outcomes are quantitative. We now associate to each sample point a real number called
the random variable.

Random variable

Definition: Let S be a sample space then X : S — R defined over the elements of S is
called a random variable. A random variable is a function that assigns a real number to
every sample point in the sample space of a random experiment. Random variables are
usually denoted by X, Y, Z ... and it may be noted that different random variables may be
associated with the sample space S. The set of all real numbers of a random variable X is
called the range of X.

Eg:

1. While tossing a coin, suppose that the value 1 is associated for the outcome ‘head’ and 0
for the outcome tail. We have the sample space S = {H, T} and if X is the random
variable , then X(H) = 1 & X(T) = 0.

Range of X = {0,1}

2. Suppose a coin is tossed twice, we shall associate two different random variables X, Y as
follows, where we have the sample space
S = {HH,HT, TH, TT}
X = Number of ‘heads’ in the outcome.
The association of the elements in S to X is as follows.

Random variable
X



Range of X = {0,1,2}
Suppose Y = Number of ‘tails’ in the outcome, we have

Random variable Y

Range of Y = {0,1,2}

Discrete and Continuous random variables
If a random variable takes finite or countably infinite number of values then it is called a
discrete random variable.
Discrete random variable will have finite or countably infinite range.
Eg: 1. Tossing of a coin and observing the outcome.
2. Throwing a ‘die’ and observing the numbers on the face.

If a random variable takes non countable number of values then it is called a non discrete or
continuous random variable.

Eg:

1. Weight of articles

2. Length of nails produced by machine.

Generally counting problems correspond to discrete random variables and measuring
problems lead to continuous random variables.

Probability function and Discrete probability distribution

If for each value x; of a discrete random variable X, we assign a real number p(X;) such
that

) p(x)) =0 ii) Xip(x;) =1 then the function p(x) is called a probability function.
If the probability that X take the values x; is p;, then P(X = x;) = p; or p(x;).

The set of values [x;, p(x;)] is called a discrete (finite) probability distribution of the
discrete random variable X. The function P(X) is called the probability density function
(p.d.f) or the probability mass function (p.m.f)

The distribution function f(x) defined by f(x) = P(X < x) = );iL; P(x;) , x being an integer,
is called the cumulative distribution function (c.d.f).
The mean and variance of the discrete probability distribution are defined as follows
Mean p = Y;x;.p(x;)
Variance V = Y;(x; — 2. p(x;)
V= Yixt p(x) — [Zixi p(xp)]?
V=Xxfplx) — p?
Standard deviation o =V



Problems
1. A coin is tossed twice. A random variable X represent the number of heads turning up.

Find the discrete probability distribution for X. Also find its mean and variance.
Sol: Here S = {HH, HT, TH, TT}

X ={0,1,2}
1 1 1 1
Now, P(HH) ==  P(HT) =+ P(TH) = - P(TT) ==
1
P(X =0, i.e., no head turning up) = P(TT) = 2
1 1 1
P(X =1, i.e., one head turning up) = P(HT U TH) = P(HT) + P(TH) = 7 + 1°-3

1
P(X = 2, i.e., two heads turning up) = P(HH) = y
The discrete probability distribution for X is as follows

IS N N
1 1

p(x;) 1

We observe that, p(x;) > 0 and Y,;p(x;) = 1.

Mean , it = Zix;.p(xp) = (0).(5) + (0.(3) + @).(3) =5 +3
n=1

Variance, V = Yi(x; — )2 p(x;)

V=(0-D%;+ (1 - D2+ (2-1)2;

V—1+0+1

T4 4
1

V=2

2. A random experiment of tossing a ‘die’ twice is performed. Random variable X on this
sample space is defined to be the sum of the two numbers turning up on the toss. Find the
discrete probability distribution for the random variable X and compute the corresponding
mean and standard deviation.

Sol: Here S = {(x,y) wherex =1,2,...,6 ;y = 1,2, ...,6}
ie,S={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3), ...,(6,5),(6,6)}



Number of elements in S=36.

The set of values of the random variable X defined as sum of two numbers on the face of the
‘die’ are {2,3,4,5, ...,10,11,12}

n(E)

Now, p(x;) = )

1 2
_g 5p(X2)_£ ’

The discrete probability distribution for X is as follows

px) 1 2 3 2

Here p(x;) > 0 and };p(x;) = 1.
Mean p = Y;x;.p(x;)

n=@.(5)+G).(2)++an.(2)+12).(x)

252
n=36=7

Variance, V = Y;(x; — n)2. p(x;)
—(7_72 L 72 2 .. 72 L
V=(Q2-7%_+B-7%++12-7%

210 35
V:—:—
36 6

Std. deviation , 0 = V'V

0‘2\/37—522.42
6

3. Show that the following distribution represents a discrete probability distribution. Find

the mean and variance

p(x) = -
8

§ 5
Sol: We observe that p(x) > 0 and ) p(x) = 1.

Mean p =Y x.p(x)



b= (10).3+ (20).2 + (30). + (40).3

__10+60+90+40 _ 200
= 5 =

p=25
Variance, V= Y (x — 2. p(x)
V= (10 - 25)2.2 + (20 — 25)%.2 + (30 — 25)%.2 + (40 — 25)%.%

_ 60 _
S

\' 75

4. Find the value of k such that the following distribution represents a finite probability
distribution. Hence find its mean and standard deviation. Also find p(x < 1) , p(x > 1) and
p(—1<x<2)

p(x) k 2k 3k 4k 3k 2k k
Sol: We must have p(x) = 0 forall xand Y, p(x) = 1. The first condition is satisfied if

k>0
Since Y p(x) =1

k+2k+3k+4k+3k+2k+k=1

16k =1

1
k==
16

The discrete probability distribution is as follows

3 4 3 2 1

p(x) 1 2

16 16 16 16 16 16 16

Mean g = Y. x.p(x)

p=(-3). =+ (=D =+ D=+ (0).=+ .=+ 2). =+ ().

p=20



Variance, V = Y (x — p)2. p(x)

M2 o m2 A 1Mz 3 —_m2 A —_m2 3
V=(-3 0).16+( 2 O).16+( 1 0).16+(O O).16+(1 0).16+
—m2 2 _m2 L
(2 0).16+(3 0).16

1 40 _ 5
V—R(9+8+3+0+3+8+9)—E—2

Standard deviation o = V'V

_ |5 _
c—\/;—l.58

Now, p(x < 1) = p(=3) + p(-=2) + p(=1) + p(0) + p(1)

1 2 3
_E+E+E+E+_

13
px<1) =2

p(x>1) =p(2) +p(3) p(—1<x<2)=p(0)+p(1) +p(2)
=5t =t Tt
px>1) == p(-1<x<2)==

5. A random variable X has the following probability function for various values of x.
i) Find k ii) Evaluate P(x < 6), P(x = 6) and P(3 < x < 6). Also find the probability

P(x) 0 k2 7k?+k

distribution and the distribution function of X.
Sol: We must have P(x) > 0 and ) P(x) = 1.
The first condition is satisfied for k = 0 and we have to find k such that

YP(x) =1
ie, 0+ k+ 2k + 2k + 3k + k? + 2k*+(7k? + k) = 1
10k? +9k—1=0
(10k—1)(k+1)=0
k= % and k = —1 ( Neglect)

Hence we have the following table



P(x) 0

E § E 10 100 50 100

Now, P(x < 6) = P(0) + P(1) + P(2) + P(3) + P(4) + P(5)

=0+ Hrtstot—=o0
100 100

P(x < 6) = 0.81

P(x=>6) =P(6) + P(7)

19
P(X>6) —+m E

P(x>6)=0.19
P(3 < x < 6) = P(4) + P(5) + P(6)

1 33
=S4 o=
100 50 100

P(3<x<6)=0.33

The probability distribution is as follows

P(x) 0

The distribution function of X is f(x) = P(X < x) = XL, p(X;) is called cumulative
distribution function and same is as follows

fx) 0 0+0.1 0.1+0.2 0.3+0.2 0.5+0.3 0.8+0.01 0.81+0.02=0.83 0.83+0.17=1
=0.1 =0.3 =0.5 =0.8 =0.81

6. A random variable X take the values —3,—2,—-1,0,1,2,3 such hat P(X = 0) = P(X < 0)
and P(X=—-3) =P(X=-2) =P(X=—-1) = P(X=1) = P(X = 2) = P(X = 3) .Find the
probability distribution.

Sol: Let the distribution be as follows



P(X)
By data P(X = 0) = P(X < 0)
> PX=0=PX=-1)+PX=-2)+PX=-3)
e, ps =p3z+pz+p1 - (1)
Also we have
PX=-3)=PX=-2)=PX=-1)=PX=1)=PX=2)=PX=3)
e, P1 = P2 = P3 = Ps = Ps = P7 - (2)
Further we must have

p1+P2+pP3+ps+ps+pstpr=1 - (3)

Using (2)in (1), we get  py =p; +p1 +Dp1

P4 = 3p1
Using (2) in 3), we get  p; +p; +Pp1+ps+pr+pr+pr=1
6p; +ps=1
6p; +3p; =1 (since p4 = 3p1)
9p1 = 1
1
P1 =3

3
Hence py = 5

1
Thus, p, =Pp3 =Pps =Pe =Py =3

Thus the probability distribution is as follows

P(X)

5 5

7. The p.d.f. of variate X is given by the following table.

P(x) K



For what value of K, this represents a valid probability distribution? Also find P(x > 5) and
P(3<x<6).

Sol: The probability distribution is valid if P(x) > 0 and ) P(x) = 1
Hence we must have K> 0 and K+ 3K+ 5K+ 7K+ 9K+ 11K+ 13K =1

1
49K = 1K = —
49

Also, P(x = 5) = P(5) + P(6)
P(x >5) = 11K + 13K = 24K

b >5)_24
X=2)"49
Now, P(3<x<6)=P(4) + P(5) + P(6)
P(3 <x<6)=9K+ 11K + 13K
P(3 < x < 6) = 33K
P(3 < <6)—33
X=0)=49

Binomial Distribution

If p is the probability of success and q is the probability of failure, the probability of x
success out of n trials is given by P(x) = "Cyp*q"~*

Mean and Standard deviation of the Binomial Distribution

Mean, p = np

Variance, V = npq

Std. Deviation, 0 = ,/npq

Problems
1. Find the binomial probability which has mean 2 and variance %.
Sol: Given Mean, u = 2 and Variance, V = g

For binomial distribution, p = np

np =2
npq =V
) _4
1=3

2
1=3



Sincep=1—q=1—§

1
P=3
Since np = 2
n
§=2
n==6

The binomial probability function is P(x) = "C,p*q™* becomes

o= ) @)

The distribution of probability is as follows

6 1 5 4 3 3 4 2 5 1

PR W@l «606 ©A6 <«606 «®6 6

6

2.When a coin is tossed 4 times, find the probability of getting 1) exactly one head
i) atmost 3 heads 1iii) atleast two heads.

Sol:Givenn=4,p=P(H)=%,q=P(T)=% (sincep+q=1)
From binomial distribution ,the probability of x successes out of n trials is given by

P(x) = "Cxp*q" ™™
Peo = e (3) (5)
o9 = “c.(2)
P(x) = . *C,

1 1

i)P(1head) =P(x=1)=—. *C, = - (4)

16" 16
1
P(X— 1) —Z
P(x = 1) = 0.25

ii) P(atmost 3 heads) = P(x < 3)
Px<3)=Pxx=0)+Px=1)+Px=2)+Px=23)



P(x<3)=—. "Co+—. *C+—. "+ Gy

P(xs3)=1—16[1+4+6+4]
P(XS3)=1—2

P(x<3) =0.9375

iii) P(atleast 2 heads) = P(x = 2)
P(x>2)=1-P(x<3)
Px>2)=1—-[P(x=0)+P(x=1)

1 1
P(x > 2) =1_[E' *Co+ . 4c1]
P(X22)=1—1—16[1+4]

5
P(x=2)=1-—

11
P(X > 2) = 1_6
P(x>2) =0.6875

3. In a consignment of electric lamps 5% are defective. If a random sample of 8 lamps are

inspected. What is the probability that one or more lamps are defective?

Sol: Given n = §, Probability of defective lamp =p = 5% = %0 =0.05

~q=1—-p=1-0.05
q=20.95

From binomial distribution,

P(x) = ncep*q" ™™

P(x) = 8c4(0.05)%(0.95)8%

Probability that one or more lamps are defective
Px=>1)=1-P(x<1)
P(x=>1)=1-P(x=0)

P(x > 1) =1 — 8¢,(0.05)°(0.95)%°
P(x>1) = 0.3366.

Thus the required probability is 0.3366

4. The probability that a person aged 60 years will live upto 70 is 0.65. What is the
probability that out of 10 person aged 60 atleast 7 of them will live upto 70.

Sol: Given n=10, p = 0.65



~q=1—-p=1-0.65
q=20.35

Let x denote the number of person aged 60 years living upto 70 years.
From binomial distribution,

P(x) = neep*q"™™

P(x) = 10¢,(0.65)%(0.35)10~%

Probability that out of 10 person aged 60 atleast 7 of them will live upto 70
P(x>7) =P(7) + P(8) + P(9) + P(10)

P(x > 7) = 10¢,(0.65)7(0.35)3 + 10c5(0.65)8(0.35)2 + 10c4(0.65)°(0.35) +
10c,4(0.65)1°(0.35)°

P(x >7) = 0.5138

5.The number of telephone lines busy at an instant of time is a binomial variate with
probability 0.1 that a line is busy. If 10 such lines are chosen at random, what is the
probability that 1) no line is busy ii) all lines are busy iii) atleast one line is busy
iv) atmost 2 lines are busy.

Sol: Given n=10,p = 0.1

~q=1—-p=1-0.1
q=0.9

Let x denote the number of telephone lines busy.
From binomial distribution,
P(x) = ncep*q" ™™
P(x) = 10c,(0.1)%(0.9)10-%
1) Probability that no line is busy
P(x = 0) = 10¢((0.1)°(0.9)1°7% = (0.9)1° = 0.3487

i1) Probability that all lines are busy
P(x = 10) = 10c;((0.1)%°(0.9)° = (0.1)1°

ii1) Probability that atleast one line is busy
Px=1)=1-P(x<1)

Px=1)=1-P(kx=0)
P(x>1) =1—10cy(0.1)°(0.9)1°
P(x>1) = 1—0.3487

P(x>1) =0.6513



iv) Probability that atmost 2 lines are busy
Px<2)=Px=0)+Pxx=1)+Px=2)

P(x < 2) = (0.9)1° + 10¢, (0.1)*(0.9)2 + 10c¢,(0.1)2(0.9)8
P(x < 2) = 0.9298

6. In a quiz contest of answering ‘Yes’ or ‘No’ what is the probability of guessing atleast 6
answers correctly out of 10 questions asked ? Also find the probability of the same if
there are 4 options for a correct answer.

Sol: Given n=10
Let x denote the correct answer .
p= % =0.5
~q=1-p=1-05
q=0.5
From binomial distribution,
P(x) = ncxp*q™™™
P(x) = 10¢,(0.5)%(0.5)107%
P(x) = 10c,(0.5)1°
Probability of guessing atleast 6 answers correctly out of 10 questions
Px=6)=P(x=6)tP(x=7)+P(x=8)+P(x=9)+P(x=10)
P(x = 6) = 10¢s(0.5)1° + 10¢,(0.5)1° + 10cg(0.5)° + 10cq(0.5)1% + 10¢,,(0.5)1°
P(x > 6) = (0.5)1°[10cq + 10c; + 10cg + 10cg + 10¢4,]
P(x = 6) = (0.5)1°[210 + 120 + 45 + 10 + 1]
P(x>6)=0.3770

.. 1
ip=;
1
'_q:l—p:l—z
3
q:Z

From binomial distribution,

P(x) = ncyp*q"™

X 10—x

=106 (3 )



10—x

P(X) = 10cxm
10—x
P(X) = 10CXW

1
P(x) = 210 [310-% 10c,]

Probability of guessing atleast 6 answers correctly out of 10 questions
Px=>6)=P(x=6)tP(x=7)+P(x=8)+P(x=9)+Px=10)
P(x=>6) = 4%[34. 10cg + 33.10c; + 32.10cg + 3.10cq + 10c¢y,]

P(x > 6) = 4%0[81.210 +27.120 + 9.45 + 3.10 + 1]

P(x>6)=0.0197

7. In sampling a large number of parts manufactured by a company, the mean number of
defectives in samples of 20 is 2. Out of 1000 such samples how many would be expected
to contain atleast 3 defective parts.

Sol: Given Mean, p =2 andn = 20

np =2
20p = 2
p=%=01
q=1—p
q=1-= q===009

Let x denote the defective part.
From binomial distribution,
P(x) = ncyp*q"™™

P(x) = 20¢,(0.1)%(0.9)20%
Probability of atleast 3 defective parts
P(x=3)=1-P(x<3)
P(x=3)=1-[P(0)+ P(1) + P(2)]
P(x = 3) =1—[20c((0.1)°(0.9)2° + 20¢,(0.1)*(0.9)*° + 20c,(0.1)%(0.9)8]
P(x>3)=1-0.6769
P(x > 3) = 0.3231
Thus, the number of defectives in 1000 such samples= 1000%0.3231=323.1=323



8. If the mean and standard deviation of the number of correctly answered questions in a

test given to 4096 students are 2.5 and vV1.875 . Find an estimate the number of
candidates answering correctly 1) 5 questions ii) 2 or less iii) 8 or more.

Sol: Given Mean=2.5 o =+1.875
Wkt, 0 = np and 6 = V'V

Thus, np = 2.5 and V =npq = 1.875

n 1.875
Now, npq _ 187>
np 2.5

We get q=0.75, and p=1-q=0.25

n=10

Let x denote the number of correctly answered questions
P(x) = ncp*q™™* = 10¢,(0.25)%(0.75)10-%

1) Probability that 5 questions are answered correctly

P(x = 5) = 10¢5(0.25)5(0.75)10-5
P(x=5)=0.0584

Estimation for 4096 students is =4096*0.0584 = 239
Number of students correctly answering 5 questions is 239

ii) Probability that 2 or less questions are answered correctly
Px<2)=Px=0)+Px=1)+Px=2)

= 10¢((0.25)°(0.75)*° + 10¢,(0.25)*(0.75)° + 10c,(0.25)%(0.75)8
P(x <2)=0.5256
Estimation for 4096 students is =4096*0.5256 = 2153
Number of students correctly answering 2 or less than 2 questions is 2153
ii1) Probability that 8 or more questions are answered correctly

Px=>8)=P(x=8)+Px=9)+P(kx=10)

= 10c5(0.25)8(0.75)2 + 10co(0.25)?(0.75)* + 10¢;4(0.25)19(0.75)°
P(x > 8) = 0.0005

Estimation for 4096 students is =4096*0.0005 =2
Number of students correctly answering 8 or more than 8 questions is 2
. In 800 families with 5 children each how many families would be expected to have
1) 3 boys 11)5 girls 1ii) either 2 or 3 boys i1v) atmost 2 girls by assuming probabilities for

boys and girls to be equal.



10. An airline knows that 5% of the people making reservations on a certain flight will not
turn up. Consequently, their policy is to sell 52 tickets for a flight that can only hold 50
people. What is the probability that there will be a seat for every passenger who turns up?

11. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial
distribution for the data and calculate the theoretical frequencies.

29 36 25 5

Frequency 5

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is in

the form of a frequency distribution we shall first calculate the mean.
Yfx _ (0)(5)+(1)(29)+(2)(36)+(3)(25)+(4)(5) __ 196

Mean, u = =— — =196
M »f 5+29+36+25+5 100

From binomial distribution, i = np. Here n=4
Hence 4p = 1.96

p =0.49

q=0.51

From binomial distribution,
P(x) = nc,p*q" *P(x) = 4¢,(0.49)%(0.51)*7%
Since 4 coins were tossed , expected(theoretical) frequencies are obtained from
F(x) = 100P(x)

F(x) = 100.4¢,(0.49)*(0.51)** where x = 0,1,2,3,4.
F(0) = 100.4¢,(0.49)°(0.51)* = 6.765 =7
F(1) = 100.4¢,(0.49)1(0.51)3 = 25.999 = 26
F(2) = 100.4¢,(0.49)%(0.51)* = 37.47 = 37
F(3) = 100.4¢5(0.49)3(0.51)! = 24.0004 = 24
F(4) = 100.4¢,(0.49)*(0.51)° = 5.765 = 6
Thus the required theoretical frequencies are 7,26,37,24,6.

Poisson Distribution

Poisson distribution is regarded as the limiting form of the binomial distribution when n is
very large (n — o) and p the probability of success is very small (p — 0) so that np tends
to a fixed finite constant say m.

Let m be a positive constant. Consider the infinite discrete probability distribution of a

random variable x is given by P(x) = Z‘—:{ e ™



The above probability density function is called the poisson probability function.

Mean and Standard deviation of the Poisson Distribution

Mean, p = m
Variance, V=m
Std. Deviation, 6 = vVm

Problems
1. The probabilities of a poisson variate taking the values 3 and 4 are equal. Find the PDF.
Also, calculate the probabilities of the variate taking the values 0 and 1.

Sol: Given P(x = 3) = P(x = 4)

3 4

m —m_m —m
TR T
41 m*

31 md

~ m = 4.

From poisson distribution,

m* 4%

P(x) =—e M=—¢™*
X! X!

40 41
P(x=0) = ;;e™* = 0.0183 P(x=1) = 5ye™* = 0.0733

2. In a certain factory turning out razor blades there is a small probability of % for any

blade to be defective. The blades are supplied in packets of 10. Use poisson distribution
to calculate the approximate number of packets containing 1) no defective i1) one
defective 1ii) two defective blades in a consignment of 10,000 packets.

Sol: Probability of a defective blade= p = 310 = 0.002

In a packet of 10, the mean number of defective blades is
Mean, m = np

m = 10(0.002)

m = 0.02

From poisson distribution,

X

m
P(x) =—e™
x!

(0.02)*
_ —(0.02)
P(x) = 1 C



(0. 02)

P(x) = (0.9802) ( Since e7992 = 0,9802)

1)  Probability of no defective

(o. 02)

P(x =0) = (0.9802) ——— = 0.9802

For consignment of 10,000 packets= 10,000 * 0.9802 = 9802

i1) Probability of one defective

(0. 02)

P(x =1) = (0.9802) = 0.0196

For consignment of 10,000 packets= 10,000 * 0.0196 = 196

ii1) Probability of one defective

(o. 02)

P(x = 2) = (0.9802) 22X = 0.0002

For consignment of 10,000 packets= 10,000 * 0.0002 =2

3. The number of accidents in a year to taxi drivers in a city follows a Poisson distribution
with mean 3. Out of 1000 taxi drivers find approximately the number of the drivers with
1) no accident in a year ii) more than 3 accidents in a year.

Sol: Given Mean=3
Mean, p = m
m=3

From poisson distribution,

X

m
P(X) = X_ e m

P(x) =

®)F -
x!

P(x) = (0.05) - ( Since e~3 = 0.05)

1) Probability of number of drivers with no accident in a year
P(x = 0) = (005)(1_ 0.05
Number of drivers out of 1000 with no accident in a year = 1,000 = 0.05 = 50

i1) Probability of more than 3 accidents in a year
Px>3)=1—-Px<3)

P(x > 3) = 1 — [P(0) + P(1) + P(2) + P(3)]
P(x>3) = 1-[(0.05) 2 (3) +(0.05) & (3) +(0.05) E- (3) +(0.05) &L (3)

P(x>3)=1-— (0.05)[1 +3 445+ 4.5]



P(x > 3) = 0.35

Number of drivers out of 1000 with more than 3 accidents in a year = 1,000 x 0.35 =
350

4. Given that 2% of the fuses manufactured by a firm are defective, find, by using poisson
distribution, the probability that a box containing 200 fuses has 1) no defective fuse
i1) at least one defective fuse iii) exactly 3 defective fuses iv) 3 or more defective fuses.

Sol: The probability that a fuses is defective p = 2/100=0.02.
And n=200
Mean, p = np = 200 * 0.02 ; m = 4

From poisson probability function  P(x) = % e ™

X

— a4
P(x) = 2 e

Let x denotes the number of defective fuses in a box containing 200 fuses

1) Probability that the box contains no defective fuse

P(x=0)= Le*=0.0183
i1) Probability that the box contains at least one defective fuse is
Px=1)=1-P(x<1)
=1-P(x=0)
=1-0.013
P(x > 1) = 0.9817

ii1) Probability that the box contains exactly 3 defective fuse

43 4
P(x = 3) =5

P(x=3)=0.1952
1v) Probability that the box contains 3 or more defective fuses
Px=3)=1-P(x<3)
40 41 42
— | o4 a4 _ A4
Px=>3)=1 O!e +1!e +2!e
P(x>3)=0.7621

5. A certain screw making machine has a chance of producing 2 defectives out of 1000. The
screws are packed in boxes of 100. Using poisson distribution , find the approximate
number of boxes containing i) no defective screw ii)one defective screw iii) two defective
screw, in a consignment of 5000 boxes.

Sol: The probability that a screw is defective is given as p=2/1000 = 0.002.



Here n=100
Mean = np=100X0.002=0.2 ; m = 0.2

From poisson probability function P(x) = % e ™

(0.2)*
x!

e—0.2

P(x) =

Let x denotes the number of defective fuses in a box containing 100 screws

1) Probability that the box contains no defective screw
0
P(x = 0) = =-e "% = 0.8187

Number of boxes containing no defective screw in 5000 boxes =5000%0.8187=4094

i1) Probability that the box contains one defective screw is

1
Px=1) = &2-e0?

= 0.2X0.8187

P(x=1)=0.1637
Number of boxes containing one defective screw in 5000 boxes =5000*0.1637=819

ii1) Probability that the box contains two defective screw is

2
P(x=2) = &2e02

= 0.02X0.8187
P(x=2)=0.0163
Number of boxes containing two defective screw in 5000 boxes =5000%0.0163=82

6. A communication channel receives independent pulses at the rate of 12 pulses per micro
second. The probability of transmission error is 0.001 for each micro second. Compute
the probabilities of 1) no error during a micro second ii) one error per micro second
ii1) atleast one per micro second iv) two errors v) atmost two errors.

Sol: Givenn = 12 and p = 0.001

Mean number of errors in one micro second

B =np
m =12 % 0.001 (Since p = m, from poisson distribution)
m = 0.012

From Poisson distribution

X

m
P(x) =—.e™
x!



(0.012)*

_ —(0.012)
P(x) = 0 e
P(x) = (0.9880) “=2° (Sincee™(0012) = 0.9880)

1) Probability of no error during a micro second

P(x = 0) = (0.9880) ©%2"

P(x = 0) = 0.9880

i1) Probability of one error during a micro second

(0.012)*
1!

P(x =1) = (0.9880)
P(x=1)=0.0119

ii1) Probability of atleast one error during a micro second
Px>1)=1-P(x<1)
Px=>1)=1-P(x=0)

Px=>1)=1-P(x=0)

P(x=>1) =1-0.9880

P(x>1)=0.012

1v) Probability of two error during a micro second

(0.012)?
2!

P(x = 2) = (0.9880)
P(x =2) = 0.00007
v) Probability of atmost two error during a micro second
Px<2)=Px=0)+Px=1)+Px=2)
P(x < 2) =0.9880 + 0.0119 + 0.00007
P(x < 2) = 0.99997

Continuous Probability Distribution

If for every x belonging to the range of a continuous random variable X, we assign a real

number f(x) satisfying the conditions,

Df(x) =0 1) ffooo f(x)dx = 1 , then f(x) is called a Continuous probability function or

probability density function ( p.d.f)

Cumulative distribution function

If X is a continuous random variable with probability density function f(x) then the
function F(x) defined by F(x) = P(X < x) = ffoo f(x)dx is called the Cumulative distribution

function (c.d.f) of X.



NOTE: If r is any real number, then
P(x=>r) = froo f(x)dx

(0]

P(x<r)=1—P(X2r)=1—ff(x)dx

r

Mean and Variance

If X is a continuous random variable with probability density function f(x) where

—00 < x < o , the mean (W) or expectation E(X) and the variance (62) of X is defined as
follows.

Mean, p = fjooo x. f(x)dx
Variance, 6% = ffooo(x —w2fx)dx or V= fjooo x2.f(x) dx — p?
Problems

1. Find which of the following is a probability density function

2x, 0<x<1
0, otherwise

0<|xl<1
otherwise

) £, = {3 b £,60 = {5

2x ,0<x<1
o)f;(x) ={4—-4x,1<x<?2
0, otherwise

Sol: Conditions for p.d.fare f(x) = 0 and ffooo f(x)dx =1

a) Clearly f;(x) =0

f fi(x)dx = ffl(x)dx—f 2de—2[ ] [1-0]=1
~ fi(x)isap.df
b) Evidently f,(x) =|x| =0

[7 6@dx = [1 60 dx = [ [x] dx

-x, —1<x<0

But,|x] ={+X, 0<x<1

- fjooo f,(x)dx = f_Ol(—x) dx + f01X dx

o)

jfz(x)dxz — _gr +lX2—2r
o | 0
[ =-[o-3] + o] =L+ 1 =1

—00



o f(x)isap.d.f

¢)Givenf;(x) =2x>0 in0<x<1
But f5(x) =4 — 4xisnegativein 1 < x < 2
The first condition is not satisfied.

. f3(x) isnota p.d.f

2+c 0<x<3

2. Find the value of ¢ such that f(x) = { 6 isa p.d.f. Also find

0, elsewhere
P(1<x<2).
Sol: Here f(x) = 0 if ¢ > 0 ; Also we must have ffooo f(x)dx =1
ie. [;(3+c)dx=1
2 3
1e., [)1(—2+ cx]0 =1
i.e.,%(9 —0)+c(3-0)=1

ie,—+3c=1
12

ie,3c=1——
12
e
‘102
1
e L
12

Now, P(1 < x < 2) = [ f(x)dx

= flz (§+1_12) dx
2

_[xz X
12 12l
1 1
=lu-D+ie-1
_3. . 1_4
12 12 12

P(1§x§2)=§

2
3. Find the constant k such that f(x) = { kXO’ Oofhzrjv?se

DP(1<x<2) ii)P(x<1) iii)P(x>1) iv)Mean v) Variance

is a p.d.f. Also compute

Sol: : Here f(x) = 0 if k > 0 ; Also we must have ffooo f(x)dx =1



ie, [kadx=1

3

. kx3

1.e., [—] =1
3 1o

ie. ‘5‘(27 —0) =1
1re.,9%k =1
1

e, k==
9

2

X
-'-f(X)z{?, O<X<3
0, otherwise

NP1 <x<2)= [ f(x)dx
= 12x£ dx
-[5f
=56-1
Pl<x<2)= %

i) P(x < 1) = [} f(x)dx

1
2

P(XS1)=]%dX

0
-2,
=50-0

P(x<2)=_
i) P(x > 1) = [ f(x)dx

= flg);—z dx

%31
P(X > 1) = lﬁl

1
=2 (@27-1)

P(x>1)=;—g



iv) Mean, u = ffooo x. f(x)dx

=f03x.§dx
3x3
= Ong
x*13
n= 15l
= ! (81-0)
=36
81
=36
_9
H=%

v)Variance, V = ffooo x2.f(x) dx — p?

= f03 xz.gdx — (2)2

.
= ;%dx—%
[ s
45lg 16
1 81
V=gB-o-3
243 81
45 16
o8t
240
27
- 80

Exponential Distribution

The continuous probability distribution having the probability density function f(x) given by

—ax
f(x) = { ae™™, for x >0 , where a > 0 is known as the exponential distribution.

0, otherwise
Evidently f(x) = 0 and we have ffooo f(x)dx = 1.

f(x) satisfy both the conditions required for a continuous probability function.

Mean and standard deviation of the Exponential Distribution

1
Mean , =



Std. deviation , ¢ = i

Problems
1. If x is an exponential variate with mean 3 find i) P(x > 1) ii) P(x < 3)
Sol: The p.d.f of the exponential distribution is given by

oae” ™ for0<x < o
0, otherwise

) = |

The mean of the distribution is given by é
Bydata,u=i= 3
-1
. = 3

Hence f(X) = {§ e_§! for0 < x < oo

0, otherwise
DPx>1)=1-P(x<1)

Px>1)=1-P(x<1)
=1- fol f(x)dx

=1-[ ;e dx

=1-;[ e dx

=1+[e§—e 0]

=1+e_§—1
1

=e 3

P(x > 1) =0.7165

3

i Px<3)= ff(x)dx

0
31 X
= ["ze 3dx

03

1.3 X
P 3
3f0e dx



——el41=1-2
e

P(x < 3) = 0.6321

2. The length of telephone conversation in a booth has been an exponential distribution and
found on an average to be 5 minutes. Find the probability that a random call made from
this booth 1) ends less than 5 minutes ii) between 5 and 10 minutes.

Sol: We have, f(x) = ae™, 0<x< ®
By data, uziz 5

o =1
) T 5

1 x
f(x)=§e 5, 0<x<oo

5

i)P(x<5) = jf(x)dx

0
51 X
= [T-e 5dx
05

1.5 X
= - 5
—J, e dx

x15
lle's
P(x < 5) =§l—1]
_go
= —[e?!

— _e_O]
=—el4+1=1-2
e

P(x < 5) = 0.6321
10
ii)P(5<x<10) = J f(x)dx

5

101 X
= [, ce5dx
5 5

1,10 X
=-[ e 5dx
55



P(5<x<10) =

- - 1 1
=—eZ+el=-—=
e e

P(5<x<10)=0.2325
3. In a certain town the duration of a shower is exponentially distributed with mean 5

minutes. What is the probability that a shower will last for: (i) 10 minutes or more
(i1) less than 10 minutes (iii) between 10 and 12 minutes.

Sol: We have, f(x) = ae™™, 0 <x<

Bydata,u=§=5

. a—l
) s

1

X
f(x)=§e_§, 0<x<oo

oo

)P(x=>10) = f f(x)dx

10

P(x > 10) = 0.1353

i) P(x < 10) = 1 — P(x = 10)
P(x < 10) = 1 — 0.1353
P(x < 10) = 0.8647

i) P(10 < x < 12) = J f(x)dx

10



1,12 X
= - 5
— [, €5 dx

x112
_1 Ie_gl
5L
5110
= —[e72% —e7?]
P(10 <x<12) =e 2 —e™2*
P(10 < x < 12) = 0.0446
4.The life of a compressor manufactured by a company is known to be 200 months on an
average following an exponential distribution. Find the probability that the life of a
compressor of that company is 1) less than 200 months ii) between 100 months and 25
years.

Sol: We have, f(x) = ae™, 0<x<

By data, p = i = 200

a=—
200

1 _x
= —_— 200
f(x) 20Oe , 0<x< o

200

i) P(x < 200) = j f(x)dx

200 | —
200 1p
= [t e
— 1
= —€ 1+1:1_E

P(x <200) = 0.6321
Now, 25 years=25*12 months=300 months

300
i) P(100 < x < 300) = f f(x)dx

100

_f300 1 e_%dx
~ J100 200



1

_ f300 _%d
" 2007100 € X

_ x 1300
_ L e 200
~ 200 _Ll
200 1100
— _[e—l.s _ e—Z]
P(100 < x < 300) = 0.3834
5. Determine k if random variable x has the density function f(x) = %, —00 <X <0

hence find ))P(x = 0) ii) P(0 < x < 1) iii) c.d.f
Sol: Given f(x) is a probability density function.

» f(x) =0 and [ . f(x)dx=1

ie, [ K dx=1

1+x2
ijo - dx =1
1+ x2 X=
0
2k[tan x| =1 ; 2k[tan™'(e0) —tan~1(0)] =1
T
2k [E - o] =1
1
knm=1k =—
i1
1
f(x) = —L
) 1+ x2

[00]

DP(x=>0) = j f(x)dx

0

o)

A=

T Jo 1+x2

dx

1 po0 1
mY0 1+x2

= %[tan‘lx]gc’

P(x>0) = %[tan_l(OO) —tan"1(0)]

P(xZO)z%E—O]

1
P(XZO):E



1

i)P(0<x<1)= ff(x)dx

0
1 1
j— TC d
= — X
0 1+x2
1,01 1
mY0 1+x2

PO<x<1)= %[tan_lx]é

= %[tan_l(l) —tan™1(0)]

|- 0]

E]

Alr

A

PO<x<1)=
X
iii)c.d.f = ff(x)dx

-
=/ dx

o 1+x2

= lfx L ~dx
TV~ 14X
1
c.d.f = —[tan™1x]¥
T

= %[tan‘l(x) —tan"1(—o0)]

- (2]
cdf = }T[tan‘lx+g] if —o0o <x < o0,

6. The daily turn over in a medical shop is exponentially distributed with Rs.6000 as the
average with a net profit of 8%. Find the probability that the net profit exceeds Rs.500
on a randomly chosen day.
Sol: Let ‘x’ denote the turn over per day.
=~ By exponential distribution

f(x) = ae ™™ ;x> 0.

Given, By data, p = i = 6000
1
- 0= 000



X
e 6000, 0<x<oo

f0J = 5000
Let ‘A’ be the turn over for which the net profit is Rs.500.

Since the net profit is 8% of the turn over,

A = 500

*
100
= A=6250

=~ The probability of profit exceeding Rs.500 is

P(x > 6250) = f f(x)dx

6250
[1 __X
P(x > 6250) = f 6000e 6000dx
6250
1 0o __x
=m 6250 € 6000 dx

[0e]

__X_

1 e 6000

" 6000 | -1
6000 6250

6250
= — [e_oo —e 6000]

6250
= e 6000

P(x > 6250) = 0.3529

Normal Distribution

The continuous probability distribution having the probability density function f(x) given

(x-w?
1 - :
byf(x)=ﬁe 262 where —0 < x< o, —oco<pu<o and o> 0 isknown as the

normal distribution.
Evidently f(x) > 0 and we have fjooo f(x)dx = 1.
f(x) satisfy both the conditions required for a continuous probability function.

Mean and standard deviation of the Normal Distribution

Mean =

Variance = ¢?

Geometrically we can write

1

i) [, d@2)dz =1 i) [°, d@)dz = [} p(2)dz =1



Note

l. P(ro<z<w)=1

2. P(—0<z<0)=7

3. P(0<z<m) or P(z20)=§

Also, P(—0<z<2z) =P(—0<z<0)+P(0<z<2z)
ie,P(z<z)=0.5+¢(z1)
Also,P(z>12z,) =P(z=0)—-P(0<z<7z,)
ie,P(z>12z,) =0.5—¢(z;)
Problems
1. Evaluate the following probabilities with the help of normal probability tables
i) P(z > 0.85) ii) P(—1.64 <z < —0.88) iii) P(z < —2.43) iv) P(|z| < 1.94)
Sol: i) P(z>0.85) = P(z=0) — P(0 <z <0.85)
= 0.5 — $(0.85)
=0.5-0.3023
P(z > 0.85) = 0.1977
ii) P(—1.64 <z < —0.88)

By Symmetry, P(—1.64 <z < —0.88) = P(0.88 <z < 1.64)
=P(0<z<164)—P(0<z< 0.88)
= $(1.64) — $(0.88)
= 0.4495 — 0.3106

P(-1.64 <z < -0.88) =0.1389
iii) P(z < —2.43) = P(z > 2.43)
P(z < —2.43) =P(z>0) — P(0 < z < 2.43)
=0.5—-$(2.43)
= 0.5 —0.4925
P(z > —-2.43) = 0.0075
iv) P(Jz| < 1.94) = P(—1.94 < z < 1.94)
=2P(0<z<194)
= 2.$(1.94)
= 2.(0.4738)



P(|z| < 1.94) = 0.9476

2. If x is a normal variate with mean 30 and standard deviation 5 find the probability that
)26 <x<40 1i1)x=>45

Sol: We have standard normal variate, z = % = X_SSO [By datap =30, 0 =5]
i) To find P(26 < x < 40)
Ifx=126,z=2"2=_0.8 . Ifx=40,z="""=2

5 5

Hence we need to find, P(—0.8 <z < 2)
P(-08<z<2)=P(-08<z<0)+P(0<£z<2)
=P(0<z<08)+P(0<z<2)
= ¢(0.8) + ¢(2)
= 0.2881 + 0.4772
P(-0.8<z<2)=0.7653

ii) To find P(x > 45)

Ifx=45,z=45_T30=3

Hence we need to find , P(z = 3)
Pz=3)=P(z=>0)—-P(0<z<3)
=0.5—-¢(3)
= 0.5 —0.4987
P(z>3)=0.0013
3. The marks of 1000 students in an examination follows a normal distribution with mean
70 and standard deviation 5. Find the number of students whose marks will be
1) less than 65 ii) more than 75 iii) 65 to 75
Sol: Let x represent the marks of students
X—p _ x—=70

We have standard normal variate, z = — = [By datap =70, 0 =5]

i) To find P(x < 65)

Ifx=65,z=65;70= 1

Hence we need to find , P(z < —1)
Pz<—-1)=P(z>1)
=P(z=>0)-P(0<z<1)



=0.5-¢(1)

=0.5-0.3413
P(z < —-1) = 0.1587
Number of students scoring less than 65 marks=1000%0.1587= 158.7 = 159
ii) To find P(x > 75)

Ifx=75,z=75;70=

1

Hence we need to find , P(z > 1)
Pz>1)=P(z=20)—-P(0<z<1)
=0.5-¢(1)
=0.5-0.3413
P(z>1) =0.1587
Number of students scoring more than 75 marks=1000%0.1587= 158.7 = 159
iii) To find P(65 < x < 75)

Hence weneed to find , P(—1<z< 1)
P(-1<z<1)=2P(0<z<1)
=26(1)
= 2(0.3413)
P(-1<z<1)=0.6826

Number of students scoring marks between 65 to 75 marks=1000%0.6826= 682.6 =
683

4. In a test on electric bulbs, it was found that the life time of a particular brand was distributed
normally with an average life of 2000 hours and S.D of 60 hours. If a firm purchases 2500
bulbs, find the number of bulbs that are likely to last for i) more than 2100 hours ii) less than
1950 hours iii) between 1900 to 2100 hours.

Sol: Given p = 2000, o =60

. X— x—2000
We have standard normal variate, z = e %0
o

i) To find P(x > 2100)

Ifx=2100,z=w= 1.67

Hence we need to find , P(z > 1.67)
P(z>1.67)=P(z>0)-P(0<z<1.67)



= 0.5 - $(1.67)
= 0.5 — 0.4525
P(z>1.67) = 0.0475
= Number of bulbs that are likely to last for more than 2100 hours = 2500 * 0.0475
=118.75 =119
ii) To find P(x < 1950)

_1950-2000 _
= — =

Ifx=1950, z —0.83

Hence we need to find , P(z < —0.83)
P(z < -0.83) = P(z > 0.83)
=P(z=>0)—-P(0<z<0.83)
= 0.5 - $(0.83)
= 0.5—-0.2967
P(z < —0.83) =0.2033
= Number of bulbs that are likely to last for more than 1950 hours = 2500 * 0.2033
= 508.25 = 508
iii) To find P(1900 < x < 2100)

__1900—-2000
60

Hence we need to find, P(—1.67 <z < 1.67)

_2100-2000

Ifx =1900, z
60

=-1.67 ;Ifx=2100,z = 1.67

P(—-1.67<z<1.67) =2P(0<z<1.67)
=2 * $(1.67)
= 2% 0.4525
P(-1.67<z<1.67) =0.905
= Number of bulbs that are likely to last between1900 and 2100 hours
=2500+0.2033
=2262.5 = 2263

5. In a normal distribution 31% of the items are under 45 and 8% of the items are over 64.
Find the mean and S.D of the distribution.

Sol: Let p and o be the mean and S.D of the normal distribution.

By data, P(x < 45) =0.31 and P(x> 64) =0.08



. X—
We have standard normal variate, Z = Tu

When x = 45 ,z=45—_”=zl (Say)

o

X = 64 ,z=%=zz(8ay)

So we have ,
P(z<z,) =031 and P(z > z,) = 0.08
ie., 0.5+ ¢@(z;) =031 and 0.5 — ¢(z,) = 0.08

¢(z;) =031—-0.5 and ¢(z,) = 0.5—-10.08

©(z;) = —0.19 and ©(z,) = 0.42
Referring to the normal probability tables, we have

0.1915(= 0.19) = ¢(0.5) and  0.4192(= 0.42) = @(1.4)

¢(z1) = —9(0.5)  and ¢(zz) = 9(1.4)
= z;1 =—-0.5 and Z, = 1.4
ie., 450_“ =—0.5 and 646_“ =14
45 —p = —-0.50 and 64 —p=140
u—0.50 =45 and u+ 1l.40 = 64

Solving above equations, we get
p=>50 and =10
Thus, Mean=50 and S.D=10

6. The mean weight of 500 students during a medical examination was found to be 50 kgs and
S.D weight 6 kgs. Assuming that the weights are normally distributed, find the number of
student having weight i) between 40 and 50 kgs ii) more than 60 kgs. [¢@(1.67) = 0.4525]

Sol: Givenp =50, o0c=6

We have standard normal variate, Z = % = X_65°
i) To find P(40 < x < 50)
Ifx =40,z :40;50 =-167 :Ifx=50,z= 50-50 _

Hence we need to find, P(—1.67 <z < 0)
P(—1.67<z<0)=P(0<z<1.67)

= $(1.67)
P(-1.67 < z < 0) = 0.4525



= Number of students having weight between 40 and 50 kgs =500 * 0.4525
= 226.25 = 226
ii) To find P(x > 60)

Ifx=60,z= 6";5" —1.67

Hence we need to find , P(z > 1.67)
P(z>1.67)=P(z=0)-P(0<z<1.67)
= 0.5 - $(1.67)
= 0.5 — 0.4525
P(z>1.67) =0.0475
= Number of students having weight more than 60 kgs = 500 * 0.0475
=23.75 =24

7. In an examination 7% of students score less than 35% marks and 89% of students score
less than 60% of marks. Find the mean and S.D of the distribution if the marks are
normally distributed. It is given that P(1.2263)=0.39 and P(1.4757)=0.43.

Sol: Let p and o be the mean and S.D of the normal distribution.

By data, P(x<35)=0.07 and Px<60)=0.89

We have standard normal variate, Z = %

35—
Whenx =35 ,z =——=1 (Say)

x = 60 ,Z=%=22(Say)

So we have ,
P(z<z,)=0.07 and P(z < z,) = 0.89
ie., 0.5+ ¢@(z;) =0.07 and 0.5+ ¢(z,) = 0.89

¢(z;) =0.07—-0.5 and ©(z;) =0.89-0.5

©(z;) = —0.43 and ©(z,) = 0.39
Using the given data in the RHS of these, we have

©(z,) = —@(1.4757) and ©(z,) = ©(1.2263)
= z1 = —1.4757 and Z, = 1.2263

ie., 3%‘“ = —1.4757 and % = 1.2263



35 —pu=-1.47570 and 60 —u=1.22630
u—1.47570 = 35 and u+ 1.22630 = 60
Solving above equations, we get
p=48.65 and c=9.25
Thus, Mean =48.65 and S.D=9.25

Sampling Theory
Random Sampling

A large collection individuals or attributes or numerical data can be understood as a
population or universe.

A finite subset of the universe is called a sample. The number of individuals in a sample is
called a sample size(n).

If n < 30 then the sample is said to be small otherwise it is a large sample.

The selection of an individual or item from the population in such a way that each has the
same chance of being selected is called as random sampling.

Sampling where a member of the population may be selected more than once is called as
sampling with replacement.

If a member cannot be chosen more than once is called as sampling without replacement.
Parameter and Statistics

The statistical constants of population is mean(u) , standard deviation (o), correlation (p)
are called the parameter.

The statistical constants drawn from the given population is mean(X) , standard deviation
(s), correlation () are called statistic.

Testing of Hypothesis

To reach the decisions about the populations and the basis of sample information, we
make certain assumptions about the population involved. Such assumptions which may or
may not be true are called hypothesis. OR Quantitative statement about the population.
Explanation on the basis of limited evidences.

Null Hypothesis

The hypothesis formulated for the purpose of its rejection under the assumption that it is
true is called the Null Hypothesis denoted by H,,.

Any hypothesis which is complimentary to the null hypothesis is called Alternative
Hypothesis denoted by H; .

Type-I and Type-II Errors



Type-I Error: Wrong decision to reject the null hypothesis when it is actually true.

Type-II Error: Wrong decision to accept the null hypothesis when it is actually false.

Hypothesis True Correct decision Wrong decision

( Type-I Error )

Hypothesis False Wrong decision Correct decision

( Type-II Error )

Significance level

The probability level, below which leads to the rejection of the hypothesis is known as the
significance level. The probability levels are fixed at 0.05 or 0.01 being 5% or 1%. These are
called Significance level.

Test of Significance

The process which enables us to decide about the acceptance or rejection of the hypothesis
is called the test of significance.

Confidence Intervals

Let us suppose that we have a normal population with mean y and S.D o . If X is the
sample

xR

mean of a random sample size n the quantity z defined by z = TS is called the Standard
yn

Yo

normal variate.

From the normal distribution table we find the 95% of the area lies between z = —1.96
and z = +1.96 1.e., 95% confidence interval lies between —1.96 and +1.96 .

Further 5% level of significance is denoted by z; o5.Mathematically we can write
X—U
—1.96 < 7o\ < 1.96
%)

~ 2 (196) <% —p < (1.96)—
ﬁ(- )sx—p=(L )\/ﬁ

— o — g
Usx+ ﬁ(1'96) and X—% (196) <u

Also we can write combining the two results in the form,



g

7—1.96 (%) <u<i+ 1.96(ﬁ) (1)

Similarly, from the table of normal areas 99% of the area lies between -2.58 and 2.58.
This is equivalent to the form,

% —2.58 (%) <u<T+258 (%) )

We can say that (1) is the 95% confidence interval and (2) is the 99% confidence interval.

One tailed and two tailed tests

In our test of acceptance or non acceptance of a hypothesis, we concentrated on the value
of z on both sides of the mean. This can be categorically stated that, the focus of the attention
lies in the two “tails” of the distribution and hence such a test is called a two tailed test.

Sometimes we will be interested in the extreme values to only one side of the mean in
which the region of significance will be a region to one side of the distribution. Obviously the
area of such a region will be equal to the level of significance itself. Such a tail is called a one
tailed test.

+ Rught Left

One tailed test Two tailed test

The following table will be useful for working problems

Critical Value of z
Test

5% level 1% level




One-tailed test -1.645 or 1.645 -2.33 0r2.33

Two-tailed test -1.96 or 1.96 -2.58 or 2.58

Tests of significance of Proportions

1. Let x be the observed number of successes in a sample size of n and yu = np be the
expected number of successes let the associated standard normal variate Z be defined by z =

XTh_ X

o Vupq
2.1f |Z] > 2.58, we conclude that the differences is highly significant and reject the
hypothesis .Probable limits = p + 2.58 \/p%

3. If Z <1.96, difference between the observed and expected number of successes is not
significant.

4.If Z>1.96, difference is significant at 5% level of significance.

Test of hypothesis for means

Let u, and p, be the mean of two populations. Let (X4, g;); (X5, 05) be the mean and
standard deviation of two large samples of size n; and n, respectively. To test the null
hypothesis H, that there is no difference between the population means. i.e., Hy: 1 = Uy

The static for this 1s given by Z = G1-%)

2 2
o o
°1,%
ng ny

Test of significance of proportions

1.A coin is tossed 1000 times and head turns up 540 times. Decide on the hypothesis that the
coin in unbiased.

Sol: Let us suppose that the coin is unbiased
p = Probability of getting a head in one toss = /2
Sincep+g=1,9="%
Expected number of heads in 1000 tosses = np

=1000 x %2 =500
Actual Number of heads = 540 = x
Now x —np =540 — 500 =40

X—y _ x—np __ 540-500

Vapq _ Ympq _ V1000X0.5X0.5

Consider z =



z =2.53<2.58
Thus, we can say that the coin is unbiased.

2. A sample of 900 days was taken in a coastal town and it was found that on 100 days the
weather was very hot. Obtain the probable limits of the percentage of very hot weather.

100

Sol: Probability of very hot weather , p = 500 = g

©q=2 ,n=900

Probable limits = p + (2.58) \/p;q

1 18 1
= 0.111 £ 0.027

= 0.084 and 0.138
Probability limits of very hot weather is 8.4% to 13.8%
3. In a sample of 500 men it was found that 60% of them had over weight. What can we

infer about the proportion of people having over weight in the population?

Sol: Probability of persons having over weightis , p = % =0.6

--q=1—p=0.4 ,m =500
Probable limits = p + (2.58) \/%

(0.6)(0.4)
500

= 0.6 £ (2.58)
= 0.6 + 0.0565
Probable limits = 0. 5435 and 0.6565
Thus, the probable limits of people having over weight is 54.35% and 65.65%

4. A survey was conducted in a slum locality of 2000 families by selecting a sample size
800. It was revealed that 180 families were illiterates. Find the probable limits of the

illiterate families in the population of 2000.
Sol: Probability of illiterate families is , p = % = 0.225

. q=1—-p=0775 ,n=2800

Probable limits = p + (2.58) \/p;q



= 0225+ (2.58)\/@

= 0.225 £ 0.038
Probable limits = 0. 187 and 0.263
The probable limits of the illiterate families in the population of 2000
= 0. 187 x 2000 and 0.263 * 2000
= 374 and 526
Thus, 374 to 526 are probably illiterate families.
5. In 324 throws of a six faced ‘die’, an odd number turned up 181 times. Is it reasonable to
think that the ‘die’ is an unbiased one?
Sol: Probability of the turn up of an odd number , p = 3/6= "
Sincep+g=1,9g="%

Expected number of successes = np

=324 x5 =162
Actual Number of heads = 181 = x
Now x —np=181—-162=19
x-u _ x-np _ 19 19

nsider z = = = =—
Conside \Vnpq \Vnpq v324X0.5X0.5 9

z =2.11<2.58
Thus, we can say that the die is unbiased.

6. A sample of 100 days is taken from meteorological records of a certain district and 10 of
them are found to be foggy. What are the probable limits of the percentage of foggy days

in the district.

Sol: Proportion of foggy days in a sample of 100 days is, p = % =0.1

. q=1-p=09 ,n=100

Probable limits = p + (2.58) \/p;q

= 0.1+ (2.58) [LRO9
100
=0.140.0774

Probable limits = 0. 0226 and 0.1774



Thus, the percentage of foggy days lies between 2.26% and 17.74%
7. A random sample of 500 apples was taken from a large consignment and 65 were found
to be bad. Estimate the proportion of bad apples in the consignment as well as the

standard error of the estimate. Also find the percentage of bad apples in the consignment.

Sol: Proportion of bad apples in the sample is given by , p = % =0.13

~ q=1—-p=087 ,n=500

S.E proportion of bad apples = \/p%] = /% = 0.015

Probable limits = p + (2.58) \/p%

= 0.13 + (2.58)(0.015)
= 0.13 + 0.0387

Probable limits= 0.0913 and 0.1687
= 9.13% and 16.87%
Thus, the required percentage of bad apples in the consignment lies between 9.13 and 16.87.

8. The mean and standard deviation of the maximum loads supported by 60 cables are 11.09
tonnes and 0.73 tonnes respectively. Find a) 95% b) 99% confidence limits for mean of
the maximum loads of all cables produced by the company.

Sol: By datax =11.09 , 0 =0.73,n =60

a) 95% confidence limits for mean of the maximum loads are given by

%+1.96 (%) = 11.09 £ (1.96) (=)

=11.09 £ 0.18
= 10.91 and 11.27

Thus,10.91 tonnes to 11.27 tonnes are the 95% confidence limits for the mean of the
maximum loads.

b) 99% confidence limits for mean of the maximum loads are given by

% +258(%) = 11.09 £ (2558) (=)

=11.09 £ 0.24
= 10.85 and 11.33

Thus, 10.85 tonnes to 11.33 tonnes are the 95% confidence limits for the mean of the
maximum loads.



9. An unbiased coin is thrown n times. It is desired that the relative frequency of the
appearance of heads should lie between 0.49 and 0.51. Find the smallest value of » that

will ensure this result with a) 95% confidence b) 99% confidence
Sol: Probability of getting a head, p = %
1
q=73

S.E proportion of heads = %

1
i = |2z _L
S.E proportion of heads = N

a) Probable limits for 95% confidence level is given by : p £ (1.96) \@ , which should lie

between 0.51 and 0.49
pt (1.96)\/% = 0.51 or 0.49

0.5 + (1.96) % = 0.51 or 0.49

1.96
0.5+ PW- 0.51 or 0.49
1.96 1.96
0.5 + PW—a 0.51 05— A 0.49
1.96 1.96
N 0.51—-0.5 A 0.5-0.49
1.96 1.96
N 0.01 A 0.01
1.96
Vn =10
vn =98
Thus, n = 9604

b) Taking the confidence coefficient equal to 1.645 for 90% confidence level we have as

before

1.645
= 0.01

Vn =82.25
Thus, n = 6765



Test of significance of a sample mean
1. A manufacturer claimed that atleast 95% of the equipment which he supplied to a factory
conformed to specifications. An examination of a sample of 200 pieces of equipment
revealed that 18 of them were faulty. Test his claim at a significance level of 1% and 5%.
Sol: Let p be the probability of success which being the probability of the equipment
supplied to the factory conformal to the specifications.
~ Bydatap =095 and hence g = 0.05

Hy:p = 0.95 and the claim is correct.
Hy:p < 0.95 and the claim is false.

We choose the one tailed test to determine whether the supply is conformal to the
specification.

u=np = 200*0.95 =190

o = /npq = V200 * 0.95 % 0.05 = 3.082
Expected number of equipment's according to the specification =190

Actual number =182 , since 18 out of 200 were faulty.

Now, Z =2
190-182
Z= 3.082
Z=26

The value of Z is greater than the critical value 1.645 at 5% level and 2.33 at 1% level of
significance.

The claim of the manufacturer (null hypothesis that claim is correct) is rejected at 5% as
well as 1% level of significance in accordance with the one tailed test.

2. It has been found from experience that the mean breaking strength of a particular brand
of thread is 275.6gms with standard deviation of 39.7gms. Recently a sample of 36 pieces
of thread showed a mean breaking strength 0f 253.2gms. Can one conclude at a
significance level of a) 0.05 b) 0.01 that the thread has become inferior ?

Sol: We have to decide between the two hypothesis,

Hy: u = 275.6 gms , mean breaking strength.
Hi:p < 275.6 gms , inferior in breaking strength.

We choose the one tailed test.

Mean breaking strength of a sample of 36 pieces=253.2



-~ Difference =275.6 — 253.2=22.4 ;n = 36

NOW, 7 = Dif(];erence
(/=)
224
B (39.7 / )
V36
Z =3.38

The value of Z is greater than the critical value of Z=1.645 at 5% level and 2.33 at 1% level
of significance.

Under the hypothesis H; that the thread has become inferior is accepted at both 0.05 and 0.01
levels in accordance with one tailed test.

Test of significance of difference between means
1.In an elementary school examination the mean grade of 32 boys was 72 with a standard
deviation of 8, while the mean grade of 36 girls was 75 with a standard deviation of 6.
Test the hypothesis that the performance of girls is better than boys.
Sol: We have , Xxg = 72,05 = 8,ng =32 [Boys]
X =75,0;, =6,n; =36 [Girls]

. XG-%p
Consider, Z = =%

Z =173

> Z.05 = 1.645 (one tailed test)

Z= 1-73{ < Zyo1 = 2.33 (one tailed test)

The difference in the performance of girls and boys in the examination is significant at 5%
level but not at 1% level.

2. A sample of 100 bulbs produced by a company A showed a mean life of 1190 hours and a
standard deviation of 90 hours. Also a sample of 75 bulbs produced by a company B
showed a mean life of 1230 hours and a standard deviation of 120 hours. Is there a
difference between the mean life time of the bulbs produced by the two companies at
a) 5% level of significance b) 1% level of significance.

Sol: By data X, =1190,04 =90,n4 =100 [Company A]



Xz = 1230, 05 = 120,13 = 75 [Company B]

Consider, Z = 2224
o, 9%
TI.B nA
_ 1230 — 1190
\/(120)2 L (90)
75 100
Z =242

> Zoos = 1.96 (Two tailed test)

Z = 2-42{< Zyo1 = 2.58 (Two tailed test)

The null hypothesis that there is no difference between the mean life time of bulbs is rejected
at 5% level but not at 1% level of significance.

The null hypothesis that there is no difference between the mean life time of bulbs is rejected
at both levels of significance in a one tailed test as the respective critical values are 1.645 and
2.33.

3. The mean life of two large samples of 1000 and 2000 members are 168.75 cms and 170
cms respectively. Can this be regarded as drawn from the sample population of standard
deviation 6.25 cms ?

Sol: By data  x; = 168.75,n; = 1000
X, =170, n, =2000 ,0=6.25

. Xo—X
Consider, Z = 21 11
_+_
ng ny
170—-168.75
Z = 1 1
6.25 1000+2000
Z =5.16

Z = 5.16 is very much greater than Z, o5 = 1.96 and Z;y; = 2.58. Thus we say that the
difference between the sample means is significant and we conclude that the samples cannot
be regarded as drawn from the same population.

4. A random sample for 1000 workers in company has mean wage of Rs.50 per day and S.D
of Rs.15.Another sample of 1500 workers from another company has mean wage of Rs.45
per day and S.D of Rs.20.Does the mean rate of wages varies between the two companies?
Find the 95% confidence limits for the difference of the wages of the population of the two
companies?

Sol: Bydata x; =50,0; =15,n; =1000 [Company 1]
X, =45,0, =20,n, = 1500 [Company 2]



. X1
Consider, Z = =—%
2 2
o}, 5%
np np

_ 50-45

Z =7.1307

The value of Z = 7.1307 is greater than Z, o5 = 1.96 and Z;,; = 2.58. Hence we can say
that the difference between the mean wages is significant both at 5% and 1% level of
significance.

Also 95% confidence limits for the difference of mean wages is given by

2 2
(%, — %,) + 1.96 /Z—l +22 = 5+1.96(0.7012)
1 2

=54 1374
= 3.626 and 6.374

Thus we can say with 95% confidence that the difference of population mean of wages
between the two companies lies between Rs.3.63 and Rs.6.37.

Student’s t distribution/test

We need to test the hypothesis, whether the sample mean X differs significantly from the
population mean or hypothetical value p.

We compute, t = % n and consider |t|.

o _ LX 2 1 yn )2
Here , X = =— n =—): (X —X
ere, X =" and  s*=—od (% — %)

v =n — 1, denote the number of degrees of freedom ‘t’.

If |t] > tg 05 , the difference between X and p is said to be significant at 5% level of
significance.

If |t] > tyo1 » the difference between X and p is said to be significant at 1% level of
significance.

If |t] is less than the table value at a certain level of significance, the data is said to be
conformal/consistent with the hypothesis that p is the mean of the population.

We have 95% confidence limits for y is given by X + \/iﬁ to.os



Similarly 99% confidence limits for u is given by X + \/S—H too1

Note: 1. Confidence limits are also called Fiducial limits.

2. Test of significance for difference between sample means is

1

Where, s2 =
n, +n2 -2

_ N2
{Zm 0 —02 + 32,0 -9’}
And degrees of freedom, v = ny + n, — 2

Problems
1. Find the student’s t for the following variable values in a sample of eight:

-4,-2,-2,0,2,2,3, 3 taking the mean of the universe to be zero.
Sol: Wkt t = %\/ﬁ

By data p = 0 and we have n = 8

__ XX
X=—

n

1
>‘<=§(—4—2—2+0+2+2+3+3)
‘—1—025
X—4— .

1 n
ity D Gk
i=1
5% = (Slfl){(—zL.ZS)Z + (=2.25)% + (=2.25)% + (—=0.25)? + (1.75)% + (1.75)? + (2.75)? + (2.75)%}
1
N®)
s?2 =7.07

s? (49.5)

L5 =2.66

0.25-0
Thus, t = m\/g

t=0.266

2. A machine is expected to produce nails of length 3 inches. A random sample of 25 nails
gave an average length of 3.1 inch with standard deviation 0.3. Can it be said that the
machine is producing nails as per specification ? (t( o5 for 24 d. f is 2.064)

Sol: By data, we haveuy = 3,x =3.1,n = 25,5 = 0.3



t=1.67<2.064

Thus, the hypothesis that the machine is producing nails as per specification is accepted at
5% level of significance.

3. Ten individuals are chosen at random from a population and their heights in inches are
found to be 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. Test the hypothesis that the mean height
of the universe is 66 inches.(ty o5 = 2.262 for 9d. f).

Sol: We have u = 66, n = 10

. Xx
X ==
n
678
* =70
¥ =67.8

2 1 C AVA
s —(n_l);(xi—x)

1
s? = 5[(63 - 67.8)* + (63 - 67.8) + -+ (71 = 67.8)’]

s2 =9.067
s =3.011
Wkt t = %”x/ﬁ
_ (67.8-66) =
t= 3.011 10

t=1.89<2.262
Thus the hypothesis is accepted at 5% level of significance.
4. A sample of 10 measurements of the diameter of a sphere gave a mean of 12 cm and a
standard deviation 0.15 cm. Find the 95% confidence limits for the actual diameter.
Sol: Bydata,n =10, x = 12,s = 0.15
Also tygs = 2.262 for9d.f

Confidence limits for the actual diameter is given by x + [\/ii] toos



S
%+ [—] toos = 12 + ] (2.262) = 12 + 0.1073

0.15

~lvn [ﬁ
Thus 11.893 cm to 12.107 cm is the confidence limits for the actual diameter.

5. A certain stimulus administered to each of the 12 patients resulted in the following

change in blood pressure 5, 2, 8, -1,3,0, 6, -2, 1, 5, 0, 4. Can it be concluded that the

stimulus will increase the blood pressure ? (tg o5 for 11d. f is 2.201)

Sol: x L
n
_ 31
X ==
12
X =2.5833

L [(5 — 2.58)% + (2 — 2.58) + -+ (4 — 2.58)?]

2
ST

s2 = 9538

s =3.088

Wkt ¢ =’E%‘\/ﬁ

Let us suppose that the stimulus administration is not accompanied with increase in blood

pressure, we can take p = 0.

_ (2.5833-0) ==
t= 3.088 12

t=2.8979 > 2.201

Hence the hypothesis is rejected at 5% level of significance. We conclude with 95% confidence
that the stimulus in general is accompanied with increase in blood pressure.

6. A group of boys and girls were given an intelligence test. The mean score, S.D score and

numbers in each group are as follows.

Boys Girls
Mean 74 70
SD 8 10
n 12 10




Is the difference between the means of the two groups significant at 5% level of significance
(toos for20d. f is 2.086).

Sol: By data, x =74, s; =8, ny =12 [Boys]
y=170, s, =10,n, =10 [Girls]

xX-y
We have t = =
_+_
ng npz
2 _ 1 nq ¥ 2 n; . — A7 2
Where, s% = T {Zi:l(xl x)* + Zj:l(y] y) }
Or s2 = 15?2 +n,5%
ni+n,—2
12(64)+10(100)
Now s2=—"—r-——-
12+10-2
1768
st =—
20
2=884
s =9.402
74-70
Hence t = —
(9.402) T

t=0.9936 < 2.086

Thus the hypothesis that there is a difference between the means of the two groups is
accepted at 5% level of significance.

7. A sample of 11 rats from a central population had an average blood viscosity of 3.92 with
standard deviation of 0.61. On the basis of this sample, establish 95% fiducial limits for
U, the mean blood viscosity of the central population. (ty o5 = 2.228 for 10 d. f).

Sol: Bydatax =3.92, s =0.61,n; =11

95% fiducial limits for u = X + [\/iﬁ] toos

0.61

x+[\/_]t005—392+[ ](2228)

=3.92+041
= 3.51 and 4.33
Thus 95% confidence limits for u are 3.51 and 4.33.
8. Two types of batteries are tested for their length of life and the following results were

obtained.



Battery A :n; = 10, X; = 500 hrs, s? = 100
Battery B:n, = 10, X, = 500 hrs, s? = 121
Compute student’s t and test whether there is a significant difference in the two means.
Sol: By data Battery A :n; = 10, ¥; = 500 hrs, s? = 100
Battery B:n, = 10, X, = 560 hrs, s? = 121

2 2

2 _ M1S11npsy

NOW, St =—
n1+n2—2

$2 = (10%100) +(10%121)

10+10-2
s2=122.78
s =11.0806
We have t = 9221—9211
S. n—1+n—2
‘= 60

t =12.1081 > 2.101 (to.os = 2.101 for 184d.f)
This value of t is greater then the table value of t for 18 d.f at all levels of significance.

The null hypothesis that there is no significant difference in the two means rejected at all
significance levels.

9. A group of 10 boys fed on a diet A and another group of 8 boys fed on a different diet B

for a period of 6 months recorded the following increase in weight (Ibs.)
DietA:5 6 8 1 12 4 3 9 6 10
DietB:2 3 6 8 10 1 2 8

Test whether diets A and B differ significantly regarding their effect on increase in weight.

Sol: Let the variable x correspond to the diet A and y to the diet B.

o Zx S
x_n1 y_nz
. S0
*=1 Y =73
X=6.4 y=5

it —%)? =1024 X2, (yj—y) =82



1 ni nz
2_— .—_2 .—_2
s ny+n, —2 Z(x‘ 2 +Z(y, y)
i=1 j=1

1
2=—{102.4+82
s 16{ + 82}

210 1525
s° = T
s =3.395
We have t=i
1 1
S. n—1+z
1.4
t =
1 1
(3.395) E+§

t =0.869 <212 forl6d.f

Thus we conclude that the two diets do not differ significantly regarding their effect on
increase in weight.

10. Two horses A and B were tested according to the time (in seconds ) to run a particular
race with the following results.
Horse A: 28 30 32 33 33 29 34
Horse B: 29 30 30 24 27 29
Test whether you can discriminate between the two horses.

Sol: Let the variables x and y respectively correspond to horse A and horse B.

F=2=29_313 y=2Y=19_5g)
nq 7 n; 6
Nty (x; — %)? = 3143 572 (v —7)° = 26.84
1 _ _\2
s = T - D+ 2 - 9)')

1
s? = (3143 +26.84)

s? =5.2973
. §s=2.3016
We have t=——2_
1 1
S. n_1+6
= 31.3-28.2
(23016) |7+
_ _ > t0.0S = 22



The discrimination between the horses is significant at 5% level but not at 2% level of
significance.

Chi-Square distribution

Chi-square distribution provides a measure of correspondence between the theoretical
frequencies and observed frequencies.

If 0;,(i=12,..,n) and E;(i = 1,2, ...,n) respectively denotes a set of observed and
estimated frequencies, the quantity chi-square denoted by y? is defined as follows.

—F.)2
Xt = ?:1@ ; degrees of freedom =n — 1

Note: If the expected frequencies are less than 10, we group them suitably for computing
the value of chi. Square.
Chi-square test as a test of goodness of fit

It is possible to test the hypothesis about the association of two attributes. We already
discussed the fitting of Binomial distribution, Normal distribution, Poisson distribution to a
given data. It is easily possible to find the theoretical frequencies from the distribution of fit.

Chi-square test helps us to test the goodness of fit of these distributions.

If the calculated value of x? is less than the value of x? at a specified level of significance,
the hypothesis is accepted. Otherwise the hypothesis is rejected.

Problems
1.A dice is thrown 264 times and the number appearing on the face (x) follows the following

frequency distribution.

X 1 2 3 4 5 6

f 40 32 28 58 54 60

Calculate the value of y?.
Sol: The frequencies in the given data are the observed frequencies. Assuming that the dice

is unbiased, the expected number of frequencies for the numbers 1, 2, 3,4, 5, 6 to
appear on the face is % = 44 each.

Now the data is as follows:



Observed frequency (0;)
Expected frequency (E;) 44 44 44 44 44 44

(0; — E;)®

n i
=) E
i=1

40 — 44)? 32 — 44)? 60 — 44)?
2=( ) +( ) +...+¥

44 44 44
1
x% = v —[16 + 144 + 256 + 196 + 100 + 256]
968
2 —
X = g
Thus, x* = 22

2. Five dice were thrown 96 times and the numbers 1, 2 or 3 appearing on the face of the

dice follows the frequency distribution as below.

No. of dice showing 1,2 or 3 5 4 3 2 1 0

Frequency 7 19 35 24 8 3

Test the hypothesis that the data follows a binomial distribution. (x5 s = 11.07 for 5d.f)

Sol: The data gives the observed frequencies and we need to calculate the expected

frequencies.
Probability of a single dice throwing 1,2 or 3 is p = % = %
1
o q = 1 —_ p = E
From the binomial distribution, P(x) = "C,p*q™*

The theoretical frequencies of getting 5, 4, 3, 2, 1, 0 successes with 5 dice are respectively
the successive terms of the binomial expansion.

They are respectively 96 * >C, * 2i5’ 96 * °C; * zls’ 96 * °C, * zls’ 96 * °C; * 215, 96 *
®Cy %2z, 96% °Cs*5c and they are 3,15,30,30,15,3.

We have the table of observed and expected frequencies.



E; 3 15 30 30 15 3

" (0; — Ey)?

x2=z E;

i=1
16 16 25 36 49 0
3t 0 T3
x? =117 > y%,s = 11.07

XZ

Thus the hypothesis that the data follows a binomial distribution is rejected.

3. A sample analysis of examination results of 500 students was made. It was found that 220
students had failed, 170 had secured third class 90 had secured second class and 20 had
secured first class. Do these figures support the general examination result which is in the
ratio 4:3:2:1 for the respective categories (x& o5 = 7.81 for 3 d.f).

Sol: Let us take the hypothesis that these figures support to the general result in the ratio

4:3:2:1
The expected frequencies in the respective category are

2 4500,= %500, = % 500, =+ 500 or 200, 150, 100, 50
10 10 10 10

We have the following table.

0; 220 170 90 20
E; 200 150 100 50
" (0; — Ey)?

X' = Z E;
i=1

400 N 400 N 100 N 900
200 150 100 50
x? =23.67> y2,s = 7.81

XZ

Thus the hypothesis is rejected.

4. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial
distribution for the data and calculate the theoretical frequencies(¥3 o5 = 9.49 for 4 d.f).



Frequency

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

Lrx _ (00(5)+(1)(29)+(2)36)+(3)25)+(4)(5) _ 196

=196
 f 5+29+36+25+5 ~ 100

Mean, u =

From binomial distribution, 4 = np. Here n=4
Hence 4p = 1.96

p =0.49

q=0.51

From binomial distribution,
P(x) = neyp*q"™*

P(x) = 4¢,(0.49)%*(0.51)**
Since 4 coins were tossed , expected(theoretical) frequencies are obtained from
F(x) = 100P(x)

F(x) = 100.4¢,(0.49)*(0.51)*™* where x = 0,1,2,3,4.
F(0) = 100.4¢,(0.49)°(0.51)* = 6.765 =7

F(1) = 100.4¢,(0.49)1(0.51)3 = 25.999 = 26

F(2) = 100.4¢,(0.49)%(0.51)? = 37.47 = 37

F(3) = 100.4¢5(0.49)3(0.51)! = 24.0004 = 24

F(4) = 100.4¢,(0.49)*(0.51)° = 5.765 = 6

Thus the required theoretical frequencies are 7,26,37,24,6.

We have the following table

0; 5 29 36 25 5

E 7 26 37 24 6

, " (0; — E)?
x =Z E;
i=1

,_4,9 1 11
X =T T26737 724" 6

x? =115 < y%,5 = 9.49



Thus the hypothesis that the fitness is good can be accepted.

5. Fit a poisson distribution for the following data and test the goodness of fit given that
X505 =7.815 for3d.f

X 0 1 2 3 4

f 122 60 15 2 1

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

Mean. u = Xfx _ (0)(122)+(1)(60)+(2)(15)+(3)(2)+(4)(1) _ 100 _ 0.2
U= SFf 122+60+15+2+1 T 200 O

From poisson distribution, u = m.
~m=0.2

m¥Xe™™

Wkt, P(x) =

x!

Let F(x) =200 P(x)

mXe~™m
F(x) =200 * —

pa

(0.5)Xe—(0:5)
x!

F(x) = 200 * But e~ (®%) = 0.6065

F(x) = 121.3 “’x—s)x

F(0)=121,F(1)=61,F(2)=15F(3)=3,F(4) =0

Thus the required theoretical frequencies are 121,61,15,3,0.

Since the last of the expected frequency is 0 we shall club it with the previous one.

We have the following table

0; 122 60 15 2+1=3
E; 121 61 15 3+0=3
, " (0; — E)?
o
i=1

1 1
){2 = 1 + o1 +0+4+0
x?=0.025 < y3,5 = 7.815

Thus the hypothesis that the fitness is good can be accepted.

6. The number of accidents per day (x) as recorded in a textile industry over a period of 400



days is given below. Test the goodness of fit in respect of Poisson distribution of fit to

the given data(x3 s = 9.49 for 4d.f).

X 0 1 2 3 4 5

f 173 168 37 18 3 1

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

Trx _ (0A73)+(1)(168)+(2)37N+(3)AB)+(HB)+(5)(1) _ 313 _ 0.7825

Mean, u = =
H Yf 173+168+37+18+3+1 400

From poisson distribution, u = m.

~ m=0.7825

m¥e™m

x!

Wkt, P(x) =

Let F(x) =400 * P(x)

Xp,—m
F(x) = 400 « ==
x!
(0.7825)% ¢ —(0.7825)
x!

F(x) = 400 * But e ~(0-7825) = (. 4573

F(x) = 182.92 —(0'7i,25)x

F(0) =183, F(1) = 143, F(2) = 56, F(3) = 15, F(4) = 3, F(5) = 0
Thus the required theoretical frequencies are 183,143,56,15,3.0.

Since the last of the expected frequency is 0 we shall club it with the previous one.

We have the following table

0; 173 168 37 18 3+1=4
E; 183 143 56 15 3+0=3
, " (0; — Ey)?
A L2
i=1

100 625 361 9 1

83 T3 56 T1573
x? =12.297 > y3,5 = 9.49

XZ

Thus the hypothesis that the fitness is good can be rejected.s



Module-5

Linear Programming Problems

Linear programming is a decision making technique under the given constraints on the
condition that the relationship among the variables involved is linear. A general relationship
among the variables involved is called objective function. The variables involved are called
decision variables.

Canonical and Standard forms of LPP

After the formulation of LPP, the next step is to obtain its solution. But before any method
is used to find its solution, the problem must be presented in a suitable form. Two forms are
dealt with here, the canonical form and the standard form.

The canonical form : The general linear programming problem can always be expressed in
the following form :

Maximize Z = ¢ X1 + ¢2 X2 + €3 X3+ ...+ Cn X
subject to the constraints
anx;tapxet...tamxan<b
a21X1 tanxa+...+tamxn<by
amiX1 T am2 X2 + ... + @mn Xn < bm
and the non-negativity restrictions
X1, X2, X3, ... Xn > 0.
This form of LPP is called the canonical form of the LPP.
In matrix notation the canonical form of LPP can be expressed as :
Maximize Z = CX (objective function)
Subject to AX < b (constraints)
and X > 0 (non-negativity restrictions)

where C = (c1 ¢c2...Cn),



[ ay @y .4y, ] ~
X b,
ds,, @5, -, > c
Ar=nl g X = b=
a a a ' ’ | ' 1
u . ~ma 2 A .l x'. ' ' b ‘

The Standard From :

The general linear programming problem in the form
Maximize or Minimize
Z=ci1Xx1+tcx2t+....... + Cn Xn

Subject to the constraints

A1IX1 T A12X2 F e, + ain Xn = by
A21X1 T A2X2 T e + am Xn=by
amiX1 + adm2 X2 T, + dmn Xn — bm
and X1, X2, ceeeeeeeeeerinnneennn. Xn > 0 is known as standard form.

In matrix notation the standard form of LPP can be expressed as :
Maximize or Minimize Z = CX (objective function)
Subject to constraints AX =band X >0

Where, C = (c1,¢2,...,Cn),

- - [ -}l] | |I. I;-I":] |
dyy dyy -y, | |
X. b,
dyp gy -y, - B
A= . . X = b=
a L U # | | | |
L el ml me | ||_ x.: _.I ||_ E::-‘ _.I

The set of real values X = (x4, X5, ..., X,,) which satisfies the constraint AX < (=)B is
called a basic solution.

A set of real values x; which satisfies the constraints and also satisfy non negativity
constraints x; = 0 is called feasible solution.



A set of real values x; which satisfies the constraints along with non negativity restrictions
and optimizes the objective function is called optimal solution.

Simplex Method

It is an iterative method to solve a Linear programming Problem.

Slack Variable: It is a variable introduced to convert " < " (less than or equal to) to
"="(equal to).

Surplus Variable: It is a variable introduced to convert " > " (greater than or equal to) to

=" (equal to).

Problems
1. Use Simplex method to maximize z = x + 1.5y subject to the constraints x + 2y < 160
and 3x + 2y < 240 where x > 0 and y > 0.
Sol: Introduce two slack variables s; and s, to convert linear inequality into equalities
x+2y+1.s;+0.s, =160 --(1)
3x +2y+0.s; +1.5, =240 ---(2)
x+ 1.5y +0.s; +0.s, =z is the objective function.

The first two rows in the above table contains the various co-efficients of eqations (1)
and (2). The last row contains the co-efficients of the variables in the objective function with
their signs reversed and are called as indicators.

NZV X y S1 S5 Qty Ratio
S, 1 2 1 0 160 160 Pivotal Row
o =90
240
s 3 2 o] 1 240 | 240 _
A(Indicator) -1 —-1.5 0 0 0 —
T

Pivotal
column

1)  Identify the least negative indicator, it is -1.5. Therefore, the second column is
known as the key or the Pivotal Column.
i1)  In each row examine the ratio of the entry in the quantity (Qty), column
corresponding entry in the pivotal column.
ii1)  Find the least non-negative ratio (ignore negative ratios and -0 also).

e The row in which the least ratio is present is known as the pivotal row.



e The entry which is common to both pivotal column and pivotal row is
termed as the pivotal element. The variable corresponding to the pivotal
row is known as outgoing variable or departing variable and the variable
corresponding to pivotal column is known as incoming variable or arriving

variable.

e Make the pivotal element unity (one) (Gauss elimination method) by

dividing the pivotal row by the pivotal element.

Again, continue from step (i) as shown previously.

Outgoing Variable - S, Incoming Variable —x ; R} = %

NZV X y 51 S5 Ratio
y 1 1 1 0 80
2
x 1 0 _1 1 40
2 2
A(Indicator) -1 —1.5 0 0 120

R = % Outgoing Variable - S; Incoming Variable - y
NZV x y S1 S5 Ratio
Sq 1 1 1 0 80 Pivotal Row
2 2
S5 3 2 0 1 240
A(Indicator) -1 —-1.5 0 0 —
T
Pivotal
column
Ré = R2 - 2R1 Ré == R3 + 1.5R1
NZV X y S1 S, Qty Ratio
y 1 1 1 0 80 80
= = — =160
2 2 1
2
S5 2 0 -1 1 80 @ — 40 Pivotal Row
5 =
A(Indicator) | —0.25 0 0.75 0 120 —
T
Pivotal
column



Ri =Ry — R, R, = R; + 0.25R,
NZV X y 51 S5 Ratio
y 0 1 3 1 60
4 4
X 1 0 1 1 40
2 2
A(Indicator) 0 0 0.625 | 0.125 130

As all the indicators in the above Simplex table are non-negative, the iterative
procedure is complete.

Zmax = 130at y=60;x =40

2. Use Simplex method to maximize z = 3x + 4y subject to the constraints 2x + y < 40
and 2x + 5y < 180 where x > 0 and y > 0.
Sol: Introduce two slack variables s; and s, to convert linear inequality into equalities
2x+y+1.s;,+0.5, =40 ---(1)
2x+5y+0.s; + 1.5, =180 ---(2)

3x +4y + 0.s; + 0.s, =z is the objective function.

NZV x y s1 | s, Qty Ratio
S1 2 1 1 0 40 ? — 40
S5 2 5 0 1 180 180 Pivotal
— =36
5 Row
A(Indicator) | —3 —4 0 0 0 —
T
Pivotal
column
Outgoing Variable - S, Incoming Variable —y ; R, = %
NZV x y s1 | s, Qty
S1 2 1 1 0 40
y 2 1 o] 1 36
5 5
A(Indicator) | —3 —4 0 0 0

R:,L:RI_RZ R§:R3+4R2



NZV X y 51 S5 Ratio
S1 8 0 1 1 4
5 5
y 2 1 0 1 36
5 5
A(Indicator) | 7 0 0 4 144
5 5
2" jteration
NZV X y S1 | S Qty Ratio
S1 8 0 1 1 4 45 Pivotal
5 5 8 2 Row
5
y 2 1 0| 1 36 36
= = —— =90
5 5 2
5
A(Indicator) | 7 0 0| 4 144 —
5 5
T
Pivotal
column
Outgoing Variable - S; Incoming Variable — x ; Ry = §R1
NZV X y Sy | s, Qty
X 1 0 5 1 5
8 8 2
y 2 1 0] 1 36
5 5
A(Indicator) | 7 0 0| 4 144
5 5
! 2 ! 7
RZZRZ_ERl R3:R3 +ER1
NZV X y Sy | s, Qty
X 1 0 5 1 5
8 8 2
y 0 1 | 111 35
41 4
A(Indicator) 0 0 715 147.5
8 8

As all the indicators in the above simplex table are non-negative, the iterative
procedure is complete.

Zmayx = 147.5 at J’=35;x=§



3. Maximize P = 6x + 10y + 2z subject to the constraints 2x + 4y + 3z <40, x+y < 10
2y +z <12 x,y,z = 0 using simplex method.
Sol: 2x +4y +3z+ 1.5; + 0.5, + 0.53 =40 ---(1)
~ ()

0x+2y+1.z+0.51+0.5, +1.s3 =12 ---(3)

x+y+0.z+0.5; + 1L.s, +0.53 =10

6x + 10y + 22+ 0.s; + 0.5, + 0.53 = P is the objective function.

NZV X y Z | s1| S S3 Qty Ratio
40
S1 2 4 311 0 0 40 = 10
10
S 1 1 00 1 0 10 —= 10
S3 0 2 1/101] 0 1 12 12 Pivotal
— =6
2 Row
A(Indicator) | —6 -10 |-2] 0 0 0 0 -
T
Pivotal
column
Outgoing Variable - S3 Incoming Variable — y ; R; = %
NZV X y Z | S4 | Sy S3 Qty
S1 2 4 3|1 0 0 40
Sy 1 1 0|0 1 0 10
y 0 1 l 0 0 1 6
2 2
A(Indicator) | —6 -10 |-2| 0 0 0 0
R{ = Rl - 4‘R3 Ré = RZ - R3 R‘,l- = R4 + 10R3
NZV X y Z | s; | Sy S3 Qty
S1 2 0 1 1 0 -2 16
S, 1 0 _ l 0 1 _ 1 4 Pivotal
2 2 Row
y 0 1 l 0 0 1 6
2 2
A(Indicator) -6 0 3 0 0 5 60
T
Pivotal
column
12—6 =8 % =4 (4isleast, 1is pivot)
R

Outgoing Variable - S, Incoming Variable — x ; R;



NZV X y Z | S1 | Sy S3 Qty
S1 2 0 1 1 0 -2 16
x 1 0 _l 0 1 _1 4
2 2
y 0 1 1 0 0 1 6
2 2
A(Indicator) -6 0 3 0 0 5 60
R:’l = R1 - ZRZ Rzll_ == R4_ + 6R2
NZV X y Z | S1 | Sy S3 Qty
S1 0 0 2 0| -2 -1 8
x 1 0 _1 0 1 _1 4
2 2
y 0 1 1100 1 6
2 2
A(Indicator) 0 0 0 0 6 2 84

As all the indicators in the above simplex table are non-negative, the iterative procedure is
complete.

Ppax=84at x=4; y=6 ;z=0.
4. Maximize P = 4x,; — 2x, — x5 subject to the constraints x; + x, + x3 < 3,
2x1+ 2% +x3 < 4,x1 — x5, <0 xq,%x,,x3 = 0 using simplex method.
Sol:  x; +x;+x3+1.s;+0.5,+0.53=3 --(1)
2x1 +2x, +x3+0.51 + 1.5, + 0.53 =4 ---(2)
X1 —%;+0.x3+0.5;+0.5, +1.s3=0 --(3)

4xy — 2x5, —x3+ 0.5, + 0.5, + 0.s3 = P is the objective function.

NZV Xq X, X3 | S| S, S3 Qty
$1 1 1 1] 1 0 0 3
S 2 2 110 1 0 4
S3 1 -1 0] 0 0 1 0 Pivotal
Row
A(Indicator) | —4 2 110 0 0 0
T
Pivotal
column
%: 3 %: 2 %: 0 ( 0is least, 1 is pivot)



Outgoing Variable - S3 Incoming Variable — x; ; R; = "
NZV X1 Xy X3 S1 So S3 Qty
S1 1 1 1|1 0 0 3
S5 2 2 110 1 0 4
X1 1 -1 00 0 1 0
A(Indicator) | —4 2 110 0 0 0
R:’l = R1 - R3 Ré = RZ - 2R3 Rzll_ == R4_ + 4R3
NZV Xq X, X3 | S1 | Sy S3 Qty
Sy 0 2 1 1 0 -1 3
S 0 4 1 0 1 -2 4 Pivotal
Row
X4 1 -1 0 0 0 1 0
A(Indicator) 0 -2 1 10 0 4 0
T
Pivotal
column
% =1.5 % =1 _11 = neglected (' 1isleast, 4 is pivot)
Outgoing Variable - S, Incoming Variable — x5 ; R, = R
NZV X1 X, X3 | S1 | Sy S3 Qty
S1 0 2 1 1 0 -1 3
Xy 0 1 1 0 1 _ 1 1
4 4 2
X4 1 -1 0 0 0 1 0
A(Indicator) 0 -2 1 0 0 4 0
R{ = Rl - 2R2 Ré = R3 + RZ Rlll- = R4 + 2R2
NZV X1 X, X3 | S S, S3 Qty
S1 0 0 051 |-05 0 1
Xy 0 1 1 0 1 _ 1 1
4 4 2
X4 1 0 l 0 1 l 1
4 4 2
A(Indicator) 0 0 310 1 3 2
2 2




As all the indicators in the above simplex table are non-negative, the iterative procedure is
complete.

Ppax=2at x;=1;x, =1;x3=0.
5. Use Simplex method to minimize P = x — 3y + 2z subject to the constraints
3x—y+2z<7 —2x+4y <12 and —4x+ 3y +8z <10 where x,y,z >0 .
Sol: Minimization of P is equivalent to maximisation of —P.
P'=-P
Let P = —x+3y—2z
3x—y+2z+1.5;+0.5,+0.53=7 ---(1)
—2x+4y+0.z+0.5; + 1.5, + 0.53 = 12 - (2)
—4x+3y+8z+0.5; +0.5, +1.s3 =10 ---(3)
—x+3y—2z+4+0.5; +0.5, +0.s3 =P’ is the objective function.

NZV X y Z | S1 | Sy S3 Qty
S1 3 -1 2 |1 0 0 7
S, -2 4 0 0 1 0 12 Pivotal
Row
S3 —4 3 8 0 0 1 10
A(Indicator) 1 -3 2 10 0 0 0
T
Pivotal
column
_ll =-7 14—2 =3 13—0 = 3.333 ( 3 is least, 4 is pivot)
Outgoing Variable - s, Incoming Variable — y ; R, = %
NZV X y Z | S4 | S, S3 Qty
S1 3 -1 2 |1 0 0 7
y _ l 1 0|0 1 0 3
2 4
S3 —4 3 80 0 1 10
A(Indicator) | 1 -3 210 0 0 0

R:,L:R1+R2 Ré:R3_3R2 RQ_:R4+3R2



NZV X y Z | S1 | Sy S3 Qty
Sy 5 0 2 1 1 0 10 Pivotal
2 4 Row
y _ 1 1 00 1 0 3
2 4
S3 5 0 80| 3| 1 1
2 4
A(Indicator) | 1 0 2 103 0 9
2 4
T
Pivotal
column
1?_0 =4 % =—-6 _ii =-04 (4 is]east,gispivot)
2 2 2
Outgoing Variable - S; Incoming Variable — x ; R] = %
2
NZV X y Z | S4 | Sy S3 Qty
X 1 0 4 E i 0 4
5 5 110
y 1 1 oo |1 0 3
2 4
S3 B E 0 8 |0 _E 1 1
2 4
A(Indicator) | 1 0 2 0|3 0 9
2 4
Ry=R,+3R,  Ry=R;+-R, Ry =Ry+5R,
NZV X y z | 5 S, S3 Qty
X 1 0 4 2 0 4
5 | 5 10
y o | 1 [2[1[3 0 | s
5 | 5 10
S3 0 o [w0][1] 1| 1 11
2
A(Indicator) 0 0 1201 ] 4 0 11
5 15 5

As all the indicators in the above simplex table are non-negative, the iterative procedure is

complete.
Ppax=11at x=4;y=>5.
=—11at x=4 and y =5.

P min



L.P.P. and Simplex Method

Syllabus:

General linear programming problems, canonical and standard forms of L.P.P. Basic solution, Basic
feasible solution, Optimal solution.

Simplex Method-Problems, Artificial variables, Big-M method, Two-Phase Method-Problems.

General Linear Programming Problem

Basic terminology:

Linear equation: Straight line relationship among variables under considerations.
Programming: Process of determining a particular course of action.

Decision variables: The variables whose values determine the solution of the problem.
Optimization: Maximization or minimization.

Objective function: A function of decision variables.

Constraints: Restrictions expressed as a set of linear equations or inequalities.
Definition:

The method of optimizing a linear function of variables (Objective function) subject to a set of
linear equations and/or inequalities (constraints) is called linear programming.

Requirements:

The relationship among the decision variables should be linear.
There must be a well-defined objective function which may be either to maximize or
minimize.

» There must be limitations on resources (Constraints) like production, capacity, time, man
power, machine, etc. which are to be allocated among various computing activities.
There must be alternative courses of action to choose from men, machines, materials,
markets, etc.

All decision variables must be non-negative.
Both the objective function and constraints must be expressed in terms of linear equations
or inequalities.




General form of an L.P.P

Parts of an L.P.P

Max (or) min z = c1x1 + c2x2 + ¢3x3 }

aix1 + bix3z2 + c1x3 < (or) = (or) = d1
Subject to azx1 + b2x32 + c2x3 < (or) = (or) = dz}
asx1 + bsxz + c3x3 < (or) = (or) = d3

and x1,x2,x3 =0

Objective function (1)

constraints 2)

} non — negativity restrictions (3)

¢ The set of values x1, x2, x3 that satisfies (2) is called solution.
% The set of values x1, x2, x3 that satisfies (2) and (3) is called feasible solution.
% The set of values x1, x2, x3 that satisfies (1), (2) and (3) is called optimum solution.

Characteristics:
% The objective function is of max (or) min type.
% Constraints are < (or) = (or) = type.

®,

Canonical form of an L.P.P
Z = c1x1 + c2x2 + c3x3

Max

aiixi + aizx32 + azxs < b1
ay1X1 + AyyXx3; + aysx3 < b,

Subject to

az1xq1 + aszx; + azsxs < b3

x1, x2,x3 = 0.

Characteristics:
% The objective function is of max type.
% All the constraints are < type.

0,

¢ All the decision variables are non-negative.

Standard form of an L.P.P
Z = c1x1 + c2x2 + ¢c3x3

Max

Subject to  ai1x1 + aizx32 + aiszxs = b1
A1X1 + AppX3p + A3X3 = by

az1xq + azxx; + azzxz = b3

and x1,x2,x3 = 0.

Characteristics:
% The objective function is of max type.
% All the constraints are expressed as equations.

R/

¢ Right side of each constraint (b;) is non-negative.

*
RS

% All the decision variables are non-negative.

¢ Decision variables may be non-negative or unrestricted.




Hints to convert General form of L.P.P to Standard form of L.P.P

Min z = cix1 + c2x2 + ¢3x3 | Max z* = —c1X1 — C2X2 — C3X3
ax1+ bxz +cx3 <d axi1+ bxz+cx3+s1=d,
where s1 —Slack variable
axi+ bx2 + cx3 = —d —ax1 — bx2 —cx3 < d,
—ax1— bxz —cx3+ s1=d,
where s1 —Slack variable.

axi +bxz +cx3 >d axi1+bx2+cx3—s1+A1=d
Where s1 — Surplus variable

A1 — Artificial variable
X1 is unrestricted in sign x1=x; —x1,wherex’, x' =0

Basic feasible solution

®,

% Consider a system of m linear equations with n variables (m < n).
%+ Basic solution: The values of m variables by keeping n — m variables as zero.

®,

¢ Basic feasible solution: Basic solution satisfying non-negativity restrictions.

Problems:

1. Find the initial basic feasible solution of the L.P.P Max z = 3x1 + 2x2
subject to x1 + x2 < 4,x1 — x2 < 2 and x1,x2 = 0.

Standard form:

Max z = 3x1 + 2x2 + 0s1 + Os2

Subjecttox1 +x2+s1 =4,x1—x2+Ss2=2
And x1,x2,51,52 = 0

Initial basic feasible solution:

Number of equations = m = 2,

Number of variables=n =4,n > m.

Putx1 =0,x2 =0.

Initial basic feasible solution is s1 = 4, s2 = 2.

Find the initial basic feasible solution of the L.P.P Min z = x2 — 3x3 + 2x5
subject to 3x2 — x3 + 2x5 < 7, —2x2 + 4x3 <12, —4x2 + 3x3 + 8x5 < 10
and x2, x3, x5 = 0.

Standard form:

Max z* = —x2 + 3x3 — 2x5 + 0s1 + 0s2 + 0s3

Subject to

3x2—x3+2x5s+s1=7, —2x2+4x3+s2=12,—4x2+ 3x3+ 8xs5 + 53 = 10
and x2, x3, x5, 51,52,53 = 0




Initial basic feasible solution:

Number of equations =m = 3

Number of variables=n = 6,n > m.

Putx2 =0,x3 =0,x5s =0

Initial basic feasible solution is s1 = 7,s2 = 12,s3 = 10.

. Find the initial basic feasible solution of the L.P.P Max z = 3x1 + 2x2

subject to 2x1 + x2 < 2,3x1 + 4x2 = 12 and x1,x2 = 0.

Standard form:

Max z = 3x1 + 2x2 + 0s1 + 0s2 + 041

Subjectto 2x1 +x2 +s1 =2, 3x1+4x2—s2+ A1 =12
And x1,x2,51,52,41 =0

Initial basic feasible solution:

Number of equations =m = 2,

Number of variables=n = 5,n > m.

Put x1=0,x2 =0,s2=0.

Initial basic feasible solution is s1 = 2, 41 = 12.

. Find the initial basic feasible solution of the L.P.P Min z = 5x + 3y
subject to 2x + 4y < 12,2x + 2y = 10,5x+2y > 10 and x,y > 0.

Standard form:

Max z* = —5x — 3y + 0s1 + 0s2 + 041 + 0A2

Subjectto 2x +4y +s1 =12, 2x + 2y + A1 =10,5x + 2y —s2 + A2 = 10
And x,y, s1,52,A1,42 = 0

Initial basic feasible solution:

Number of equations =m = 3,

Number of variables=n = 6,n > m.

Putx =0,y=0,s2 =0

Initial basic feasible solution is s1 = 12, 41 = 10, A2 = 10.

. Express the following L.P.P in the canonical form: Max z = 2x1 + 3x2 + x3

subject to 4x1 — 3x2+ x3 < 6,x1+ 5x2—7x3 > —4 and x1,x3 = 0, x2 is
unrestricted in sign.

x2 =x —x2",where x',x2” >0
2 2

Canonical form:

Max z = 2x1 + 3(x, — x2") + x3 ,
subject to 4x1 — 3(x —x2") +x3 <6, —x1 —5(x —x2") +7x3 < 4
2 2

and X1, %y, x2",x3 =0




6. Express the following L.P.P in the standard form: Max z = 4x1 + 2x2 + 6x3
subject to 2x1 + 3x, + 2x3 = 6,3x1 — 4x, = 8,6x1 — 4x2 + x3 < 10 and
x1,x2,x3 = 0.

Standard form:

Max z = 4x1 + 2x2 + 6x3 + 0s1 + 0s2 + 041 + 0A2

subject to 2x1 + 3x2+ 2x3—s1+ A1 =06
3x1—4x2+ A2=8
6x1 —4x2 4+ x3 + 0s2 = 10
X1,X2,X3,51,52,41,A2 = 0

4.2 Simplex Method

Simplex shape: All polyhedrons are simplex in shape.

Not simplex:

e - Cube with 1 cavity Tarus

- I —1

Cube with 2 covities Bitorus

@ OO

L.P.P with two variables can be solved using graphical method. Simplex method is useful
to solve L.P.P with 2 or more variables.




1. Solve the following L.P.P using simplex method: Max z = 4x1 + 10x2 subject to
2x —1+x, <50,2x1 +5x, <100, 2x; + 3x, <90 and x4, x, = 0.

Standard form:
Max z = 4x1 + 10x2 + 0s1 + 0s2 + Os3
subjectto 2x — 1+ x2 +s1 = 50
2x1 + 5x2 + s2 = 100
2x1+ 3x2+ 53 =90
And X1,Xx2, S1,52,53 = 0.

Simplex table: 1
Cj
Cs| B xXB/x2
51 50/1=50
s2 100/5 = 20 ==
S3 90/3 =30
Zj
zj—cj | —4

Entering variable = x2, leaving variable = sz, Pivotal element = 5.
Column with pivotal element (Entering column) is called pivotal column.
Modify entering column to (0 1 0)T using elementary row operation.

R, > Rz/5[R,—> Ri—R, | R, > Rs — 3R,

2/5 2-2/5=8/5| 2-3(2/5) =4/5

1 1-1=0 3-3(1)=0
0 1-0=1 0-3(0)=0
1/5 0-1/5=-1/5| 0—3(1/5) = —3/5
0 0-0=0 1-300)=1
100/5 = 20 50—20=230| 90—3(20) =30

Simplex table:2
Cj 4
By X1 XB
51 8/5 -1/5 30
x2 2/5 1/5 20
s3 4/5 -3/5 30
Zj 4 2 200

Zj—Cj 0 0 2

Since all zj — ¢; = 0, current basic feasible solution is optimal.
Therefore, optimal feasible solution is Max zj = 200, x1 = 0, x2 = 20.




Solve the following L.P.P using simplex method: Min z = 8x1 — 2x2 subject to
—4x1+2x, <1,5x1 —4x, <3 and xq,x3 = 0.

Standard form:

Max z* = —8x1 + 2x2 + 0s1 + 0s2

subject to —4x1 + 2x2 +s1 =1
5x1—4x2+s2=3

and x1,x2, s1,s2 = 0.

Simplex table: 1

Cj
Bv

S1
S2

*
'j ]

Entering variable = x2, leaving variable = s1, Pivotal element = 2.
Column with pivotal element (Entering column) is called pivotal column.
Modify entering column to (0 1 0)Tusing elementary row operation.

R, = R1/2| R, —> Rz + 4R¢

-2 5+4(-2) = -3
1 —4+4(1) =0
0+4(1/2) =2
1+4(0) =1
3+4(1/2) =5

Simplex table: 2

Cj
By

X2
S2

*
Z*ZjC'
j ]

Since all zj — ¢; = 0, current basic feasible solution is optimal.
Therefore, optimal feasible solution is 1 x

x1=0,x2 =3 Max z; = 1-
Otherwise, 1

x1=0,x2=7

> minzj = —1-




3. Solve the following L.P.P using simplex method: Max z = 3x1 + 2x2 + 5x3 subject
toxq +4x, <420, 3x1 +2x3 <460,x1 +2x; + x3 <430 and xq,x3,x3 = 0.

Standard form:
Max z = 3x1+ 2x2 + 5x3 + 0s1 + 0s2 + 0s3
subjectto  x1 + 4x2 + 51 = 420
3x1 + 2x3 + s2 = 460
2x2 + x3 + s3 = 430 and x1, x2, X3, S1, 52,53 = 0.

Simplex table: 1
Cj 3
Bv X1 xB/x2
s1 —

S2 230

S3 430

Zj 0
5o -

. . N .
Entering variable = x3, leaving variable = s2, Pivotal element = 2.

Modify entering column as (0 1 0)T.

R,—> R2/2| R, > R1| R;,— R3—R,
3/2 1 1-3/2=-1/2

0 2—-0=2

1 1-1=0

0 0-0=0
0-1/2 =-1/2
1-0=1

430 — 230 = 200

Simplex table: 2

Cj 3

By X1

S1 1

X3 3/2 1/2

S3 -1/2 -1/2
i 0 0

ZJ’.k_Cj 9/2 5/2

Entering variable = x2, leaving variable = s3, Pivotal element = 2.




Modify entering column as (0 0 1)T.

R, > R,/Z| R, >R, —4R; | R, > R,
—1/4 1—4(=1/4) =2 3/2
1 4—4(1) =0 0
0 0—4(0)=0 1
0 1-4(0) =1 0
~1/4 0—4(=1/4) =1
1/2 0—4(1/2) = -2
100 420 — 4(100) = 20

Simplex table: 3

Cj 3 0

By X1 X2 X3 S1 S2 XB

S1 2 1 20

X3 230

X2 —-1/4 -1/4 100

Zj 7 2 1150
zj—cj 4 2 -

Since all zj — ¢; = 0, current basic feasible solution is optimal.
Therefore, optimal feasible solution is x1 = 0,x2 = 100,x3 = 230, Max z; = 1350.

Solve the following L.P.P using simplex method: Min z = x2 — 3x3 + 2xs5
subject to 3x2 — x3 + 2x5 < 7,—2x2 + 4x3 <12, —4x2 + 3x3+ 8x5 <10
and x2, x3, x5 = 0.

Standard form:
Max z* = —x2 + 3x3 — 2x5 + 0s1 + 0s2 + Os3
subjectto  3x2—x3+2x5+s1 =7
—2x2 4+ 4x3+s2 =12
—4x2 + 3x3 + 8x5 + s3 = 10 and x2, x3, x5, S1, 52,53 = 0.

Simplex table: 1

Cj

By XB | xB/x2
S1 7 -

S2 12 3 =
53 10 | 10/3
5 0

Z*—Cj —
Y

. . L : .
Entering variable = x3, leaving variable = sz, Pivotal element = 4.




Modify entering column as (0 1 0)7.

R,—> R2/4| R, > R1+R2’| R;— Rs—3R,
~1/2 3-1/2=5/2 | —4—3(=1/2) = -5/2
—1+1=0 3-3(1)=0
2+0=2 8—3(0)=8
140=1 0-3(0)=0

0+1/4=1/4 0—3(1/4) = —3/4
0+0=0 1-300) =1
7+3=10 10-3(3) =1

Simplex table: 2

Cj -1 0 0
Bv X2 S2 S3
S1 5/2 1/4 0
X3 -1/2 1/4 0
S3 -5/2 —-3/4 1

0

0

Z]’-" -3/2 3/4

Z}‘ —¢ | -1/2 3/4
1

Entering variable = x2, leaving variable = s1, Pivotal element = 5/2.

Modify elementary column as (0 1 0)7.

2 , [RR>R7+1/2R""| R >R —3R
R, »—R; 2 3 1
5
1

T 1 55
—Z+Z(D)=0 —Z4(1D)=0
5 2() 5 2()

o

=y
[« o|"‘ [S2 U SNSRI

1 50 =1
IMOE

N

5
1+5,@) =11




Simplex table: 3

Cj -1 -2 0 0
By X2 X5 S1 S2
X2 1 4/5 2/5 1/10
X3 0 2/5 1/5 3/10
S3 0 10 1 —-1/2
Z; -1 2/5 1/5 8/10
Z;_Cf 0 12/5 1/5 4/5 Since all z7 —

¢j = 0, current basic feasible solution is optimal.

Therefore, optimal feasible solution is x2 = 4,x3 =5,x5 =0, Max z* = 11.
Otherwise, x2 = 4,x3 = 5,x5s =0, Minz = —11.

. Solve the following L.P.P using Big M method:
Max z = 3x1 + 2x2 subject to 2x1 + x2 < 2,3x1 + 4x2 > 12, x1,x2 > 0.

Standard form:
Max z = 3x1+ 2x2 + 0s1 + 0s2 — MA1
subject to 2x1 + x2 + 51 = 2

3x1+4x2 —s2+ A1 =12

X1+ 2x2+s2=4

and x1,x2, s1,52, 41 = 0.
Simplex table: 1
Cj 3 2 0 0
By X1 X2 S1 S2
s1 2 1 1 0
A1 3 4 0o -1
Zj —-3M —4M 0 M

—-3M -3 —-4M -2 0 M

t

Entering variable = x2, leaving variable = s1, Pivotal element = 1.
Column with pivotal element (Entering column) is called pivotal column.
Modify entering column to (1 0)Tusing elementary row operation.

R > Ri|R > R2—4R
1 2 1

3—4(2)=-5
4-4(1) =0
0—4(1) = —4
-1-4(0) = -1
1-4(0) =1
12—-4(2) =4




Simplex table: 2

Cj 3 2 0
Bv X1 X2 S1
X2 2 1 1
A1 -5 0 —4
Zj 44+5M 2 2+4+4M 4 —4M
zj—cj |SM+1 0 2+4M

All zj — ¢j = 0 and artificial variable appears in the basis at positive level.
Therefore, the given L.P.P does not have any feasible solution.

Solve the following L.P.P using Big M method:
Max z = —2x1 — x2 subject to 3x1 + x2 = 3,4x1 + 3x2 > 6,
x1+2x2<4,,x1,x2=0.

Standard form:
Max z=—2x1—x2+0s1+ 0s2 — MA1 — MA:2
subject to 3x1 + x2 + A1 = 3

4x1+ 3x2—s1+42=6

x1+ 2x2 + s2 = 4 and x1, x2, S1,S2, A1,42 = 0.

Simplex table: 1
G
Bv XB
A1 3
A2 6
52 4
Zj —-7M —4M —-OM
zj—cj | 2—7TM 1—4M —

Entering Variable'= X1, leaving variable = A1, Pivotal element = 3.
Ignore the leaving artificial variable column.
Modify Pivotal column as (1 0 0)7.

R >Ri/3 [R,>R:— 4R [R,>Rs—R,
4-—4D) =0 1-1=0
soayS | ,lils
3 3 3 3
—1-4(0) = -1
0—4(0)=0
1-4(0) =1

6—4(1) =2
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Simplex table: 2
Cj
Bv

X1
A2
S2

*

G

Z"—Cj
Jj

3
1

Entering variable = x2, leaving variable = Az, Pivotal element = 5/3.
Ignore the leaving artificial variable column.
Modify entering column as (0 1 0)7

n 3 4 " 7 1 "
R, _)ERZ Ry _)R1_§R2

1
—Z(0) =1
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Simplex table: 3

Cj

By XB
x1 3/5
X2 6/5
S2 1
z -12/5

. ]
J

Since all z; — ¢; = 0, current basic feasible solution i Is optimal.

Therefore, optimal feasible solution is 3 * .
X1=7,X2=7,X3 = 0, Maxz =-12/5




