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Complex Analysis, Transform Techniques and Optimization 
Course Code 1BMATEE301 Scheme 2025 
Type of Course Applied Science Course (ASC)  Semester III 
Teaching Hours/Week (L:T:P)  70 (3:2:0) CIE Marks 50 
Total Hours of Pedagogy per 
semester 
L /T/P/SL&TW:       

120 (42:28:0:50) SEE Marks 50 

Credits 4 Total Marks 100 
Examination type (SEE) Theory Exam Hours 3  
Course outcome (Course Skill Set): 
At the end of the course, the student will be able to: 
CO1: Apply the concepts of analytic functions, Cauchy-Riemann equations, complex integration, 
Cauchy’s theorem, and Cauchy’s integral formula to solve engineering and mathematical 
problems involving complex variables. 
CO2: Develop Fourier series representations of periodic functions and perform harmonic 
analysis for functions with different periodicities, discontinuities, and symmetry                                                                                                                             
properties. 
CO3: Utilize Fourier transforms and Z-transforms, including their inverse transforms and  
properties, to analyze signals and solve difference equations arising in engineering applications. 
CO4: Apply probability distributions, sampling theory, and statistical hypothesis testing  
techniques for analyzing uncertainty and making data-driven decisions. 
CO5: Formulate and solve linear programming problems using graphical, simplex, and Big-M 
methods to obtain optimal solutions in engineering and management applications. 

Module-1: Complex Analysis 
Review of a function of a complex variable, limits, continuity and differentiability. 
Analytic functions-Cauchy-Riemann equations in Cartesian and polar forms. Construction of 
analytic functions by Milne-Thomson method, Problems on electric flux. 
Complex integration: Line integral of a complex function, Cauchy’s theorem and Cauchy’s 
integral formula (statement only) and problems.  

Number of Hours:8+5T 

Module-2: Fourier Series 
Periodic functions, Euler’s Formula, Conditions for Fourier series expansion(Dirichlet’s 
condition), Fourier series of functions -having points of discontinuity, with period 2𝜋, with 
change of interval (arbitrary period) and, Even and odd functions. Half range Fourier series. 
Practical harmonic analysis. 

Number of Hours:8+5T 

Module-3: Fourier transforms and Z-transforms 
Infinite Fourier transforms: Definition, Fourier transforms, Fourier sine, and cosine 
transforms. Inverse Fourier Transforms, inverse Fourier sine and cosine transforms. Problems. 
Z-transforms: Definition, Standard Z-transforms, Damping, and shifting rules, Statements of 
initial value theorem and Final Value Theorem (statements only). Inverse Z-transform and 
applications to solve difference equations. 

Number of Hours:9+6T 
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Module-4: Probability distributions and Sampling theory 

Probability Distributions: Review of basic probability theory, Random variables-discrete and 
continuous. Probability distribution function, cumulative distribution function, Mathematical 
Expectation-mean and variance. Repeated Trials- Binomial, Poisson, Normal and exponential 
distribution (without proofs for mean and SD). 
Sampling Theory: Introduction to sampling distributions, standard error, Type-I and Type-II 
errors. Test of hypothesis for single means, single proportions. Student’s 
 t-distribution, Chi-square distribution as a test of goodness of fit. 

Number of Hours:9+6T 
Module-5: Linear Programming Problems 

Linear Programming Problems: Introduction to optimization techniques, formulation of the 
problems. Introduction to Linear programming, graphical solution, solution by simplex and  
Big M method. 

Number of Hours:8+6T 
Suggested Learning Resources: (Text Book/ Reference Book/ Manuals): 
Textbooks: 
 
(i) Higher Engineering Mathematics, B.S. Grewal, 45th Edition, Khanna Publishers.    
(ii) Operations Research: An Introduction, Hamdy A. Taha,Pearson Education.  
(iii) Higher Engineering Mathematics, H.K. Dass and Er. Rajnish Verma, S. Chand  

Publications. 
 
Reference books: 
(i) Complex Variables and Applications by James Ward Brown and Ruel V. Churchill, McGraw-Hill 

Education. 
(ii) Advanced Engineering Mathematics, Erwin Kreyszig, 10th Edition, Wiley India.    
(iii) Fourier Series and Boundary Value Problems by Ruel V. Churchill and James Ward Brown.   
(iv) Probability and Statistics for Engineers and Scientists by Ronald E. Walpole et al., Pearson 

Education.   
(v) Operations Research by Hamdy A. Taha, Pearson Education. 
(vi)  Schaum's Outline of Complex Variables, McGraw-Hill.    
Web links and Video Lectures (e-Resources):   

 NPTEL Courses on Engineering Mathematics 

 MIT OpenCourseWare Mathematics 

 SWAYAM Online Courses 

Teaching-Learning Process (Innovative Delivery Methods): 
The following are sample strategies that educators may adopt to enhance the effectiveness of the 
teaching-learning process and facilitate the achievement of course outcomes.  

1. Flipped Classroom Approach 
o Students review video lectures and reading materials before class.  
o Classroom sessions focus on problem-solving, discussions, and applications of 

transform techniques and optimization models.  
2. Problem-Based Learning (PBL) 

o Real-world engineering problems involving Fourier Transforms, Z-Transforms, 
and Linear Programming are assigned for collaborative solution development.  
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3. ICT-Enabled Teaching (may be conducted in Tutorial hours) 
o Use of MATLAB, Python, and online simulation tools to visualize transforms, 

optimization problems, and signal-processing applications.  
4. Collaborative Learning (may be conducted in Tutorial hours) 

Group assignments and mini-projects on optimization models and transform applications. 
  

Assessment Structure: 
The assessment in each course is divided equally between Continuous Internal Evaluation (CIE) 
and the Semester End Examination (SEE), with each carrying 50% weightage. 

 To qualify and become eligible to appear for SEE, in the CIE, a student must score at least 
40% of 50 marks, i.e., 20 marks.  

 To pass the SEE, a student must score at least 35% of 50 marks, i.e., 18 marks. 
 Notwithstanding the above, a student is considered to have passed the course, provided 

the combined total of CIE and SEE is at least 40 out of 100 marks. 

Continuous Comprehensive Assessments (CCA)+ Internal Assessment Test (IA) = 

Continuous Internal Evaluation CIE [25+25=50 marks] 

A minimum of two Internal Assessment Tests (IA)shall be conducted, carrying a total of 25 

marks. 

In addition, Continuous Comprehensive Assessment (CCA) shall be conducted for a total of 25 

marks. 

It is recommended to include a maximum of two learning activities as part of the CCA to foster 

the holistic development of students. These activities shall be: 

Sl. No. Name of the Learning activity Maximum Marks 
1.  Assignment at RBL3 and RBL4 levels based on Team 

Work(TW) activities. 
10 

2.  GATE-based Aptitude Test 15 
 

 

 

Rubrics for Learning Activity (Based on the nature of learning activity, design the rubrics 
for each activity): 
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Rubrics for Learning Activity–1: Assignment (10 Marks) 
 

Rubrics for Learning Activity–2: GATE-Based Aptitude Test (15 Marks) 
 

Performance 
Indicator 

Superior (15) Good (12) Fair (10) 
Needs 

Improvement (8) 

Quantitative 
Aptitude 

≥90% correct responses 75–89% correct 60–74% correct <60% correct 

Analytical 
Thinking 

Excellent logical 
reasoning and 
interpretation 

Good reasoning 
ability 

Moderate 
reasoning 

Weak reasoning 

Time Management 
Completes all questions 
within allotted time 

Completes most 
questions 

Requires 
additional time 

Unable to complete 

Accuracy & 
Precision 

Very high accuracy Good accuracy 
Moderate 
accuracy 

Low accuracy 

 
 
 
 
 
 
 

Performance 
Indicator 

Superior (10) Good (8) Fair (6) 
Needs 

Improvement (5) 

Understanding 
of Concepts 

Demonstrates 
excellent 
conceptual clarity 
and application 

Good 
understanding 
with minor errors 

Basic 
understanding 

Poor 
understanding 

Problem Solving 
Ability 

Solves all problems 
correctly with 
proper 
methodology 

Solves most 
problems 
correctly 

Partial solutions 
with errors 

Unable to solve 
problems 
effectively 

Mathematical 
Accuracy 

Calculations and 
derivations are 
error-free 

Minor 
computational 
errors 

Several errors Significant errors 

Presentation & 
Organization 

Well-structured, 
neat, and 
professionally 
presented 

Organized with 
minor 
deficiencies 

Average 
presentation 

Poor presentation 
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Term Work (TW) and Self Learning (SL) components in  
Number of Hours per semester  

Term work (includes assignments, seminars, micro projects, industrial visits, any other student 
activities etc.) 
Sl. No. Term Work (TW) Activity Number of Hours / Semester 

1.  Group Assignment on Applications of Complex 
Variables in Electrical Engineering (AC circuits, 
electric flux, potential theory) 

5 

2.  MATLAB/Python Exploration of Fourier and Z-
Transforms 

5 

3.  Mini Project on Linear Programming Models in 
Engineering Applications 

5 

4.  Case Study on Signal Processing using Transform 
Techniques 5 

SL: Self Learning, MOOCs, spoken tutorials, online educational resources etc.  
Sl. No. Self-Learning (SL) Activity Number of Hours / Semester 

1.  Conformal transformations: Discussion of 
transformations:𝑤 = 𝑧ଶ, 𝑤 = 𝑒௭ , 𝑤 = 𝑧 +

ଵ

௭
 , 𝑧 ≠ 0, 

Bilinear transformations 
6 

2.  Complex form of Fourier Series 6 
3.  Convolution theorem for Fourier transforms and Z 

transforms. Applications of transforms to boundary 
value problems 

6 

4.  Joint probability distributions. 6 
5.  Dual simplex method. 6 

 
Continuous Internal Evaluation (CIE) 

1. The CIE marks shall be decided based on internal tests and other outcome-based 
activities. The continuous internal evaluation shall be carried out by the teacher 
handling the course.  

2. Out of 50 marks earmarked for CIE, 25 marks shall be assigned for internal tests. 
The first test shall be conducted after completing two modules of the syllabus and 
the second one after completing the remaining three modules. 

3. The remaining 25 marks shall be assigned for Continuous Course Assessment (CCA), 
conducted as per the rubrics listed in the assessment section of the respective 
syllabus. 

4. A student shall obtain a minimum of 40% marks or 20 out of 50 marks allotted to 
CIE to become eligible to appear for the SEE. 

 
Passing requirement in SEE 

1. For a pass in the Semester End Examination (SEE), a student shall secure a 
minimum of 35 marks out of 100. 

2. For the declaration of a pass grade, the sum of the Continuous Internal Evaluation 
(CIE) marks (out of 50) marks and the SEE marks scaled down to 50 shall be 
greater than or equal to 40 marks. 

3. If the total (CIE + SEE) is less than 40 marks, the student shall be awarded the grade 
‘F’ (Fail). 

 



Complex Analysis 

Recapitulation of Basic concepts 

• Z=x+iy [Cartesian form of ‘Z’] 

• Z=r[cosθ + isinθ ]=reiθ[Polar form of ‘Z’] 

• |z|=√x2 + y2 = r 

             Amplitude of z=tan−1(y x⁄ )=θ 

• z̅ = x − iy is called the complex conjugate of z. 

• eiθ = cosθ + isinθ and e−iθ = cosθ − isinθ  

• cosθ =  
eiθ+e−iθ

2
 

             sinθ=  
eiθ−e−iθ

2i
 

• cos(iθ)=coshθ and sin(iθ)=isinhθ 

• De-Moiver’s theorem: 

             (cosθ + isinθ)n= cosnθ + isinnθ ,    where n is a real number. 

Review of function of a complex variable 

Functions of a complex variable: 

        Let C be a set complex numbers. If to each complex number z in C there corresponds a 

unique complex number w, then w is called a complex function of z defined on C, and we write 

w = f(z)=u+iv. 

 Hence, w has a real part, say u and an imaginary part , say v.  

Then, w has the representation 

 w= f(z) = u(x,y) + i v(x,y)  (Cartesian form) 

w = u(r,θ) + i v(r,θ) (polar form) 

Continuity: 
       A complex valued function f(z) is said to be continuous at a point z 0 if  f(z) is defined at 

z0 and   lim
z→zo

f(z) = f(zo). 

Derivative of a complex function:  

      The derivative of a complex function f at a point z=z0 is defined as 

f ′(z) = lim
δz→0

f(z+δz)−f(z)

δz
 provided the limit exists. 

Module-1



  We should remember that by the definition of limit f(z) is defined in a neighborhood of z 0 

and z may approach z 0 from any direction in the complex plane. The derivative of a function 

at a point is unique if it exists. 

Analytic Functions 

         In complex analysis we are interested in the functions, which are differentiable in some 

domain, called the analytic functions. A large variety of functions of complex variables which 

are useful for applications purpose are analytic. 

 A function f(z) is said to be analytic at a point z0 , if it is differentiable at z0 and, in addition , 

it is differentiable throughout some neighborhood of z0 . 

 That is , a complex valued function w= f(z) is said to be analytic at a point z = z0 if 

dw

dz
= f ′(z) = lim

δz→0

f(z+δz)−f(z)

δz
   exists and is unique at z0 and in the neighbourhood of z0    

Analytic function is also called a regular function or holomorphic function. 

Cauchy-Riemann Equations in the Cartesian form 

    The necessary conditions that the function w= f(z) = u(x,y) + i v(x,y) be analytic at any 

point is that, there exists four continuous first order partial derivatives 
∂u

∂x
, 

∂u

∂y
, 

∂v

∂x
, 

∂v

∂y
 and 

satisfy the equations: 
∂u

∂x
 = 

∂v

∂y
  and 

∂v

∂x
 = - 

∂u

∂y
. 

These are known as Cauchy-Riemann ( C-R )equations. 

Equivalently, ux= vy and  vx= - uy 

Proof: 

     Let f(z) be analytic at a point z=x+iy and hence by the definition, 

        f ′(z) = lim
δz→0

f(z+δz)−f(z)

δz
  exists and is unique. 

In the Cartesian form, f(z) = u(x,y) + i v(x,y) and let δz be the increment in z corresponding 

to the increments δx, δy in x, y. 

f ′(z) = lim
δz→0

u(x + δx, y + δy) + iv(x + δx, y + δy) − (u(x, y) + iv(x, y))

δz
 

f ′(z) = lim
δz→0

u(x + δx, y + δy) − u(x, y)

δz
+ lim

δz→0
i
v(x + δx, y + δy) − v(x, y)

δz
   − −  (1) 

Now, δz = (z + δz) - z    where   z=x+iy 

δz = [(x + δx) + i(y + δy)] – [x+iy] 

i.e., δz = δx + iδy 

Since δz tends to zero, we have the following two possibilities. 

Case-1: Let δy = 0 then δz = δx + iδy becomes δz = δx and  δz → 0 then δx → 0 

  



Now   (1) ⇒    f ′(z) = lim
δx→0

u(x+δx,y)−u(x,y)

δx
+ lim

δx→0
i

v(x+δx,y)−v(x,y)

δx
 

By the definitions of the partial derivatives of u and v w.r.t x. It can be written as  

 f ′(z) =
∂u

∂x
+ i

∂v

∂x
          − −                 (2) 

Case-2: Let δx = 0 then δz = δx + iδy becomes δz = iδy as δz → 0 then δy → 0 

             (1)    ⇒    f ′(z) = lim
δy→0

u(x,y+δy)−u(x,y)

iδy
+ lim

δy→0
i

v(x,y+δy)−v(x,y)

iδy
  

It can be written as      f ′(z) =
∂u

i ∂y
+

∂v

∂y
 

But      
1

i
=

i

i2 = - i 

f ′(z) =
∂u

i ∂y
+

∂v

∂y
= (

∂v

∂y
− i

∂u

∂y
)              − −             (3)  

Equating RHS of equation (2) and (3) we get 

∂u

∂x
=

∂v

∂y
      and         

∂v

∂x
= −

∂u

∂y
 

These are known as the Cauchy-Riemann equations. 

Cauchy –Riemann equations in the polar form 

  

        If f(z)=f(reiθ)= u(r, θ) + iv(r, θ) is analytic at a point z , then there exists four 

continuous partial derivatives 
∂u

∂r
,

∂v

∂θ
,

∂v

∂r
,

∂u

∂θ
  and satisfies the equation 

  
∂u

∂r
=

1

r

∂v

∂θ
 and 

∂v

∂r
= −

1

r

∂u

∂θ
 

 

These are known as Cauchy –Riemann ( C-R)  equations in the  polar form 

Proof: 

Let f(z) be analytic at a point z=reiθ and hence by definition 

f ′(z) = lim
δz→0

f(z+δz)−f(z)

δz
   − −   (1)    exists and unique 

  

In the polar form f(z) = u(r, θ) + iv(r, θ) and let δz  be the increment in z corresponding to 

the increments are δr and δθ in r and θ respectively. 

(1) ⇒ f ′(z) = lim
δz→0

u(r+δr,θ+δθ)+iv(r+δr,θ+δθ)−(u(r,θ)+iv(r,θ))

δz
 

 

 

 

f ′(z) = lim
δz→0

u(r + δr, θ + δθ) − u(r, θ)

δz
+ lim

δz→0
i

v(r + δr, θ + δθ) − v(r, θ)

δz
   − − (2) 



Consider z=reiθ , since z is a function of two variables r and θ  we have, 

δz =
∂z

∂r
δr +

∂z

∂θ
δθ  

     = 
∂

∂r
(reiθ) δr +

∂

∂θ
(reiθ) δθ  

δz = eiθδr + ireiθδθ 

Since δz tends to zero, we have the following two possibilities. 

Case-1: Let δθ = 0 then δz = eiθδr + ireiθδθ becomes δz = eiθδr and as δz → 0  

             then δr → 0  

   (2) ⇒  f ′(z) = lim
δr→0

u(r+δr,θ)−u(r,θ)

eiθδr
+ lim

δr→0
i

v(r+δr,θ)−v(r,θ)

eiθδr
  

              f ′(z) =
∂u

eiθ ∂r
+ i

∂v

eiθ ∂r
=

1

eiθ (
∂u

∂r
+ i

∂v

∂r
)   − −    (3)   

Case-2: Let δr = 0 then δz = eiθδr + ireiθδθ becomes δz = ireiθδθ as δz → 0  

              then δθ → 0 

f ′(z) = lim
δθ→0

u(r,θ+δθ)−u(r,θ)

ireiθδθ
+ lim

δθ→0
i

v(r,θ+δθ)−v(r,θ)

ireiθδθ
  

  

It can be written as 

  f ′(z) =
∂u

ireiθ ∂θ
−

∂v

reiθ ∂θ
=

1

reiθ (−i
∂u

∂θ
+

∂v

∂θ
)      − −  (4)  

Equating  RHS of equation (3) and (4) we get 

e−iθ (
∂u

∂r
+ i

∂v

∂r
)= e−iθ (−i

1

r

∂u

∂θ
+

1

r

∂v

∂θ
) 

Cancelling e−iθ on both sides and equating real and imaginary parts, we get 
∂u

∂r
=

1

r

∂v

∂θ
 and 

∂v

∂r
= −

1

r

∂u

∂θ
   

       OR        

  rur =  vθ  and   rvr =  − uθ 

Thus we have established Cauchy-Riemann equations in polar form. 

 

 

 

 

Consequences of C-R Equations: 

Harmonic function – Definition 

    A function ϕ is said be harmonic if it satisfies Laplace equation ∇2ϕ = 0. 



In the Cartesian form ϕ(x,y) is harmonic if   
∂2ϕ

∂x2
+

∂2ϕ

∂y2
= 0. 

In the Polar form ϕ(r,θ) is harmonic if    
∂2ϕ

∂r2
+

1

r

∂ϕ

∂r
+

1

r2

∂2ϕ

∂θ2
= 0. 

Harmonic Property: The real and imaginary parts of an analytic function are harmonic 

• If ‘u’ is harmonic then 
∂2u

∂x2
+

∂2u

∂y2
= 0 

• If ‘v’ is harmonic then 
∂2v

∂x2 +
∂2v

∂y2 = 0 

• If ‘u’ is harmonic then 
∂2u

∂r2 +
1

r

∂u

∂r
+

1

r2

∂2u

∂θ2 = 0 

If ‘v’ is harmonic then 
∂2v

∂r2 +
1

r

∂v

∂r
+

1

r2

∂2v

∂θ2 = 0 

Note: 

1. The real and imaginary parts of an analytic function when expressed in Cartesian and polar  

   form satisfy Laplace’s equation in the Cartesian and polar form. 

2. The converse of this property is not true. That is we can say that if a function is harmonic it  

    may not be analytic.  

 Ex. u = x2 − y2  ; v = x3 − 3xy2. In this example u and v are harmonic functions but its not  

    analytic [ Since C-R equations are not satisfied]. 

 

Orthogonal Property 

     If f(z) = u + iv is an analytic function, then the family of curves u( x, y)=c1 and v( x, y)= c2 

, c1 and c2 being constants , intersect each other orthogonally.  

Proof: 

   We know that two curves intersect each other orthogonally if the tangents at the point of 

intersection are at right angles. Further we know that 
dy

dx
 represents slope of the tangent and 

the condition for the perpendicularity of two lines is that the product of their slopes must be 

equal to -1. 

  Let  u(x,y) = c1    --  (i) 

  

         v(x, y) = c2   --   (ii) 

Differentiating eqn (i) partially w.r.t  x treating y as a function of x , we get 

∂u

∂x
+

∂u

∂y

dy

dx
= 0 so that 

dy

dx
= −

∂u
∂x
∂u
∂y

=  m1  

Similarly , the slope of the member of the family v(x, y)=c2 

 

Passing through the point (x,y) is 
dy

dx
= −

∂v

∂x
∂v

∂y

=  m2   



         m1m2 =
∂u

∂x

∂v

∂x
∂u

∂y

∂v

∂y

  

But f(z) is analytic, then CR equation hold we get m1m2 = −1.  

Hence the curves intersect orthogonally at every point of intersection. 

Note: Converse of this theorem is not true 

Problems on finding the derivative of an analytic function 

1. Given w= f(z) , we substitute z=x+iy or z=reiθ to find the real and imaginary parts u and v  

    as functions of x, y or r, θ. 

2. We find first order partial derivatives and verify Cauchy-Riemann equations in the  

    Cartesian or polar form to conclude that f(z) is analytic. 

3. To find the derivative of f(z) we make use of the fundamental results derived while  

     establishing Cauchy-Riemann equations. They are as follows 

      f ′(z) = ux + ivx                 [ Cartesian form ] 

      f ′(z) = e−iθ[ur + ivr]      [ Polar form ] 

4. We substitute for the partial derivatives and rearrange as a function of (x+iy) or reiθ which  

     is z, with the result  f ′(z) is obtained as a function of z. 

 

1. Show that w = z + ez is analytic and hence find 
dw

dz
. 

Sol: By data w = z + ez, Put  z=x + iy 

   u + iv = (x + iy) + e(x+iy) 

               = (x + iy) + ex. eiy 

                 = (x + iy) + ex(cosy + isiny) 

 u + iv = (x + excosy) + i(y + exsiny) 

 u = x + excosy                              v = y + exsiny 

ux = 1 + excosy                             vx = exsiny 

uy = −exsiny                                 vy = 1 + excosy 

We observe C-R equations  ux= vy   and vx= - uy are satisfied . 

Thus, w = z + ez is analytic. 

Now, 
dw

dz
= f ′(z) = ux + ivx  

dw

dz
 = (1 + excosy)+i(exsiny) 

     = 1+ex (cosy+i siny) =1+ex. eiy = 1+ex+iy 

 
dw

dz
= 1 + ez 



2. Show that f(z) = Sinz is analytic and hence find f ′(z). 

Sol: Given: 𝑓(𝑧)=𝑆𝑖𝑛𝑧  , Put  z=𝑥+𝑖𝑦 

𝑓(𝑧)=𝑆𝑖𝑛(𝑥+𝑖𝑦) 

𝑢+𝑖𝑣=𝑠𝑖𝑛𝑥𝑐𝑜𝑠(𝑖𝑦)+𝑐𝑜𝑠𝑥𝑠𝑖𝑛(𝑖𝑦) 

[𝑆𝑖𝑛𝑐𝑒 sin(𝑖𝜃)=𝑖𝑠𝑖𝑛ℎ𝜃  𝑎𝑛𝑑 cos(𝑖𝜃)=𝑐𝑜𝑠ℎ𝜃] 

𝑢+𝑖𝑣=𝑠𝑖𝑛𝑥𝑐𝑜𝑠ℎ𝑦+𝑖𝑐𝑜𝑠𝑥𝑠𝑖𝑛ℎ𝑦 

𝑢=𝑠𝑖𝑛𝑥𝑐𝑜𝑠ℎ𝑦             𝑣=𝑐𝑜𝑠𝑥𝑠𝑖𝑛ℎ𝑦 

ux = cosxcoshy                             vx = −sinxsinhy 

uy = sinxsinhy                                 vy = cosxcoshy 

We observe C-R equations  ux= vy   and vx= - uy are satisfied 

Thus,𝒇(𝒛)=𝑺𝒊𝒏𝒛 is analytic. 

Now,       f ′(z) = ux + ivx  

f ′(z) = (cosxcoshy) + i(−sinxsinhy)  

f ′(z) = cosx(coshy) − sinx(isinhy)  

f ′(z) = cosxcos(iy) − sinxsin(iy)  

f ′(z) = Cos(x + iy)  

𝐟′(𝐳) = 𝐂𝐨𝐬𝐳  

3. Show that w = logz , z ≠ 0 is analytic and hence find 
dw

dz
. 

Sol: 

By data w = logz , z ≠ 0 , Put  z = reiθ 

     u + iv = log(reiθ) 

     u + iv = log r + log(eiθ) 

     u + iv = logr + iθ loge e 

     u + iv = logr + iθ                [loge e=1] 

u = logr                               v = θ 

ur =
1

r
                           vr = 0 

rur = 1                          rvr = 0 

uθ =0                          vθ = 1 

C-R equations  rur =  vθ  and   rvr =  − uθ are satisfied. 



Thus,𝐰 = 𝐥𝐨𝐠𝐳  is analytic. 

Now,  f ′(z) = e−iθ[ur + ivr]  

                    = e−iθ[
1

r
+ i. 0]  

                  =  
1

reiθ 

            𝐟′(𝐳) =  
𝟏

𝐳
 

4. Show that f(z) = zn, where n is a constant is analytic and hence find its derivative. 

Sol: 

By data, f(z) = zn, Put  z = reiθ  

            u + iv =  (reiθ)n 

            u + iv = rn. einθ 

            u + iv = rn(cosnθ + isinnθ) 

            u + iv = rncosnθ + irnsinnθ 

u = rncosnθ                 v = rnsinnθ 

ur = nrn−1cosnθ           vr = nrn−1sinnθ 

rur = nrncosnθ            rvr = nrnsinnθ 

uθ = −rnsinnθ. n         vθ = rncosnθ. n 

C-R equations  rur =  vθ  and   rvr =  − uθ are satisfied. 

Thus, 𝐟(𝐳) = 𝐳𝐧 is analytic. 

Now,  f ′(z) = e−iθ[ur + ivr]   

    f ′(z) = e−iθ[nrn−1cosnθ + i. nrn−1sinnθ]  

  f ′(z) = ne−iθrn−1[cosnθ + isinnθ] 

  f ′(z) = ne−iθrn−1einθ 

  f ′(z) = nrn−1einθ−iθ 

  f ′(z) = nrn−1eiθ(n−1) 

  f ′(z) = n(reiθ)n−1 

            𝐟′(𝐳) = 𝐧𝐳𝐧−𝟏 

 

Construction of analytic function by Milne-Thomson Method 



• Given u or v as functions of x and y we find ux , uy or vx , vy and consider  f ′(z) =

ux + ivx . 

• Given u, we use C-R equations vx = −uy  or given u, we use ux = vy so that  f ′(z) =

ux − iuy  or   f ′(z) = vy + ivx . 

• We substitute the expression for the partial derivatives in the RHS and then put x = z 

, y = 0  to obtain f ′(z) as a function of z. 

• Integrating w.r.t z we get f(z). 

• Also in the case of polar co-ordinates r, θ we consider f ′(z) = e−iθ[ur + ivr] and use 

C-R equations in the RHS, vr =  − 
1

r
uθ  given u or  ur =  

1

r
vθ given v. We use the 

substitution r = z , θ = 0 to obtain f ′(z) as a function of z. Integrating w.r.t z we get 

f(z). 

1. Construct the analytic function whose real part is u = log√x2 + y2. 

Sol: 

Given u = log√x2 + y2 

u = log(x2 + y2)
1

2⁄  

u =
1

2
log(x2 + y2) 

ux =
1

2
.

1

x2+y2 . 2x           uy =
1

2
.

1

x2+y2 . 2y  

𝐮𝐱 =
𝐱

𝐱𝟐+𝐲𝟐                     𝐮𝐲 =
𝐲

𝐱𝟐+𝐲𝟐 

Consider,  f ′(z) = ux + ivx  

By C-R equations vx = −uy 

                 

f ′(z) = ux − iuy 

f ′(z) =
x

x2 + y2
− i

y

x2 + y2
 

Putting x = z and  y = 0 we have, 

f ′(z) =
z

z2+0
− i. 0  

𝐟′(𝐳) =
𝟏

𝐳
 

f(z) = ∫
1

z
 dz + c 

Thus, 𝐟(𝐳) = 𝐥𝐨𝐠𝐳 + 𝐜 



2. Find the analytic function f(z) whose imaginary part is ex(xsiny + ycosy). 

Sol: 

Given v = ex(xsiny + ycosy) 

vx = ex(siny. 1 + 0) + (xsiny + ycosy)ex 

vx = ex (siny + xsiny + ycosy) 

Also, vy = ex (xcosy − ysiny + cosy. 1) 

Consider,  f ′(z) = ux + ivx  

By C-R equations ux = vy 

f ′(z) = vy + ivx 

f ′(z) = ex (xcosy − ysiny + cosy) + iex (siny + xsiny + ycosy) 

Putting x = z and  y = 0 we have, 

f ′(z) = ez (z − 0 + 1) + iez (0 + 0 + 0) 

            𝐟′(𝐳) = 𝐞𝐳 (𝐳 + 𝟏) 

           f(z) = ∫ ez(z + 1)  dz + c 

f(z) = ez(z + 1) − ∫ ez. 1  dz + c 

f(z) = ez(z + 1) − ez + c 

f(z) = ezz + ez − ez + c 

Thus, 𝐟(𝐳) = 𝐳𝐞𝐳 + 𝐜 

3. Find the analytic function whose real part is 
x4−y4−2x

x2+y2 .Hence determine v. 

Sol: 

Given  u =
x4−y4−2x

x2+y2
 

ux =
(x2 + y2)(4x3 − 2) − (x4 − y4 − 2x)(2x)

(x2 + y2)2
 

uy =
(x2 + y2)(−4y3) − (x4 − y4 − 2x)(2y)

(x2 + y2)2
 

Consider,  f ′(z) = ux + ivx  

By C-R equations vx = −uy 

                 

 f ′(z) = ux − iuy  



Putting x = z and  y = 0 we have, 

f ′(z) = [ux](z,0) − i[uy](z,0) 

f ′(z) =
(z2)(4z3 − 2) − (z4 − 2z)(2z)

(z2)2
− i. 0 

f ′(z) =
4z5 − 2z2 − 2z5 + 4z2

z4
 

f ′(z) =
2z5 + 2z2

z4
 

f ′(z) =
2z5

z4
+

2z2

z4
 

𝐟′(𝐳) = 𝟐𝐳 +
𝟐

𝐳𝟐
 

 f(z) = ∫  (2z +
2

z2
)  dz + c 

f(z) = 2.
z2

2
+ 2. (−

1

z
) + c 

𝐟(𝐳) = 𝐳𝟐 −
𝟐

𝐳
+ 𝐜 

f(z) = (x + iy)2 −
2

(x + iy)
+ c 

f(z) = (x2 + i2y2 + 2xiy) −
2(x − iy)

(x + iy)(x − iy)
+ c 

f(z) = (x2 − y2 + 2xiy) −
2(x − iy)

(x2 + y2)
+ c 

f(z) = [(x2 − y2) −
2x

(x2 + y2)
] + i [2xy +

2y

(x2 + y2)
] + c 

u + iv = [
x4 − y4 − 2x

(x2 + y2)
] + i [

2x3y + 2xy3 + 2y

(x2 + y2)
] + c 

Equating imaginary part we get 

𝐯 = [
𝟐𝐱𝟑𝐲 + 𝟐𝐱𝐲𝟑 + 𝟐𝐲

(𝐱𝟐 + 𝐲𝟐)
] 

 

 

4.Determine the analytic function f(z) = u + iv given that the real part               

   u = e2x(xcos2y − ysin2y). 



Sol: Given 

u = e2x(xcos2y − ysin2y) 

ux = e2x(cos2y. 1 − 0) + (xcos2y − ysin2y). 2e2x 

ux = e2x(cos2y + 2xcos2y − 2ysin2y) 

uy = e2x(−2xsin2y − 2ycos2y − sin2y) 

uy = −e2x(2xsin2y + 2ycos2y + sin2y) 

Consider,  f ′(z) = ux + ivx  

By C-R equations vx = −uy       

 f ′(z) = ux − iuy  

Putting x = z and  y = 0 we have, 

f ′(z) = [ux](z,0) − i[uy](z,0) 

𝐟′(𝐳) = 𝐞𝟐𝐳(𝟏 + 𝟐𝐳) 

f(z) = ∫ e2z(1 + 2z)dz + c 

f(z) = (1 + 2z)
e2z

2
− 2.

e2z

4
+ c 

f(z) =
e2z

2
+ ze2z −

e2z

2
+ c 

𝐟(𝐳) = 𝐳𝐞𝟐𝐳 + 𝐜 

5. Find the analytic function f(z) whose real part is 
sin2x

cosh2y−cos2x
. 

Sol: Given u =
sin2x

cosh2y−cos2x
 

ux =
(cosh2y − cos2x). 2cos2x − sin2x(0 − (−2sin2x))

(cosh2y − cos2x)2
 

ux =
(cosh2y − cos2x). 2cos2x − sin2x(2sin2x)

(cosh2y − cos2x)2
 

uy =
0 − sin2x(2sinh2y − 0)

(cosh2y − cos2x)2
 

uy =
−sin2x(2sinh2y)

(cosh2y − cos2x)2
 

Consider,  f ′(z) = ux + ivx  

By C-R equations vx = −uy 



 f ′(z) = ux − iuy 

Putting x = z and  y = 0 we have, 

f ′(z) = [ux](z,0) − i[uy](z,0) 

f ′(z) =
(1 − cos2z). 2cos2z − 2sin22z

(1 − cos2z)2
  − i. 0 

f ′(z) =
2cos2z − 2cos22z − 2sin22z

(1 − cos2z)2
 

f ′(z) =
2cos2z − 2(cos22z + sin22z)

(1 − cos2z)2
 

f ′(z) =
2cos2z − 2(1)

(1 − cos2z)2
 

f ′(z) =
−2(1 − cos2z) 

(1 − cos2z)2
 

f ′(z) =
−2

(1 − cos2z)
 

f ′(z) =
−2

2sin2z
 

f ′(z) = −cosec2z 

f(z) = − ∫ cosec2z dz + c 

f(z) = −(−cotz) + c 

𝐟(𝐳) = 𝐜𝐨𝐭𝐳 + 𝐜 

6. If φ + iψ  represents the complex potential of an electrostatic field where                      

ψ = (x2 − y2) +
x

(x2+y2)
 find the complex potential as a function of the complex variable z 

and hence determine φ. 

Sol: Given 

ψ = (x2 − y2) +
x

(x2+y2)
   

ψx = 2x +
(x2 + y2). 1 − x. 2x

(x2 + y2)2
 

ψx = 2x +
y2 − x2

(x2 + y2)2
 

ψy = −2y +
(x2 + y2). 0 − x. 2y

(x2 + y2)2
 



ψy = −2y −
2xy

(x2 + y2)2
 

Consider,  f ′(z) = φx + iψx  

By C-R equationsφx = ψy    

 f ′(z) = ψy + iψx 

f ′(z) = [ψy](z,0) + i[ψx](z,0) 

f ′(z) = 0 + i [2z +
(−z2)

(z2)2
] 

f ′(z) = i [2z −
1

z2
] 

f(z) = i ∫ (2z −
1

z2
) dz + c 

 

𝐟(𝐳) = 𝐢 (𝐳𝟐 +
𝟏

𝐳
)+c 

To find 𝛗 

φ + iψ = i {(x + iy)2 +
1

(x + iy)
} + c 

φ + iψ = i {(x2 + i2y2 + 2xiy) +
(x − iy)

(x + iy)(x − iy)
} + c 

φ + iψ = i{(x2 − y2) + 2xiy } + i
(x − iy)

(x2 + y2)
+ c 

φ + iψ = i(x2 − y2) − 2xy +
ix

(x2 + y2)
+

y

(x2 + y2)
+ c 

φ + iψ = [−2xy +
y

(x2 + y2)
] + i [(x2 − y2) +

x

(x2 + y2)
] + c 

Equating real and imaginary parts, we observe that the imaginary part is same as that of the 

given problem and the required real part is 

𝛗 = [−𝟐𝐱𝐲 +
𝐲

(𝐱𝟐 + 𝐲𝟐)
] 

7. Construct the analytic function whose real part is r2cos2θ. 

Sol: Given u = r2cos2θ 

ur = 2rcos2θ    uθ = −2r2sin2θ 

f ′(z) = e−iθ[ur + ivr]  

By C-R equations in the RHS, 



 vr =  − 
1

r
uθ 

f ′(z) = e−iθ[ur − i
1

r
uθ]  

Putting r = z , θ = 0  

f ′(z) = 1. [2z − i
1

z
. 0]  

f ′(z) = 2z 

f(z) = 2 ∫ z dz + c 

f(z) = 2.
z2

2
+ c 

𝐟(𝐳) = 𝐳𝟐 + 𝐜 

Problems on finding the conjugate harmonic function and the analytic 

function 

1. Show that u = x3 − 3xy2 + 3x2 − 3y2 + 1 is harmonic and find its harmonic  

    conjugate. Also find the corresponding analytic function f(z). 

Sol: Given 

 u = x3 − 3xy2 + 3x2 − 3y2 + 1  

𝐮𝐱 = 𝟑𝐱𝟐 − 𝟑𝐲𝟐 + 𝟔𝐱    𝐮𝐱𝐱 = 𝟔𝐱 + 𝟔 

𝐮𝐲 = −𝟔𝐱𝐲 − 𝟔𝐲           𝐮𝐲𝐲 = −𝟔𝐲 − 𝟔 

uxx + uyy = 6x + 6 − 6x − 6 

𝐮𝐱𝐱 + 𝐮𝐲𝐲 = 𝟎. 

Thus, 𝐮 is harmonic.    

Consider C-R equation 

vy = ux         and        vx = − uy 

Substituting ux  and uy , we have 

∂v

∂y
= 3x2 − 3y2 + 6x    &   

∂v

∂x
= −(−6xy − 6y) 

v = ∫(3x2 − 3y2 + 6x)dy + f(x) 

v = 3x2 ∫ 1. dy − 3 ∫ y2dy + 6x ∫ 1 dy + f(x) 

v = 3x2y − 3
y3

3
+ 6xy + f(x)  

𝐯 = 𝟑𝐱𝟐𝐲 − 𝐲𝟑 + 𝟔𝐱𝐲 + 𝐟(𝐱)  



Now, 
∂v

∂x
= 6xy + 6y 

v = 6y ∫ x dx + 6y ∫ dx + g(y) v = 6y
x2

2
+ 6y. x + g(y) 

 

 𝐯 = 𝟑𝐱𝟐𝐲 + 𝟔𝐱𝐲 + 𝐠(𝐲) 

 

      We have to choose f(x) and g(y) to obtain a unique expression for v. By comparison  

f(x) = 0  and  g(y) = −y3.  

 

Thus , 𝐯 = 𝟑𝐱𝟐𝐲 − 𝐲𝟑 + 𝟔𝐱𝐲  is the harmonic conjugate. 

The analytic function is, f(z) = u + iv 

     f(z) = (x3 − 3xy2 + 3x2 − 3y2 + 1) + i (3x2y − y3 + 6xy)  

Putting x = z and  y = 0 we have, 

𝐟(𝐳) = 𝐳𝟑 + 𝟑𝐳𝟐 + 𝟏 

2. Show that v = cosxsinhy is harmonic and find its harmonic conjugate. Also find  

    the corresponding analytic function f(z). 

Sol: Given   v = cosxsinhy  

vx = −sinxcoshy        vxx = −cosxcoshy 

vy = cosxcoshy          vyy = cosxsinhy  

uxx + uyy = −cosxcoshy + cosxcoshy 

𝐮𝐱𝐱 + 𝐮𝐲𝐲 = 𝟎. 

Thus, 𝐮 is harmonic.    

Consider C-R equation 

ux = vy       and         uy = −vx 

Substituting vy  and vx , we have 

∂u

∂x
= cosxcoshy   &   

∂u

∂y
= −(−sinxcoshy) 

 u = ∫ cosxcoshy dx + f(y) 

u = coshy ∫ cosx dx + f(y) 

𝐮 = 𝐜𝐨𝐬𝐡𝐲. 𝐬𝐢𝐧𝐱 + 𝐟(𝐲) 

Also, u = ∫ sinxcoshy dy + g(x) 

u = sinx ∫ coshy dy + g(x) 



𝐮 = 𝐬𝐢𝐧𝐱𝐬𝐢𝐧𝐡𝐲 + 𝐠(𝐱) 

     We have to choose f(y) and g(x) to obtain a unique expression for u. By comparison  

f(y) = 0  and  g(x) = 0.  

 

Thus , 𝐮 = 𝐜𝐨𝐬𝐡𝐲𝐬𝐢𝐧𝐱  is the harmonic conjugate. 

 

The analytic function is, f(z) = u + iv 

 

     f(z) = (coshysinx) + i (cosxsinhy)  

 

Putting x = z and  y = 0 we have, 

 

𝐟(𝐳) = (𝟏. 𝐬𝐢𝐧𝐳) + 𝐢. 𝟎        (since sinh0=0,cosh0=1) 

 

𝐟(𝐳) = 𝐬𝐢𝐧𝐳  

3. Given that u = x2 + 4x − y2 + 2y as the real part of an analytic function, find v and hence 

find f(z)in terms of z. 

Sol:Given u = x2 + 4x − y2 + 2y  

ux = 2x + 4      uy = −2y + 2 

Consider C-R equation 

vy = ux                            and                             vx = − uy  

∂v

∂y
= 2x + 4                       and                               

∂v

∂x
= 2y − 2  

 v = ∫(2x + 4)dy + f(x)                          v = ∫(2y − 2)dx + g(y) 

 v = 2x ∫ 1 dy + 4 ∫ dy + f(x)                 v = 2y ∫ 1 dx − 2 ∫ dx + g(y) 

 v = 2xy + 4y + f(x)                                v = 2yx − 2x + g(y) 

     We have to choose f(x) and g(y) to obtain a unique expression for v. By comparison  

f(x) = −2x    and          g(y) = 4y  

Thus, 𝐯 = 𝟐𝐲𝐱 − 𝟐𝐱 + 𝟒𝐲 

 

The analytic function is, f(z) = u + iv 

 

 f(z) = (x2 + 4x − y2 + 2y) + i (2yx − 2x + 4y) 

 

Putting x = z and  y = 0 we have, 

 

𝐟(𝐳) = 𝐳𝟐 + 𝟒𝐳 − 𝐢.𝟐𝐳 

4. Show that u = (r +
1

r
) cosθ is harmonic. Find its harmonic conjugate and also  



     the corresponding analytic function. 

Sol: Given u = (r +
1

r
) cosθ  

    ur = (1 −
1

r2) cosθ                                       urr = (0 −
(−2)

r3 ) cosθ =
2

r3 cosθ               

   uθ = (r +
1

r
) (−sinθ)                                 uθθ = (r +

1

r
) (−cosθ) = − (r +

1

r
) cosθ 

Consider urr +
1

r
ur +

1

r2 uθθ =
2

r3 cosθ +
1

r
(1 −

1

r2) cosθ +
1

r2
{− (r +

1

r
) cosθ}   

 

                                                 =
2

r3 cosθ +
1

r
cosθ −

1

r3 cosθ −
1

r
cosθ −

1

r3 cosθ 

                                                                               

               urr +
1

r
ur +

1

r2 uθθ =0 

 

Thus, 𝐮 is harmonic. 

To find 𝐯 

Consider the C-R equation,       vθ = rur                     vr = −
1

r
uθ        

              vθ = r (1 −
1

r2) cosθ                                 vr = −
1

r
(r +

1

r
) (−sinθ) 

              vθ = (r −
1

r
) cosθ                              vr = (1 +

1

r2) sinθ 

    

v = ∫ (r −
1

r
) cosθ dθ + f(r)                               v = ∫ (1 +

1

r2) sinθ dr + g(θ) 

 

v = (r −
1

r
) ∫ cosθ dθ + f(r)                                    v = sinθ ∫ (1 +

1

r2)  dr + g(θ) 

 

v = (r −
1

r
) sinθ + f(r)                                              v = sinθ (r −

1

r
) + g(θ) 

 

Comparing, we must have f(r) = 0   and g(θ) = 0 

 

Thus,    𝐯 = (𝐫 −
𝟏

𝐫
) 𝐬𝐢𝐧𝛉 

Also, wkt   f(z) = u + iv 

f(z) = (r +
1

r
) cosθ + i (r −

1

r
) sinθ  

Put r = z   and       θ = 0         (cos0 = 1 ,  sin0 = 0) 

𝐟(𝐳) = 𝐳 +
𝟏

𝐳
 



Miscellaneous Problems 

1. Find the analytic function f(z) = u + iv given u − v = ex(cosy − siny) 

Sol: Given u − v = ex(cosy − siny) 

Differentiate w.r.t x and y partially 

            ux − vx = (cosy − siny)ex         ---- (1)    

And     uy − vy = ex(−siny − cosy)      ---- (2) 

Using C-R equations uy = −vx   and vy = ux for the LHS of (2), we get 

 −vx − ux = −ex(siny + cosy)  

      ux + vx = ex(siny + cosy)                ----(3) 

(1)+ (3):  ux − vx + ux + vx = excosy − exsiny + exsiny + excosy 

    2ux = 2excosy           ;               𝐮𝐱 = 𝐞𝐱𝐜𝐨𝐬𝐲  

(1)- (3):  ux − vx − ux − vx = excosy − exsiny − exsiny − excosy 

−2vx = −2exsiny           ;               𝐯𝐱 = 𝐞𝐱𝐬𝐢𝐧𝐲  

Wkt ,  f ′(z) = ux + ivx 

 f ′(z) = excosy + iexsiny 

 f ′(z) = ex(cosy + isiny) 

 f ′(z) = ex. eiy 

 f ′(z) = ex+iy 

 f ′(z) = ez 
Thus, 𝐟(𝐳) = 𝐞𝐳 + 𝐜 

2. If f(z) is analytic, show that [
∂2

∂x2 +
∂2

∂y2] |f(z)|2 = 4|f ′(z)|2 

Sol: Let f(z) = u + iv be analytic. 

|f(z)| = √u2 + v2    or     |f(z)|2 = u2 + v2 = φ(say) 

To Prove that [
∂2

∂x2
+

∂2

∂y2
] φ = 4|f ′(z)|2 

i. e.,  to prove that φxx + φyy = 4|f ′(z)|2  

Consider ,    φ = u2 + v2  and differentiate w.r.t ‘x’ partially 

    φx = 2uux + 2vvx = 2[uux + vvx] 

  φxx = 2[uuxx + uxux + vvxx + vxvx] 

  φxx = 2[uuxx + ux
2 + vvxx + vx

2] 
 

Similarly ,   φyy = 2[uuyy + uy
2 + vvyy + vy

2] 

 

Now ,              φxx + φyy = 2[uuxx + ux
2 + vvxx + vx

2 + uuyy + uy
2 + vvyy + vy

2] 



 

            φxx + φyy = 2[u(uxx + uyy) + v(vxx + vyy) + ux
2 + vx

2 + uy
2 + vy

2]      --- (1) 

 

Since f(z) = u + iv is analytic,  u and v are harmonic. 

Hence , uxx + uyy = 0 , vxx + vyy=0. 

 

By C-R equations: vy = ux     and   uy = − vx 

 

Using above results in RHS of (1), we get 

 

φxx + φyy = 2[u(0) + v(0) + ux
2 + vx

2 + (−vx)2 + (ux)2] 

 

  φxx + φyy = 2[2(ux
2 + vx

2)] 

 

  φxx + φyy = 4[(ux
2 + vx

2)]      ---- (2) 

 

But ,  f ′(z) = ux + ivx 

|f ′(z)| = √ux
2 + vx

2 

|f ′(z)|2 = ux
2 + vx

2 

Using this in RHS of (2) , we get 𝛗𝐱𝐱 + 𝛗𝐲𝐲 = 𝟒|𝐟′(𝐳)|𝟐 

3. If f(z) is a regular function of z , show that {
∂

∂x
|f(z)|}

2

+ {
∂

∂y
|f(z)|}

2

= |f ′(z)|2 

Sol: Let f(z) = u + iv be the regular(analytic) function. 

|f(z)| = √u2 + v2 = φ  (Say) 

We have to prove that, (
∂φ

∂x
)

2

+ (
∂φ

∂y
)

2

= |f ′(z)|2 

That is prove that, φx
2 + φy

2 = |f ′(z)|2 where  φ = √u2 + v2 

Consider φ2 = u2 + v2 

Differentiating w.r.t x partially , we get 

 2φφx = 2uux + 2vvx         , dividing by 2  

                                               φφx = uux + vvx     --- (1) 

                 Similarly          φφy = uuy + vvy     --- (2) 

Squaring and adding (1) and (2) we have, 

φ2(φx
2 + φy

2) = (uux + vvx)2 + (uuy + vvy)2 



φ2(φx
2 + φy

2) = (u2ux
2 + v2vx

2 + 2uvuxvx) + (u2uy
2 + v2vy

2 + 2uvuyvy) 

 

Since f(z) = u + iv is analytic, by C-R equation     uy = −vx     and    vy = ux 

 

By using these in the second bracket of the  RHS , we have  

 

φ2(φx
2 + φy

2) = (u2ux
2 + v2vx

2 + 2uvuxvx) + (u2uy
2 + v2vy

2 − 2uvvxux 

                                              

                       = u2(ux
2 + vx

2) + v2(ux
2 + vx

2) 

 

                       = (ux
2 + vx

2)(u2+v2) 

But φ2 = u2 + v2 and using this in RHS , we have 

φ2(φx
2 + φy

2)=φ2(ux
2 + vx

2) 

(φx
2 + φy

2)=(ux
2 + vx

2)    ----- (3) 

But f ′(z) = ux + ivx 

|f ′(z)| = √ux
2 + vx

2 

 

Or       |f ′(z)|2 = ux
2 + vx

2 

 

Using this in RHS of (3), we get 

 

𝛗𝐱
𝟐 + 𝛗𝐲

𝟐 = |𝐟′(𝐳)|𝟐 

 

𝛗𝐱
𝟐 + 𝛗𝐲

𝟐 = |𝐟′(𝐳)|𝟐 

 

 

 

 

 

 

 

 

 

 

 

 



Complex Integration 

       Let f(z) be a continuous function of the complex variable z = x + iy and C be a curve in 

the xy − plane. The integral of f(z) along the path C is called the Complex line integral 

usually denoted by  ∫ f(z)dz
c

. If C is any simple closed curve, the notation ∮ f(z)dz
c

 is also 

used. 

Properties of Complex Integral 

1. If −c denotes the curve traversed in the anticlockwise direction, then 

     ∫ f(z)dz
−c

= − ∫ f(z)dz
c

 

2. If c is split into a number of parts c1 , c2,  c3,  …  then                                             

         ∫ f(z)dz = ∫ f(z)dz
c1c

+ ∫ f(z)dz + ∫ f(z)dz + ⋯
c3c2

                                                                                                                            

3. If λ1 and   λ2   are constant , then  

   ∫ [λ1f1(z) ± λ2f2(z)]dz = λ1 ∫ f1(z)dz ± λ2 ∫ f2(z)dz
ccc

 

Line integral of a complex valued function 

 

Let f(z) = u(x, y) + iv(x, y) be a complex valued function defined over region R and C be a 

curve in the region. Then 

∫ f(z)dz = ∫ (u + iv)(dx + idy)
cC

 

 

i.e.,                                           ∫ f(z)dz = ∫ (u dx − v dy) + i ∫ (v dx + u dy)
ccC

 

CAUCHY’S THEOREM 

Statement: If f(z) is analytic at all points inside and on a simple closed curve C then , 

                  ∫ f(z)dz = 0.
C

 

Proof: Let f(z) = u + iv 

                    dz = dx + idy 

 f(z)dz = (u + iv)(dx + idy) = udx + ivdx + iudy + i2vdy 

Then , ∫ f(z)dz = ∫ (u + iv)(dx + idy)
cC

 

 

i.e.,     ∫ f(z)dz = ∫ (u dx − v dy) + i ∫ (v dx + u dy)
ccC

     --- (1) 

 



We know the Green’s theorem in a plane 

 ∫ (M dx + N dy) = ∬ (
∂N

∂x
−

∂M

∂y
) dxdy

Rc
 

Using Green’s theorem on RHS of (1) , we get 

∫ f(z)dz = ∬ (
− ∂v

∂x
−

∂u

∂y
) dxdy

R

+ i ∬ (
∂u

∂x
−

∂v

∂y
) dxdy

R
C

 

Since f(z) is analytic, we have C-R equations ; 
∂v

∂x
 = - 

∂u

∂y
  and  

∂u

∂x
 = 

∂v

∂y
. 

 

Hence, ∫ f(z)dz = ∬ (
∂u

∂y
−

∂u

∂y
) dxdy

R
+ i ∬ (

∂v

∂y
−

∂v

∂y
) dxdy

RC
 

Thus, we get  ∫ f(z)dz = 0.
C

 

 

This proves Cauchy’s theorem. 

Consequences of Cauchy’s theorem 

    If C  and C1 are two simple closed curves such that C1 lies entirely within C and if f(z) is 

analytic on C , C1then    

                 or         

∫ 𝐟(𝐳)𝐝𝐳 = ∫ 𝐟(𝐳)𝐝𝐳
𝐜𝟏𝐜

  

Problems 

1.Verify Cauchy’s theorem for the function f(z) = z2 where C is the square having vertices  

    (0,0), (1,0), (1,1), (0,1). 

Sol: C  is the square OABC . By Cauchy’s theorem, we have to show that    ∫ f(z)dz = 0.
C

 

 

 



Now , f(z) = z2      , dz = dx + idy 

∴       f(z)dz = (x + iy)2(dx + idy)      --- (1) 

Along OA(𝐂𝟏):  y = 0 ⇒ dy = 0 

  (1) ⇒         f(z)dz = x2dx    ,  0 ≤ x ≤ 1   

Along AB(𝐂𝟐):  x = 1 ⇒ dx = 0 

 (1) ⇒        f(z)dz = (1 + iy)2idy    ,  0 ≤ y ≤ 1   

Along BC(𝐂𝟑):  y = 1 ⇒ dy = 0 

 (1) ⇒        f(z)dz = (x + i)2dx    ,  1 ≤ x ≤ 0   

 

Along CO(𝐂𝟒):  x = 0 ⇒ dx = 0 

 (1) ⇒         f(z)dz = (iy)2idy = −iy2 dy    ,  1 ≤ y ≤ 0   

Wkt, ∫ f(z)dz = ∫ f(z)dz
c1c

+ ∫ f(z)dz + ∫ f(z)dz + ∫ f(z)dz
c4c3c2

 

∫ f(z)dz = ∫ x2dx

1

x=0c

+ ∫(1 + iy)2idy + ∫(x + i)2dx + ∫ −iy2dy

0

y=1

0

x=1

1

y=0

 

                                                            

                                   = [
x3

3
]

0

1

+ i [
(1+iy)3

3i
]

0

1

+ [
(x+i)3

3
]

1

0

− i [
y3

3
]

1

0

 

∫ f(z)dz

C

= [
1

3
− 0] + [

(1 + i)3

3
−

1

3
] + [

i3

3
−

(1 + i)3

3
] − i [0 +

1

3
] 

                         

                         ∫ f(z)dz
C

=
1

3
+

(1+i)3

3
−

1

3
−

i

3
−

(1+i)3

3
−

i

3
     (i3 = i. i2 = −i) 

    

         

                         ∫ f(z)dz
C

= 0 

2.Verify Cauchy’s theorem for the function f(z) = 3z2 + iz − 4 where C is the square  

    having vertices as 1 ± i , −1 ± i .     

Sol: Given f(z) = 3z2 + iz − 4  

                  f(z) = 3(x + iy)2 + i(x + iy) − 4 

 f(z) = 3(x2 − y2 + 2xiy) + i(x + iy) − 4 

 

 f(z) = 3x2 − 3y2 + 6xiy + ix − y − 4 

 

f(z) = (3x2 − 3y2 − y − 4) + i(6xy + x)  



 

f(z)dz = [(3x2 − 3y2 − y − 4) + i(6xy + x)][dx + idy]   ---(1)    

 

 

Along SP(𝐂𝟏):  y = −1 ⇒ dy = 0 

  (1) ⇒         f(z)dz = [(3x2 − 3 + 1 − 4) + i(−6x + x)]dx 

                    f(z)dz = [(3x2 − 6) − i5x]dx    ,  −1 ≤ x ≤ 1 

Along PQ(𝐂𝟐):  x = 1 ⇒ dx = 0 

 (1) ⇒         f(z)dz = [(3 − 3y2 − y − 4) + i(6y + 1)][idy] 

                    f(z)dz = i[(−3y2 − y − 1) + i(6y + 1)]dy    ,  −1 ≤ y ≤ 1 

Along QR(𝐂𝟑):  y = 1 ⇒ dy = 0 

  (1) ⇒         f(z)dz = [(3x2 − 3 − 1 − 4) + i(6x + x)]dx 

                    f(z)dz = [(3x2 − 8) + i7x]dx    ,   1 ≤ x ≤ −1 

 

Along RS(𝐂𝟒):  x = −1 ⇒ dx = 0 

 (1) ⇒         f(z)dz = [(3 − 3y2 − y − 4) + i(−6y − 1)][idy] 

                    f(z)dz = i[(−3y2 − y − 1) − i(6y + 1)]dy    ,   1 ≤ y ≤ −1 

Wkt, ∫ f(z)dz = ∫ f(z)dz
c1c

+ ∫ f(z)dz + ∫ f(z)dz + ∫ f(z)dz
c4c3c2

 

∫ f(z)dz = ∫ [(3x2 − 6) − i5x]dx

1

x=−1c

+ ∫ i[(−3y2 − y − 1) + i(6y + 1)]dy

1

y=−1

+ ∫ [(3x2 − 8) + i7x]dx + ∫ i[(−3y2 − y − 1) − i(6y + 1)]dy

−1

y=1

−1

x=1

 

∫ f(z)dz = 3 [
x3

3
]

−1

1

− 6[x]−1
1 − 5i [

x2

2
]

−1

1

− 3i

c

[
y3

3
]

−1

1

− i [
y2

2
]

−1

1

− i[y]−1
1 − 6 [

y2

2
]

−1

1

− [y]−1
1    

                                 +3 [
x3

3
]

1

−1

− 8[x]1
−1 + 7i [

x2

2
]

1

−1

−3i [
y3

3
]

1

−1

− i [
y2

2
]

1

−1

− i[y]1
−1 + 6 [

y2

2
]

1

−1

+ [y]1
−1 



∫ f(z)dz = 2 − 12 −
5i

2
(0) − 2i − i(0) − 2i − 3(0) − 2 − 2 + 16 +

7i

2
(0) + 2i −

i

2
(0) + 2i + 3(0) − 2

c

 

∫ f(z)dz = 2 − 12 − 2i − 2i − 2 − 2 + 16 + 2i + 2i − 2
c

  

∫ f(z)dz = 0
c

  

3. Verify Cauchy’s theorem for the function f(z) = ze−z over the unit circle with origin as  

    the centre. 

Sol: Given f(z) = ze−z, C is the circle |z| = 1 

        z = eiθ,    0 ≤ θ ≤ 2π 

       dz = ieiθdθ 

f(z)dz = eiθe−eiθ
ieiθdθ 

 

Now , ∫ f(z)dz = ∫ eiθe−eiθ
. i

2π

θ=0
eiθdθ

c
 

Put, eiθ = t 

∴   ieiθdθ = dt 

When θ = 0  , t = 1 

           θ = 2π  , t = ei.2π = cos(2π) + isin(2π) = 1 + i. 0 = 1 

∫ f(z)dz = ∫ t e−t.  

1

t=1

dt

c

 

 

 ∫ f(z)dz = 0
c

  ( since both the limits are same, the value of the integral is zero) 

Cauchy’s Integral formula 

Statement: If f(z) is analytic inside and on a simple closed curve C and if  ′a′ is  

                   any point within C then f(a) =
1

2πi
∫

f(z)

z−ac
  dz 

Proof: Consider the function 
f(z)

(z−a)
 , which is analytic at all points within C except at   

              z = a. 

        Draw a circle C1 with a as centre and radius r such that C1lies entirely inside C. 

 



Since 
f(z)

(z−a)
 analytic in the region between C and C1, by Cauchy’s theorem 

 we have  

∫
f(z)

(z−a)
dz = ∫

f(z)

(z−a)
dz

c1c
    --- (1) 

 

The equation of circle C1 is 

|z − a| = r 

z − a = reiθ 

z = a + reiθ          , 0 ≤ θ ≤ 2π 

dz = i. reiθ dθ 

(1) ⇒ ∫
f(z)

(z−a)
dz = ∫

f(a+reiθ)

reiθ
i. reiθ dθ

2π

θ=0c
 

∫
f(z)

(z − a)
dz = i ∫ f(a + reiθ) dθ

2π

θ=0c

 

 

In the limiting form, as the circle shrinks to the point ‘a’ i.e., r → 0 

∫
f(z)

(z − a)
dz = i ∫ f(a)dθ

2π

θ=0c

 

                      = i f(a) ∫ 1. dθ
2π

θ=0
 

                      = i f(a)[θ]0
2π 

∫
f(z)

z−ac
  dz     = i f(a). 2π 

𝐟(𝐚) =
𝟏

𝟐𝛑𝐢
∫

𝐟(𝐳)

𝐳 − 𝐚
𝐜

  𝐝𝐳 

Problems on Cauchy’s integral formula 

Working rule 

1. Firstly we have to find out whether the point z = a lies inside or outside the given 

curve C. 

2. If z = a is inside C then we use Cauchy’s integral formula 

      ∫
𝐟(𝐳)

𝐳−𝐚𝐜
  𝐝𝐳 = 𝟐𝛑𝐢𝐟(𝐚)          ; ∫

𝐟(𝐳)

(𝐳−𝐚)𝐧+𝟏𝐜
  𝐝𝐳 =

𝟐𝛑𝐢

𝐧!
𝐟(𝐧)(𝐚) 

3. If the point z = a is outside C, the value of the integral is zero. 



1.Evaluate ∫
ez

z+iπ
dz

c
  over each of the following contours C:  

 

    a) |z| = 2π       b) |z| =
π

2
          c) |z − 1| = 1  

 

Sol: Here f(z) = ez 

 

             z − a = z + iπ = z − (−iπ)      

   

               ∴  a = −iπ  ⇒   a = (0, −π) 

a) C: |z| = 2π is a circle 

⇒ Centre= (0,0)         ;   r = 2π   

The point a = (0, −π) lies within the circle  |z| = 2π . 

  

From Cauchy’s integral formula,  

∫
𝐟(𝐳)

𝐳−𝐚𝐜
  𝐝𝐳 = 𝟐𝛑𝐢𝐟(𝐚)    

∫
ez

z+iπ𝐜
  dz = 2πif(−iπ)  

 

                    = 2πi. e−iπ                      (since f(z) = ez,  z = −iπ) 

          

                     = 2πi. (cosπ − isinπ)       (cosπ = −1,  sinπ = 0) 

 

∫
𝐞𝐳

𝐳+𝐢𝛑𝐜
  𝐝𝐳 = −𝟐𝛑𝐢  

b)  C: |z| =
π

2
 is a circle 

⇒ Centre= (0,0)         ;   r =
π

2
   

The point a = (0, −π) lies outside the circle  |z| =
π

2
 . 

 



From Cauchy’s integral formula,  

 

∫
f(z)

z−ac
  dz = 0  

 

∫
𝐞𝐳

𝐳+𝐢𝛑𝐜
  𝐝𝐳 = 𝟎  

c)  C: |z − 1| = 1 is a circle 

⇒ Centre= (1,0)         ;   r = 1   

The point a = (0, −π) lies outside the circle  |z − 1| = 1 

 

From Cauchy’s integral formula,     

 

∫
f(z)

z−ac
  dz = 0  

 

∫
𝐞𝐳

𝐳+𝐢𝛑𝐜
  𝐝𝐳 = 𝟎   

2. Evaluate ∫
dz

(z2−4)c
   over each of the following contours C:  

 

    a) |z| = 1       b) |z| = 3          c) |z + 2| = 1  

Sol: Here f(z) = 1 

Consider ∫
1

(z2−4)c
dz = ∫

1

(z+2)(z−2)
dz

c
      --- (1) 

Now 
1

(z+2)(z−2)
=

A

(z+2)
+

B

(z−2)
    --- (2) 

 

1 = A(z − 2) + B(z + 2) 

 

Put z = 2 ;     1 = A(0) + B(4)         ⇒ 1 = 4B     ;    ⇒ 𝐁 =
𝟏

𝟒
 

 

Put z = −2 ;   1 = A(−4) + B(0)      ⇒ 1 = −4A     ;    ⇒ 𝐀 = −
𝟏

𝟒
 

(2) ⇒ 
1

(z+2)(z−2)
=

−
1

4

(z+2)
+

1

4

(z−2)
=

1

4(z−2)
−

1

4(z+2)
 



(1) ⇒ ∫
1

(z2−4)c
dz =

1

4
∫

1

 (z−2)
dz −

c

1

4
∫

1

 (z+2)
dz

c
    --- (*) 

a)  C: |z| = 1  is a circle 

⇒ Centre= (0,0)         ;   r = 1 

The point a = (2,  0)  

                a = (−2,0) lies outside the circle  |z| = 1. 

 

From Cauchy’s integral formula,  

∫
dz

z − 2
c

  = 0 = ∫
dz

z + 2
c

 

(*) ⇒ ∫
𝟏

(𝐳𝟐−𝟒)𝐜
𝐝𝐳 = 𝟎 

b) C: |z| = 3  is a circle  

⇒ Centre= (0,0)         ;   r = 3 

The point a = (2,  0)  

                a = (−2,0) lies inside the circle  |z| = 3. 

 

∫
dz

z−2
= 2πif(a)

c
   

 

∫
1

z−2
dz = 2πif(2)

c
             ( Here a = 2,  f(z) = 1)                          

 

∫
1

z−2
dz

c
= 2πi(1)   



 

∫
𝟏

𝐳−𝟐𝐜
𝐝𝐳 = 𝟐𝛑𝐢  

Also , ∫
dz

z+2
= 2πif(a)

c
   

 

∫
1

z+2
dz = 2πif(−2)

c
             ( Here a = −2,  f(z) = 1)  

∫
1

z+2
dz

c
= 2πi(1)   

 

∫
𝟏

𝐳 + 𝟐
𝐜

𝐝𝐳 = 𝟐𝛑𝐢 

Thus , (*) ⇒ ∫
1

(z2−4)c
dz =

1

4
(2πi) −

1

4
(2πi) 

 

 

∫
𝟏

(𝐳𝟐 − 𝟒)
𝐜

𝐝𝐳 = 𝟎 

c) C: |z + 2| = 1  is a circle 

⇒ Centre= (−2,0)         ;   r = 1 

The point a = (2,  0) lies outside the circle  |z + 2| =1 

                a = (−2,0) lies inside the circle  |z + 2| =1. 

 

∫
𝐝𝐳

𝐳−𝟐
= 𝟎

𝐜
  (Since a = (2,0) lies outside C) 

 

Also, ∫
1

z+2
dz = 2πif(a)

c
 

 

 ∫
1

z+2
dz = 2πif(−2)

c
                      ( Here a = −2,  f(z) = 1) 

 



∫
1

z+2
dz

c
= 2πi(1)   

 

∫
𝟏

𝐳 + 𝟐
𝐜

𝐝𝐳 = 𝟐𝛑𝐢 

Thus , (*) ⇒ ∫
1

(z2−4)c
dz =

1

4
(0) −

1

4
(2πi) 

∫
𝟏

(𝐳𝟐 − 𝟒)
𝐜

𝐝𝐳 = −
𝛑𝐢

𝟐
 

3.Evaluate ∫
e2z

(z+1)(z−2)
dz

c
  where C is the circle  |z| = 3. 

 

Sol: Here f(z) = e2z 

 

Consider  
1

(z+1)(z−2)
=

A

(z+1)
+

B

(z−2)
    --- (1) 

 

1 = A(z − 2) + B(z + 1) 

 

Put z = 2 ;     1 = A(0) + B(3)         ⇒ 1 = 3B     ;    ⇒ 𝐁 =
𝟏

𝟑
 

 

Put z = −1 ;   1 = A(−3) + B(0)      ⇒ 1 = −3A     ;    ⇒ 𝐀 = −
𝟏

𝟑
 

(1) ⇒ 
1

(z+1)(z−2)
=

−
1

3

(z+1)
+

1

3

(z−2)
=

1

3(z−2)
−

1

3(z+1)
 

∫
e2z

(z+1)(z−2)c
dz =

1

3
∫

e2z

 (z−2)
dz −

c

1

3
∫

e2z

 (z+1)
dz

c
    --- (*) 

Now, C: |z| = 3  is a circle  

       ⇒ Centre= (0,0)         ;   r = 3 

The point a = (2,  0)  

                a = (−1,0) lies inside the circle  |z| = 3. 

 

Using Cauchy’s integral formula 

∫
e2z

z−2
dz = 2πif(a)

c
   



 

 

∫
e2z

z−2
dz = 2πif(2)

c
             ( Here a = 2,  f(z) = e2z)                          

∫
e2z

z−2
dz

c
= 2πi(e2.2)   

 

∫
𝐞𝟐𝐳

𝐳 − 𝟐
𝐜

𝐝𝐳 = 𝟐𝛑𝐢𝐞𝟒 

Also, ∫
e2z

z+1
dz = 2πif(a)

c
   

 

∫
e2z

z+1
dz = 2πif(−1)

c
             ( Here a = −1,  f(z) = e2z) 

∫
e2z

z+1
dz

c
= 2πi(e2.(−1))   

 

∫
𝐞𝟐𝐳

𝐳 + 𝟏
𝐜

𝐝𝐳 = 𝟐𝛑𝐢𝐞−𝟐 

(*) ⇒ ∫
e2z

(z+1)(z−2)c
dz =

1

3
(2πie4) −

1

3
(2πie−2) 

 

∫
𝐞𝟐𝐳

(𝐳 + 𝟏)(𝐳 − 𝟐)
𝐜

𝐝𝐳 =
𝟐𝛑𝐢

𝟑
[𝐞𝟒 − 𝐞−𝟐] 

4. Evaluate ∫
e3z

z2 dz
C

   where C is the circle |z| = 1. 

Sol: Here f(z) = e3z 

Now, C: |z| = 1  is a circle  

 

       ⇒ Centre= (0,0)         ;   r = 1 

 

The point a = (0,  0) lies inside the circle  |z| = 1. 

 



By Cauchy’s integral formula 

∫
𝐟(𝐳)

(𝐳 − 𝐚)𝐧

𝐜

  𝐝𝐳 =
𝟐𝛑𝐢

(𝐧 − 𝟏)!
𝐟(𝐧−𝟏)(𝐚) 

 

∫
e3z

z2 dz =
2πi

(2−1)!
f (2−1)(0)

C
          (Since f(z) = e3z ,  a = 0,   n = 2)           

∫
e3z

z2
dz =

2πi

1
f (1)(0)

C
                              (f (1)(z) = f ′(z) = 3. e3z) 

∫
e3z

z2
dz = 2πi[3. e3.0]

C
            ( e3.0 = e0 = 1) 

∫
𝐞𝟑𝐳

𝐳𝟐
𝐝𝐳 = 𝟔𝛑𝐢

𝐂

 

5. Evaluate ∫
z2+z+1

(z−2)3
dz

C
   where C is the circle |z| = 3.  

Sol: Here f(z) = z2 + z + 1 

Now, C: |z| = 3  is a circle  

 

       ⇒ Centre= (0,0)         ;   r = 3 

 

The point a = (2,  0) lies inside the circle  |z| = 3 

 

By Cauchy’s integral formula 

 

∫
𝐟(𝐳)

(𝐳 − 𝐚)𝐧

𝐜

  𝐝𝐳 =
𝟐𝛑𝐢

(𝐧 − 𝟏)!
𝐟(𝐧−𝟏)(𝐚) 

 

∫
z2+z+1

(z−2)3
dz =

2πi

(3−1)!
f (3−1)(2)

C
          (Since f(z) = z2 + z + 1 ,  a = 2,   n = 3)           



∫
z2+z+1

(z−2)3
dz =

2πi

2
f (2)(2)

C
                              (f (2)(z) = f ′′(z) = 2) 

 

∫
z2 + z + 1

(z − 2)3
dz = πi[2]

C

∫
𝐳𝟐 + 𝐳 + 𝟏

(𝐳 − 𝟐)𝟑
𝐝𝐳 = 𝟐𝛑𝐢

𝐂

 

 

6. Evaluate ∫
eπz

(2z−i)3
dz

C
   where C is the circle |z| = 1. 

 

Sol: Given  ∫
eπz

(2z−i)3 dz
C

 = ∫
eπz

23(z−
i

2
)3

dz
C

 

∫
eπz

(2z−i)3 dz
C

 = 
1

8
∫

eπz

 (z−
i

2
)3

dz
C

 

Here f(z) = eπz 

Now, C: |z| = 1  is a circle                      

⇒ Centre= (0,0)         ;   r = 1 

 

The point a =
i

2
= (0,  

1

2
) lies inside the circle  |z| = 1. 

 

By Cauchy’s integral formula 

 

∫
𝐟(𝐳)

(𝐳 − 𝐚)𝐧

𝐜

  𝐝𝐳 =
𝟐𝛑𝐢

(𝐧 − 𝟏)!
𝐟(𝐧−𝟏)(𝐚) 

 

∫
eπz

(2z−i)3 dz =
1

8
.

2πi

(3−1)!
f (3−1)(

i

2
)

C
          (Since f(z) = eπz ,  a =

i

2
,   n = 3)    

∫
eπz

(2z−i)3
dz =

1

8
.

2πi

2
f (2)(

i

2
)

C
                              (f (2)(z) = f ′′(z) = π2. eπz) 

∫
eπz

(2z − i)3
dz =

πi

8
[π2e

iπ
2 ]

C

∫
eπz

(2z − i)3
dz =

π3i

8
[cos

π

2
+ isin

π

2
]

C

 



∫
eπz

(2z − i)3
dz =

π3i

8
[0 + i. 1]

C

 

∫
eπz

(2z − i)3
dz =

π3i2

8
C

 

∫
𝐞𝛑𝐳

(𝟐𝐳 − 𝐢)𝟑
𝐝𝐳 = −

  𝛑𝟑

𝟖
𝐂

 

7.Evaluate ∫
e2z

(z+1)2(z−2)
dz

c
  where C is the circle  |z| = 3. 

 

Sol: Here f(z) = e2z 

 

Consider  
1

(z+1)2(z−2)
=

A

(z+1)
+

B

(z+1)2
+

C

(z−2)
    --- (1) 

 

1 = A(z − 2)(z + 1) + B(z − 2) + C(z + 1)2 

Put z = 2 ;     1 = A(0) + B(0) + C(2 + 1)2         ⇒ 1 = 9C     ;    ⇒ 𝐂 =
𝟏

𝟗
 

 

Put z = −1 ;   1 = A(0) + B(−1 − 2) + C(0)    ⇒ 1 = −3B     ;    ⇒ 𝐁 = −
𝟏

𝟑
 

Put z = 0 ;   1 = A(−2)(1) + B(0 − 2) + C(0 + 1)2 ⇒ 1 = −2A − 2B + C     ;    

           ⇒ −2A = 1 −
2

3
−

1

9
       ⇒ −2A =

2

9
                        ⇒ 𝐀 = −

𝟏

𝟗
  

(1) ⇒
1

(z+1)2(z−2)
=

A

(z+1)
+

B

(z+1)2 +
C

(z−2)
= −

1

9(z+1)
−

1

3(z+1)2 +
1

9(z−2)
 

 

∫
e2z

(z+1)2 (z−2)c
dz =

1

9
∫

e2z

 (z−2)
dz −

c

1

3
∫

e2z

 (z+1)2 dz
c

−
1

9
∫

e2z

 (z+1)
dz 

c
  --- (*) 

 

Now, C: |z| = 3  is a circle  

       ⇒ Centre= (0,0)         ;   r = 3          

The point a = (2,  0)  

                a = (−1,0) lies inside the circle  |z| = 3. 

 
 



Using Cauchy’s integral formula 

(*) ⇒  ∫
e2z

(z+1)2 (z−2)c
dz =

1

9
(2πif(2)) −

1

3

2πi

(2−1)!
f (2−1)(−1) −

1

9
(2πif(−1)) 

(*) ⇒  ∫
e2z

(z+1)2 (z−2)c
dz =

1

9
(2πi. e2.2) −

1

3

2πi

1
f ′(−1) −

1

9
(2πi. e2(−1)) 

∫
𝐞𝟐𝐳

(𝐳 + 𝟏)𝟐 (𝐳 − 𝟐)
𝐜

𝐝𝐳 =
𝟐𝛑𝐢𝐞𝟒

𝟗
−

𝟒𝛑𝐢𝐞−𝟐

𝟑
−

𝟐𝛑𝐢𝐞−𝟐

𝟗
 

8. Evaluate ∫
sinπz2+cosπz2

(z−1)(z−2)
dz

c
  where C is the circle  |z| = 3. 

 

Sol: Here f(z) = sinπz2 + cosπz2 

 

Consider  
1

(z−1)(z−2)
=

A

(z−1)
+

B

(z−2)
    --- (1) 

 

1 = A(z − 2) + B(z − 1) 

 

Put z = 2 ;     1 = A(0) + B(1)         ⇒ 1 = B     ;    ⇒ 𝐁 =1 

 

Put z = 1 ;   1 = A(−1) + B(0)      ⇒ 1 = −A     ;    ⇒ 𝐀 = −1 

(1) ⇒ 
1

(z−1)(z−2)
=

−1

(z−1)
+

1

(z−2)
=

1

(z−2)
−

1

(z−1)
 

 

∫
sinπz2+cosπz2

(z−1)(z−2)c
dz = ∫

sinπz2+cosπz2

 (z−2)
dz −

c
∫

sinπz2+cosπz2

 (z−1)
dz

c
    --- (*) 

 

Now, C: |z| = 3  is a circle  

       ⇒ Centre= (0,0)         ;   r = 3 

The point a = (2,  0)  

                a = (1,0) lies inside the circle  |z| = 3. 

 

Using Cauchy’s integral formula 

(*) ⇒ ∫
sinπz2+cosπz2

(z−1)(z−2)c
dz = 2πif(2) − 2πif(1) 



∫
sinπz2+cosπz2

(z−1)(z−2)c
dz = 2πi[sin4π + cos4π] − 2πi[sinπ + cosπ]  

 

∫
sinπz2+cosπz2

(z−1)(z−2)c
dz = 2πi[0 + 1] − 2πi[0 − 1]  

 

 

∫
sinπz2+cosπz2

(z−1)(z−2)c
dz = 4πi  
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FOURIER SERIES 

 
Introduction: In many engineering problems, especially in the study of periodic phenomenae 

in conduction of heat, electro-dynamics and acoustics, it is necessary to express a function in a 

series of sines and cosines. Such a series is known as the Fourier series. 

DEFINITIONS: 

A function )(xfy =  is said to be even, if )()( xfxf =− .  The graph of the even function is 

always symmetrical about the y-axis. 

A function )(xfy = is said to be odd, if )()( xfxf −=− . The graph of the odd function is always 

symmetrical about the origin. 

For example, the function f(x) = x  in [-1, 1] is even as f(-x) = xx =−  = f(x) and the function 

f(x) = x in [-1, 1] is odd as f(-x) = -x = -f(x).  The graphs of these functions are shown below: 

 

           
 

             Graph of f(x) = x      Graph of f(x) = x 

Note that the graph of f(x) =  x  is symmetrical about the y-axis and the graph of f(x) = x is 

symmetrical about the origin. 

1. If f(x) is even and g(x) is odd, then  

• h(x) = f(x) x g(x) is odd 

• h(x) = f(x) x f(x) is even 

• h(x) = g(x) x g(x) is even 

For example, 

 

Module-2
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   1. xxxh cos)( 2= is even, since both 2x and xcos are even functions 

   2. xxxh sin)( = is even, since x  and xsin are odd functions 

   3. xxxh sin)( 2=  is odd, since 2x is even and xsin is odd. 

2. If f(x) is even, then    
−

=

a

a

a

dxxfdxxf
0

)(2)(  

3. If  f(x) is odd, then  
−

=

a

a

dxxf 0)(  

For example, 

 
−

=

a

a

a

xdxxdx
0

,cos2cos  as xcos is even 

and 
−

=

a

a

xdx ,0sin  as xsin is odd 

PERIODIC FUNCTIONS:- 

 

A function )x(f is said to be periodic function with period T if )x(f)Tx(f =+  

Here f(x) is a real-valued function and T is a positive real number. 

As a consequence, it follows that 

)(...........)3()2()()( nTxfTxfTxfTxfxf +==+=+=+=  

Thus, ),nTx(f)x(f += ..........,4,3,2,1=n  

The function xsin)x(f =  is periodic of period 2 since 

  ,xsin)nxsin( =+ 2   n=1,2,3,……..    

Note that the graph of the function between 0 and 2 is the same as that between 2 and 4 and 

so on. It may be verified that a linear combination of periodic functions having period T is also 

periodic of period T. 

EULER’S FORMULAE: 

The Fourier series for the function )(xf in the interval + 2x is given by  

 ++=


=



=1 1

0 sincos
2

)(
n n

nn nxbnxa
a

xf  

         Where 


=
+



2

0 )(
1

dxxfa , 


=
+



2

,cos)(
1

nxdxxfan   


=
+



2

,sin)(
1

nxdxxfbn  

These values of nn baa ,,0  are known as Euler’s formulae. 

Proof: Let )(xf be represented in the interval ,( )2+ by the Fourier series- 
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 ++=


=



=1 1

0 sincos
2

)(
n n

nn nxbnxa
a

xf ---------- (1) 

To find ,0a ,na nb , assume that the series (1) can be integrated term by term from =x to 

+= 2x .  

To find 0a :   dxnxbdxnxadxadxxf
n

n
n

n  







+ 








+=

+





=

+





=

+



+



2

1

2

1

2

0

2

sincos
2

1
)(  

                    =++−+= 00 00)2.(
2

1
aa  

Since 0
2cos

sin&0
2sin

cos
22

=


+
−==



+
=

+



+

 n

nx
dxnx

n

nx
dxnx  

 


=
+



2

0 )(
1

dxxfa  

To find na , multiply each side of (1) by cosnx and integrate from =x to ,2+=x we get 

dxnxnxbnxdxnxanxdxanxdxxf
n

n
n

n  







+ 








+=

+





=

+





=

+



+



2

1

2

1

2

0

2

cossincoscoscos
2

1
cos)(

 

                              nn aa =++= 00  

   Since 

( ) 










=−+−+=
+









+=

+
= 

++

002
2

12

2

2sin

2

1

2

2cos1
cos

2
2

2

n

nx
xdx

nx
nxdx  

   & 0
2

2

sin
cossin

22

=


+
=

+

 n

nx
nxdxnx  

Hence 


=
+



2

cos)(
1

nxdxxfan  

Similarly To find nb , multiply each side of (1) by sin nx and integrate from =x to 

,2+=x we get 

dxnxnxbnxdxnxanxdxanxdxxf
n

n
n

n  







+ 








+=

+





=

+





=

+



+



2

1

2

1

2

0

2

sinsinsincossin
2

1
sin)(

 

                              nn bb =++= 00  

   Since 

( ) 










=−+−+=
+









−=

−
= 

++

002
2

12

2

2sin

2

1

2

2cos1
sin

2
2

2

n

nx
xdx

nx
nxdx  

   & 0
2

2

sin
cossin

22

=


+
=

+

 n

nx
nxdxnx  
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Hence 


=
+



2

sin)(
1

nxdxxfbn  

FOURIER SERIES: 

A Fourier series of a periodic function consists of a sum of sine and cosine terms.  Sines and 

cosines are the most fundamental periodic functions. 

The Fourier series is named after the French Mathematician and Physicist Jacques Fourier (1768 

– 1830).   

FORMULA FOR FOURIER SERIES 

 

Consider a real-valued function f(x) which obeys the following conditions called Dirichlet’s 

conditions: 

1. f(x) is defined in an interval (a, a+2l), and f(x+2l) = f(x) so that f(x) is  a periodic function 

of period 2l. 

2. f(x) is continuous or has only a finite number of discontinuities in the interval  (a, a+2l). 

3. f(x) has no or only a finite number of maxima & minima in the interval (a, a+2l). 

                  Also, let 
+

=
la

a

dx)x(f
l

a
2

0

1
---------------- (1) 

                       
+








 
=

la

a
n ,xdx

l

n
cos)x(f

l
a

21
,.....,,n 321=  --------- (2) 

                       
+








 
=

la

a
n ,xdx

l

n
sin)x(f

l
b

21
,......,,n 321=   ---------- (3) 

  Then, the infinite series 

 


=



=









+








+

1 1

0 sincos
2 n n

nn x
l

n
bx

l

n
a

a 
 ---------- (4) 

is called the Fourier series of f(x) in the interval (a, a+2l).  Also, the real numbers a0,  a1, a2, 

….an, and b1, b2 , ….bn  are called the Fourier coefficients of f(x). The formulae (1), (2) and (3) 

are called Euler’s formulae. 

It can be proved that the sum of the series (4) is f(x) if f(x) is continuous at x.  Thus we have f(x) 

=  


=



=









+








+

1 1

0 sincos
2 n n

nn x
l

n
bx

l

n
a

a 
……. (5) 

Suppose f(x) is discontinuous at x, then the sum of the series (4) would be  

 )()(
2

1 −+ + xfxf  

where )x(f&)x(f −+
 are respectively right hand and left hand limits of )x(f  given by. 
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),hx(fLim)x(f
h

+=
→

+

0
   ),hx(fLim)x(f

h
−=

→

−

0
0h  

Particular Cases: 

Case (i)  

Suppose a = 0. Then f(x) is defined over the interval (0,2l).  Formulae (1), (2), (3) reduce to  















=









=

=

l

n

l

n

l

xdx
l

n
xf

l
b

xdx
l

n
xf

l
a

dxxf
l

a

2

0

2

0

2

0

0

,sin)(
1

,cos)(
1

)(
1




      = ,......2,1n ----------- (6) 

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (0, 2l). 

 

If we set l = , then f(x) is defined over the interval (0, 2).  Formulae (6) reduce to  

 

a0  = 




2

0

)(
1

dxxf  

=




2

0

cos)(
1

nxdxxfan ,    n=1, 2,…..  --------- (7) 

=




2

0

sin)(
1

nxdxxfbn       n=1, 2,…..  

Also, in this case, (5) becomes:      f(x) =  


=



=

++
1 1

0 sincos
2 n n

nn nxbnxa
a

 ------------ (8) 

Case (ii)  

Suppose a = -l. Then f(x) is defined over the interval (-l,  l).  Formulae (1), (2) (3) reduce to  

      a0  = 
−

l

l

dxxf
l

)(
1

 

     

+

−









=

l

l

n xdx
l

n
xf

l
a


cos)(

1

,    n=1, 2,…..  --------- (9)  

     
+

−









=

l

l

n xdx
l

n
xf

l
b


sin)(

1
      n =1, 2,…..  

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (-l, l). 
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If we set l = , then f(x) is defined over the interval (-, ).  Formulae (9) reduce to 

    a0  = 
−






dxxf )(
1

 

    
−

=





nxdxxfan cos)(
1

,     n=1,2,…..    ----------  (10) 

     
−

=





nxdxxfbn sin)(
1

           n=1,2,…..  

     Putting l =  in (5), we get f(x) =  


=



=

++
1 1

0 sincos
2 n n

nn nxbnxa
a

 

Some useful results: 

 

1.The following rule called Bernoulli’s generalized rule of integration   by parts is                                                                                                                            

   useful in evaluating the Fourier coefficients. 

   ++−= .......3
''

2
'

1 vuvuuvuvdx  

   Here uu , ,…..  are the successive derivatives of u and  == ,......, 121 dxvvvdxv  

   We illustrate the rule, through the following examples: 

 


















−














+














−














=









+







 −
−







 −
=

16
6

8
6

4
3

2

cos
2

sin
2

cos
sin

222
2

2
323

32

22

xxxx
x ee

x
e

x
e

xdxex

n

nx

n

nx
x

n

nx
xnxdxx

 

2.    The following integrals are also useful: 

 

 

 



−
+

=

+
+

=

bxbbxa
ba

e
bxdxe

bxbbxa
ba

e
bxdxe

ax
ax

ax
ax

cossinsin

sincoscos

22

22

 

3.    If ‘n’ is integer, then 

sin n = 0 ,       cosn = (-1)n ,        sin2n = 0,         cos2n=1 

                      ( ) ,)1(2/1sin nn −=+      ( ) 02/1cos =+ n  

 

Examples 

1. Obtain the Fourier series for 
xexf −=)( in the interval  20 x  

 We have ( )


−
=−


−=



−
=


=


−

−
−

2
2

2

0
0

1
1

1

0

2

1

1 e
e

e
dxea

x
x
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   ( )
0

2
sincos

1

1
cos

1
2

2

0


















+−

+
==

−
−

 nxnnx
n

e
nxdxea

x
x

n  

          )0sin0cos()2sin2cos(
)1(

1 02

2
nennne

n
+−−+−

+
= − 



 

         
2

2
2

2 1

1
.

1
1

)1(

1

n

e
e

n +











 −
=+−

+
=

−
−






 

  ( )
0

2
cossin

1

1
sin

1
2

2

0










−−

+
=


=

−
− nxnnx

n

e
nxdxeb

x
x

n  

         )0cos0sin()2cos2sin(
)1(

1 02

2
nennne

n
−−−−−

+
= −

 

         
2

2
2

2 1
.

1

)1(

1

n

ne
nne

n +












−
=+−

+
=

−
−

 

     nx
n

ne
nx

n

ee
e

nn

x sin
1

.
1

cos
1

1
.

1

2

1

1
2

2

1
2

22

 










+

−
+ 











+

−
+



−
=



=

−

=

−−
−

 

     







 









+
+ 









+
+



−
=



=



=

−

nx
n

n
nx

n

e

nn

sin
1

cos
1

1

2

11

1
2

1
2

2

 

2. Obtain the Fourier expansion of f(x) = ( )x−
2

1
 in - < x <  

     We have,  −
−

−==











dxxdxxfa )(
2

11
)(

1
0 = 







=







−

−
22

1 2x
x  

  
− −

−==












nxdxxnxdxxfan cos)(
2

11
cos)(

1
 

Here we use integration by parts, so that 

( )   00
2

1

2
1

2

1
=


=



−

−
−−−


= 

















n

nxcos
)(

n

nxsin
xna

( )
n

)(

n

nxsin
)(

n

nxcos
xnxdxsin)x(b

n

n

1
1

2

1

2

11
2

−
=















 −
−−

−
−


=−


=



−



−

  

Using the values of a0 , an and bn in the Fourier expansion 

   


=



=

++=
1 1

0 sincos
2

)(
n n

nn nxbnxa
a

xf  

we get, 


=

−
+=

1

sin
)1(

2
)(

n

n

nx
n

xf


 

This is the required Fourier expansion of the given function. 
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3. Obtain the Fourier expansion of f(x) = e-ax in the interval (-, ).  Deduce that 

 
+

−
=



 

=2
2 1

)1(
2

sinh n

n

n
 

Here, 



=



−
=









−
=


=

−


−

−

−

−


a

asinh

a

ee

a

e
dxea

aaax
ax 211

0  

  








+

−


=








+−

+
=


=



−

−

−

−
 2222

1211

na

asinh)(a
nxsinnnxcosa

na

e
nxdxcosea

nax
ax

n  

bn = 
−

−






nxdxe ax sin
1

 =   





−

−









−−

+
nxnnxa

na

e ax

cossin
1

22
 =  









+

−
22

sinh)1(2

na

an n 


 

Thus, f(x) = 


=



= +

−
+

+

−
+

1
22

1
22

sin
)1(

sinh
2

cos
)1(sinh2sinh

n

n

n

n

nx
na

n
anx

na

aa

a

a









 

 

For  x = 0, a =1, the series reduces to  

f(0)=1 = 


= +

−
+

1
2 1

)1(sinh2sinh

n

n

n






 

or 1 = 








+

−
+−+ 



=2
2 1

)1(

2

1sinh2sinh

n

n

n






 

or  1 =  


= +

−

2
2 1

)1(sinh2

n

n

n


  

Thus, 
+

−
=



 

=2
2 1

)1(
2

sinh n

n

n
. This is the desired deduction. 

 

4. Obtain the Fourier expansion of 
2)( xxf = over the interval (-, ).  Deduce that 

a) ++−+−=


......
2222

2

4

1

3

1

2

1

1

1

12
   b) +++++=


......

222

2

4

1

3

1

2

1
1

6
 

c) +++++=


......
2222

2

7

1

5

1

3

1

1

1

8
 

The function f(x) is even.  Hence  

   a0 = 
−






dxxf )(
1

= 



0

)(
2

dxxf =  







=

 


0 0

3
2

3

22 x
dxx

3

2 2
=  


−

=






nxdxxfan cos)(
1

= 



0

,cos)(
2

nxdxxf   since nxcos)x(f is even 

       = 



0

2 cos
2

nxdxx ,Integrating by parts, we get 



 Page 9 
 

                                    
2

0

32

2 14
22

2

n

)(

n

nxsin

n

nxcos
x

n

nxsin
x

n−
=















 −
+







 −
−










=



 

Also,    


−

=


= 0
1

nxdxsin)x(fbn , since nxsin)x(f  is odd.  

Thus 

         


=

−
+


==

1
2

2
2 1

4
3 n

n

n

nxcos)(
x)x(f ------------ (i) 

a) By putting ,x 0= in (i) we get,  

     =0 


=



=

−
+


=

−
+


=

1
2

2

1
2

2 1
4

3

01
4

3 n

n

n

n

n

)(

n

cos)(
)x(f  

     .e.i 







−+−+−=


− .............

2222

2

4

1

3

1

2

1

1

1
4

3
 

    i.e. .............
4

1

3

1

2

1

1

1

12 2222

2

+−+−=


 

b) by putting ,x = we get, 

            


=

+


=
1

2

2
2 1

4
3 n n

     
6

1 2

1
2


=



n
 

      Hence,  .....
4

1

3

1

2

1
1

6 222

2

++++=


 

c) by adding (a) and (b) we get, 

    =


+


612

22

.....
4

1

3

1

2

1
1.............

4

1

3

1

2

1

1

1

2222222
++++++−+−  

   ..ei .......
5

2

3

2
2

12

3

22

2

+++=










++++=


 ........

7

1

5

1

3

1
12

4 222

2

 

   Or ........
7

1

5

1

3

1
1

8 222

2

++++=


 

Functions having points of discontinuity: 

 

5.   Obtain the Fourier expansion of  

 




−


=

2,2

0,
)(

xx

xx
xf  

Deduce that ......
5

1

3

1
1

8 22

2

+++=


 

Here, a0 = 












−+


=












+


=


 




 



 2

00

22

0

)2(
1

)()(
1

)(
1

dxxxdxdxxfdxxfdxxf  
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









 

−−


−+



=
































−+




= )

2
2(

2

4
4

2

12

2
2

02

1 2
2

2
2

222 x
x

x
 

                  .
22

448
2

1 022222 
==+−−+


=

a
 

   












+


=


=  
 





0

22

0

cos)(cos)(
1

cos)(
1

nxdxxfnxdxxfnxdxxfan  

       












−+


=  
 

0

2

cos)2(cos
1

nxdxxnxdxx , integrating using Bernoulli’s generalized rule 

         






























 −
−−








−+

















 −
−










=

2cos
)1(

sin
)2(

0

cos
)1(

sin1

22 n

nx

n

nx
x

n

nx

n

nx
x  

          
















−








−+








+=










2cossin
)2(

0

cossin1
22 n

nx

n

nx
x

n

nx

n

nxx
 

         








































 −
−−−+














−

−


=

2222

)1(
0

1
0

1)1(1

nnnn

nn

 

           1)1(
22)1(21

22
−−=











 −−

= n
n

nn 
 

Also, 












+


=


=  
 





0

22

0

sin)(sin)(
1

sin)(
1

nxdxxfnxdxxfnxdxxfbn ,   

        












−+


=  
 

0

2

sin)2(sin
1

nxdxxnxdxx , integrating using Bernoulli’s generalized rule 

         






























 −
−−







 −
−+

















 −
−







 −


=

2sin
)1(

cos
)2(

0

sin
)1(

cos1

22 n

nx

n

nx
x

n

nx

n

nx
x  

         



















−−−+










+−


=

2sincos
)2(

0

sincos1

22 n

nx

n

nx
x

n

nx

n

nxx
 

         0
)1()1(1

0
)1(

0
)1(1

=










 −

+
−−


=


























−

−−
−+

−−


=

nnnn

nnnn

 

Thus the Fourier series of f(x) is   nx
n

xf
n

n cos1)1(
12

2
)(

1
2




=

−−


+


=  

For x =  , we get 

 =)(f    −−


+





=

n
nn

n cos1)1(
12

2 1
2
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But ,01)1( =−− n  if n is even & ,21)1( −=−− n if n is odd.  

(since f(x) is discontinuous at    =−+=++−== )2()0()0()(,
2
1

2
1 xxfffx ) 

 


= −

−−
+=

1
2)12(

)12cos(22

2 n n

n 




  

Thus, ......
5

1

3

1

1

1

)12(

1

8)12(

2

4)12(

)1(22

2 222
1

2

2

1
2

2

1
2

+++=
−

=



−

=



−

−−


=

 

=



=



= nnn nnn
 

This is the series as required. 

 

6. Obtain the Fourier expansion of  

 f(x) = 






−−

xx

x

0,

0,
   hence deduce that ......

5

1

3

1
1

8 22

2

+++=


 

Here,     







−+−−−


=







 









+

−
−


=





 +−


=

−



)0(
2

1
))(0(

1

02

011 2
20

0
0

x
xxdxdxa  

                  
22

1

2

1 22
2 

−=





−=












 
−−


=  

          













+−


=  

−

0

0

coscos
1

nxdxxnxdxan  

                 






 







 −
−+

−








−


=

0

cos
)1(

sin0sin1

2n

nx

n

nx
x

n

nx
 

                  1)1(
11)1(

00
1

222
−−


=












−

−
++


= n

n

nnn
 

          =













+−


=  

−

0

0

sinsin
1

nxdxxnxdxbn  

               










 
















 −
−







 −
+

−







 −
−


=

0

sin
)1(

cos0cos1

2n

nx

n

nx
x

n

nx
 

               =







−−




=








+−


−−−




= nnn

nnn
)1(21(

1
0)1())1(0(cos

1  n

n
)1(21

1
−−  

      Fourier series is 

 f (x) =   


=



= 









 −−
+−−+

−

11
2

sin
)1(21

cos1)1(
11

4 n

n

n

n nx
n

nx
n


 

Note that the point x = 0 is a point of discontinuity of )(xf .  Here 0)( =+xf , −=− )(xf  at x = 

0.  Hence ( )
2

0
2

1
)]()([

2

1 −
=−=+ −+ xfxf  

The Fourier expansion of f(x) at x = 0 becomes 
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 −−=


 −−


−
−

=
−



=



=

1
2

2

1
2

]1)1[(
1

4

]1)1[(
11

42

n

n

n

n

n
or

n
 

    But ,01)1( =−− n  if n is even & ,21)1( −=−− n if n is odd. 

 .........
5

1

3

1

1

1

)12(

1

8)12(

2

4 22
1

2

2

1
2

2

+++=
−

=



−

=
 

=



= nn nn
 

Hence ......
5

1

3

1
1

8 22

2

+++=


 

7. Obtain the Fourier series of 21)( xxf −=  over the interval (-1, 1). 

The given function is even as f(-x) = f(x). Also period of f(x) is 1-(-1) = 2 122 == ll  

Here  a0 = 
−

1

1

)(
1

1
dxxf = 

1

0

)(2 dxxf = 2 











−=−

1

0

1

0

3
2

3
2)1(

x
xdxx

3

4
=  as f(x) is even. 

 ==

−

1

0

1

1

)cos()(2)cos()(
1

1
dxxnxfdxxnxfan  

     =  −

1

0

2 )cos()1(2 dxxnx  [as xnxf cos)( is even.   Integrating by parts, we get 

    ( )
1

0
32

2

)(

sin
)2(

)(

cos
)2(

sin
12































−
−+

















−
−−












−=

n

xn

n

xn
x

n

xn
x  

     =













+−−


−−= )0(

)(

2
]0)1[(

)(

2
00[2

32 nn

n
22

1)1(4

n

n+−
 

 
−

=
1

1

)sin()(
1

1
dxxnxfbn  = 0, since )sin()( xnxf  is odd. 

The Fourier series of f(x) is  f (x) = 


=

+


−


+

1
2

1

2
)cos(

)1(4

3

2

n

n

xn
n

 

8. Obtain the Fourier expansion of  

 f(x) = 










−

−+

2

3
0

3

4
1

0
2

3

3

4
1

xin
x

xin
x

 .Hence deduce that ......
5

1

3

1
1

8 22

2

+++=


   

The period of f(x) is 3
2

3

2

3
=







 −
− 2/332 == ll  

Also       f(-x) = f(x).    Hence f(x) is even 
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 
−

==
23

23

23

0
0

23

2

23

1 /

/

/

dx)x(f
/

dx)x(f
/

a   =







−=

23

0

0
3

4
1

3

4 /

dx
x

 

        0
4

9
2

2

9

9

4

0

2/3
23

9

4

0

2/3

2

4
3

9

4
)43(

9

4 2
22/3

0

=







−=−=












−=−=  xx

x
xdxx  


−








 
=

2/3

2/3
2/3

cos)(
2/3

1
dx

xn
xfan dx

xn
xf 







 
= 

3

2
cos)(

2/3

2 2/3

0

 

       dx
xn

cos
x/








 








−= 

3

2

3

4
1

3

4 23

0

 

  
















































 








 
−








 −
−


























 








 









−=

23

0

2

3

2

3

2

3

4

3

2

3

2

3

4
1

3

4

/

n

xn
cos

n

xn
sin

x
 

  =







−−


−= ))((

n

n 11
4

9

3

4
0

3

4
22

 n

n
)1(1

4
22

−−


=
22

8

n
, n = 1, 3, 5, ……… 

   Also,  
−

=















=
2

3

2
3

0

2
33

1
dx

xn
sin)x(fbn , as 
















2
3

xn
sin)x(f is an odd function. 

Thus f(x) = ,........,,n,
xn

cos
nn

531
3

218

1
22

=






 





=

 

putting x=0, we get  f(0) = 


= 1
22

18

n n
 

or  1 = 







+++


......

222 5

1

3

1
1

8
 

Thus,  ......+++=


22

2

5

1

3

1
1

8
 

Exercises: 1) Obtain the Fourier series of 
2

)(
x

xf
−

= in .20  x  Hence deduce       

      that 
47

1

5

1

3

1
1


=+−+− .........  

2) If )2()( xxxf −=  in  20 x  show that      

    







+++−


= ..........

xcosxcosxcos
)x(f

222

2

3

3

2

2

1
4

3

2
 hence deduce that          

    ......+++=


222

2

5

1

3

1

1

1

8
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3) Find a Fourier series in ,( − ) to represent a) 
2)( xxxf −=     b) 

2)( xxxf +=  

   Hence deduce that  

a) ++−+−=


......
2222

2

4

1

3

1

2

1

1

1

12
    

b) +++++=


......
222

2

4

1

3

1

2

1
1

6
 

c) +++++=


......
2222

2

7

1

5

1

3

1

1

1

8
 

4) Obtain the Fourier series for the function


−





=
x

x

in

in

x
xf

0

0

sin

0
)(  

    Hence deduce that  

1. 
2

1
.......

7.5

1

5.3

1

3.1

1
=+++      2. 

4

2
.......

7.5

1

5.3

1

3.1

1 −
=++−  

5) If 

2

2
)( 







 −
=

x
xf in the range 0 to 2 , show that +


=



=1
2

2 cos

12
)(

n n

nx
xf  

6) An alternating current after passing through a rectifier has the form  

      













=

2

0

0

sin0

x

x

for

forxI

i  

  Where 0I is the maximum current and the period is .2 Express i as a Fourier series. 

7) Obtain the Fourier series for the function  

     



−









=

x

x

x

xf

0

0

,

,0

)(
2

    Where )()2( xfxf =+  

 

8) Obtain the Fourier series for the function  

     

0

0

,

,

)(
2

2

−











−

=

x

x

x

x

xf     

9) Expand 
xexf −=)( as a Fourier series in the interval ),( ll−  

10) If
21

10

),2(

,
)(









−


=

x

x

x

x
xf ; show that in the interval )2,0(  

      
−

−


−


=



=1
2)12(

)12cos(4

2
)(

n n

xn
xf  

Answers: 1) nxsin
n

)x(f
n




=

=
1

1
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3) a) nx
n

nx
n

xx
nn

sin
)1(

2cos
)1(

4
3 1

1

1
2

12
2


 + + −

+
−

+
−

=−  

    b) nx
n

nx
n

xx
nn

sin
)1(

2cos
)1(

4
3 1

1

1
2

2
2


 + −

+
−

+


=−  

4)   .sin
2

1
cos)1(1

)1(

11
)(

2
2

xnx
n

xf n +−+
−

−
+


=



 

6) 
−

−+


=


=1
2

0
0

0

14

2cos2
sin

2

1

n n

nxI
xI

I
i  

7) nx
nnn

nx
xf

nn

n

sin
21cos)1(

2
6

)(
1

2

3
1

2

12

 








 
−


−

−
−


=



=



=

+

 

8) ..........4sin
2

3sin
9

4

3

2
2sinsin

4
2)( +


−










−+−










−= xxxxxf  

9) 








 


+
−



+
−=



=

−

1
222222

sin2cos
1

2
1

sinh
n

x

l

xn

nl

n

l

xn

nl
l

l
le  

 

HALF-RANGE FOURIER SERIES 

The Fourier expansion of the periodic function f(x) of period 2l may contain both sine and cosine 

terms.  Many a time it is required to obtain the Fourier expansion of f(x) in the interval (0, l) 

which is regarded as half interval.  The definition can be extended to the other half in such a 

manner that the function becomes even or odd.  This will result in cosine series or sine series 

only. 

 

Sine series : 

Suppose f(x) = (x) is given in the interval (0, l).  Then we define f(x) = -(-x) in (-l, 0).  Hence 

f(x) becomes an odd function in (-l , l). The Fourier series then is 

 




=









=

1

sin)(
n

n
l

xn
bxf


    (11) 

where     







=

l

n dx
l

xn
xf

l
b

0

sin)(
2 

 

The series (11) is called half-range sine series over (0, l).   

 

Putting l= in (11), we obtain the half-range sine series of f(x) over (0, ) given by 

 




=

=
1

sin)(
n

n nxbxf  
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=




0

sin)(
2

nxdxxfbn  

Cosine series : 

Let us define 

 

 

 

Then the Fourier series of f(x) is given by  




=









+=

1

0 cos
2

)(
n

n
l

xn
a

a
xf


   (12) 

where, 













=

=

l

n

l

dx
l

xn
xf

l
a

dxxf
l

a

0

0

0

cos)(
2

)(
2


 

The series (12) is called half-range cosine series over (0,l) 

 

Putting l =  in (12), we get 

 

 

 

 

 

 

 

 

 

 

 

 

Examples : 

 

1. Expand f(x) = x(-x) as half-range sine series over the interval (0,). 

We have, 





−=

=










0

2

0

sin)(
2

sin)(
2

nxdxxx

nxdxxfbn

 

Integrating by parts, we get 





−−
=

evenfunctionthemaketoorderinlinx

givenlinx
xf

)........0,()(

).........,0()(
)(





..1,2,3,ncos)(
2

)(
2

cos
2

)(

0

0

0

1

0

==

=

+=








=









nxdxxfa

dxxfa

where

nxa
a

xf

n

n

n
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( ) ( )

 n

n

n

n

nx

n

nx
x

n

nx
xxb

)1(1
4

cos
)2(

sin
2

cos2

3

0
32

2

−−


=

















−+







 −
−−







 −
−


=



 

The sine series of f(x) is 

 


=

−−=
1

3
sin)1(1

14
)(

n

n nx
n

xf


 

2. Obtain the cosine series of  

 













−




=

xx

xx

xf

2
,

2
0,

)(  ),0( over  

Here 

















−+


=


=

















−+


=

 

 











2

0
2

2

0
2

0

cos)(cos
2

2
)(

2

nxdxxnxdxxa

dxxxdxa

n

 

Performing integration by parts and simplifying, we get 

,.....10,6,2,
8

2
cos2)1(1

2

2

2

=


−=
















 
−−+


−=

n
n

n

n
a n

n

 

Thus, the Fourier cosine series is 

f(x) = 







+++


−


......

5

10cos

3

6cos

1

2cos2

4 222

xxx
 

3. Obtain the half-range cosine series of f(x) = c-x in 0<x<c 

   Here       =−=
c

cdxxc
c

a

0

0 )(
2

,     







−=

c

n dx
c

xn
xc

c
a

0

cos)(
2 

 

  Integrating by parts and simplifying we get,   n
n

n

c
a )1(1

2

22
−−


=  

   The cosine series is given by 

f(x) =  


=








 
−−


+

1
22

cos)1(1
12

2 n

n

c

xn

n

cc
 

Exercices: 



 Page 18 
 

 

I. Obtain the half-range sine series of the following functions over the specified intervals: 

1. f(x) = cosx    over (0,)     2. f(x) = sin3x  over (0,)    3. f(x) = lx-x2   over (0 , l) 

II. Obtain the half-range cosine series of the following functions over the specified  

    intervals: 

1. f(x) = x2   over (0,)   2.  f(x) = xsinx      over (0,)      3. f(x) = (x-1)2     over (0, 1) 

4. f(x) = 










−



lx
l

xlk

l
xkx

2
),(

2
0,

 

HARMONIC ANALYSIS 
 

The Fourier series of a known function f(x) in a given interval may be found by finding the 

Fourier coefficients.  The method described cannot be employed when f(x) is not known 

explicitly, but defined through the values of the function at some equidistant points. In such a 

case, the integrals in Euler’s formulae cannot be evaluated.  Harmonic analysis is the process of 

finding the Fourier coefficients numerically. 

To derive the relevant formulae for Fourier coefficients in Harmonic analysis, we employ the 

following result:  

The mean value of a continuous function f(x) over the interval (a, b) denoted by )]([ xf is defined 

as    −
=

b

a

dxxf
ab

xf )(
1

)( . 

The Fourier coefficients defined through Euler’s formulae, (1), (2), (3) may be redefined as 

)]([2)(
2

1
2

2

0 xfdxxf
l

a
la

a

=













= 

+

 

  














 
=





















 
= 

+

l

xn
xfdx

l

xn
xf

l
a

la

a

n cos)(2cos)(
2

1
2

2

 

  














 
=





















 
= 

+

l

xn
xfdx

l

xn
xf

l
b

la

a

n sin)(2sin)(
2

1
2

2

 

Using these in (5), we obtain the Fourier series of f(x).  The term xbxa sincos 11 + is called the 

first harmonic or fundamental harmonic, the term xbxa 2sin2cos 22 +  is called the second 

harmonic and so on. The amplitude of the first harmonic is 
2

1

2

1 ba + and that of second 

harmonic is
2

2

2

2 ba +  and so on. 

Examples 
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1. Find the first two harmonics of the Fourier series of f(x) given the following table: 

X 0 3
  

3
2   3

4  
3

5  2 

f(x) 1.0 1.4 1.9 1.7 1.5 1.2 1.0 

Note that the values of y = f(x) are spread over the interval 0 x  2 and f(0) = f(2) = 1.0.  

Hence the function is periodic and so we omit the last value f(2) = 0.  We prepare the following 

table to compute the first two harmonics. 

ox  
 

)(xfy =  
xcos  x2cos  xsin  x2sin  

 
xycos  

 
xy 2cos  

xy sin  xy 2sin  

o0  1.0 1 1 0 0 1 1 0 0 

o60  1.4 0.5 -0.5 0.866 0.866 0.7 -0.7 1.2124 1.2124 

o120  1.9 -0.5 -0.5 0.866 -0.866 -0.95 -0.95 1.6454 -1.6454 

o180  1.7 -1 1 0 0 -1.7 1.7 0 0 

o240  1.5 -0.5 -0.5 -0.866 0.866 -0.75 -0.75 -1.299 1.299 

o300  1.2 0.5 -0.5 -0.866 -0.866 0.6 -0.6 -1.0392 -1.0392 

Total      -1.1 -0.3 0.519 -0.1732 

We have ]cos[2cos)(2 nxy
l

xn
xfan =















 
=    ]sin[2sin)(2 nxy

l

xn
xfbn =















 
=  

   as the length of interval = 2l = 2  or l =  

Putting, n =1, 2,   we get 

  367.0
6

)1.1(2

6

cos2
]cos[21 −==

−
===

 xy
xya  

  1.0
6

)3.0(2

6

2cos2
]2cos[22 −=

−
===

 xy
xya  

  

0577.0
6

2sin2
]2sin[2

173.0
6

sin2
]sin[2

2

1

−===

===





xy
xyb

xy
xyb

 

The first two harmonics are xbxa sincos 11 + and xbxa 2sin2cos 22 + .That is 

  )sin0392.1cos367.0( xx +− and )2sin0577.02cos1.0( xx −−   

2. Express y as a Fourier series up to the third harmonic given the following values: 

X 0 1 2 3 4 5 

Y 4 8 15 7 6 2 

The values of y at x = 0, 1, 2, 3, 4, 5 are given and hence the interval of x should be  

0  x < 6. The length of the interval = 6 - 0 = 6, so that 2l = 6 or l = 3. 
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The Fourier series up to the third harmonic is  









++








++








++=

l

x
b

l

x
a

l

x
b

l

x
a

l

x
b

l

x
a

a
y

 3
sin

3
cos

2
sin

2
cossincos

2
332211

0  or  

 






 
+


+







 
+


+







 
+


+=

3

3
sin

3

3
cos

3

2
sin

3

2
cos

3
sin

3
cos

2
332211

0 x
b

x
a

x
b

x
a

x
b

x
a

a
y  

Put 
3

x
 = ,  then 

 ( ) ( ) ( ) 3sin3cos2sin2cossincos
2

332211
0 bababa

a
y ++++++=   (1) 

We prepare the following table using the given values: 

x  =
3

x
 y  cosy  2cosy  3cosy  siny  2siny  3siny  

0 0 04 4 4 4 0 0 0 

1 600 08 4 -4 -8 6.928 6.928 0 

2 1200 15 -7.5 -7.5 15 12.99 -12.99 0 

3 1800 07 -7 7 -7 0 0 0 

4 2400 06 -3 -3 6 -5.196 5.196 0 

5 3000 02 1 -1 -2 -1.732 -1.732 0 

Total  42 -8.5 -4.5 8 12.99 -2.598 0 

14)42(
3

1

6

2
][2)]([20 =====

 y
yxfa ,  ,833.2)5.8(

6

2
]cos[21 −=−== ya  

,33.4)99.12(
6

2
]sin[21 === yb    ,5.1)5.4(

6

2
]2cos[22 −=−== ya  

,866.0)598.2(
6

2
]2sin[22 −=−== yb   ,667.2)8(

6

2
]3cos[23 === ya   0]3sin[23 == yb  

Using these in (1), we get 

x
xxxx

y 


cos667.2
3

2
sin866.0

3

2
cos5.1

3
sin)33.4(

3
cos833,27 +








−








−








+








−=  

This is the required Fourier series up to the third harmonic. 

3. The following table gives the variations of a periodic current A over a period T: 

T (secs) 0 T/6 T/3 T/2 2T/3 5T/6 T 

A (amp) 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98 

 

Show that there is a constant part of 0.75amp. in the current A and obtain the amplitude of the 

first harmonic. 
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Note that the values of A at t=0 and t =T are the same.  Hence A (t) is a periodic function of 

period T.  Let us denote t
T








=




2
.   We have  

],[20 Aa =  ],cos[2
2

cos21 =














 
= At

T
Aa  ]sin[2

2
sin21 =















 
= At

T
Ab ------ (1) 

We prepare the following table: 

 

t 
T

t


2
=  A cos sin A cos A sin 

0 0 1.98 1 0 1.98 0 

T/6 600 1.30 0.5 0.866 0.65 1.1258 

T/3 1200 1.05 -0.5 0.866 -0.525 0.9093 

T/2 1800 1.30 -1 0 -1.30 0 

2T/3 2400 -0.88 -0.5 -0.866 0.44 0.7621 

5T/6 3000 -0.25 0.5 -0.866 -0.125 0.2165 

Total  4.5   1.12 3.0137 

 

Using the values of the table in (1), we get 

,5.1
3

5.4

6

2
0 ===

 A
a ,3733.0

3

12.1

6

cos2
1 ==


=

 A
a   0046.1

3

0137.3

6

sin2
1 ==


=
 A

b  

The Fourier expansion up to the first harmonic is  








 
+







 
+==







 
+







 
+=

T

t

T

t

T

t
b

T

t
a

a
A

2
sin0046.1

2
cos3733.075.0

2
sin

2
cos

2
11

0  

The expression shows that A has a constant part 0.75 in it.  Also the amplitude of the first 

harmonic is 
2

1

2

1 ba +   = 1.0717. 

 

ASSIGNMENT: 

1. The displacement y of a part of a mechanism is tabulated with corresponding angular 

movement x0 of the crank.  Express y as a Fourier series up to the third harmonic. 

x0 0 30 60 90 120 150 180 210 240 270 300 330 

y 1.80 1.10 0.30 0.16 1.50 1.30 2.16 1.25 1.30 1.52 1.76 2.00 

 

2. Obtain the Fourier series of y up to the second harmonic using the following table: 
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x0 45 90 135 180 225 270 315 360 

y 4.0 3.8 2.4 2.0 -1.5 0 2.8 3.4 

 

3. Obtain the constant term and the coefficients of the first sine and cosine terms in the Fourier 

expansion of y as given in the following table: 

x 0 1 2 3 4 5 

y 9 18 24 28 26 20 

 

4. Find the Fourier series of y up to the second harmonic from the following table: 

x 0 2 4 6 8 10 12 

Y 9.0 18.2 24.4 27.8 27.5 22.0 9.0 

 

5. Obtain the first three coefficients in the Fourier cosine series for y, where y is given in the 

following table: 

x 0 1 2 3 4 5 

y 4 8 15 7 6 2 

 

6. The turning moment T is given for a series of values of the crank angle 0 = 750. 

0 0 30 60 90 120 150 180 

T 0 5224 8097 7850 5499 2626 0 

 

Obtain the first four terms in a series of sines to represent T and calculate T at  = 750. 
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FOURIER TRANSFORMS 

Introduction 

 Fourier Transform is a technique employed to solve ODE’s, PDE’s, IVP’s, BVP’s and 

Integral equations. 

Infinite Fourier Transform 

Let f(x) be a real valued, differentiable function that satisfies the following conditions: 

1) )(xf and its derivative )(' xf are continuous, or have only a finite number of simple  

     discontinuities in every finite interval, and  

 2) The integral ( )  xf  

-

dx




exists. 

  Also, let s be non – zero real parameter. Then infinite Fourier Transform of )(xf denoted    

   by )(ˆ sf or )]([ xfF or F(s) is defined by  

  ( ) 


−

=== dxexfxfFsFsf isx)()]([)(ˆ , provided the integral exists. 

The infinite Fourier Transform is also called complex Fourier Transform or just the Fourier 

Transform. The Inverse Fourier Transform of )(ˆ sf denoted by  )(ˆ1 sfF − is defined by  

   ( )  ( ) 



−

−− == dsisxesfxfsfF )(ˆ
2

11 ˆ


 

Note: The function f(x) is said to be self reciprocal with respect to Fourier transform    

           ( ) ( )sfsf =ˆif . 

Basic Properties: 

Below we prove some basic properties of Fourier Transforms: 

1. Linearity Property 

For any two functions f(x) and (x) (whose Fourier Transforms exist) and any two constants 

a and b,  ( ) ( )  ( )  ( ) xbFxfaFxbxafF  +=+  

  Proof: By definition, we have  

( ) ( )    dxexbxafxbxafF isx



−

+=+ )()(  


−



−

+= dxexbdxexfa isxisx )()(   

( )  ( ) xbFxfaF += . This is the desired property. 

In particular, if a = b = 1, we get ( ) ( )  ( )  ( ) xFxfFxxfF  +=+  

Module-3
Fourier transforms & Z-transforms
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Again if a = -b = 1, we get ( ) ( )  ( )  ( ) xFxfFxxfF  −=−  

2. Change of Scale Property  

( ) ( )   ,xfFf̂ If =s then for any non – zero constant a, we have ( )  







=

a

s
f̂

1
axfF

a
, 0a  

Proof: By definition, we have ( )  dxexfxfF isx



−

= )(   

  ( )  dxeaxfaxfF isx



−

= )( put 
a

dt
dxdtadxtax ===  

                    







=== 



−



−










a

s
f

a
dtetf

aa

dt
etf tasia

t
is

ˆ1
)(

1
)( )/(

 

3. Shifting Properties: 

   For any real constant ‘a’, ( )  )(ˆ)( sfeaxfFi isa=−   ),(ˆ)]([)( asfxfeFii iax += Where       

  )]([)(ˆ xfFsf =  

Proof : (i) We have ( )  ( ) 


−

== dxexfsfxfF isx)(ˆ  

 Hence,   ( )  


−

−=− dxeaxfaxfF isx)( , set ,dtdxtax ==− then 

 ( )  )(ˆ)()( )( sfedtetfedtetfaxfF isaistiasatis ===− 


−



−

+  

ii) We have  


−



−

+ ==+ dxeexfdxexfasf isxiaxxasi )()()(ˆ )(  

                                ,)( dxexg isx



−

= where iaxexfxg )()( =  

                                 )]([)]([ xfeFxgF iax==   This is the desired result. 

4. Modulation Property: ( )  ( ),ˆ sfxfFIf =  then ( )  ( ) ( ) asfasfaxxfF −++= ˆˆcos
2

1
 

     where ‘a’ is a real constant. 

Proof: We have
2

cos
iaxiax ee

ax
−+

=  

            Hence ( )  ( )


























 +
=

−

2
cos

iaxiax ee
xfFaxxfF  

                            ])([])([
2

1
)()(

2

1 iaxiaxiaxiax exfFexfFexfexfF −− +=+=  
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                                           ( ) ( ) ,ˆˆ
2

1
asfasf −++=  by using linearity and shift properties. 

      This is desired property. 

 

Note: Similarly ( )  ( ) ( ) asfasfaxxfF −−+= ˆˆsin
2

1
 

Examples 

1. Find the Fourier transform of 
1

1

0

1
)(









=
x

x

for

for
xf   hence evaluate 



0

sin
dx

x

x
 

  << The Fourier transform of f(x) is given by  

0,
sin2

1

1
.0.1.0)()(ˆ

1

1

1

1

=
−

=
−

=++==
−

−

−

−



−

s
s

s

is

ee

is

e
dxedxedxedxexfsf

isisisx
isxisxisxisx

 & for ,0=s 2)(ˆ =sf . 

Now by the inverse Fourier transform we have  

dsesfxf isx
=


−

−)(ˆ
2

1
)(


 Or 

1

1

0

1sin2

2

1









=
−



− x

x

for

for
dse

s

s isx


 

By putting x = 0 we get, 




===


−



−

ds
s

s
ds

s

s
ds

s

s

0

sin
2

sin
1

sin2

2

1
, as the integrand is even 

 
2

sin

0


=



ds
s

s
0r 

2

sin

0


=



dx
x

x
 

2. Find the Fourier transform of 
1

1

0

1
)(

2









 −

=
x

x

for

forx
xf  Hence evaluate  

   dx
x

x

xxx

2
cos

sincos

0
3
−

 

<< The Fourier transform of f(x) is given by  

  dxedxexdxedxexfsf isxisxisxisx
+ −+==


−

−

−



− 1

1

1

2
1

.0).1(.0)()(ˆ  

          
1

1

)(
)2(

1

1

)(
)2(

1

1
)1(

32

2

−
−+

−
−−

−
−=

is

e

is

e
x

is

e
x

isxisxisx

 

           )sincos(
4sin4cos4

)(
2

)(
2

0
33232

sss
ss

s

s

s
ee

is
ee

s

isisisis −−=+
−

=−
−

−+
−

+= −−
 

Now by inversion formula, we have  

 dsesfxf isx
=


−

−)(ˆ
2

1
)(


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  Or 
1

1

,0

,1
)sincos(

4

2

1 2

3 







 −

=− −
−



− x

xx
dsesss

s

isx


 

        Putting 2/1=x , we get 

        
4

3
)sincos(

1

2

4 2/

3
=−− −



−

dsesss
s

is


 

Or   
8

3

2
sin

2
cos

sincos
3


−=








−

−

−

ds
s

i
s

s

sss
 

 Or    
8

3

2
cos

sincos
3


−=

−

−

ds
s

s

sss
 

16

3

2
cos

sincos

0
3


−=

−




ds
s

s

sss
, since the 

integrand   

        is even 

 
16

3

2
cos.

sincos

0
3


−=

−

dx
x

x

xxx
 

3. Find the Fourier Transform of the function 
xa

exf
−

=)( where 0a  

   The Fourier transform of f(x) is given by 

      











+=== 


−

−

−


−

−


−

dxeedxeedxeedxexfsf isxxaisxxaisxxaisx

0

0

)()(ˆ  

      Using the fact that ,0,&0, −−== xxxxxx we get 












+= 


−

−

dxeedxeesf isxaxisxax

0

0

)(ˆ












+= 


−−

−

+

0

)(
0

)( dxedxe xisaxisa
 

       
( )

( )

( )

( ) 



























−−
+













+
=


−−

−

+

0

0

isa

e

isa

e xisaxisa

( ) ( )







−
+

+
=

isaisa

11









+
=

22

2

sa

a
 

Exercises:  

4. Find the Fourier Transform of the function







=

ax

ax

0,

1,
f(x)  

     where ‘a’ is  a positive constant.  Hence evaluate 

      ds
s

xsas
i 



−

cossin
)(  ds

s

s
ii 



0

sin
)(  

<< For the given function, we have 

    ( )   dxexfxfF isx



−
= )(  

     dxexfdxexfdxexf isx
a

isxa

a
isxa




−

−

−
++= )()()(  

     dxe
a

a
isx

−= 







=

s

sasin
2  
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    ( )  ( ) )1(.........
sin

2ˆ 







==

s

as
sfxfFThus  

( ) get  weformula,inversion  employingby  f̂ Inverting s  

( )   dse
s

sa
xf isx−

−=
sin

2

1
2


 

( )



−

−
= ds

s

sxisxsa sincossin1


 

( )








−= 



−



−
ds

s

sxas
ids

s

xssa sinsincossin1


 

 

Here, the integrand in the first integral is even and the integrand in the second integral is odd.  

Hence using the relevant properties of integral here, we get 

                

              


−
= ds

s

sxsa
xf

cossin
)(

1


      or 

              )(
cossin

xfds
s

sxsa
=



−
 








=

ax

ax

0,

,
 

   yields  this1,a 0,For x == =


−
ds

s

ssin
 

Since the integrand is even, we have =


0

sin
2 ds

s

s
 

Or  
20

sin 
=


ds

s

s
 

5. Find the Fourier Transform of 
2x2a-ef(x) = where ‘a’ is a positive constant.  

Deduce that 2

2x
e  f(x)
−

= is self reciprocal with respect to Fourier transform. 

Here 

( )  


−
−= dxeexfF isxxa 22

 


−






 −−

= dxe
isxxa 22

 

    dxe
a

s

a

is
ax




−














+








−−

=
24

22

2
 

    dxee a

is
ax

a

s




−









−−








−

=

2

224

2

 

get we,
2a

is
 -ax   t Setting =  ( ) 

a

dt
eexfF ta

s




−
−









−

=
224

2
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    dtee ta

s

a

 −









−

=
0

224

2

1
2    but 

 =−

0

2

2 
dtt

e  

    function. gamma using,
24

2

1










−

= a

s

a
e  

    ( )








−

=
24

2

ˆ a

s

a
esf


 

This is the desired Fourier Transform of f(x).  

  

( ) 2

2

2

2x-

2
12

2f̂ 

hence, ande f(x)get  we

 
2x2a-e f(x)in    aFor  

s
es
−

=

=

==



 

get we,ef(x)in    s xputting Also 2

2x-
==  2

2
-

e)f(
s

s = . 

Hence, )f(s and ( )sf̂  are same but for constant multiplication by 2 . 

( )sf̂f(s)Thus =  

reciprocal self is  e)f( that followsIt 2

2
-x

x =  

6) Find the inverse Fourier Transform of ( )
2

f̂ ses −=  

Exercises: 

Find the Complex Fourier Transforms of the following functions: 

 

( ) constant positive a is a'' where
,0

,
xf (1)








=

ax

axx
   ( )







−
=

1,0

1,1
xf (2)

x

xx
 

( ) constants positive are b'' and a'' where

bx,0

bxa,1

ax,0

xf (3)














=     ( )








−
=

ax

axxa

,0

,
xf (4)

22

 

constant positive a is a''   where)()5(
xa

xexf
−

=    )()6(
x

exf
−

=      2cos)()7( 2xxf =  

 3sin)()8( 2xxf =  
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FOURIER SINE TRANSFORMS: 

 

Let f(x) be defined for all positive values of x.   

The integral 


0

sin)( sxdxxf is called the Fourier sine Transform of )(xf . This is denoted by 

)(ˆ sf s or )]([ xfFs , thus     ( ) ( )  


==

0
s sin)(f̂ sxdxxfxfFs s  

The inverse Fourier sine Transform of )(ˆ sf s is defined through the integral sxdssf s sin)(ˆ2

0




 .   

( )  Thussf s .For   f(x)by  denoted is This -1
s  

( )  


==

0

1-
s sin)(ˆ2

F  f(x) sxdssfsf ss


 

Properties 

 

The following are the basic properties of Sine Transforms. 

 

(1) LINEARITY PROPERTY 

If ‘a’ and ‘b’ are two constants, then for two functions f(x) and (x), we have 

( ) ( )  ( )  ( ) xgbFxfaFxbxafF sss +=+   

Proof : By definition, we have 

( ) ( )  ( ) ( )  



+=+=+

00
0

sin)(sin)(sin sxdxxbsxdxxafdxsxxbxafxbxafFs   

             


+=

00

sin)(sin)( sxdxxbsxdxxfa  ( )  ( ) xbFxfaF ss +=  

This is the desired result.  In particular, we have 

 ( ) ( )  ( )  ( ) xFxfFxxfF sss  +=+ and ( ) ( )  ( )  ( ) xFxfFxxfF sss  −=−  

(2) CHANGE OF SCALE PROPERTY 

     ( )  ( ) have  we0,afor then ,f̂xfF If s = ss ( )  







=

a

s

a
sf̂

1
axfFs  

Proof :  We have ( )  ( ) dxxsaxf sinaxfF
0s 


=  

Setting ax = t, we get ( )  ( ) 















= 



a

dt
t

a

s
tf sinaxfF

0s  

                 







=










a

s

a
tdt

a

s
tf

a
sf̂

1
sin)(

1
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(3) MODULATION PROPERTY 

 

( )  ( ) have  we0,afor then ,ˆxfF If s = sf s ( )  ( ) ( ) asfasfaxxfF sss −++= ˆˆcos
2

1
 

Proof:  We have ( )  ( )


=
0

sincoscos dxsxaxxfaxxfFs  

                         











−++= 



0
2

1
)sin()sin()( dxxasxasxf  

                        











−++=  

 

0 0

)sin()()sin()(
2

1
xdxasxfxdxasxf  

                         ( ) ( )  property.Linearity  usingby ,ˆˆ
2

1
asfasf ss −++=  

FOURIER COSINE TRANSFORMS: 

Let )(xf be defined for positive values of x. Then the integral 


0

cos)( sxdxxf  is called the 

Fourier Cosine Transform of )(xf and is denoted by )(ˆ sfc or )]([ xfFc . Thus  

( ) ( )  


==

0
cc cos)(

2
Ff̂ sxdxxfxfs


 

The inverse Fourier Cosine Transform of )(ˆ sfc is defined through the integral  

sxdssfc cos)(ˆ2

0




. This is denoted by )(xf or )](ˆ[1 sfF cc

− . Thus  

( ) ( )  ( )


==

0

1-
c cosˆ2ˆFxf sdxssfsf c


 

Basic Properties: 

The following are the basic properties of cosine transforms: 

(1) Linearity property: If ‘a’ and ‘b’ are two constants, then for two functions )(xf and 

   )(x , we have ( ) ( )  ( )( ) ( )( )xxfxafFc  cc bFaFxb +=+  

(2) Change of scale property: ( )  ( ) have  we0,afor  then ,f̂xfF If cc = s  ( )  







=

a

s

a
cc f̂

1
axfF  

(3) Modulation property: ( )  ( ) have  we0,afor  then ,f̂xfF If cc = s       

      ( )  ( ) ( ) asassx −++= ccc f̂f̂
2

1
cosxfF  

The proofs of these properties are similar to the proofs of the corresponding properties of 

Fourier Sine Transforms. 
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EXAMPLES 

1. Find the Fourier Sine transform of
x

e
−

. Hence show that 0,
21

sin

0
2

=
+

−

 m
e

dx
x

mxx m
 

<< 


−


−


===

000

sinsinsin)()]([ sxdxesxdxesxdxxfxfF xx
s     [since |x| = - x in (0, ) ] 

                       ( )
222 1

)0(
1

1
0

0
cossin

1 s

s
s

s
sxssx

s

e x

+
=−

+
−=


−−

+
=

−

 

By using inverse formula for Fourier sine transform, we get 

 sxds
s

s
esxdsxfFxf x

s sin
1

2
sin)]([

2
)(

0
2

0



−


+
==


, By changing x to m, we get 

  
21

sin

1

sin2

1

sin2

0
2

0
2

0
2

m
m e

dx
x

mxx
dx

x

mxx
ds

s

mss
e

−
− =

+


+
=

+
= 




 

2. Find the Fourier Cosine transform of 

2

21

10

0

2)(















−=

x

x

x

for

for

for

x

x

xf  

<< 


++==

2

2

1

1

00

cos)(cos)(cos)(cos)()]([ sxdxxfsxdxxfsxdxxfsxdxxfxfFc  

                      


+−+=

2

2

1

1

0

cos.0cos)2(cos sxdxsxdxxsxdxx  

                     

1

2
cos

)1(
sin

)2(

0

1
cos

.1
sin

.
22 















 −
−−−+















 −
−=

s

sx

s

sx
x

s

sx

s

sx
x  

                     







−−−








−−+=

2222

cossin2cos1
0

cossin

s

s

s

s

s

s

ss

s

s

s
 

                     ( )12coscos2
12cos1cos2

2222
−−=−−= ss

ss

s

ss

s
 

 3. Find the Fourier Sine transform of 
x

e ax−
 

   << Let ,)(
x

exf
ax−

= then its Fourier sine transform is 

  ),(sinsin)()]([

00

sFsxdx
x

e
sxdxxfxfF

ax

s === 
 −

say 

  Differentiate both sides w.r.t. s we get, 




−
 −−

==

















=

000

coscossin}({ sxdxesxdx
x

xe
dxsx

x

e

s
sF

ds

d ax
axax
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               ( )
0

sincos
22


+−

+
=

−

sxssxa
sa

e ax
 

               
2222

)(0
1

as

a
a

as +
=−−

+
=  

Integrating w.r.t. s, we get,  

c
a

s
ds

as

a
sF +=

+
= −


1

22
tan)(  

But F(0) = 0 when s = 0 .0= c  Hence 
a

s
sF 1tan)( −=  

4. Find the Fourier Cosine Transform of
21

1
)(

x
xf

+
= . Hence derive Fourier sine transform of 

21
)(

x

x
x

+
=  

<< )(cos
1

1
cos)()]([

0
2

0

sayIsxdx
x

sxdxxfxfFc =
+

== 


 


+

−+
−=

+
−=

+

−
=









+


=



dx
xx

sxx
dx

xx

sxx
dx

x

sxx
dx

x

sx

sds

dI

)1(

sin]11[

)1(

sin

1

sin

1

cos

2

2

0
2

2

0
22

0

 

           Idx
xx

sxx

ds

Id
dx

xx

sx
dx

xx

sx
dx

x

sx
=

+
=

+
+−=

+
+−= 



0
22

2

0
2

0
2

0 )1(

cos

)1(

sin

2)1(

sinsin 
 

  ,0)1(0 2

2

2

=−=− IDI
ds

Id
where 

ds

d
D =  

 ssss ecec
ds

dI
ececI −− −=+= 2121  

When ,0=s we get 
2

&0
2

&
21

2121
0

221


==−==−=
+

==+ 


cc
ds

dI
cc

x

dx
Icc  

s
c eIxfF −==

2
)]([


 

Now s
s e

ds

dI
dx

x

sxx
xF −



=−=
+

= 
21

sin
)]([

0
2


  

5. Solve the integral equation 
1

10

,0

,1
cos)(

0






 −

=





 df .Hence evaluate dt

t

t



0
2

2sin
 

<< We have )(cos)(

0

 cFdf =


 

1

10

,0

,1
)(







 −

=



cF ------------- (1) 
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 by the inverse formula we have  

 
0

1cos
)1(

sin
)1(

2
cos)1(

2
cos)(

2
)(

2

1

00

















−−−−=−== 



















 ddFf c  

           
2

)cos1(2



−
=  

Now 


=

0

cos)()(  fFc 



 cos

)cos1(2

0
2

 −
=d d ----------- (2) 

From (1) & (2) we have 





cos

cos12

0
2

 −
d =

1

10

,0

,1







 −




 

Now take limit as ,0→ we get 






−

 0
2

cos12
d =1 





−


0
2

cos1









=

0
2

2 2/sin2

2
d

2


=d , put ,

2
t=


then dtd 2=  

                        
2

sin

2
2

)2/(

sin2

0
2

2

0
2

2 
=


= 



dt
t

t
dt

t

t
 

(6) Solve the integral equation 


−=
0

cos)( aexdxxf  

Let () be defined by −= ae)(  

 ( ) ( )== 


c
0

f̂cos)(Given xdxxf  

Using this in the inversion formula, we get 




=


= 


−


xdexdxf a cos
2

cos)(
2

)(
00

 

          
)(

22

0

sincos
2

222222 xa

a

xa

a
xxxa

xa

e a

+
=









+
=














+−

+
=

−

 

Exercises:  

1. Find the Fourier sine transform of ( )







=

ax

ax

,0

0,1
xf                             







 −

s

sa
Ans

cos1
:  

2.  Find f(x) from the integral equation














=


2,0

21,2

10,1

sin)(
0

xdxxf   

       




 −+


xxAns

x
2cos2cos1:

2
 

3. Find the sine transforms of the following functions 
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( )










−



=

ax

axxa

xx

xfi

,0

1,

10,

)(   ( ) 0,)( = − axexfii ax           ( )







=

ax

axx
xfiii

,0

0,sin
)(  

given f(x)for  Solve (4)






−
=



1,0

10,1
sin)(

0

xdxxf  

5) Find the inverse sine transforms of the following functions: 

   ( ) 0,ˆ)( =
−

a
s

e
sfi

as

s   ( )
2

ˆ)(


=sfii s  

6. Find the Cosine transform of .0,)( = − aexf ax Hence evaluate dx
ax

kx



+0
22

cos
 













 
=

++

−


a

e
dx

ax

kx

a

a
Ans

ax

2

cos
&:

0
2222

 

7. Find the Fourier Cosine Transforms of the following functions: 











−



=

4,0

41,4

10,4

f(x) (i)

x

xx

xx

  ( ) 0,)(
2

= − aexfii ax      







=

ax

axx
xfiii

,0

0,cos
)()(  

0,)()( = − axexfiv ax   
21

1
)()(

x
xfv

+
=         

21

2cos
)()(

x

x
xfvi

+
=  

8. Solve for )(xf given 






−
=



1,0

10,1
cos)(

0

xdxxf  
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Z – TRANSFORMS 

 
Introduction  

 

The Z-transform plays an important role in the study of communications, sample data control 

systems, discrete signal processing, solutions of difference equations etc. 

Definition:  

A difference equation is a relation between the differences of an unknown function at one or 

more general values of the argument. 

Eg: 2)()1( =+ + nn yy & 0)1()1(
2 =+ −+ nn yy are difference equations. 

Another way of writing a difference equation is as follows: 

We know that )1()2()1( +++ −= nnn yyy   

Hence the first equation can be written as 2)()1()2( =+− ++ nnn yyy  -------- (1) 

Also )1()2()3()1(
2 2 ++++ +−= nnnn yyyy  

Hence the second equation can be written as  

02 )1()()1()2()3( =−++− −+++ nnnnn yyyyy  --------- (2)  

Order of a difference equation:  

Order of a difference equation is the difference between the largest and the smallest arguments 

occurring in the difference equation divided by the unit of increment. 

Thus the order of the equation (1) is 2. Since  

2
1

)2(argargarg
=

−+
=

− nn

incrementofUnit

umentsmallestumentestL
 

& that of (2) is 4
1

)1()3(
=

−−+ nn
 

Solution: Solution of a difference equation is an expression for )(ny which satisfies the given 

difference equation. 

General solution: The general solution of a difference equation is that in which the number 

of arbitrary constants is equal to the order of the difference equation. 

A Particular solution or Particular integral is that solution which is obtained from the general 

solution by giving particular values to the constants. 
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Z – TRANSFORMS: 

Definition: Let )(nfun = be a real-valued function defined for ..,.........3,2,1,0=n and 0=nu

for 0n .  Then the Z-transform of nu denoted by )( nuZ  is defined by  




=

−==
0

)()(
n

n
nn zuuZzU  --------------- (1) whenever the infinite series converges 

We can also write it as nuzUZ =− )]([1 and is called the inverse Z – Transform. 

Properties of Z-transform: 

1. Linearity property:- 

Consider the sequences }{&}{ nn vu and constants a and b.  Then 

][][][ nnnn vbZuaZbvauZ +=+  

Proof:  By definition, we have 


=

−+=+
0

][][
n

n
nnnn zbvaubvauZ  

                                   


=



=

−− +=
0 0n n

n
n

n
n zvbzua  )()( nn vbZuaZ +=  

In particular, for 1== ba , we get ][][][ nnnn vZuZvuZ +=+  and for 1=−= ba , we get 

   

][][][ nnnn vZuZvuZ −=−      

2. Damping property:- 

Let )()( zUuZ n = .  Then      (i)  ( )
a
zUuaZ n

n =)(     (ii)  )()( azUuaZ n
n =−

 

Proof: By definition, we have 







=








==  



=

−

=

−

a

z
U

a

z
uzuauaZ

n

n

n
n

n
n

n
n

n

0 0

)()(  

Thus 







=

a

z
UuaZ n

n )(  

This is the result as desired. Here, we note that that if )()( zUuZ n = , then  

                                               ( )][)( zUuaZ n
n =

a
ZZ→

= 








a

z
U  

Next, )()()()(
00

azUazuzuauaZ
n

n
n

n

n
n

n
n

n === 


=

−


=

−−−
 

Thus )()( azUuaZ n
n =−

.This is the result as desired. 

3. Shifting property:   

(a) Right shifting rule: 

If )()( zUuZ n = , then )()( zUzuZ k
kn

−
− =  where 0k  

Proof: By definition, we have ( ) 


=

−
−− =

0n

n
knkn zuuZ  



 Page 3 
 

Since 0=nu for 0n , we have 0=−knu  for )1(.,,.........2,1,0 −= kn   

Hence ( ) ].......[....... 1
10

)1(
10 +++=++== −−+−−



=

−
−−  zuuzzuzuzuuZ kkk

kn

n
knkn  

                           )(
0

zUzzuz k

n

n
n

k −


=

−− ==    

Thus )()( zUzuZ k
kn

−
− =  

(b)Left shifting rule: ]......)([)( )1(
1

2
2

1
10

−−
−

−−
+ −−−−−= k

k
k

kn zuzuzuuzUzuZ  

Proof:  ( ) 


=

−
++ =

0n

n
knkn zuuZ









== 


=

+−
+



=

+−
+

0

)(

0

)(

n

nk
kn

k

n

nk
kn

k zuzzuz  









= 



=

−

km

m
m

k zuz , knmwhere +=  









−=








=  



=

−

=

−−


=

−

0

1

0n

k

n

n
n

n
n

k

kn

n
n

k zuzuzzuz  

 ]......)( )1(
1

2
2

1
10

−−
−

−− −−−−−= k
k

k zuzuzuuzUz  

Particular cases: 

In particular, we have the following standard results: 

  1.  ])([)( 01 uzUzuZ n −=+  

  2. ])([)( 1
10

2
2

−
+ −−= zuuzUzuZ n    

                      3. ])([)( 2
2

1
10

3
3

−−
+ −−−= zuzuuzUzuZ n             etc. 

 

Some Standard Z-Transforms: 

1. Transform of na : 

By definition, we have ++







++=








== 



=



=

− .....1)(
0

2

0 n

n

n

nnn

z

a

z

a

z

a
zaaZ  

The series on the RHS is a Geometric series.  Sum to infinity of the series is 

z
a−1

1
  

or    
az

z

−
  Thus, 

az

z
aZ n

−
=)(  

In particular, when a =1, we get Z(1) = 
1−z

z
 

2. Transform of
ane : 

Here )()( nan kZeZ =  where aek =  
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aez

z

kz

z

−
=

−
=  

Thus
a

an

ez

z
eZ

−
=)(  

3. Transform of pn , p being a positive integer:  

We have, 


=

+−−


=

− ==
0

)1(1

0

)(
n

np

n

npp nznzznnZ  -------- (1)   

By changing p to 1−p , we get 


=

−−− =
0

11)(
n

npp znnZ  

Differentiating with respect to z, we get    

  


=

+−−


=

−−− −==
0

)1(1

0

11 )()(
n

np

n

npp znnzn
dz

d
nZ

dz

d
 

Using this in (1), we get )]([)( 1−−= pp nZ
dz

d
znZ  

Particular cases of )( pnZ :- 

1.  For p = 1, we get  
2)1(1

)1()(
−

=








−
−=−=

z

z

z

z

dz

d
zZ

dz

d
znZ  

Thus,
2)1(

)(
−

=
z

z
nZ   

2. For p = 2, we get  
3

2

2

2

)1()1(
)()(

−

+
=















−
−=−=

z

zz

z

z

dz

d
znZ

dz

d
znZ  

Thus,
3

2
2

)1(
)(

−

+
=
z

zz
nZ   

3. For p = 3, we get 
4

23
3

)1(

4
)(

−

++
=

z

zzz
nZ & soon  

4.  Transform of nna   

By damping property, we have 

 

a
ZZ

a
ZZ

n

z

z
nZnaZ

→

→












−
==

2)1(
)()(

22 )(
1

az

az

a

z

a
z

−
=









−

=  

Thus,
2)(

)(
az

az
naZ n

−
=  

5. Transform of nan2  : 
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We have,  
( ) 32

32

3

2

3

2
22

)(

)(

1/

/)/(

)1(
)()(

aza

aazz

az

azaz

z

zz
nZanZ

a

Z
Z

a

Z
Z

n

−

+
=

−

+
=













−

+
==

→

→  

Thus,
3

22
2

)(
)(

az

zaaz
anZ n

−

+
=  

6. Transforms of ncosh  and nsinh : 

We have )(
2

1
)(cosh

2
cosh 



 nn
nn

eeZnZ
ee

n −
−

+=
+

=  

    )()(
2

1  nn eZeZ −+= , by using the linearity property 

  








−
+

−
=

− ez

z

ez

z

2

1



















++−

+
−

=












++−

−+−
=

−

−

−

−

1)(

2

)(

1)(2 22 







eezz

ee
z

z
eezz

ezezz
 

                      
 

1cosh2

cosh

2 +−

−
=





zz

zz
 

Next, 








−
−

−
=

−
=

−

−






ezez

z
nZ

ee
n

nn 11

2
)(sinh

2
sinh  

1cosh2

sinh

1cosh22 22 +−
=













+−

−
=

−









zz

z

zz

eez
 

7.  Transforms of ncos  and nsin  

      We have
2

cos



inin ee

n
−+

=  

       )(
2

1
)(cos  inin eeZnZ −+= 









−
+

−
=

−  ii ez

z

ez

z

2

1













++−

+−
=

−

−

1)(

)(2

2 2 



ii

ii

eezz

eezz
 

1cos2

]cos[

2 +−

−
=





zz

zz
 

Next, 
i

ee
n

inin

2
sin




−−

=  

1cos2

sin

1cos222

1
)(sin

22 +−
=













+−

−
=









−
−

−
=

−

− 








 zz

z

zz

ee

i

z

ez

z

ez

z

i
nZ

ii

ii
 

8.  Transforms of nan cos  and nan sin  

    We know that )(
1cos2

]cos[
)(cos

2
zU

zz

zz
nZ =

+−

−
=




 . Hence by using damping rule we get 
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222 cos2

)cos(

1cos)/(2)/(

]cos/[/
)/()cos(

aazz

azz

azaz

azaz
azUnaZ n

+−

−
=

+−

−
==








  

    Similarly we know that )(
1cos2

sin
)(sin

2
zU

zz

z
nZ =

+−
=




 . Hence by using damping rule we 

get 

   
222 cos2

sin

1cos)/(2)/(

sin)/(
)/()sin(

aazz

az

azaz

az
azUnaZ n

+−
=

+−
==








  

Examples: Find the Z-transforms of the following: 

1. ann 5)4/sin(43 +−   

 << )1(5))4/(sin(4)(3)5)4/sin(43( aZnZnZannZ +−=+−   

             
1

5

1
2

12

2
14

)1(

3

1
.5

1)4/cos(2

)4/sin(
.4

)1(
.3

2222 −
+

+







−










−
−

=
−

+
+−

−
−

=
z

az

zz

z

z

z

z

z
a

zz

z

z

z




 

             
12

22

)1(

5)53(

12

22

)1(

)1(53

22

2

22 +−
−

−

+−
=

+−
−

−

−+
=

zz

z

z

azza

zz

z

z

zazz
 

2. 2)1( +n  

 << 
1)1(

.2
)1(

)1()(2)()12(])1[(
23

2
222

−
+

−
+

−

+
=++=++=+

z

z

z

z

z

zz
ZnZnZnnZnZ  

                 
3

23

3

2322

3

22

)1()1(

222

)1(

)1()1(2

−

+
=

−

+−+−++
=

−

−+−++
=

z

zz

z

zzzzzzz

z

zzzzzz
 

3. )53sin( +n  

<< )3(cos5sin)3(sin5cos)5sin3cos5cos3(sin)]53[sin( nZnZnnZnZ +=+=+               

13cos2

3cos5sin5sin5cos3sin

13cos2

)3cos(
.5sin

13cos2

3sin
.5cos

2

2

22 +−

−+
=

+−

−
+

+−
=

zz

zzz

zz

zz

zz

z
 

              
13cos2

)2sin5sin(

13cos2

5sin)2sin(

13cos2

5sin)5sin3cos5cos3(sin

22

2

2

2

+−

−
=

+−

+−
=

+−

+−
=

zz

zz

zz

zz

zz

zz
 

 

4. anne  

    Let ,nun =
nan ke = where aek =  

    Therefore ),/()()( kzUnkZneZ nan == By damping rule. 

     Where
222 )()1/(

/
)/(

)1(
)()(

kz

kz

kz

kz
kzU

z

z
nZzU

−
=

−
=

−
== , where aek =  

   Hence 
2)(

)/()(
a

a
an

ez

ze
kzUneZ

−
=  
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5. anen2  

    Let ,2nun =
nan ke = where aek =  

    Therefore ),/()()( 22 kzUknZenZ nan == By damping rule. 

     Where
3

22

3

2

3

2
2

)()1/(

/)/(
)/(

)1(
)()(

kz

zkkz

kz

kzkz
kzU

z

zz
nZzU

−

+
=

−

+
=

−

+
== , where aek =  

   Hence 
33

22
2

)(

)(

)(

)(
)/()(

a

aa

a

aa
an

ez

ezze

ez

zeze
kzUenZ

−

+
=

−

+
=  

6. i) nan cosh   ii) nan sinh  

  i) We know that
 

)(
1cosh2

cosh
)(cosh

2
zU

zz

zz
nZ =

+−

−
=




 , Hence by using damping rule we  

     get
222 cosh2

)cosh(

1cosh)/(2)/(

]cosh)/)[(/(
)/()cosh(

aazz

azz

azaz

azaz
azUnaZ n

+−

−
=

+−

−
==








  

  ii) We know that )(
1cosh2

sinh
)(sinh

2
zU

zz

z
nZ =

+−
=




 , Hence by using damping rule we  

      get
222 cosh2

cosh

1cosh)/(2)/(

cosh)/(
)/()sinh(

aazz

az

azaz

az
azUnaZ n

+−
=

+−
==








  

7. tet 2sin  

  We know that )(
12cos2

2sin
2sin

2
zU

zz

z
t =

+−
=  

)/()2sin( ezUteZ t = , By damping rule. 

                     
222 2cos2

2sin

12cos)/(2)/(

2sin)/(

eezz

ez

ezez

ez

+−
=

+−
=  

8. kek cos )0( k  

  We know that )(
1cos2

)cos(
)(cos

2
zU

zz

zz
kZ =

+−

−
=  

222

1

cos2

)cos(

1cos)/(2)/(

]cos)/)[(/(
)/()cos)(()cos(

eezz

ezz

ezez

ezez
ezUkeZkeZ kk

+−

−
=

+−

−
===  

9. 






 
+



42
cos

n
 

<< 






 
−


=















 
+



4
sin

2
sin

4
cos

2
cos

42
cos

nn
Z

n
Z 







 
−







 
=

2
sin

4
sin

2
cos

4
cos

n
Z

n
Z  

   
)1(2

)1(

112

1

1
2

cos2

2
sin

2

1

1
2

cos2

2
cos(

2

1

222

2

22 +

−
=















+
−

+
=



















+


−



−



















+


−


−

=
z

zz

z

z

z

z

zz

z

zz

zz
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10. 







+



2
cosh

n
 

   << ( ) ( ) )2/(2/
)2/(2/

2

1

22
cosh −−

+−+

+=










 +
=
















+

 nn
nn

eZeeZe
ee

Z
n

Z  

       








−
+

−
=

−

−





2/2/2

1

ez

z
e

ez

z
e  Using 

a

ax

ez

z
eZ

−
=)(  

      












++−

−−+
=













++−

−+−
=

−

−−−−

−

−−

1)(

)(

21)(

)()(

2 2/2/2

2/)2/(

2/2/2

2/2/

eezz

eeeezz

eezz

ezeezez
 

       
( )













+−

−−
=













+−

+−
=

−−−

1)2/cosh(2

2/coshcosh

1)2/cosh(2

[cosh2.

2 22

)2/()2/(

zz

z
z

zz

eezz
 

      
( )

1)2/cosh(2

2/coshcosh

2

2

+−

−−
=

zz

zz
 

11. p
nC )0( np   

 << ( ) ( ) nn
n

nnn
n

p

p
p

n
p

n zzCzCzCzCCZ )1(.....1 12
2

1
1

0

−−−−

=

− +=+++==   

                    

nn

z

z

z







 +
=








+=

11
1  

12. n
pn C+  

( ) ..........1 33221

0

1 ++++== −+−+−


=

+−++
 zCzCzCzCCZ n

n
n

n

p
n

np
n

pn
n

pn
 

               ,..........1 3
3

32
2

21
1

1 ++++= −+−+−+ zCzCzC nnn
        Using r

n
rn

n CC =−   

               .........
!3

)1)(2)(3(

!2

)1)(2(
)1(1 321 +

+++
+

++
+++= −−− z

nnn
z

nn
zn     

             .......)(
!3

)1)(2)(3(
)(

!2

)1)(2(
))(1(1 31211 +−

−−−−−−
+−

−−−−
+−−−+= −−− z

nnn
z

nn
zn  

              

)1()1()1(
11

1

11
1)1(

++−+−
−−−










−
=







 −
=








−=−=

nnn
n

z

z

z

z

z
z  

13. Unit impulse sequence 
0

0

0

1
)(



=





=
n

n
n  

<< 1........0001)()]([
0

=++++== 


=

−

n

nznnZ   

14. Unit step sequence 
0

0

1

0
)(









=
n

n
nu  
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<< 
11

1
......1)()]([

1

321

0 −
=

−
=++++==

−

−−−


=

−


z

z

z
zzzznunuZ

n

n  

15. Show that .
!

1 /1 ze
n

Z =







Hence evaluate 









+








+ )!2(

1
.&

)!1(

1

n
Z

n
Z  

<< 
zzn

n

ee
zzz

z
nn

Z /11321

0

......
!3!2!1

1.
!

1

!

1
==++++==







 −−−−
−



=
  

Shifting 
!

1

n
one unit to the left gives   ( )1(1

!

1
)(

)!1(

1 /1
0 −=








−








=−=









+

zez
n

ZzuzUz
n

Z  

Similarly ]1[])([
)!2(

1
. 1/121

10
2 −− −−=−−=









+
zezzuuzUz

n
Z z  

16. 

nn

nu 







+








=

4

1

2

1
 

We have,





















+








=

nn

n ZuZ
4

1

2

1
)(

nn

ZZ 







+








=

4

1

2

1
 

14

4

12

2

4

1

2

1 −
+

−
=

−

+

−

=
z

z

z

z

z

z

z

z
 

                           
)14)(12(

)38(2

−−

−
=

zz

zz
 

Multiplication by n: If ),()( zUuZ n = then 
dz

zUd
znuZ n

))((
)( −=  

Proof: 


=

−

=

−
−−



=



=

− −=−=−−==
00

)
1

00

)((
)()(

n

n
n

n

n

n
n

n
n

n

n
nn

dz

zud
z

dz

zd
uzznuzznunuZ  

                        
dz

zUd
zzu

dz

d
z n

n
n

))((

0

−=−= −


=
  

Note: In general 
m

m
m

n
m

dz

zUd
zunZ

)]([
)()( −=  

Example: Find the z – transform of i) nnsin   ii) nen2  

i) We know that ,
1cos2

sin
)(sin

2 +−
=






zz

z
nZ using ),()( zU

dz

d
znuZ n −= we get 

   














+−

−−+−
−=









+−
−=

22

2

2 )1cos2(

)cos22(sinsin)1cos2(

1cos2

sin
)sin(










zz

zzzz
z

zz

z

dz

d
znnZ  

                       














+−

+−+−
−=

22

22

)1cos2(

cossin2sin2sin1sincos2sin





zz

zzzz
z  

                     
22

2

22

2

)1cos2(

sin)1(

)1cos2(

sinsin

+−

−
=















+−

−
−=









zz

zz

zz

z
z  
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ii) We know that 




ez

z
eZ n

−
=)( & )()()(

2

2
22 zU
dz

d
zunZ n −=  













−

−
=













−

−−
=















−
−=

)()(

)1(1).(

)
)()( 2

2

2

2

2
22












ez

e

dz

d
z

ez

zez

dz

d
z

ez

z

dz

d
zenZ n  

                  
3

2

3

2

)(

2

)(

2








ez

ze

ez
ez

−
=















−

−
−=  

I. Initial value theorem: If ),()( zUuZ n = then )(0 zULtu
z →

=  

Proof: we know that ........)()( 2
2

1
10 +++== −− zuzuuuZzU n  

           Taking limit as ,→z we get 0)( uzULt
z

=
→

 

           Similarly  ,])([ 01 uzUzLtu
z

−=
→

 ,])([ 1
10

2
2

−

→
−−= zuuzUzLtu

z
& so on 

II. Final value theorem: If ),()( zUuZ n = then )()1()(
1

zUzLtuLt
z

n
n

−=
→→

 

Proof: By definition n

n
nnnn zuuuuZ −



=
++  −=− )()(

0
11  Or 

n

n
nnnn zuuuZuZ −



=
++  −=− )()()(

0
11  

Or n

n
nn zuuzUuzUZ −



=
+ −=−− )()(])([

0
10     Or   n

n
nn zuuzuzzU −



=
+ −=−− )()1)((

0
10  

Taking limits of both sides as ,1→z we get 

  )](........)()()[()()()1( 1231201
0

10
1

nn
nn

nn
z

uuuuuuuuLtuuuzUzLt −++−+−+−=−=−− +
→



=
+

→


 

                                 001 uuuuLt n
n

−=−= +
→

 

Hence  )()1(
1

zUzLtu
z

−=
→

  Or  )()1(
1

zUzLtuLt
z

n
n

−=
→→

 

Example: If ,
)1(

1452
)(

4

2

−

++
=

z

zz
zU evaluate 32 &uu  

<< ,
)1(

1452
.

1

)1(

1452
)(

41

21

24

2

−

−−

−

++
=

−

++
=

z

zz

zz

zz
zU  

By Initial value theorem, 0
)1(

1452
.

1
)(

41

21

20 =












−

++
==

−

−−

→→ z

zz

z
LtzULtu
zz

 

Similarly  












−

++
=−=

−

−−

→→ 41

21

201
)1(

1452
.

1
])([

z

zz

z
zLtuzUzLtu

zz
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                     0
)1(

1452
.

1

41

21

=












−

++
=

−

−−

→ z

zz

z
Lt
z

 

Now  


























−

++
=−−=

−

−−

→

−

→ 41

21

2

21
10

2
2

)1(

1452
.

1
])([

z

zz

z
zLtzuuzUzLtu

zz
 

               2
)1(

1452

41

21

=












−

++
=

−

−−

→ z

zz
Lt
z

 

&  

























−−−

−

++
=−−−= −

→

−−

→

2

4

2
32

2
1

10
3

3 200
)1(

1452
])([ z

z

zz
zLtzuzuuzUzLtu

zz
 

           


























−

−−++
=


























−

−

++
=

→→ 42

422
3

24

2
3

)1(

)1(2)1452(2

)1(

1452

zz

zzzz
zLt

zz

zz
zLt

zz
 

          


























−

−++−−−++
=

→ 42

2324234
3

)1(

4882821452

zz

zzzzzzzz
zLt

z
 

          13
)1(

28213[

)1(

28213

416

3213
3

42

23
3 =



























−

−++
=



























−

−++
=

−

−−−

→→ zz

zzzz
zLt

zz

zzz
zLt

zz
 

 

 

Exercises: Find the Z – Transforms of the following: 

1) 
)!1(

1

+n
   2) ni )sin(cos  +      3) 43

4
sin52 a
n

n −+


    4) 2)1( −n   5) 

3+na  

6) Show that i) 
1cos2

)cos(
)cos(

22 +−

−
=−






aa

aa
an

zeez

zeze
neZ   

                     ii) 
1cos2

sin
)sin(

22 +−
=−






aa

a
an

zeez

ze
neZ  

7) Using ,
)1(

)(
3

2
2

−

+
=
z

zz
nZ Show that 

3

23
2

)1(
)1(

−

+
=+
z

zz
nZ  

8) If ,
11

)(
2 +

+
−

=
z

z

z

z
uZ n find the Z – Transform of 2+nu  

9) If ,
)1(

1232
)(

4

2

−

++
=

z

zz
zU find the value of 32 &uu  

10) Given that ,
)3(

432
)(

3

2

−

++
=

z

zz
uZ n ,3z show that ,21 =u ,212 =u 1393 =u  
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11) Show that 
1

log
1

−
=









z

z
z

n
Z  

12) Using ,
)1(

)(
2−

=
z

z
nZ show that 

22

23

)1cos2(

2cos)(
)cos(

+−

−+
=






zz

zzz
nZ  

Answers: 1. )1( /1 −zez   2. 
iez

z

−
  3. 

1

3

12

2/2

)1(

2 4

22 −
−

+−
+

− z

za

zzz

z
 

4. 
3

23

)1(

43

−

+−

z

zzz
  5) 

az

za

−

3

  8) 
)1)(1(

)31(

2

22

zz

zz

+−

+
 

9) ,22 =u 113 =u  

Inverse Z – Transform: If )(zU is Z – Transform of ,nu then nu is called Inverse Z – Transform 

of )(zU , Denoted by )].([1 zUZun
−=  

Some Useful Inverse Z – transforms:  

1. na
az

z
Z =









−

−1     2. 1
1

1 =








−

−

z

z
Z    

3. na
az

az
Z n .

)( 2

1 =












−

−    4. n
z

z
Z =













−

−

2

1

)1(
   

5. 2

3

22
1 .

)(
na

az

zaaz
Z n=













−

+−    6. 2

3

2
1

)1(
n

z

zz
Z =













−

+−  

7. 3

4

3223
1 .

)(

4
na

az

zazaaz
Z n=













−

++−  8. 3

4

23
1

)1(

4
n

z

zzz
Z =













−

++−  

.9 )2/sin(
12

1 n
z

z
Z =









+

−    10. )2/cos(
12

2
1 n
z

z
Z =













+

−  

Evaluation of inverse Z – Transforms: We have the following 3 methods – 

1. Power series method:  

  Example: 1) Find the inverse Z – Transform of ,
1

log
+z

z
by power series method. 

<< Putting ,/1 yz = we get )1log(
1

1
log

1/1

/1
log

1
log)( y

yy

y

z

z
zU +−=

+
=

+
=

+
=  

                                                   ........
3

1

2

1 32 +−+−= yyy  

            
n

n

n

z
n

zzz −


=

−−−


−
=+−+−=

1

321 )1(
.........

3

1

2

1
 

wise

n

other

for

n
u nn

0

/)1(

0 =





−
=  



 Page 13 
 

2) Find the inverse Z – Transform of ,
)1( 2+z

z
by division method 

                                                     .........32 321 −+− −−− zzz  

<< By Dividing we get 
1

2

2
12

−++
++

zz
zzz  

                                    12 −−− z  

      31 242 −− −−− zz  

              21 23 −− + zz  

                                      321 363 −−− ++ zzz  

       32 34 −− −− zz    & so on  

Hence .,..........432
)1(

4321

2
+−+−=

+

−−−− zzzz
z

z
which is an infinite series 

..ei nunzzU n
n

n

n

n )1()1()(
0

1 −=−= −


=

−
  

II. Partial fraction method: 

1. Find the inverse Z – Transform of i) 
)4)(2(

32 2

−+

+

zz

zz
  ii) 

)4()2(

20

3

3

−−

−

zz

zz
 

<< i) Write 
)4)(2(

32
)(

2

−+

+
=

zz

zz
zU  as 

42)4)(2(

32)(

−
+

+
=

−+

+
=

z

B

z

A

zz

z

z

zU
 

Then 6/161&6/11611)2()4(32 =−=−==++−=+ AABBzBzAz  

46

11

26

1
)(

4

1

6

11

2

1

6

1)(

−
+

+
=

−
+

+
=

z

z

z

z
zU

zzz

zU
 

On inversion we get nn
nu )4(

6

11
)2(

6

1
+−=  

ii) Write 
)4()2(

20
)(

3

3

−−

−
=

zz

zz
zU  as 

4)2()4()2(

20)(

3

2

3

2

−
+

−

++
=

−−

−
=

z

D

z

czBzA

zz

z

z

zU
 

Then 20)2()4)(( 232 −=−+−++ zzDzCzBzA  

If ,4=z then 2/120168 −=−= DD , By putting ,1&1,0 −=z we get 

651522084 ==−=+−=−− AADADA  

191/2-3C3B3A-19D-3C-3B--3A20-1D-C)(-3)B(A =++==++  



 Page 14 
 

2

1
6

2

13

2

13

6

39

3

2/119
CB6 =−=+==

+
=++ CB --------- (1) 

& ( )
2

65

2

2738
2/12719)(51927)5)((

−
=

−−
=−+−=+−−−=−−+− CBADCBA  

2

1
6

2

13

2

13

)5(2

65
=−=+−=

−

−
=+− CBCBA ------- (2)  

By adding (1) & (2) we get 

02/112 === BCC  













−
−

−

+
=

−
−

−

+
=

−
−

−

+
=

4)2(

12

2

1

42

1

)2(

2/16
)(

4

1

2

1

)2(

2/16)(

3

3

3

3

3

2

z

z

z

zz

z

z

z

zz
zU

zz

z

z

zU
 

            












−
−

−

+
+

−
=













−
−

−

++−
=

4)2(

22
.2

22

1

4)2(

84)2(

2

1

3

22

3

22

z

z

z

zz

z

z

z

z

z

zzzz
 

On inversion, we get   12212 2224.2.22
2

1 −− ++=−+= nnnnnn
n nnu  

2. Find the inverse Z – Transform of ,
)3)(2(

)5.65(2

2

2

−−

+−

zz

zz
for 32  z  

   <<
22

2

)3(32)3)(2(

)5.65(2
)(

−
+

−
+

−
=

−−

+−
=

z

C

z

B

z

A

zz

zz
zU , Then 

   )2()3)(2()3()5.65(2 22 −+−−+−=+− zCzzBzAzz  

   1)5.6104(22 ==+−= AAz , 1)5.6159(23 ==+−= CCz  

   ,269130 CBAz −+== ..ei 16626913 ==−+= BBB  

   

211

2 3
1

9

1

3
1

3

12
1

1

)3(

1

3

1

2

1
)(

−−−









−+








−−








−=

−
+

−
+

−
=

zz

zzzzz
zU   

             (so that 13/&1/2  zz ) 

              











+++++












++++−








++++= ....

27

4

9

3

3

2
1

9

1
.......

2793
1

3

1
.......

842
1

1 3232

32

zzzzzz

zzzz
 

                                                           Where 32  z  

    













+++++














++++−














++++= ....

3

4

3

3

3

2

3

1
....

3333

1
.....

2221

5

3

4

2

324

3

3

2

24

3

3

2

2

zzzzzz

zzzz
 

             
n

n

n

n

n

n

n

n

n znzz

2

0

1

01

1

3

1
)1(

3

1
2

+

=

+

=

−


=

−  







++








−=  

             
n

n

nn
n

n

n znz 


=

++
−



=

−






















−








+−=

0

12

1

1

3

1

3

1
)1(2  
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n

n

n

n

n

n znz

2

01

1

3

1
)2(2

+

=

−


=

−  







−−=  

     On inversion, we get 

     0,3)2(&1,2 21 +−== −− nnunu n
n

n
n  

 Exercises: Find the inverse Z – Transform of the following: 

1. 
)3)(1(

2

−− zz

z
  2. az

az

z


−
,

4
  3. 

)13)(2(

5

−− zz

z
 

4. 
2)1( −z

z
   5. 

)25)(15(

3 2

+−

+

zz

zz
  6. 

3

3

)4(

8

z

zz

−

−
 

7. 
485

24

23

2

−+−

−

zzz

zz
  8. 

)2)(1(

3

−+

+

zz

z
 

Answers: 

1. ( )13
2

1 1 −+n   2. na4   3. 
n

n

2
3

1
−








     4. n        5. nn )4.0(

75

4
)2.0(

75

13
−+   

6. 12 )4)(47( −++ nnn       7. )1(,2)1(322 −++ nn nn  8. 11 )2()(2 −− −−− nni  

Application to difference equations: 

Procedure to solve a linear difference equation with constant coefficients by Z 0 

Transforms:  

1. Take the Z – transforms of both sides of the difference equation. 

2. Transpose all terms without )(zU to the right. 

3. Divide by the coefficient of )(zU , getting )(zU as a function of z. 

4. Find inverse Z – Transform to get .nu  

Example: 1) Solve 
n

nnn uuu 334 12 =++ ++ with ,00 =u 11 =u  

Solution: If ),()( zUuZ n = Then ])([)(&])([)( 1
10

2
201

−
++ −−=−= zuuzUzuZuzUzuZ nn     

 Also 
3

)3(
−

=
z

z
Z n  

Taking the Z – Transform on both sides, we get 

           nnnn ZuZuZuZ 334 12 =++ ++

3
)(3])([4])([ 0

1
10

2

−
=+−+−− −

z

z
zUuzUzzuuzUz  



 Page 16 
 

 ,
3

)(3]0)([4].10)([ 12

−
=+−+−− −

z

z
zUzUzzzUz (Using the given conditions). 

  ..ei
3

2

3

3

3
)()34(

22
2

−

−
=

−

+−
=

−
+=++

z

zz

z

zzz

z

z
zzUzz  

)3)(3)(1(

2

)3)(34(

2
)(

2

2

2

−++

−
=

−++

−
=

zzz

zz

zzz

zz
zU  

Let 
331)3)(3)(1(

2)(

−
+

+
+

+
=

−++

−
=

z

C

z

B

z

A

zzz

z

z

zU
 

)3)(1()3)(1()3)(3(2 +++−++−+=− zzCzzBzzAz  

12

5
)6)(2(53 −=−−=−−= BBz , 

24

1
)6)(4(13 === CCz , 

8

3
)4)(2(31 =−=−−= AAz . 

,
324

1

312

5

18

3
)(

3

1

24

1

3

1

12

5

1

1

8

3)(

−
+

+
−

+
=

−
+

+
−

+
=

z

z

z

z

z

z
zU

zzzz

zU
 

  On inversion we get, 

nnn
n

z

z
Z

z

z
Z

z

z
Zu 3

24

1
)3(

12

5
)1(

8

3

324

1

312

5

18

3 111 +−−−=








−
+









+
−









+
= −−−  

2) Solve n
nnn yyy 296 12 =++ ++ with ,010 == yy using Z – Transform. 

Solution: Let ),()( zUyZ n = then ])([)(&])([)( 1
10

2
201

−
++ −−=−= zyyzUzyZyzUzyZ nn  

Also 
2

)2(
−

=
z

z
Z n . by taking Z – Transform we get, 

       
2

)(9])([6])([296 0
1

10
2

12
−

=+−+−−=++ −
++

z

z
zUyzUzzyyzUzZyZyZyZ n

nnn  

..ei
2

)(9]0)([6].00)([ 12

−
=+−+−− −

z

z
zUzUzzzUz  (Using the condition )010 == yy  

)2)(96(
)(

2
)()96(

2

2

−++
=

−
=++

zzz

z
zU

z

z
zUzz  

Let 
2)3(3)2()3(

1

)2)(96(

1)(

222 −
+

+
+

+
=

−+
=

−++
=

z

C

z

B

z

A

zzzzzz

zU
 

2)3()2()2)(3(1 ++−+−+= zCzBzzA  

,
25

1
)25(12 === CCz CBAzBBz 92610&

5

1
)5(13 +−−==−=−=−=  

25

1

25

6

25

25109
1

5

2

25

9
6

25

1
9

5

1
261 −=−=

−+
=−+=








+








−−−= AAA  
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











+
−

+
−

−
=

−
+

+
−

+
−=

22 )3(

5

3

1

2

1

25

1

2

1

25

1

)3(

1

5

1

3

1

25

1)(

zzzzzzz

zU
 

 ,
)3(

5

3225

1
)(

2












+
−

+
−

−
=

z

z

z

z

z

z
zU On taking inverse Z – transform we get, 



























+

−
+









+
−









−
= −−−

2

111

)3(

3

3

5

3225

1

z

z
Z

z

z
Z

z

z
Zyn  

      ( )







−+−−= nnn n )3(

3

5
)3(2

25

1
 














=













−

− nna
az

az
Z

2

1

)(
  

3) Find the response of the system nnnn uyyy =+− ++ 65 12 with ,00 =y 1&11 == nuy  for 

,........2,1,0=n  by Z – Transform method. 

Solution: Taking Z – Transform of both sides we get, 

        ]1[65 12 ZuZyZyZyZ nnnn ==+− ++  

..ei
1

)(6])([5])([ 0
1

10
2

−
=+−−−− −

z

z
zUyzUzzyyzUz , Using &00 =y 11 =y  we get, 

     
1

)(6]0)([5].10)([ 12

−
=+−−−− −

z

z
zUzUzzzUz  

111
)()65(

1
)()65(

22
22

−
=

−

+−
=

−
+=+−

−
=−+−

z

z

z

zzz

z

z
zzUzz

z

z
zzUzz  

)3)(2)(1()65)(1(
)(

2

2

2

−−−
=

+−−
=

zzz

z

zzz

z
zU  

Let 
321)3)(2)(1(

)(

−
+

−
+

−
=

−−−
=

z

C

z

B

z

A

zzz

z

z

zU
 

)2)(1()3)(1()3)(2( −−+−−+−−= zzCzzBzzAz  

,
2

1
)2)(1(11 =−−== AAz   ,2)1)(1(22 −=−== BBz

2

3
)1)(2(33 === CCz  


32

3

2
2

12

1
)(

3

1

2

3

2

2

1

1

2

1)(

−
+

−
−

−
=

−
+

−
−

−
=

z

z

z

z

z

z
zU

zzzz

zU
, inversion we 

get 

1111111 23223
2

3
2.2)1(

2

1

32

3

2
2

12

1 −++−−−− +−=+−=








−
+









−
−









−
= nnnnn

n
z

z
Z

z

z
Z

z

z
Zy

 

4. Using the Z – Transform, solve 532 12 +=+− ++ nuuu nnn  

Solution: Taking Z – Transform of both sides we get,  

       532 12 +=+− ++ nZuZuZuZ nnn  
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1

5
)1(

3)(])([2])([
20

1
10

2

−
+

−
=+−−−− −

z

z

z

z
zUuzUzzuuzUz  

1

5

)1(

3
2)()12(

2010
22

−
+

−
=+−−+−

z

z

z

z
zuzuuzzUzz  

zuuzz
z

zz
zuuzz

z

zzz
zUzz 10

2

2

2

10
2

2

2
2 )2(

)1(

25
)2(

)1(

553
)()12( +−+

−

−
=+−+

−

−+
=+−  

2102

2

4

2

)1()1(

)2(

)1(

25
)(

−
+

−

−
+

−

−
=

z

z
uu

z

zz

z

zz
zU , On inversion we get, 













−
+













−

−
+













−

−
= −−−

2

1
12

2
1

04

2
1

)1()1(

)2(

)1(

25

z

z
Zu

z

zz
Zu

z

zz
Zun  ------- (I) 

Now we know that ,
1

]1[1

−
=−

z

z
Z ,

)1(
][

2

1

−
=−

z

z
nZ &

)1(
][

3

2
21

−

+
=−

z

zz
nZ

.
)1(

4
][

4

23
31

−

−+
=−

z

zzz
nZ  

We can write 
4

2

)1(

25

−

−

z

zz
as  

1)1()1()1(

4

)1(

25

23

2

4

3

4

2

−
+

−
+

−

+
+

−

−+
=

−

−

z

z
D

z

z
C

z

zz
B

z

zzz
A

z

zz
 

322232 )1()1()1)(()4(25 −+−+−++−+=− zDzzCzzzzBzzzAzz  

..ei )33()2()()4(25 234233232 zzzzDzzzCzzBzzzAzz −+−++−+−+−+=−  

By equating coefficient of like powers of z, we get 

0=D ,  ,03 =−++ DCBA ,5324 =+− DCA 2−=−+−− DCBA  

00 =++= CBAD ------- (1)   

524 =− CA  -------- (2)  

2−=+−− CBA  ------ (3)  

Adding (1) & (3) we get 122 −=−= CC  

From (2) we get .
4

3
32545)1(24 ==−==−− AAA  

From (3) we get .
4

1

4

843
21

4

3
2 =

+−−
=+−−=++−= CAB  


23

2

4

3

4

2

)1()1(4

1

)1(

4

4

3

)1(

25

−
−

−

+
+

−

−+
=

−

−

z

z

z

zz

z

zzz

z

zz
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Hence 












−
−













−

+
+













−

−+
=













−

− −−−−

2

1

3

2
1

4

3
1

4

2
1

)1()1(4

1

)1(

4

4

3

)1(

25

z

z
Z

z

zz
Z

z

zzz
Z

z

zz
Z  

                                       

( ) ( ) )43)(1(
4

1
43

4
43

4

1

4

1

4

3 22323 +−=−+=−+=−+= nnnnn
n

nnnnnn  

BzAz
z

B

z

A

z

z
+−=−

−
+

−
=

−

−
)1(2

)1(1)1(

2

22
 

121220&111 =+−=+=+−=−=−==−= BABAzBBz  

22

2

22 )1(1)1(

2

)1(

1

1

1

)1(

2

−
−

−
=

−

−


−
−

−
=

−

−


z

z

z

z

z

zz

zzz

z
 

n
z

z
Z

z

z
Z

z

zz
Z −=













−
−









−
=













−

−
 −−− 1

)1(1)1(

2

2

11

2

2
1  n

z

z
Z =













−

−

2

1

)1(
&  

Substituting these values in (I) we get 

nuuunnnnununnnun )()43)(1(
4

1
)1()43)(1(

4

1
01010 −+++−=+−++−=  

         ,)43)(1(
4

1
10 nccnnn +++− Where 01100 & uucuc −==  

Exercises: Solve the following difference equations using Z – Transforms  

1.  042 =−+ nn yy  given that 2,0 10 == yy            2. 065 12 =+− ++ nnn uuu  

3. ,0)(2)1(3)2( =++−+ nxnxnx given that 1)1(,0)0( == xx  

4. ,2,0)2(4)1(3)( =−−−= nnfnfnf  given that 2)1(,3)0( −== ff  

5. n
nnn uuu 265 12 =−− ++    6. n

nnn yyy 396 12 =+− ++  

7. 

n

nn yy 







=++

4

1

4

1
1  0),0( 0 = yn  8. nyyy nnn =++ ++ 12 2  with 010 == yy  

9. k
kkk uuu 22 12 =+− ++  with 1,2 10 == uu  10. n

nnn yyy 465 12 =−− ++  

 

Answers: 1. 
11 )2(2 −− −+= nn

ny   2. 
nn

n ccu 3.2. 21 +=   3. nnx 21)( −=  

4. nnf )4(2)( −+=   5. nnn
n ccu )2(

12

1
)6()1( 21 −+−=    

6. 2
21 3)1(

2

1
3)( −−++= nn

n nnnccy   7. 





















−−








=

nn

ny
4

1

4

1
2  

8. nyn
4

3
=   9.

k
k ku 221 +−=   10. nnn

n ccy 4
10

1
)1()6( 21 −−+=  
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MODULE-3 

PROBABILITY DISTRIBUTIONS 

Introduction 

             The three main components of statistics are collection of data, analysis of data and 

inference. The scope of statistics is very vast and finds its applications in almost all spheres. 

Statistical methods guides us in any scientific enquiry and leans heavily on probability 

theory. 

Basic Definitions and concepts 

Experiment is a process by which measurement or observation is obtained.  

Random experiment : An experiment which does not result in the same out come when 

performed under the same conditions.  

Eg : 1. Tossing of a fair coin. 

       2. Throwing of a fair die. 

Sample space : The set of all possible outcomes of a random experiment is called a sample 

space usually denoted by S. 

Eg 1. S = H,T is the sample space in tossing of a single coin.  

     2. S = HH,TH,HT,TT is the sample space obtained in tossing of two coins.  

     3. S = 1,2,3,4,5,6 in throwing of a die.  

 

Event : Any event is a subset of an appropriate sample space. 

 

Exhaustive event : An event consisting of all the various possibilities is called an exhaustive 

event. 

Mutually exclusive events : Events are said to  be mutually exclusive if and only if one of 

them can take place at a time, in other words happening of one event prevent the 

simultaneous happening of the others. 

Eg:  In the tossing of a coin, either heads or tails may turn up but not both.  

Independent events: Two or more events are said to be independent if the happening or non 

happening of one event does not prevent the happening or non happening of the others. 

 

Eg: 1.When two coins are tossed the event of getting head is an independent event as both  

           the coins can turn out heads. 

Probability is the measure of the chance with which we can expect the event to occur. If an 

event A can occur in m different ways out of  number of n possible ways, all of which are 

equally likely then the probability of the event A denoted by P(A) is given by P(A) =
m

n
. 

Note: 1) Since  0   m    n        P (A) is non negative and 0   P(A)   1 

          2) If P(A) = 0 then A is called a null event.  

          3)  If P(A) = 1 then A is called a sure event.  

4



          4) P(A) + P(A)̅̅ ̅ = 1 , the set of all unfavourable events is denoted by A̅. 

Addition theorem of probability 

   The probability of the happening of one or the other mutually exclusive events is equal to 

the sum of the probabilities of the two events. 

That is, if A,  B are two mutually exclusive events then,  

𝐏(𝐀 𝐨𝐫 𝐁) = 𝐏(𝐀) + 𝐏(𝐁) 

Product theorem of probability 

   If a compound event is made up of a number of independent events, the probability of the 

happening of the compound event is equal to the product of the probabilities of the 

independent events . 

That is, if A,  B are independent events then,  

𝐏(𝐀 𝐚𝐧𝐝  𝐁) = 𝐏(𝐀). 𝐏(𝐁) 

RANDOM VARIABLE & PROBABILITY DISTRIBUTION  

 

Introduction 

   When we consider an experiment of tossing two coins. The sample points or out comes are 

qualitative and are described by their attributes though the probabilities attached to each of 

these outcomes are quantitative. We now associate to each sample point a real number called 

the random variable. 

Random variable 

Definition:  Let S be a sample space then X : S  → R  defined over the elements of S is 

called a random variable. A random variable is a function that assigns a real number to 

every sample point in the sample space of a random experiment. Random variables are 

usually denoted by X, Y, Z … and it may be noted that different random variables may be 

associated with the sample space S. The set of all real numbers of a random variable X  is 

called the range of X. 

Eg: 

1. While tossing a coin, suppose that the value 1 is associated for the outcome ‘head’ and 0  

    for the outcome tail. We have the sample space S = {H, T} and if X is the random  

    variable , then X(H) = 1 & X(T) = 0. 

   Range of X = {0,1} 

 

2. Suppose a coin is tossed twice, we shall associate two different random variables X, Y as  

    follows, where we have the sample space  

   S = {HH, HT,  TH,  TT} 

  X = Number of ‘heads’ in the outcome. 

The association of the elements in S to X is as follows. 

Out come HH HT TH TT 

Random variable 

X 

2 1 1 0 



 Range of X = {0,1,2} 

Suppose Y = Number of ‘tails’ in the outcome, we have 

Out come HH HT TH TT 

Random variable Y 0 1 1 2 

 

Range of Y = {0,1,2} 

 

Discrete and Continuous random variables 

  If a random variable takes finite or countably infinite number of values then it is called a 

discrete random variable. 

Discrete random variable will have finite or countably infinite range. 

Eg: 1. Tossing of a coin and observing the outcome. 

       2. Throwing a ‘die’ and observing the numbers on the face. 

If a random variable takes non countable number of values then it is called a non discrete or 

continuous random variable. 

Eg: 

1. Weight of articles 

2. Length of nails produced by machine. 

 

   Generally counting problems correspond to discrete random variables and measuring 

problems lead to continuous random variables. 

Probability function and Discrete probability distribution 

      If for each value xi of a discrete random variable X, we assign a real number p(xi) such 

that    

  i) p(xi) ≥ 0    ii) ∑ p(xi) = 1i      then the function p(x) is called a probability function. 

    If the probability that X take the values xi  is pi, then P(X = xi) = pi  or p(xi). 

    The set of values [xi ,  p(xi)] is called a discrete (finite) probability distribution of the 

discrete random variable X. The function P(X) is called the probability density function 

(p.d.f) or the probability mass function (p.m.f)  

The distribution function f(x) defined by f(x) = P(X ≤ x) = ∑ P(xi)
n
i=1   , x  being an integer, 

is called the cumulative distribution function (c.d.f). 

    The mean and variance of the discrete probability distribution are defined as follows 

    Mean  μ = ∑ xii . p(xi) 

Variance  V = ∑ (xi − μ)2. p(xi)i  

                V = ∑ xi
2. p(xi) − [∑ xi. p(xi)i ]2

i   

               V = ∑ xi
2. p(xi) − μ2 

Standard deviation  σ = √V 



Problems 

1. A coin is tossed twice. A random variable X  represent the number of heads turning up. 

Find the discrete probability distribution for X. Also find its mean and variance. 

Sol: Here S = {HH, HT,  TH,  TT}   

                X = {0,1,2} 

Now, P(HH) =
1

4
       P(HT) =

1

4
           P(TH) =

1

4
           P(TT) =

1

4
 

P(X = 0,  i. e. ,  no head turning up) = P(TT) =
1

4
 

P(X = 1,  i. e. ,  one head turning up) = P(HT ∪ TH) = P(HT) + P(TH) =
1

4
+

1

4
=

1

2
 

P(X = 2,  i. e. ,  two heads turning up) = P(HH) =
1

4
 

The discrete probability distribution for X is as follows 

 

X=𝐱𝐢 0 1 2 

p(xi) 1

4
 

1

2
 

1

4
 

 

We observe that, p(xi) > 0  and    ∑ p(xi) = 1i . 

 

Mean , μ = ∑ xii . p(xi) = (0). (
1

4
) + (1). (

1

2
) + (2). (

1

4
) =

1

2
+

1

2
 

 

           𝛍 = 𝟏 

 

Variance, V = ∑ (xi − μ)2. p(xi)i   

 

                V = (0 − 1)2.
1

4
+ (1 − 1)2.

1

2
+ (2 − 1)2.

1

4
 

V =
1

4
+ 0 +

1

4
 

 

 𝐕 =
𝟏

𝟐
 

2. A random experiment of tossing a ‘die’ twice is performed. Random variable X on this 

sample space is defined to be the sum of the two numbers turning up on the toss. Find the 

discrete probability distribution for the random variable X and compute the corresponding 

mean and standard deviation. 

Sol:  Here S = {(x, y) where x = 1,2, … ,6  ; y = 1,2, … ,6} 

i.e., S = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), … , (6,5), (6,6)} 



Number of elements in S=36. 

The set of values of the random variable X defined as sum of two numbers on the face of the 

‘die’ are {2,3,4,5, … ,10,11,12} 

Now, p(x1) =
n(E)

n(S)
=

1

36
   ; p(x2) =

2

36
  ; … 

The discrete probability distribution for X is as follows  

𝐗

= 𝐱𝐢 

2 3 4 5 6 7 8 9 10 11 12 

p(xi) 1

36
 

2

36
 

3

36
 

4

36
 

5

36
 

6

36
 

5

36
 

4

36
 

3

36
 

2

36
 

1

36
 

 

Here p(xi) > 0  and    ∑ p(xi) = 1i . 

Mean   μ = ∑ xii . p(xi) 

             μ = (2). (
1

36
) + (3). (

2

36
) + ⋯ + (11). (

2

36
) + (12). (

1

36
) 

              𝛍 =
𝟐𝟓𝟐

𝟑𝟔
= 𝟕 

Variance, V = ∑ (xi − μ)2. p(xi)i   

 

                  V = (2 − 7)2.
1

36
+ (3 − 7)2.

2

36
+ ⋯ + (12 − 7)2.

1

36
 

 

                        𝐕 =
𝟐𝟏𝟎

𝟑𝟔
=

𝟑𝟓

𝟔
 

 

Std. deviation , σ = √V 

 

                       𝛔 = √
𝟑𝟓

𝟔
= 𝟐. 𝟒𝟐 

3. Show that the following distribution represents a discrete probability distribution. Find  

   the mean and variance  

𝐱 10 20 30 40 

p(x) 1

8
 

3

8
 

3

8
 

1

8
 

Sol: We observe that  p(x) > 0  and    ∑ p(x) = 1. 

 

Mean   μ = ∑ x . p(x) 



             

           μ = (10).
1

8
+ (20).

3

8
+ (30).

3

8
+ (40).

1

8
 

 

           μ =
10+60+90+40

8
=

200

8
 

 

          𝛍 = 𝟐𝟓 

Variance, V = ∑(x − μ)2. p(x)  

 

                  V = (10 − 25)2.
1

8
+ (20 − 25)2.

3

8
+ (30 − 25)2.

3

8
+ (40 − 25)2.

1

8
 

 

                        𝐕 =
𝟔𝟎𝟎

𝟖
= 𝟕𝟓 

4. Find the value of k such that the following distribution represents a finite probability 

distribution. Hence find its mean and standard deviation. Also find p(x ≤ 1) , p(x > 1) and 

p(−1 < x ≤ 2)  

 

 

 

 

 

Sol: We must have  p(x) ≥ 0  for all x and    ∑ p(x) = 1. The first condition is satisfied if 

k ≥ 0  

       Since ∑ p(x) = 1 

 

k + 2k + 3k + 4k + 3k + 2k + k = 1 

 

16k = 1 

 

∴  𝐤 =
𝟏

𝟏𝟔
 

The discrete probability distribution is as follows 

 

𝐱 -3 -2 -1 0 1 2 3 

p(x) 1

16
 

2

16
 

3

16
 

4

16
 

3

16
 

2

16
 

1

16
 

 

Mean μ = ∑ x . p(x) 

             

           μ = (−3).
1

16
+ (−2).

2

16
+ (−1).

3

16
+ (0).

4

16
+ (1).

3

16
+ (2).

2

16
+ (3).

1

16
 

          𝛍 = 𝟎  

𝐱 -3 -2 -1 0 1 2 3 

p(x) k 2k 3k 4k 3k 2k k 



Variance, V = ∑(x − μ)2. p(x)  

  V = (−3 − 0)2.
1

16
+ (−2 − 0)2.

2

16
+ (−1 − 0)2.

3

16
+ (0 − 0)2.

4

16
+ (1 − 0)2.

3

16
+

(2 − 0)2.
2

16
+ (3 − 0)2.

1

16
   

  𝐕 =
𝟏

𝟏𝟔
(𝟗 + 𝟖 + 𝟑 + 𝟎 + 𝟑 + 𝟖 + 𝟗) =

𝟒𝟎

𝟏𝟔
=

𝟓

𝟐
 

Standard deviation σ = √V 

 

                                𝛔 = √
𝟓

𝟐
= 𝟏. 𝟓𝟖 

Now, p(x ≤ 1) = p(−3) + p(−2) + p(−1) + p(0) + p(1)  

 

                         =
1

16
+

2

16
+

3

16
+

4

16
+

3

16
 

  

         𝐩(𝐱 ≤ 𝟏) =
𝟏𝟑

𝟏𝟔
 

p(x > 1) = p(2) + p(3)                                   p(−1 < x ≤ 2) = p(0) + p(1) + p(2) 

                 =
2

16
+

1

16
                                                                        =

4

16
+

3

16
+

2

16
 

𝐩(𝐱 > 𝟏) =
𝟑

𝟏𝟔
                                                    𝐩(−𝟏 < 𝐱 ≤ 𝟐) =

𝟗

𝟏𝟔
 

5. A random variable X has the following probability function for various values of x. 

i) Find k ii) Evaluate P(x < 6),    P(x ≥ 6) and P(3 < x ≤ 6). Also find the probability 

distribution and the distribution function of X. 

Sol: We must have P(x) ≥ 0   and  ∑ P(x) = 1. 

The first condition is satisfied for k ≥ 0 and we have to find k such that 

           ∑ P(x) = 1 

i.e, 0 + k + 2k + 2k + 3k + k2 + 2k2+(7k2 + k) = 1 

 

                                                                 10k2 + 9k − 1 = 0 

                                   

                                                     (10k − 1)(k + 1) = 0 

 

                                                       𝐤 =
𝟏

𝟏𝟎
     and  𝐤 = −𝟏 ( Neglect) 

Hence we have the following table 

 

𝐱 0 1 2 3 4 5 6 7 

P(x) 0 k 2k 2k 3k k2 2k2 7k2 + k 



𝐱 0 1 2 3 4 5 6 7 

P(x) 0 1

10
 

1

5
 

1

5
 

3

10
 

1

100
 

1

50
 

17

100
 

 

Now, P(x < 6) = P(0) + P(1) + P(2) + P(3) + P(4) + P(5) 

 

                          = 0 +
1

10
+

1

5
+

1

5
+

3

10
+

1

100
=

81

100
  

 

         𝐏(𝐱 < 𝟔) = 𝟎. 𝟖𝟏 

 

         P(x ≥ 6) = P(6) + P(7) 

 

         P(x ≥ 6) =
1

50
+

17

100
=

19

100
 

 

       𝐏(𝐱 ≥ 𝟔) = 𝟎. 𝟏𝟗 

P(3 < x ≤ 6) = P(4) + P(5) + P(6)  

 

                         =
3

10
+

1

100
+

1

50
=

33

100
               

                                            

 𝐏(𝟑 < 𝐱 ≤ 𝟔) = 𝟎. 𝟑𝟑 

The probability distribution is as follows 

𝐱 0 1 2 3 4 5 6 7 

P(x) 0 0.1 0.2 0.2 0.3 0.01 0.02 0.17 

The distribution function of X is f(x) = P(X ≤ x) = ∑ p(xi)
n
i=1  is called cumulative 

distribution function and same is as follows 

𝐱 0 1 2 3 4 5 6 7 

f(x) 0 0+0.1 

=0.1 

0.1+0.2 

=0.3 

0.3+0.2 

=0.5 

0.5+0.3 

=0.8 

0.8+0.01 

=0.81 

0.81+0.02=0.83 0.83+0.17=1 

 

6. A random variable X take the values −3, −2, −1,0,1,2,3 such hat P(X = 0) = P(X < 0) 

and P(X = −3) = P(X = −2) = P(X = −1) = P(X = 1) = P(X = 2) = P(X = 3) .Find the 

probability distribution. 

Sol: Let the distribution be as follows 



𝐗 -3 -2 -1 0 1 2 3 

P(X) p1 p2 p3 p4 p5 p6 p7 

By data P(X = 0) = P(X < 0) 

⇒  P(X = 0) = P(X = −1) + P(X = −2) + P(X = −3) 

i.e.,  p4 = p3 + p2 + p1          --- (1) 

Also we have  

P(X = −3) = P(X = −2) = P(X = −1) = P(X = 1) = P(X = 2) = P(X = 3) 

i.e., p1 = p2 = p3 = p5 = p6 = p7          --- (2) 

Further we must have  

p1 + p2 + p3 + p4 + p5 + p6 + p7 = 1              --- (3)        

 

Using (2) in (1), we get      p4 = p1 + p1 + p1 

                                           𝐩𝟒 = 𝟑𝐩𝟏 

 

Using (2) in (3), we get      p1 + p1 + p1 + p4 + p1 + p1 + p1 = 1          

                                                                     6p1 + p4 = 1 

                                                                                       6p1 + 3p1 = 1          (since p4 = 3p1) 

                                                                                                    9p1 = 1 

                                                                                                       𝐩𝟏 =
𝟏

𝟗
 

                                                                                   Hence 𝐩𝟒 =
𝟑

𝟗
 

Thus , p2 = p3 = p5 = p6 = p7 =
1

9
 

Thus the probability distribution is as follows 

𝐗 -3 -2 -1 0 1 2 3 

P(X) 1

9
 

1

9
 

1

9
 

3

9
 

1

9
 

1

9
 

1

9
 

 

7. The p.d.f. of variate X is given by the following table. 

𝐱 0 1 2 3 4 5 6 

P(x) K 3K 5K 7K 9K 11K 13K 



For what value of K, this represents a valid probability distribution? Also find P(x ≥ 5)  and 

P(3 < x ≤ 6). 

Sol: The probability distribution is valid if P(x) ≥ 0  and ∑ P(x) = 1 

Hence we must have K ≥ 0  and K + 3K + 5K + 7K + 9K + 11K + 13K = 1 

49K = 1𝐊 =
𝟏

𝟒𝟗
 

 
   Also, P(x ≥ 5) = P(5) + P(6) 

P(x ≥ 5) = 11K + 13K = 24K 

𝐏(𝐱 ≥ 𝟓) =
𝟐𝟒

𝟒𝟗
 

Now, P(3 < x ≤ 6) = P(4) + P(5) + P(6) 

           P(3 < x ≤ 6) = 9K + 11K + 13K 

          P(3 < x ≤ 6) = 33K 

          𝐏(𝟑 < 𝐱 ≤ 𝟔) =
𝟑𝟑

𝟒𝟗
 

Binomial Distribution 

    If 𝐩 is the probability of success and 𝐪 is the probability of failure, the probability of 𝐱 

success out of 𝐧 trials is given by 𝐏(𝐱) = 𝐂𝐱𝐩𝐱𝐪𝐧−𝐱𝐧  

Mean and Standard deviation of the Binomial Distribution 

             Mean, 𝛍 = 𝐧𝐩 

        Variance, 𝐕 = 𝐧𝐩𝐪 

Std. Deviation, 𝛔 = √𝐧𝐩𝐪 

Problems 

1. Find the binomial probability which has mean 2 and variance 
4

3
. 

Sol: Given Mean, μ = 2  and Variance, V =
4

3
 

For binomial distribution, μ = np 

np = 2  

npq = V 

2q =
4

3
 

𝐪 =
𝟐

𝟑
 



Since p = 1 − q = 1 −
2

3
 

𝐩 =
𝟏

𝟑
 

Since np = 2 

n

3
= 2 

𝐧 = 𝟔 

The binomial probability function is  𝐏(𝐱) = 𝐂𝐱𝐩𝐱𝐪𝐧−𝐱𝐧  becomes 

 

𝐏(𝐱) = 𝐂𝐱 (
𝟏

𝟑
)

𝐱

(
𝟐

𝟑
)

𝟔−𝐱
𝟔  

The distribution of probability is as follows 

𝐱 0 1 2 3 4 5 6 

P(x) 
(

𝟐

𝟑
)

𝟔

 𝐂𝟏 (
𝟏

𝟑
)

𝟏

(
𝟐

𝟑
)

𝟓
𝟔  𝐂𝟐 (

𝟏

𝟑
)

𝟐

(
𝟐

𝟑
)

𝟒
𝟔  𝐂𝟑 (

𝟏

𝟑
)

𝟑

(
𝟐

𝟑
)

𝟑
𝟔  𝐂𝟒 (

𝟏

𝟑
)

𝟒

(
𝟐

𝟑
)

𝟐
𝟔  𝐂𝟓 (

𝟏

𝟑
)

𝟓

(
𝟐

𝟑
)

𝟏
𝟔  (

𝟏

𝟑
)

𝟔

 

 

2.When a coin is tossed 4 times, find the probability of getting i) exactly one head  

   ii) atmost 3 heads  iii) atleast two heads. 

Sol: Given 𝐧 = 𝟒  , 𝐩 = 𝐏(𝐇) =
𝟏

𝟐
 , 𝐪 = 𝐏(𝐓) =

𝟏

𝟐
            (since p + q = 1) 

From binomial  distribution ,the probability of x successes out of n trials is given by    

                                                     𝐏(𝐱) = 𝐂𝐱𝐩𝐱𝐪𝐧−𝐱𝐧  

                                                     P(x) = Cx (
1

2
)

x

(
1

2
)

4−x
4           

                                                     P(x) = Cx (
1

2
)

4
4  

                                                     𝐏(𝐱) =
𝟏

𝟏𝟔
. 𝐂𝐱

𝟒  

i) P(1 head) = P(x = 1) =
1

16
. C1 =

1

16
(4)4  

 

     𝐏(𝐱 = 𝟏) =
𝟏

𝟒
 

𝐏(𝐱 = 𝟏) = 𝟎. 𝟐𝟓 

ii) P(atmost 3 heads) = P(x ≤ 3) 

                         P(x ≤ 3) = P(x = 0) + P(x = 1) + P(x = 2) + P(x = 3) 



                      P(x ≤ 3) =
1

16
. C0 +

1

16
. C1 +4 1

16
. C2 +4 1

16
. C3

44   

                        P(x ≤ 3) =
1

16
[1 + 4 + 6 + 4] 

                       P(x ≤ 3) =
15

16
 

                       𝐏(𝐱 ≤ 𝟑) = 𝟎. 𝟗𝟑𝟕𝟓 

iii) P(atleast 2 heads) = P(x ≥ 2) 

                         P(x ≥ 2) = 1 − P(x < 3) 

                         P(x ≥ 2) = 1 − [P(x = 0) + P(x = 1) 

                         P(x ≥ 2) = 1 − [
1

16
. C0 +

1

16
. C1

4  4 ] 

                       P(x ≥ 2) = 1 −
1

16
[1 + 4] 

                       P(x ≥ 2) = 1 −
5

16
 

                       P(x ≥ 2) =
11

16
 

                      𝐏(𝐱 ≥ 𝟐) = 𝟎. 𝟔𝟖𝟕𝟓 

 3. In a consignment of electric lamps 5% are defective. If a random sample of 8 lamps are  

      inspected. What is the probability that one or more lamps are defective? 

Sol: Given  n = 8, Probability of defective lamp =𝐩 = 𝟓% =
𝟓

𝟏𝟎𝟎
= 𝟎. 𝟎𝟓 

∴ q = 1 − p = 1 − 0.05 

   𝐪 = 𝟎. 𝟗𝟓 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) =  8cx(0.05)x(0.95)8−x 

Probability that one or more lamps are defective  

P(x ≥ 1) = 1 − P(x < 1) 

P(x ≥ 1) = 1 − P(x = 0) 

 P(x ≥ 1) = 1 −  8c0(0.05)0(0.95)8−0 

 𝐏(𝐱 ≥ 𝟏) = 𝟎. 𝟑𝟑𝟔𝟔. 

Thus the required probability is 0.3366 

4. The probability that a person aged 60 years will live upto 70 is 0.65. What is the  

     probability that out of 10 person aged 60 atleast 7 of them will live upto 70. 

Sol: Given  n = 10, 𝐩 = 𝟎. 𝟔𝟓 



∴ q = 1 − p = 1 − 0.65 

   𝐪 = 𝟎. 𝟑𝟓 

Let x denote the number of person aged 60 years living upto 70 years. 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) = 10cx(0.65)x(0.35)10−x 

Probability that out of 10 person aged 60 atleast 7 of them will live upto 70 

 P(x ≥ 7) = P(7) + P(8) + P(9) + P(10) 

P(x ≥ 7) = 10c7(0.65)7(0.35)3 + 10c8(0.65)8(0.35)2 + 10c9(0.65)9(0.35)1 +

10c10(0.65)10(0.35)0 

P(𝐱 ≥ 𝟕) = 𝟎. 𝟓𝟏𝟑𝟖 

5.The number of telephone lines busy at an instant of time is a binomial variate with   

   probability 0.1 that a line is busy. If 10 such lines are chosen at random, what is the  

    probability that i) no line is busy ii) all lines are busy iii) atleast one line is busy            

    iv) atmost 2 lines are busy. 

Sol: Given  n = 10, 𝐩 = 𝟎. 𝟏 

∴ q = 1 − p = 1 − 0.1 

   𝐪 = 𝟎. 𝟗 

Let x denote the number of telephone lines busy. 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

𝐏(𝐱) = 𝟏𝟎𝐜𝐱(𝟎. 𝟏)𝐱(𝟎. 𝟗)𝟏𝟎−𝐱  

i) Probability that no line is busy  

   P(x = 0) = 10c0(0.1)0(0.9)10−0 = (0.9)10 = 𝟎. 𝟑𝟒𝟖𝟕 

ii) Probability that all lines are busy  

    P(x = 10) = 10c10(0.1)10(0.9)0 = (𝟎. 𝟏)𝟏𝟎 

iii) Probability that atleast one line is busy  

    P(x ≥ 1) = 1 − P(x < 1) 

    P(x ≥ 1) = 1 − P(x = 0) 

    P(x ≥ 1) = 1 − 10c0(0.1)0(0.9)10 

    P(x ≥ 1) = 1 − 0.3487 

    P(𝐱 ≥ 𝟏) = 𝟎. 𝟔𝟓𝟏𝟑 



iv) Probability that atmost 2 lines are busy  

    P(x ≤ 2) = P(x = 0) + P(x = 1) + P(x = 2) 

    P(x ≤ 2) = (0.9)10 + 10c1(0.1)1(0.9)2 + 10c2(0.1)2(0.9)8 

    P(𝐱 ≤ 𝟐) = 𝟎. 𝟗𝟐𝟗𝟖 

6. In a quiz contest of answering ‘Yes’ or ‘No’ what is the probability of guessing atleast 6  

    answers correctly out of 10 questions asked ? Also find the probability of the same if  

    there are 4 options for a correct answer. 

Sol: Given  n = 10  

Let x denote the correct answer . 

i) 𝐩 =
𝟏

𝟐
= 𝟎. 𝟓 

∴ q = 1 − p = 1 − 0.5 

   𝐪 = 𝟎. 𝟓 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) = 10cx(0.5)x(0.5)10−x 

𝐏(𝐱) = 𝟏𝟎𝐜𝐱(𝟎. 𝟓)𝟏𝟎 

Probability of guessing atleast 6 answers correctly out of 10 questions 

P(x ≥ 6) = P(x = 6)+P(x = 7) + P(x = 8) + P(x = 9) + P(x = 10) 

 

P(x ≥ 6) = 10c6(0.5)10 + 10c7(0.5)10 + 10c8(0.5)10 + 10c9(0.5)10 + 10c10(0.5)10 

P(x ≥ 6) = (0.5)10[10c6 + 10c7 + 10c8 + 10c9 + 10c10] 

P(x ≥ 6) = (0.5)10[210 + 120 + 45 + 10 + 1] 

P(𝐱 ≥ 𝟔) = 𝟎. 𝟑𝟕𝟕𝟎 

ii) 𝐩 =
𝟏

𝟒
 

∴ q = 1 − p = 1 −
1

4
 

   𝐪 =
𝟑

𝟒
 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) = 10cx (
1

4
)

x

(
3

4
)

10−x

 

 

 



P(x) = 10cx

310−x

4x+10−x
 

P(x) = 10cx

310−x

410
 

𝐏(𝐱) =
𝟏

𝟒𝟏𝟎
[𝟑𝟏𝟎−𝐱. 𝟏𝟎𝐜𝐱] 

Probability of guessing atleast 6 answers correctly out of 10 questions 

P(x ≥ 6) = P(x = 6)+P(x = 7) + P(x = 8) + P(x = 9) + P(x = 10) 

 

P(x ≥ 6) =
1

410
[34. 10c6 + 33. 10c7 + 32. 10c8 + 3.10c9 + 10c10] 

P(x ≥ 6) =
1

410
[81.210 + 27.120 + 9.45 + 3.10 + 1] 

 

P(𝐱 ≥ 𝟔) = 𝟎. 𝟎𝟏𝟗𝟕 

7. In sampling a large number of parts manufactured by a company, the mean number of  

    defectives in samples of 20 is 2. Out of 1000 such samples how many would be expected  

    to contain atleast 3 defective parts. 

Sol: Given Mean, μ = 2   and n = 20  

                           np = 2 

                           20p = 2 

                             𝐩 =
𝟏

𝟏𝟎
= 𝟎. 𝟏         

q = 1 − p 

q = 1 −
1

10
              𝐪 =

𝟗

𝟏𝟎
= 𝟎. 𝟗 

Let x denote the defective part. 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

𝐏(𝐱) = 𝟐𝟎𝐜𝐱(𝟎. 𝟏)𝐱(𝟎. 𝟗)𝟐𝟎−𝐱  

 Probability of atleast 3 defective parts 

   P(x ≥ 3) = 1 − P(x < 3) 

   P(x ≥ 3) = 1 − [P(0) + P(1) + P(2)] 

   P(x ≥ 3) = 1 − [20c0(0.1)0(0.9)20 + 20c1(0.1)1(0.9)19 + 20c2(0.1)2(0.9)18] 

   P(x ≥ 3) = 1 − 0.6769 

   P(𝐱 ≥ 𝟑) = 𝟎. 𝟑𝟐𝟑𝟏 

Thus, the number of defectives in 1000 such samples= 1000*0.3231=323.1≅323 



8. If the mean and standard deviation of the number of correctly answered questions in a  

   test given to 4096 students are 2.5 and √1.875 .  Find an estimate the number of  

   candidates answering correctly i) 5 questions ii) 2 or less iii) 8 or more. 

Sol: Given Mean = 2.5   σ = √1.875 

Wkt, μ = np and σ = √V 

Thus, np = 2.5    and  V = npq = 1.875  

Now,  
npq

np
=

1.875

2.5
 

We get  q= 0.75,  and p = 1-q = 0.25 

 n=10 

Let x denote the number of correctly answered questions 

 P(x) = ncxpxqn−x = 10cx(0.25)x(0.75)10−x 

i) Probability that 5 questions are answered correctly 

 P(x = 5) = 10c5(0.25)5(0.75)10−5 

𝐏(𝐱 = 𝟓) = 𝟎. 𝟎𝟓𝟖𝟒 

Estimation for 4096 students is =4096*0.0584 ≅ 𝟐𝟑𝟗 

Number of students correctly answering 5 questions is 239 

ii) Probability that 2 or less questions are answered correctly  

P(x ≤ 2) = P(x = 0) + P(x = 1) + P(x = 2) 

                = 10c0(0.25)0(0.75)10 + 10c1(0.25)1(0.75)9 + 10c2(0.25)2(0.75)8 

𝐏(𝐱 ≤ 𝟐) = 𝟎. 𝟓𝟐𝟓𝟔 

Estimation for 4096 students is =4096*0.5256 ≅ 𝟐𝟏𝟓𝟑 

Number of students correctly answering 2 or less than 2 questions is 2153 

iii) Probability that 8 or more questions are answered correctly  

 

P(x ≥ 8) = P(x = 8) + P(x = 9) + P(x = 10) 

                = 10c8(0.25)8(0.75)2 + 10c9(0.25)9(0.75)1 + 10c10(0.25)10(0.75)0 

𝐏(𝐱 ≥ 𝟖) = 𝟎. 𝟎𝟎𝟎𝟓 

 

Estimation for 4096 students is =4096*0.0005 ≅2 

Number of students correctly answering 8 or more than 8 questions is 2 

. In 800 families with 5 children each how many families would be expected to have  

    i) 3 boys ii)5 girls iii) either 2 or 3 boys iv) atmost 2 girls by assuming probabilities for   

    boys and girls to be equal. 

 



10. An airline knows that 5% of the people making reservations on a certain flight will not  

      turn up. Consequently, their policy is to sell 52 tickets for a flight that can only hold 50   

      people. What is the probability that there will be a seat for every passenger who turns up? 

11. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial  

     distribution for the data and calculate the theoretical frequencies. 

Number of 

heads 

0 1 2 3 4 

Frequency 5 29 36 25 5 

 Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is in 

the form of a frequency distribution we shall first calculate the mean. 

Mean, μ =
∑ fx

∑ f
=

(0)(5)+(1)(29)+(2)(36)+(3)(25)+(4)(5)

5+29+36+25+5
=

196

100
= 1.96  

From binomial distribution, μ = np.  Here n=4 

Hence 4p = 1.96 

              𝐩 = 𝟎. 𝟒𝟗 

              𝐪 = 𝟎. 𝟓𝟏 

From binomial  distribution, 

P(x) =  ncxpxqn−x𝐏(𝐱) = 𝟒𝐜𝐱(𝟎. 𝟒𝟗)𝐱(𝟎. 𝟓𝟏)𝟒−𝐱 
Since 4 coins were tossed , expected(theoretical) frequencies are obtained from 

F(x) = 100P(x) 

F(x) = 100.4cx(0.49)x(0.51)4−x  where  x = 0,1,2,3,4. 

F(0) = 100.4c0(0.49)0(0.51)4 = 6.765 ≅7 

F(1) = 100.4c1(0.49)1(0.51)3 = 25.999 ≅ 26 

F(2) = 100.4c2(0.49)2(0.51)2 = 37.47 ≅ 37 

F(3) = 100.4c3(0.49)3(0.51)1 = 24.0004 ≅ 24 

F(4) = 100.4c4(0.49)4(0.51)0 = 5.765 ≅ 6 

Thus the required theoretical frequencies are 7,26,37,24,6. 

Poisson Distribution 

    Poisson distribution is regarded as the limiting form of the binomial distribution when 𝐧 is 

very large (n → ∞) and 𝐩  the probability of success is very small (p → 0) so that 𝐧𝐩 tends 

to a fixed finite constant say 𝐦. 

Let m be a positive constant. Consider the infinite discrete probability distribution of a 

random variable x is given by P(𝐱) =
𝐦𝐱

𝐱!
𝐞−𝐦 



The above probability density function is called the poisson probability function. 

Mean and Standard deviation of the Poisson Distribution 

             Mean, 𝛍 = 𝐦     

       Variance, 𝐕 = 𝐦 

Std. Deviation, 𝛔 = √𝐦 

Problems 

1. The probabilities of a poisson variate taking the values 3 and 4 are equal. Find the PDF. 

Also, calculate the probabilities of the variate taking the values 0 and 1. 

Sol: Given P(x = 3) = P(x = 4) 

m3

3!
e−m =

m4

4!
e−m 

4!

3!
=

m4

m3
 

 ∴  𝐦 = 𝟒. 

From poisson distribution, 

P(x) =
mx

x!
e−m =

4x

x!
e−4 

P(x = 0) =
40

0!
e−4 = 𝟎. 𝟎𝟏𝟖𝟑                   P(x = 1) =

41

1!
e−4 = 𝟎. 𝟎𝟕𝟑𝟑 

2. In a certain factory turning out razor blades there is a small probability of 
1

500
 for any  

    blade to be defective. The blades are supplied in packets of 10. Use poisson distribution 

    to calculate the approximate number of packets containing i) no defective ii) one  

    defective iii) two defective blades in a consignment of 10,000 packets. 

Sol: Probability of a defective blade= p =
1

500
= 0.002 

In a packet of 10, the mean number of defective blades is  

Mean, m = np 

            m = 10(0.002) 

            𝐦 = 𝟎. 𝟎𝟐 

From poisson distribution, 

P(x) =
mx

x!
e−m 

P(x) =
(0.02)x

x!
e−(0.02) 



P(x) = (0.9802)
(0.02)x

x!
                                                   ( Since e−0.02 = 0.9802) 

i) Probability of no defective 

       P(x = 0) = (0.9802)
(0.02)0

0!
= 0.9802 

       For consignment of 10,000 packets= 𝟏𝟎, 𝟎𝟎𝟎 ∗ 𝟎. 𝟗𝟖𝟎𝟐 = 𝟗𝟖𝟎𝟐 

ii) Probability of one defective 

       P(x = 1) = (0.9802)
(0.02)1

1!
= 0.0196        

     For consignment of 10,000 packets= 𝟏𝟎, 𝟎𝟎𝟎 ∗ 𝟎. 𝟎𝟏𝟗𝟔 = 𝟏𝟗𝟔 

iii) Probability of one defective 

       P(x = 2) = (0.9802)
(0.02)2

2!
= 0.0002        

     For consignment of 10,000 packets= 𝟏𝟎, 𝟎𝟎𝟎 ∗ 𝟎. 𝟎𝟎𝟎𝟐 =2 

3. The number of accidents in a year to taxi drivers in a city follows a Poisson distribution 

    with mean 3. Out of 1000 taxi drivers find approximately the number of the drivers with 

    i) no accident in a year ii) more than 3 accidents in a year. 

Sol: Given Mean=3 

Mean, μ = m 

            𝐦 = 𝟑 

From poisson distribution, 

P(x) =
mx

x!
e−m 

P(x) =
(3)x

x!
e−3 

P(x) = (0.05)
(3)x

x!
                                                   ( Since e−3 = 0.05) 

i) Probability of number of drivers with no accident in a year 

    P(x = 0) = (0.05)
(3)0

0!
= 0.05 

    Number of drivers out of 1𝟎𝟎𝟎 with no accident in a year = 𝟏, 𝟎𝟎𝟎 ∗ 𝟎. 𝟎𝟓 = 𝟓𝟎 

ii) Probability of more than 3 accidents in a year 

     P(x > 3) = 1 − P(x ≤ 3) 

     P(x > 3) = 1 − [P(0) + P(1) + P(2) + P(3)]    

    P(x > 3) = 1 − [(0.05)
(3)0

0!
+ (0.05)

(3)1

1!
+ (0.05)

(3)2

2!
+ (0.05)

(3)3

3!
] 

     P(x > 3) = 1 − (0.05)[1 + 3 + 4.5 + 4.5] 



    P(x > 3) = 0.35 

  Number of drivers out of 1𝟎𝟎𝟎 with more than 3 accidents in a year = 𝟏, 𝟎𝟎𝟎 ∗ 𝟎. 𝟑𝟓 =

𝟑𝟓𝟎 

4. Given that 2% of the fuses manufactured by a firm are defective, find, by using poisson  

    distribution, the probability that a box containing 200 fuses has i) no defective fuse 

    ii) at least one defective fuse iii) exactly 3 defective fuses  iv) 3 or more defective fuses. 

Sol: The probability that a fuses is defective p = 2/100=0.02. 

And  n=200 

Mean, μ = np = 200 ∗ 0.02 ; 𝐦 = 𝟒 

From poisson probability function       P(x) =
mx

x!
e−m 

 P(x) =
4x

x!
e−4 

Let x denotes the number of defective fuses in a box containing 200 fuses 

i) Probability that the box contains no defective fuse 

    P(x = 0) =  
40

0!
e−4 = 𝟎. 𝟎𝟏𝟖𝟑 

ii) Probability that the box contains at least one defective fuse is 

      P(x ≥ 1) = 1 − P(x < 1) 

                         = 1 − P(x = 0) 

                         = 1 − 0.013 

       𝐏(𝐱 ≥ 𝟏) = 𝟎. 𝟗𝟖𝟏𝟕 

iii) Probability that the box contains exactly 3 defective fuse 

      P(x = 3) =
43

3!
e−4 

      𝐏(𝐱 = 𝟑) = 𝟎. 𝟏𝟗𝟓𝟐 

iv) Probability that the box contains  3 or more defective fuses 

       P(x ≥ 3) = 1 − P(x < 3) 

        P(x ≥ 3) = 1 − [ 
40

0!
e−4 +  

41

1!
e−4 +  

42

2!
e−4] 

        𝐏(𝐱 ≥ 𝟑) = 𝟎. 𝟕𝟔𝟐𝟏 

5. A certain screw making machine has a chance of producing 2 defectives out of 1000. The  

    screws are packed in boxes of 100. Using poisson distribution , find the approximate  

    number of boxes containing i) no defective screw ii)one defective screw iii) two defective  

    screw, in a consignment of 5000 boxes. 

Sol: The probability that a screw is defective is given as p=2/1000 = 0.002. 



Here n=100 

Mean = np=100X0.002=0.2 ; 𝐦 = 𝟎. 𝟐 

From poisson probability function   P(x) =
mx

x!
e−m 

 P(x) =
(0.2)x

x!
e−0.2 

Let x denotes the number of defective fuses in a box containing 100 screws 

i) Probability that the box contains no defective screw 

    𝐏(𝐱 = 𝟎) =
𝟎.𝟐𝟎

𝟎!
𝐞−𝟎.𝟐 = 𝟎. 𝟖𝟏𝟖𝟕 

Number of boxes containing no defective screw in 5000 boxes =5000*0.8187=4094 

 

ii) Probability that the box contains one defective screw is 

    P(x = 1) =  
(0.2)1

1!
e−0.2 

 

                      = 0.2X0.8187 

 

   𝐏(𝐱 = 𝟏) = 𝟎. 𝟏𝟔𝟑𝟕 

Number of boxes containing one defective screw in 5000 boxes =5000*0.1637=819 

iii) Probability that the box contains two defective screw is 

    P(x = 2) =  
(0.2)2

2!
e−0.2 

 

                      = 0.02X0.8187 

 

   𝐏(𝐱 = 𝟐) = 𝟎. 𝟎𝟏𝟔𝟑 

Number of boxes containing two defective screw in 5000 boxes =5000*0.0163=82 

6. A communication channel receives independent pulses at the rate of 12 pulses per micro  

    second. The probability of transmission error is 0.001 for each micro second. Compute  

    the probabilities of i) no error during a micro second ii) one error per micro second  

    iii) atleast one per micro second iv) two errors v) atmost two errors. 

Sol: Given n = 12    and p = 0.001  

Mean number of errors in one micro second 

μ = np 

m = 12 ∗ 0.001                        (Since μ = m,  from poisson distribution) 

𝐦 = 𝟎. 𝟎𝟏𝟐 

From Poisson distribution  

P(x) =
mx

x!
. e−m 



P(x) =
(0.012)x

x!
. e−(0.012) 

P(x) = (0.9880)
(0.012)x

x!
                                  (Sincee−(0.012) = 0.9880)          

i) Probability of no error during a micro second 

       P(x = 0) = (0.9880)
(0.012)0

0!
 

      𝐏(𝐱 = 𝟎) = 𝟎. 𝟗𝟖𝟖𝟎 

ii) Probability of one error during a micro second 

       P(x = 1) = (0.9880)
(0.012)1

1!
 

      𝐏(𝐱 = 𝟏) = 𝟎. 𝟎𝟏𝟏𝟗 

iii) Probability of atleast one error during a micro second 

       P(x ≥ 1) = 1 − P(x < 1) 

       P(x ≥ 1) = 1 − P(x = 0) 

P(x ≥ 1) = 1 − P(x = 0) 

P(x ≥ 1) = 1 − 0.9880 

𝐏(𝐱 ≥ 𝟏) = 𝟎. 𝟎𝟏𝟐 

iv) Probability of two error during a micro second 

       P(x = 2) = (0.9880)
(0.012)2

2!
 

      𝐏(𝐱 = 𝟐) = 𝟎. 𝟎0007 

v) Probability of atmost two error during a micro second 

       P(x ≤ 2) = P(x = 0) + P(x = 1) + P(x = 2) 

       P(x ≤ 2) = 0.9880 + 0.0119 + 0.00007 

        𝐏(𝐱 ≤ 𝟐) = 𝟎.99997 

Continuous Probability Distribution 

       If for every x belonging to the range of a continuous random variable X, we assign a real 

number f(x) satisfying the conditions, 

i) f(x) ≥ 0    ii) ∫ f(x)dx = 1
∞

−∞
  , then f(x) is called a Continuous probability function or 

probability density function ( p.d.f ) 

Cumulative distribution function 

     If X is a continuous random variable with probability density function f(x) then the 

function F(x) defined by F(x) = P(X ≤ x) = ∫ f(x)dx
x

−∞
 is called the Cumulative distribution 

function (c.d.f) of X. 



NOTE: If r is any real number, then 

1. P(x ≥ r) = ∫ f(x)dx
∞

r
 

P(x < r) = 1 − P(x ≥ r) = 1 − ∫ f(x)dx

∞

r

 

Mean and Variance 

     If X is a continuous random variable with probability density function f(x) where  

−∞ < x < ∞  , the mean (μ)  or expectation E(X) and the variance (σ2) of X is defined as 

follows. 

Mean,  μ = ∫ x.  f(x)dx
∞

−∞
 

Variance, σ2 = ∫ (x − μ)2. f(x) dx
∞

−∞
  or      V = ∫ x2. f(x) dx

∞

−∞
− μ2 

Problems 

1. Find which of the following is a probability density function 

      a) f1(x) = {
2x,    0 < x < 1
0,      otherwise

              b) f2(x) = {
|x|,    0 < |x| ≤ 1
0,      otherwise

 

      c) f3(x) = {
    2x     ,  0 < x ≤ 1
4 − 4x  ,  1 < x < 2
       0  ,      otherwise

 

Sol: Conditions for p.d.f are f(x) ≥ 0  and    ∫ f(x)dx = 1
∞

−∞
 

a) Clearly  f1(x) ≥ 0  

     ∫ f1(x)dx = ∫ f1(x) dx = ∫ 2x dx = 2. [
x2

2
]

0

1
1

0

1

0

∞

−∞
= [1 − 0] = 1 

∴  f1(x) is a p.d.f 

b) Evidently   f2(x) = |x| ≥ 0  

     ∫ f2(x)dx = ∫ f2(x) dx = ∫ |x| dx
1

−1

1

−1

∞

−∞
 

But,|x| = {
−x,    − 1 < x < 0
+x,       0 < x < 1

 

∴  ∫ f2(x)dx = ∫ (−x) dx + ∫ x dx
1

0

0

−1

∞

−∞
 

∫ f2(x)dx = − [
x2

2
]

−1

0

+ [
x2

2
]

0

1∞

−∞

 

∫ f2(x)dx = − [0 −
1

2
] + [

1

2
− 0] =

1

2
+

1

2
= 1

∞

−∞

 



∴  f2(x) is a p.d.f  

c) Given f3(x) = 2x > 0  in 0 < x ≤ 1 

    But    f3(x) = 4 − 4x is negative in 1 < x < 2 

    The first condition is not satisfied. 

 ∴  f3(x) is not a p.d.f  

2. Find the value of c such that  f(x) = {
x

6
+ c,    0 ≤ x ≤ 3

       0,      elsewhere
 is a p.d.f . Also find           

    P(1 ≤ x ≤ 2). 

Sol: Here f(x) ≥ 0  if  c ≥ 0 ; Also we must have    ∫ f(x)dx = 1
∞

−∞
 

i.e.,   ∫ (
x

6
+ c) dx = 1

3

0
 

i.e.,   [
x2

12
+ cx]

0

3

= 1 

i.e., 
1

12
(9 − 0) + c(3 − 0) = 1 

i.e., 
9

12
+ 3c = 1 

i.e., 3c = 1 −
9

12
 

3c =
3

12
 

 

∴ 𝐜 =
𝟏

𝟏𝟐
 

Now, P(1 ≤ x ≤ 2) = ∫ f(x)dx
2

1
 

                                    = ∫ (
x

6
+

1

12
) dx

2

1
 

                                    = [
x2

12
+

x

12
]

1

2

 

                                  =
1

12
(4 − 1) +

1

12
(2 − 1) 

                                    =
3

12
+

1

12
=

4

12
 

          𝐏(𝟏 ≤ 𝐱 ≤ 𝟐) =
𝟏

𝟑
 

3. Find the constant k such that  f(x) = {
kx2,    0 < x < 3

       0,      otherwise
   is a p.d.f . Also compute           

    i) P(1 < x < 2)   ii) P(x ≤ 1)   iii) P(x > 1)    iv) Mean   v) Variance 

Sol: : Here f(x) ≥ 0  if  k ≥ 0 ; Also we must have    ∫ f(x)dx = 1
∞

−∞
 



i.e.,   ∫ kx2 dx = 1
3

0
 

i.e.,   [
kx3

3
]

0

3

= 1 

i.e., 
k

3
(27 − 0) = 1 

i.e., 9k = 1 

i.e., 𝐤 =
𝟏

𝟗
 

∴ f(x) = {
x2

9
,    0 < x < 3

    0,    otherwise
 

i) P(1 < x < 2) = ∫ f(x)dx
2

1
 

                               = ∫
x2

9
 dx

2

1
 

                               = [
x3

27
]

1

2

 

                            =
1

27
(8 − 1) 

    𝐏(𝟏 < 𝐱 < 𝟐) =
𝟕

𝟐𝟕
 

 ii) P(x ≤ 1) = ∫ f(x)dx
1

0
 

P(x ≤ 1) = ∫
x2

9
 dx

1

0

 

                = [
x3

27
]

0

1

 

                =
1

27
(1 − 0) 

    𝐏(𝐱 ≤ 𝟐) =
𝟏

𝟐𝟕
 

iii) P(x > 1) = ∫ f(x)dx
3

1
 

                     = ∫
x2

9
 dx

3

1
 

P(x > 1) = [
x3

27
]

1

3

 

                 =
1

27
(27 − 1) 

    𝐏(𝐱 > 𝟏) =
𝟐𝟔

𝟐𝟕
 



iv) Mean, μ = ∫ x.  f(x)dx
∞

−∞
 

                   = ∫ x.
x2

9
dx

3

0
 

                     = ∫
x3

9
dx

3

0
 

                 μ = [
x4

36
]

0

3

 

μ =
1

36
(81 − 0) 

μ =
81

36
 

𝛍 =
𝟗

𝟒
 

v)Variance, V = ∫ x2. f(x) dx
∞

−∞
− μ2 

                            = ∫ x2.
x2

9
dx − (

9

4
)

23

0
 

                            = ∫
x4

9
dx −

81

16

3

0
 

                             = [
x5

45
]

0

3

−
81

16
 

V =
1

45
[35 − 0] −

81

16
 

V =
243

45
−

81

16
 

V =
81

240
 

𝐕 =
𝟐𝟕

𝟖𝟎
 

Exponential Distribution 

The continuous probability distribution having the probability density function f(x) given by 

f(x) = { 
αe−αx,   for   x > 0

0,      otherwise 
    , where α > 0 is known as the exponential distribution. 

 Evidently f(x) ≥ 0 and we have ∫ f(x)dx
∞

−∞
= 1. 

   f(x) satisfy both the conditions required for a continuous probability function. 

Mean and standard deviation of the Exponential Distribution 

Mean ,  𝛍 =
𝟏

𝛂
 



Std. deviation ,  𝛔 =
𝟏

𝛂
 

Problems 

1. If x is an exponential variate with mean 3 find i) P(x > 1)  ii) P(x < 3)  

Sol: The p.d.f of the exponential distribution is given by  

f(x) = {
αe−αx,   for 0 < x < ∞

0,   otherwise
 

The mean of the distribution is given by 
1

α
. 

By data, μ =
1

α
= 3 

                 ∴   𝛂 =
𝟏

𝟑
 

Hence , f(x) = {
1

3
e−

x

3,   for 0 < x < ∞

0,   otherwise
 

i) P(x > 1) = 1 − P(x ≤ 1) 

P(x > 1) = 1 − P(x ≤ 1) 

                    = 1 − ∫ f(x)dx
1

0
 

                     = 1 − ∫
1

3
e−

x

3 dx
1

0
 

                         = 1 −
1

3
∫ e−

x

3 dx
1

0
 

                    = 1 −
1

3
[

e
−

x
3

−
1

3

]
0

1

 

                    = 1 + [e−
1

3 − e−0] 

                    = 1 + e−
1

3 − 1 

                     = e−
1

3 

𝐏(𝐱 > 𝟏) = 0.7165 

ii) P(x < 3) = ∫ f(x)dx

3

0

 

                     = ∫
1

3
e−

x

3 dx
3

0
 

                         =
1

3
∫ e−

x

3 dx
3

0
 



                    =
1

3
[

e
−

x
3

−
1

3

]
0

3

 

                    = −[e−1 − e−0] 

                    = −e−1 + 1 = 1 −
1

e
 

𝐏(𝐱 < 𝟑) = 𝟎. 𝟔𝟑𝟐𝟏 

2. The length of telephone conversation in a booth has been an exponential distribution and  

    found on an average to be 5 minutes. Find the probability that a random call made from 

    this booth i) ends less than 5 minutes  ii) between 5 and 10 minutes. 

Sol: We have, f(x) = αe−αx,    0 < x < ∞ 

       By data, μ =
1

α
= 5 

                 ∴   𝛂 =
𝟏

𝟓
 

f(x) =
1

5
e−

x
5,    0 < x < ∞ 

i) P(x < 5) = ∫ f(x)dx

5

0

 

                           = ∫
1

5
e−

x

5 dx
5

0
 

                       =
1

5
∫ e−

x

5 dx
5

0
 

P(x < 5) =
1

5
[
e−

x
5

−
1
5

]

0

5

 

                   = −[e−1 − e−0] 

                = −e−1 + 1 = 1 −
1

e
 

𝐏(𝐱 < 𝟓) = 𝟎. 𝟔𝟑𝟐𝟏 

ii) P(5 < x < 10) = ∫ f(x)dx

10

5

 

                           = ∫
1

5
e−

x

5 dx
10

5
 

                       =
1

5
∫ e−

x

5 dx
10

5
 



P(5 < x < 10) =
1

5
[
e−

x
5

−
1
5

]

5

10

 

                                = −[e−2 − e−1] 

                             = −e−2 + e−1 =
1

e
−

1

e2 

𝐏(𝟓 < 𝐱 < 𝟏𝟎) = 𝟎. 𝟐𝟑𝟐𝟓 

3. In a certain town the duration of a shower is exponentially distributed with mean 5  

    minutes. What is the probability that a shower  will last for:   (i) 10 minutes or more    

    (ii) less than 10 minutes (iii) between 10 and 12 minutes.  

Sol: We have, f(x) = αe−αx,    0 < x < ∞ 

       By data, μ =
1

α
= 5 

                 ∴   𝛂 =
𝟏

𝟓
 

f(x) =
1

5
e−

x
5,    0 < x < ∞ 

i) P(x ≥ 10) = ∫ f(x)dx

∞

10

 

                           = ∫
1

5
e−

x

5 dx
∞

10
 

                       =
1

5
∫ e−

x

5 dx
∞

10
 

                           =
1

5
[

e
−

x
5

−
1

5

]
10

∞

 

                          = −[e−∞ − e−2] 

                = −e−∞ + e−2 = −0 + e−2 

𝐏(𝐱 ≥ 𝟏𝟎) = 𝟎. 𝟏𝟑𝟓𝟑 

ii) P(x < 10) = 1 − P(x ≥ 10) 

    P(x < 10) = 1 − 0.1353   

    𝐏(𝐱 < 𝟏𝟎) = 𝟎. 𝟖𝟔𝟒𝟕 

iii) P(10 < x < 12) = ∫ f(x)dx

12

10

 

                                     = ∫
1

5
e−

x

5 dx
12

10
 



                                    =
1

5
∫ e−

x

5 dx
12

10
 

                                    =
1

5
[

e
−

x
5

−
1

5

]
10

12

 

                                  = −[e−2.4 − e−2] 

P(10 < x < 12) = e−2 − e−2.4 

𝐏(𝟏𝟎 < 𝐱 < 𝟏𝟐) = 𝟎. 𝟎𝟒𝟒𝟔 

4.The life of a compressor manufactured by a company is known to be 200 months on an  

   average following an exponential distribution. Find the probability that the life of a  

   compressor of that company is i) less than 200 months ii) between 100 months and 25  

   years. 

Sol:  We have, f(x) = αe−αx,    0 < x < ∞ 

       By data, μ =
1

α
= 200 

                 ∴   𝛂 =
𝟏

𝟐𝟎𝟎
 

f(x) =
1

200
e−

x
200 ,    0 < x < ∞ 

i) P(x < 200) = ∫ f(x)dx

200

0

 

                       = ∫
1

200
e−

x

200dx
200

0
 

                       =
1

200
∫ e−

x

200 dx
200

0
 

                           =
1

200
[

e
−

x
200

−
1

200

]
0

200

 

                         = −[e−1 − e−0] 

                = −e−1 + 1 = 1 −
1

e
 

𝐏(𝐱 < 𝟐𝟎𝟎) = 𝟎. 𝟔𝟑𝟐𝟏 

Now, 25 years=25*12 months=300 months 

ii) P(100 < x < 300) = ∫ f(x)dx

300

100

 

                                          = ∫
1

200
e−

x

200dx
300

100
 



                                          =
1

200
∫ e−

x

200dx
300

100
 

                                  =
1

200
[

e
−

x
200

−
1

200

]
100

300

 

                                  = −[e−1.5 − e−2] 

𝐏(𝟏𝟎𝟎 < 𝐱 < 𝟑𝟎𝟎) = 𝟎. 𝟑𝟖𝟑𝟒 

5. Determine k if random variable x has the density function f(x) =
k

1+x2
,  − ∞ < x < ∞  

    hence find i)P(x ≥ 0)   ii) P(0 < x < 1)  iii) c. d. f 

Sol: Given f(x) is a probability density function. 

∴   f(x) ≥ 0    and  ∫ f(x)dx = 1
∞

−∞
  

i.e., ∫
k

1+x2 dx = 1
∞

−∞
 

2k ∫
1

1 + x2
dx = 1

∞

0

 

2k[tan−1x]0
∞ = 1                   ;       2k[tan−1(∞) − tan−1(0)] = 1 

2k [
π

2
− 0] = 1 

k. π = 1𝐤 =
𝟏

𝛑
 

f(x) =

1
π

1 + x2
 

i)P(x ≥ 0) = ∫ f(x)dx

∞

0

 

                      = ∫
1

π

1+x2 dx
∞

0
 

                      =
1

π
∫

1

1+x2
dx

∞

0
 

                     =
1

π
[tan−1x]0

∞ 

P(x ≥ 0) =
1

π
[tan−1(∞) − tan−1(0)] 

P(x ≥ 0) =
1

π
[
π

2
− 0] 

𝐏(𝐱 ≥ 𝟎) =
𝟏

𝟐
 



ii)P(0 < x < 1) = ∫ f(x)dx

1

0

 

                      = ∫
1

π

1+x2 dx
1

0
 

                      =
1

π
∫

1

1+x2 dx
1

0
 

    P(0 < x < 1) =
1

π
[tan−1x]0

1 

                           =
1

π
[tan−1(1) − tan−1(0)] 

                         =
1

π
[

π

4
− 0] 

𝐏(𝟎 < 𝐱 < 𝟏) =
𝟏

𝟒
 

iii)c. d. f = ∫ f(x)dx

x

−∞

 

                      = ∫
1

π

1+x2 dx
x

−∞
 

                      =
1

π
∫

1

1+x2 dx
x

−∞
 

c. d. f =
1

π
[tan−1x]−∞

x  

           =
1

π
[tan−1(x) − tan−1(−∞)] 

            =
1

π
[tan−1x − (−

π

2
)] 

𝐜. 𝐝. 𝐟 =
𝟏

𝛑
[𝐭𝐚𝐧−𝟏𝐱 +

𝛑

𝟐
]   if   −∞ < 𝐱 < ∞. 

6. The daily turn over in a medical shop is exponentially distributed with Rs.6000 as the  

    average with  a net profit of 8%. Find the probability that the net profit exceeds Rs.500  

   on a randomly chosen day. 

Sol: Let ‘x’ denote the turn over per day. 

     ∴ By exponential distribution 

           f(x) = αe−αx  ; x > 0. 

Given, By data, μ =
1

α
= 6000 

                 ∴   𝛂 =
𝟏

𝟔𝟎𝟎𝟎
 



f(x) =
1

6000
e−

x
6000 ,    0 < x < ∞ 

Let ‘A’ be the turn over for which the net profit is Rs.500. 

Since the net profit is 8% of the turn over, 

A ∗
8

100
= 500 

⇒   𝐀 = 𝟔𝟐𝟓𝟎 

∴ The probability of profit exceeding Rs.500 is 

P(x > 6250) = ∫ f(x)dx

∞

6250

 

P(x > 6250) = ∫
1

6000
e− 

x
6000dx

∞

6250

 

                      =
1

6000
∫ e−

x

6000dx
∞

6250
 

                             =
1

6000
[

e
−

x
6000

−
1

6000

]
6250

∞

 

                             = − [e−∞ − e−
6250

6000] 

                             = e− 
6250

6000 

𝐏(𝐱 > 𝟔𝟐𝟓𝟎) = 𝟎. 𝟑𝟓𝟐𝟗 

Normal Distribution 

The continuous probability distribution having the probability density function f(x) given  

by f(x) =
1

σ√2π
e

− 
(x−μ)2

2σ2     where −∞ < x < ∞ ,   − ∞ < μ < ∞   and  σ > 0  is known as the 

normal distribution. 

Evidently f(x) ≥ 0 and we have ∫ f(x)dx
∞

−∞
= 1. 

   f(x) satisfy both the conditions required for a continuous probability function. 

Mean and standard deviation of the Normal Distribution 

𝐌𝐞𝐚𝐧 = 𝛍 

𝐕𝐚𝐫𝐢𝐚𝐧𝐜𝐞 = 𝛔𝟐 

Geometrically we can write  

𝐢) ∫ 𝛟(𝐳)𝐝𝐳 = 𝟏
∞

−∞
                  𝐢𝐢) ∫ 𝛟(𝐳)𝐝𝐳 = ∫ 𝛟(𝐳)𝐝𝐳 =

∞

𝟎

𝟏

𝟐

𝟎

−∞
 



Note 

1. P(−∞ ≤ z ≤ ∞) = 1     

2.  P(−∞ ≤ z ≤ 0) =
1

2
     

3.  P(0 ≤ z ≤ ∞)  𝐨𝐫   P(z ≥ 0) =
1

2
 

Also, P(−∞ < z < z1) = P(−∞ < z ≤ 0) + P(0 ≤ z < z1) 

i.e., 𝐏(𝐳 < 𝐳𝟏) = 𝟎. 𝟓 + 𝛟(𝐳𝟏) 

Also, P(z > z2) = P(z ≥ 0) − P(0 ≤ z < z2) 

i.e., 𝐏(𝐳 > 𝐳𝟐) = 𝟎. 𝟓 − 𝛟(𝐳𝟐) 

Problems 

1. Evaluate the following probabilities with the help of normal probability tables 

       i) P(z ≥ 0.85)   ii) P(−1.64 ≤ z ≤ −0.88)   iii) P(z ≤ −2.43)   iv) P(|z| ≤ 1.94) 

Sol: i) P(z ≥ 0.85) =  P(z ≥ 0) −  P(0 ≤ z ≤ 0.85) 

                                     = 0.5 − ϕ(0.85)  

                                     = 0.5 − 0.3023 

              𝐏(𝐳 ≥ 𝟎. 𝟖𝟓) = 𝟎. 𝟏𝟗𝟕𝟕 

 ii) P(−1.64 ≤ z ≤ −0.88) 

      By Symmetry, P(−1.64 ≤ z ≤ −0.88) = P(0.88 ≤ z ≤ 1.64) 

                                                                              = P(0 ≤ z ≤ 1.64) − P(0 ≤ z ≤ 0.88) 

                                                                              = ϕ(1.64) − ϕ(0.88) 

                                                                              = 0.4495 − 0.3106                

                                 𝐏(−𝟏. 𝟔𝟒 ≤ 𝐳 ≤ −𝟎. 𝟖𝟖) = 𝟎. 𝟏𝟑𝟖𝟗 

iii) P(z ≤ −2.43) = P(z ≥ 2.43) 

P(z ≤ −2.43) = P(z ≥ 0) −  P(0 ≤ z ≤ 2.43) 

                               = 0.5 − ϕ(2.43)  

                               = 0.5 − 0.4925 

   𝐏(𝐳 ≥ −𝟐. 𝟒𝟑) = 𝟎. 𝟎𝟎𝟕𝟓 

iv) P(|z| ≤ 1.94) = P(−1.94 ≤ z ≤ 1.94) 

                                  = 2 P(0 ≤ z ≤ 1.94) 

                                  = 2. ϕ(1.94) 

                                  = 2. (0.4738) 



        𝐏(|𝐳| ≤ 𝟏. 𝟗𝟒) = 𝟎. 𝟗𝟒𝟕𝟔 

2. If x is a normal variate with mean 30 and standard deviation 5 find the probability that  

    i) 26 ≤ x ≤ 40       ii) x ≥ 45 

Sol: We have standard normal variate, z =
x−μ

σ
=

x−30

5
         [By data μ = 30,  σ = 5 ] 

i) To find 𝐏(𝟐𝟔 ≤ 𝐱 ≤ 𝟒𝟎)  

    If x = 26 , z =
26−30

5
= −0.8           ;      If x = 40 , z =

40−30

5
= 2 

Hence we need to find , 𝐏(−𝟎. 𝟖 ≤ 𝐳 ≤ 𝟐)  

P(−0.8 ≤ z ≤ 2) = P(−0.8 ≤ z ≤ 0) + P(0 ≤ z ≤ 2) 

                                 = P(0 ≤ z ≤ 0.8) + P(0 ≤ z ≤ 2) 

                                 = ϕ(0.8) + ϕ(2) 

                                 = 0.2881 + 0.4772 

𝐏(−𝟎. 𝟖 ≤ 𝐳 ≤ 𝟐) = 𝟎. 𝟕𝟔𝟓𝟑 

ii) To find 𝐏(𝐱 ≥ 𝟒𝟓)  

    If x = 45 , z =
45−30

5
= 3 

Hence we need to find , 𝐏(𝐳 ≥ 𝟑)  

P(z ≥ 3) = P(z ≥ 0) − P(0 ≤ z ≤ 3) 

                  = 0.5 − ϕ(3) 

                  = 0.5 − 0.4987 

𝐏(𝐳 ≥ 𝟑) = 𝟎. 𝟎𝟎𝟏𝟑 

3. The marks of 1000 students in an examination follows a normal distribution with mean  

    70 and standard deviation 5. Find the number of students whose marks will be  

     i) less than 65 ii) more than 75 iii) 65 to 75 

Sol: Let x represent the marks of students 

We have standard normal variate, z =
x−μ

σ
=

x−70

5
         [By data μ = 70,  σ = 5 ] 

i) To find 𝐏(𝐱 < 𝟔𝟓)  

    If x = 65 , z =
65−70

5
= −1            

Hence we need to find , 𝐏(𝐳 < −𝟏)  

P(z < −1) = P(z > 1) 

                     = P(z ≥ 0) − P(0 ≤ z ≤ 1) 



                     = 0.5 − ϕ(1) 

                     = 0.5 − 0.3413 

𝐏(𝐳 < −𝟏) = 𝟎. 𝟏𝟓𝟖𝟕 

Number of students scoring less than 65 marks=1000*0.1587= 𝟏𝟓𝟖. 𝟕 ≅ 𝟏𝟓𝟗 

ii) To find 𝐏(𝐱 > 𝟕𝟓)  

    If x = 75 , z =
75−70

5
= 1 

Hence we need to find , 𝐏(𝐳 > 𝟏) 

P(z > 1) = P(z ≥ 0) − P(0 ≤ z ≤ 1) 

                     = 0.5 − ϕ(1) 

                     = 0.5 − 0.3413 

𝐏(𝐳 > 𝟏) = 𝟎. 𝟏𝟓𝟖𝟕 

Number of students scoring more than 75 marks=1000*0.1587= 𝟏𝟓𝟖. 𝟕 ≅ 𝟏𝟓𝟗 

iii) To find 𝐏(𝟔𝟓 < 𝐱 < 𝟕𝟓) 

  

Hence we need to find , 𝐏(−𝟏 < 𝐳 < 𝟏) 

𝐏(−𝟏 < 𝐳 < 𝟏) = 𝟐𝐏(𝟎 < 𝐳 < 𝟏) 

                           = 2ϕ(1) 

                              = 2(0.3413) 

𝐏(−𝟏 < 𝐳 < 𝟏) = 𝟎. 𝟔𝟖𝟐𝟔 

Number of students scoring marks between 65 to 75 marks=1000*0.6826= 𝟔𝟖𝟐. 𝟔 ≅

𝟔𝟖𝟑 

4. In a test on electric bulbs, it was found that the life time of a particular brand was distributed  

normally with an average life of 2000 hours and S.D of 60 hours. If a firm purchases 2500 

bulbs, find the number of bulbs that are likely to last for  i) more than 2100 hours ii) less than 

1950 hours iii) between 1900 to 2100 hours. 

Sol: Given μ = 2000,       σ = 60  

We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
=

𝐱−𝟐𝟎𝟎𝟎

𝟔𝟎
 

i) To find 𝐏(𝐱 > 𝟐𝟏𝟎𝟎)  

    If x = 2100 , z =
2100−2000

60
= 1.67            

Hence we need to find , 𝐏(𝐳 > 𝟏. 𝟔𝟕)  

P(z > 1.67) = P(z ≥ 0) − P(0 < z < 1.67) 



                          = 0.5 − ϕ(1.67) 

                          = 0.5 − 0.4525 

𝐏(𝐳 > 𝟏. 𝟔𝟕) = 𝟎. 𝟎𝟒𝟕𝟓 

∴  Number of bulbs that are likely to last for more than 2100 hours = 𝟐𝟓𝟎𝟎 ∗ 𝟎. 𝟎𝟒𝟕𝟓 

                                                                                                                       = 𝟏𝟏𝟖. 𝟕𝟓 ≅ 𝟏𝟏𝟗 

ii) To find 𝐏(𝐱 < 𝟏𝟗𝟓𝟎)  

 

    If x = 1950 , z =
1950−2000

60
= −0.83            

Hence we need to find , 𝐏(𝐳 < −𝟎. 𝟖𝟑)  

P(z < −0.83) = P(z > 0.83) 

                          = P(z ≥ 0) − P(0 < z < 0.83) 

                          = 0.5 − ϕ(0.83) 

                          = 0.5 − 0.2967 

𝐏(𝐳 < −𝟎. 𝟖𝟑) = 𝟎. 𝟐𝟎𝟑𝟑 

∴  Number of bulbs that are likely to last for more than 1950 hours = 𝟐𝟓𝟎𝟎 ∗ 𝟎. 𝟐𝟎𝟑𝟑 

                                                                                                                    = 𝟓𝟎𝟖. 𝟐𝟓 ≅ 𝟓𝟎𝟖 

iii) To find 𝐏(𝟏𝟗𝟎𝟎 < 𝐱 < 𝟐𝟏𝟎𝟎)  

 

    If x = 1900 , z =
1900−2000

60
= −1.67     ; If x = 2100 , z =

2100−2000

60
= 1.67     

Hence we need to find , 𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟏. 𝟔𝟕)  

P(−1.67 < z < 1.67) = 2P(0 < z < 1.67) 

                                        = 2 ∗ ϕ(1.67) 

                                        = 2 ∗ 0.4525 

𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟏. 𝟔𝟕) = 𝟎. 𝟗𝟎𝟓 

∴  Number of bulbs that are likely to last between1900 and 2100 hours  

          = 𝟐𝟓𝟎𝟎 ∗ 𝟎. 𝟐𝟎𝟑𝟑 

           = 𝟐𝟐𝟔𝟐. 𝟓 ≅ 𝟐𝟐𝟔𝟑 

5. In a normal distribution 31% of the items are under 45 and 8% of the items are over 64.  

    Find the mean and S.D of the distribution. 

Sol: Let μ and σ be the mean and S.D of the normal distribution. 

By data,    P(x < 45) = 0.31       and       P(x > 64) = 0.08  



We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
 

When x = 45  , z =
45−μ

σ
= z1 (Say)      

         x = 64  , z =
64−μ

σ
= z2 (Say) 

So we have ,  

                  P(z < z1) = 0.31     and           P(z > z2) = 0.08          

i.e.,         0.5 + φ(z1) = 0.31     and        0.5 − φ(z2) = 0.08  

φ(z1) = 0.31 − 0.5     and        φ(z2) = 0.5 − 0.08  

 

φ(z1) = −0.19            and        φ(z2) = 0.42 

Referring to the normal probability tables, we have  

            0.1915(≅ 0.19) = φ(0.5)          and         0.4192(≅ 0.42) = φ(1.4)  

                              φ(z1) = −φ(0.5)         and                          φ(z2) = φ(1.4)   

                    ⇒           𝐳𝟏 = −𝟎. 𝟓               and                                𝐳𝟐 = 𝟏. 𝟒  

                 i.e.,       
45−μ

σ
= −0.5               and                                

64−μ

σ
= 1.4 

                      45 − μ = −0.5σ           and                         64 − μ = 1.4σ 

                     μ − 0.5σ = 45              and                      μ + 1.4σ = 64 

Solving above equations, we get  

                         𝛍 = 𝟓𝟎     and          𝛔 = 𝟏𝟎  

Thus, Mean=50      and      S.D=10 

6. The mean weight of 500 students during a medical examination was found to be 50 kgs  and  

S.D  weight 6 kgs. Assuming that the weights are normally distributed, find the number of 

student  having weight i) between 40 and 50 kgs ii) more than 60 kgs.   [φ(1.67) = 0.4525] 

Sol: Given μ = 50,       σ = 6  

We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
=

𝐱−𝟓𝟎

𝟔
 

i) To find 𝐏(𝟒𝟎 < 𝐱 < 𝟓𝟎)  

 

    If x = 40 , z =
40−50

6
= −1.67     ; If x = 50 , z =

50−50

6
= 0  

     Hence we need to find , 𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟎)  

     P(−1.67 < z < 0) = P(0 < z < 1.67) 

                                    = ϕ(1.67) 

     𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟎) = 0.4525 



∴  Number of students having weight between 40 and 50 kgs   = 𝟓𝟎𝟎 ∗ 𝟎. 𝟒𝟓𝟐𝟓 

                                                                                                         = 𝟐𝟐𝟔. 𝟐𝟓 ≅ 𝟐𝟐𝟔                                                                                                                                                     

ii)  To find 𝐏(𝐱 > 𝟔𝟎)  

 

    If x = 60 , z =
60−50

6
= 1.67 

Hence we need to find , 𝐏(𝐳 > 𝟏. 𝟔𝟕)  

P(z > 1.67) = P(z ≥ 0) − P(0 < z < 1.67) 

                          = 0.5 − ϕ(1.67) 

                          = 0.5 − 0.4525 

𝐏(𝐳 > 𝟏. 𝟔𝟕) = 𝟎. 𝟎𝟒𝟕𝟓 

∴  Number of students having weight more than 60 kgs = 𝟓𝟎𝟎 ∗ 𝟎. 𝟎𝟒𝟕𝟓 

                                                                                              = 𝟐𝟑. 𝟕𝟓 ≅ 𝟐𝟒 

7. In an examination 7% of students score less than 35% marks and 89% of students score  

    less than 60% of marks. Find the mean and S.D of the distribution if the marks are  

    normally distributed. It is given that P(1.2263)=0.39   and  P(1.4757)=0.43. 

Sol: Let μ and σ be the mean and S.D of the normal distribution. 

By data,    P(x < 35) = 0.07       and       P(x < 60) = 0.89  

We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
 

When x = 35  , z =
35−μ

σ
= z1 (Say)      

         x = 60  , z =
60−μ

σ
= z2 (Say) 

So we have ,  

                  P(z < z1) = 0.07     and           P(z < z2) = 0.89          

i.e.,         0.5 + φ(z1) = 0.07    and         0.5 + φ(z2) = 0.89  

  

φ(z1) = 0.07 − 0.5     and        φ(z2) = 0.89 − 0.5 

 

φ(z1) = −0.43            and        φ(z2) = 0.39 

Using the given data in the RHS of these, we have  

                        φ(z1) = −φ(1.4757)         and                          φ(z2) = φ(1.2263)   

                   ⇒           𝐳𝟏 = −𝟏. 𝟒𝟕𝟓𝟕              and                                𝐳𝟐 = 𝟏. 𝟐𝟐𝟔𝟑 

                 i.e.,       
35−μ

σ
= −1.4757           and                                

60−μ

σ
= 1.2263 



                      35 − μ = −1.4757σ           and                         60 − μ = 1.2263σ 

                     μ − 1.4757σ = 35              and                      μ + 1.2263σ = 60 

Solving above equations, we get  

                         𝛍 = 𝟒𝟖. 𝟔𝟓     and          𝛔 = 𝟗. 𝟐𝟓  

Thus, Mean = 𝟒𝟖. 𝟔𝟓      and      S.D = 𝟗. 𝟐𝟓  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



PROBABILITY DISTRIBUTION AND SAMPLING THEORY 

Introduction 

             The three main components of statistics are collection of data, analysis of data and 

inference. The scope of statistics is very vast and finds its applications in almost all spheres. 

Statistical methods guides us in any scientific enquiry and leans heavily on probability 

theory. 

Basic Definitions and concepts 

Experiment is a process by which measurement or observation is obtained.  

Random experiment : An experiment which does not result in the same out come when 

performed under the same conditions.  

Eg : 1. Tossing of a fair coin. 

       2. Throwing of a fair die. 

Sample space : The set of all possible outcomes of a random experiment is called a sample 

space usually denoted by S. 

Eg 1. S = H,T is the sample space in tossing of a single coin.  

     2. S = HH,TH,HT,TT is the sample space obtained in tossing of two coins.  

     3. S = 1,2,3,4,5,6 in throwing of a die.  

 

Event : Any event is a subset of an appropriate sample space. 

 

Exhaustive event : An event consisting of all the various possibilities is called an exhaustive 

event. 

Mutually exclusive events : Events are said to  be mutually exclusive if and only if one of 

them can take place at a time, in other words happening of one event prevent the 

simultaneous happening of the others. 

Eg:  In the tossing of a coin, either heads or tails may turn up but not both.  

Independent events: Two or more events are said to be independent if the happening or non 

happening of one event does not prevent the happening or non happening of the others. 

 

Eg: 1.When two coins are tossed the event of getting head is an independent event as both  

           the coins can turn out heads. 

Probability is the measure of the chance with which we can expect the event to occur. If an 

event A can occur in m different ways out of  number of n possible ways, all of which are 

equally likely then the probability of the event A denoted by P(A) is given by P(A) =
m

n
. 

Note: 1) Since  0   m    n        P (A) is non negative and 0   P(A)   1 

          2) If P(A) = 0 then A is called a null event.  

          3)  If P(A) = 1 then A is called a sure event.  

          4) P(A) + P(A)̅̅ ̅ = 1 , the set of all unfavourable events is denoted by A̅. 



Addition theorem of probability 

   The probability of the happening of one or the other mutually exclusive events is equal to 

the sum of the probabilities of the two events. 

That is, if A,  B are two mutually exclusive events then,  

𝐏(𝐀 𝐨𝐫 𝐁) = 𝐏(𝐀) + 𝐏(𝐁) 

Product theorem of probability 

   If a compound event is made up of a number of independent events, the probability of the 

happening of the compound event is equal to the product of the probabilities of the 

independent events . 

That is, if A,  B are independent events then,  

𝐏(𝐀 𝐚𝐧𝐝  𝐁) = 𝐏(𝐀). 𝐏(𝐁) 

RANDOM VARIABLE & PROBABILITY DISTRIBUTION  

 

Introduction 

   When we consider an experiment of tossing two coins. The sample points or out comes are 

qualitative and are described by their attributes though the probabilities attached to each of 

these outcomes are quantitative. We now associate to each sample point a real number called 

the random variable. 

Random variable 

Definition:  Let S be a sample space then X : S  → R  defined over the elements of S is 

called a random variable. A random variable is a function that assigns a real number to 

every sample point in the sample space of a random experiment. Random variables are 

usually denoted by X, Y, Z … and it may be noted that different random variables may be 

associated with the sample space S. The set of all real numbers of a random variable X  is 

called the range of X. 

Eg: 

1. While tossing a coin, suppose that the value 1 is associated for the outcome ‘head’ and 0  

    for the outcome tail. We have the sample space S = {H, T} and if X is the random  

    variable , then X(H) = 1 & X(T) = 0. 

   Range of X = {0,1} 

 

2. Suppose a coin is tossed twice, we shall associate two different random variables X, Y as  

    follows, where we have the sample space  

   S = {HH, HT,  TH,  TT} 

  X = Number of ‘heads’ in the outcome. 

The association of the elements in S to X is as follows. 

Out come HH HT TH TT 

Random variable 

X 

2 1 1 0 



 Range of X = {0,1,2} 

Suppose Y = Number of ‘tails’ in the outcome, we have 

Out come HH HT TH TT 

Random variable Y 0 1 1 2 

 

Range of Y = {0,1,2} 

 

Discrete and Continuous random variables 

  If a random variable takes finite or countably infinite number of values then it is called a 

discrete random variable. 

Discrete random variable will have finite or countably infinite range. 

Eg: 1. Tossing of a coin and observing the outcome. 

       2. Throwing a ‘die’ and observing the numbers on the face. 

If a random variable takes non countable number of values then it is called a non discrete or 

continuous random variable. 

Eg: 

1. Weight of articles 

2. Length of nails produced by machine. 

 

   Generally counting problems correspond to discrete random variables and measuring 

problems lead to continuous random variables. 

Probability function and Discrete probability distribution 

      If for each value xi of a discrete random variable X, we assign a real number p(xi) such 

that    

  i) p(xi) ≥ 0    ii) ∑ p(xi) = 1i      then the function p(x) is called a probability function. 

    If the probability that X take the values xi  is pi, then P(X = xi) = pi  or p(xi). 

    The set of values [xi ,  p(xi)] is called a discrete (finite) probability distribution of the 

discrete random variable X. The function P(X) is called the probability density function 

(p.d.f) or the probability mass function (p.m.f)  

The distribution function f(x) defined by f(x) = P(X ≤ x) = ∑ P(xi)
n
i=1   , x  being an integer, 

is called the cumulative distribution function (c.d.f). 

    The mean and variance of the discrete probability distribution are defined as follows 

    Mean  μ = ∑ xii . p(xi) 

Variance  V = ∑ (xi − μ)2. p(xi)i  

                V = ∑ xi
2. p(xi) − [∑ xi. p(xi)i ]2

i   

               V = ∑ xi
2. p(xi) − μ2 

Standard deviation  σ = √V 



Problems 

1. A coin is tossed twice. A random variable X  represent the number of heads turning up. 

Find the discrete probability distribution for X. Also find its mean and variance. 

Sol: Here S = {HH, HT,  TH,  TT}   

                X = {0,1,2} 

Now, P(HH) =
1

4
       P(HT) =

1

4
           P(TH) =

1

4
           P(TT) =

1

4
 

P(X = 0,  i. e. ,  no head turning up) = P(TT) =
1

4
 

P(X = 1,  i. e. ,  one head turning up) = P(HT ∪ TH) = P(HT) + P(TH) =
1

4
+

1

4
=

1

2
 

P(X = 2,  i. e. ,  two heads turning up) = P(HH) =
1

4
 

The discrete probability distribution for X is as follows 

 

X=𝐱𝐢 0 1 2 

p(xi) 1

4
 

1

2
 

1

4
 

 

We observe that, p(xi) > 0  and    ∑ p(xi) = 1i . 

 

Mean , μ = ∑ xii . p(xi) = (0). (
1

4
) + (1). (

1

2
) + (2). (

1

4
) =

1

2
+

1

2
 

 

           𝛍 = 𝟏 

 

Variance, V = ∑ (xi − μ)2. p(xi)i   

 

                V = (0 − 1)2.
1

4
+ (1 − 1)2.

1

2
+ (2 − 1)2.

1

4
 

V =
1

4
+ 0 +

1

4
 

 

 𝐕 =
𝟏

𝟐
 

2. A random experiment of tossing a ‘die’ twice is performed. Random variable X on this 

sample space is defined to be the sum of the two numbers turning up on the toss. Find the 

discrete probability distribution for the random variable X and compute the corresponding 

mean and standard deviation. 

Sol:  Here S = {(x, y) where x = 1,2, … ,6  ; y = 1,2, … ,6} 

i.e., S = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), … , (6,5), (6,6)} 



Number of elements in S=36. 

The set of values of the random variable X defined as sum of two numbers on the face of the 

‘die’ are {2,3,4,5, … ,10,11,12} 

Now, p(x1) =
n(E)

n(S)
=

1

36
   ; p(x2) =

2

36
  ; … 

The discrete probability distribution for X is as follows  

𝐗

= 𝐱𝐢 

2 3 4 5 6 7 8 9 10 11 12 

p(xi) 1

36
 

2

36
 

3

36
 

4

36
 

5

36
 

6

36
 

5

36
 

4

36
 

3

36
 

2

36
 

1

36
 

 

Here p(xi) > 0  and    ∑ p(xi) = 1i . 

Mean   μ = ∑ xii . p(xi) 

             μ = (2). (
1

36
) + (3). (

2

36
) + ⋯ + (11). (

2

36
) + (12). (

1

36
) 

              𝛍 =
𝟐𝟓𝟐

𝟑𝟔
= 𝟕 

Variance, V = ∑ (xi − μ)2. p(xi)i   

 

                  V = (2 − 7)2.
1

36
+ (3 − 7)2.

2

36
+ ⋯ + (12 − 7)2.

1

36
 

 

                        𝐕 =
𝟐𝟏𝟎

𝟑𝟔
=

𝟑𝟓

𝟔
 

 

Std. deviation , σ = √V 

 

                       𝛔 = √
𝟑𝟓

𝟔
= 𝟐. 𝟒𝟐 

3. Show that the following distribution represents a discrete probability distribution. Find  

   the mean and variance  

𝐱 10 20 30 40 

p(x) 1

8
 

3

8
 

3

8
 

1

8
 

Sol: We observe that  p(x) > 0  and    ∑ p(x) = 1. 

 

Mean   μ = ∑ x . p(x) 



             

           μ = (10).
1

8
+ (20).

3

8
+ (30).

3

8
+ (40).

1

8
 

 

           μ =
10+60+90+40

8
=

200

8
 

 

          𝛍 = 𝟐𝟓 

Variance, V = ∑(x − μ)2. p(x)  

 

                  V = (10 − 25)2.
1

8
+ (20 − 25)2.

3

8
+ (30 − 25)2.

3

8
+ (40 − 25)2.

1

8
 

 

                        𝐕 =
𝟔𝟎𝟎

𝟖
= 𝟕𝟓 

4. Find the value of k such that the following distribution represents a finite probability 

distribution. Hence find its mean and standard deviation. Also find p(x ≤ 1) , p(x > 1) and 

p(−1 < x ≤ 2)  

 

 

 

 

 

Sol: We must have  p(x) ≥ 0  for all x and    ∑ p(x) = 1. The first condition is satisfied if 

k ≥ 0  

       Since ∑ p(x) = 1 

 

k + 2k + 3k + 4k + 3k + 2k + k = 1 

 

16k = 1 

 

∴  𝐤 =
𝟏

𝟏𝟔
 

The discrete probability distribution is as follows 

 

𝐱 -3 -2 -1 0 1 2 3 

p(x) 1

16
 

2

16
 

3

16
 

4

16
 

3

16
 

2

16
 

1

16
 

 

Mean μ = ∑ x . p(x) 

             

           μ = (−3).
1

16
+ (−2).

2

16
+ (−1).

3

16
+ (0).

4

16
+ (1).

3

16
+ (2).

2

16
+ (3).

1

16
 

          𝛍 = 𝟎  

𝐱 -3 -2 -1 0 1 2 3 

p(x) k 2k 3k 4k 3k 2k k 



Variance, V = ∑(x − μ)2. p(x)  

  V = (−3 − 0)2.
1

16
+ (−2 − 0)2.

2

16
+ (−1 − 0)2.

3

16
+ (0 − 0)2.

4

16
+ (1 − 0)2.

3

16
+

(2 − 0)2.
2

16
+ (3 − 0)2.

1

16
   

  𝐕 =
𝟏

𝟏𝟔
(𝟗 + 𝟖 + 𝟑 + 𝟎 + 𝟑 + 𝟖 + 𝟗) =

𝟒𝟎

𝟏𝟔
=

𝟓

𝟐
 

Standard deviation σ = √V 

 

                                𝛔 = √
𝟓

𝟐
= 𝟏. 𝟓𝟖 

Now, p(x ≤ 1) = p(−3) + p(−2) + p(−1) + p(0) + p(1)  

 

                         =
1

16
+

2

16
+

3

16
+

4

16
+

3

16
 

  

         𝐩(𝐱 ≤ 𝟏) =
𝟏𝟑

𝟏𝟔
 

p(x > 1) = p(2) + p(3)                                   p(−1 < x ≤ 2) = p(0) + p(1) + p(2) 

                 =
2

16
+

1

16
                                                                        =

4

16
+

3

16
+

2

16
 

𝐩(𝐱 > 𝟏) =
𝟑

𝟏𝟔
                                                    𝐩(−𝟏 < 𝐱 ≤ 𝟐) =

𝟗

𝟏𝟔
 

5. A random variable X has the following probability function for various values of x. 

i) Find k ii) Evaluate P(x < 6),    P(x ≥ 6) and P(3 < x ≤ 6). Also find the probability 

distribution and the distribution function of X. 

Sol: We must have P(x) ≥ 0   and  ∑ P(x) = 1. 

The first condition is satisfied for k ≥ 0 and we have to find k such that 

           ∑ P(x) = 1 

i.e, 0 + k + 2k + 2k + 3k + k2 + 2k2+(7k2 + k) = 1 

 

                                                                 10k2 + 9k − 1 = 0 

                                   

                                                     (10k − 1)(k + 1) = 0 

 

                                                       𝐤 =
𝟏

𝟏𝟎
     and  𝐤 = −𝟏 ( Neglect) 

Hence we have the following table 

 

𝐱 0 1 2 3 4 5 6 7 

P(x) 0 k 2k 2k 3k k2 2k2 7k2 + k 



𝐱 0 1 2 3 4 5 6 7 

P(x) 0 1

10
 

1

5
 

1

5
 

3

10
 

1

100
 

1

50
 

17

100
 

 

Now, P(x < 6) = P(0) + P(1) + P(2) + P(3) + P(4) + P(5) 

 

                          = 0 +
1

10
+

1

5
+

1

5
+

3

10
+

1

100
=

81

100
  

 

         𝐏(𝐱 < 𝟔) = 𝟎. 𝟖𝟏 

 

         P(x ≥ 6) = P(6) + P(7) 

 

         P(x ≥ 6) =
1

50
+

17

100
=

19

100
 

 

       𝐏(𝐱 ≥ 𝟔) = 𝟎. 𝟏𝟗 

P(3 < x ≤ 6) = P(4) + P(5) + P(6)  

 

                         =
3

10
+

1

100
+

1

50
=

33

100
               

                                            

 𝐏(𝟑 < 𝐱 ≤ 𝟔) = 𝟎. 𝟑𝟑 

The probability distribution is as follows 

𝐱 0 1 2 3 4 5 6 7 

P(x) 0 0.1 0.2 0.2 0.3 0.01 0.02 0.17 

The distribution function of X is f(x) = P(X ≤ x) = ∑ p(xi)
n
i=1  is called cumulative 

distribution function and same is as follows 

𝐱 0 1 2 3 4 5 6 7 

f(x) 0 0+0.1 

=0.1 

0.1+0.2 

=0.3 

0.3+0.2 

=0.5 

0.5+0.3 

=0.8 

0.8+0.01 

=0.81 

0.81+0.02=0.83 0.83+0.17=1 

 

6. A random variable X take the values −3, −2, −1,0,1,2,3 such hat P(X = 0) = P(X < 0) 

and P(X = −3) = P(X = −2) = P(X = −1) = P(X = 1) = P(X = 2) = P(X = 3) .Find the 

probability distribution. 

Sol: Let the distribution be as follows 



𝐗 -3 -2 -1 0 1 2 3 

P(X) p1 p2 p3 p4 p5 p6 p7 

By data P(X = 0) = P(X < 0) 

⇒  P(X = 0) = P(X = −1) + P(X = −2) + P(X = −3) 

i.e.,  p4 = p3 + p2 + p1          --- (1) 

Also we have  

P(X = −3) = P(X = −2) = P(X = −1) = P(X = 1) = P(X = 2) = P(X = 3) 

i.e., p1 = p2 = p3 = p5 = p6 = p7          --- (2) 

Further we must have  

p1 + p2 + p3 + p4 + p5 + p6 + p7 = 1              --- (3)        

 

Using (2) in (1), we get      p4 = p1 + p1 + p1 

                                           𝐩𝟒 = 𝟑𝐩𝟏 

 

Using (2) in (3), we get      p1 + p1 + p1 + p4 + p1 + p1 + p1 = 1          

                                                                     6p1 + p4 = 1 

                                                                                       6p1 + 3p1 = 1          (since p4 = 3p1) 

                                                                                                    9p1 = 1 

                                                                                                       𝐩𝟏 =
𝟏

𝟗
 

                                                                                   Hence 𝐩𝟒 =
𝟑

𝟗
 

Thus , p2 = p3 = p5 = p6 = p7 =
1

9
 

Thus the probability distribution is as follows 

𝐗 -3 -2 -1 0 1 2 3 

P(X) 1

9
 

1

9
 

1

9
 

3

9
 

1

9
 

1

9
 

1

9
 

 

7. The p.d.f. of variate X is given by the following table. 

𝐱 0 1 2 3 4 5 6 

P(x) K 3K 5K 7K 9K 11K 13K 



For what value of K, this represents a valid probability distribution? Also find P(x ≥ 5)  and 

P(3 < x ≤ 6). 

Sol: The probability distribution is valid if P(x) ≥ 0  and ∑ P(x) = 1 

Hence we must have K ≥ 0  and K + 3K + 5K + 7K + 9K + 11K + 13K = 1 

49K = 1𝐊 =
𝟏

𝟒𝟗
 

 
   Also, P(x ≥ 5) = P(5) + P(6) 

P(x ≥ 5) = 11K + 13K = 24K 

𝐏(𝐱 ≥ 𝟓) =
𝟐𝟒

𝟒𝟗
 

Now, P(3 < x ≤ 6) = P(4) + P(5) + P(6) 

           P(3 < x ≤ 6) = 9K + 11K + 13K 

          P(3 < x ≤ 6) = 33K 

          𝐏(𝟑 < 𝐱 ≤ 𝟔) =
𝟑𝟑

𝟒𝟗
 

Binomial Distribution 

    If 𝐩 is the probability of success and 𝐪 is the probability of failure, the probability of 𝐱 

success out of 𝐧 trials is given by 𝐏(𝐱) = 𝐂𝐱𝐩𝐱𝐪𝐧−𝐱𝐧  

Mean and Standard deviation of the Binomial Distribution 

             Mean, 𝛍 = 𝐧𝐩 

        Variance, 𝐕 = 𝐧𝐩𝐪 

Std. Deviation, 𝛔 = √𝐧𝐩𝐪 

Problems 

1. Find the binomial probability which has mean 2 and variance 
4

3
. 

Sol: Given Mean, μ = 2  and Variance, V =
4

3
 

For binomial distribution, μ = np 

np = 2  

npq = V 

2q =
4

3
 

𝐪 =
𝟐

𝟑
 



Since p = 1 − q = 1 −
2

3
 

𝐩 =
𝟏

𝟑
 

Since np = 2 

n

3
= 2 

𝐧 = 𝟔 

The binomial probability function is  𝐏(𝐱) = 𝐂𝐱𝐩𝐱𝐪𝐧−𝐱𝐧  becomes 

 

𝐏(𝐱) = 𝐂𝐱 (
𝟏

𝟑
)

𝐱

(
𝟐

𝟑
)

𝟔−𝐱
𝟔  

The distribution of probability is as follows 

𝐱 0 1 2 3 4 5 6 

P(x) 
(

𝟐

𝟑
)

𝟔

 𝐂𝟏 (
𝟏

𝟑
)

𝟏

(
𝟐

𝟑
)

𝟓
𝟔  𝐂𝟐 (

𝟏

𝟑
)

𝟐

(
𝟐

𝟑
)

𝟒
𝟔  𝐂𝟑 (

𝟏

𝟑
)

𝟑

(
𝟐

𝟑
)

𝟑
𝟔  𝐂𝟒 (

𝟏

𝟑
)

𝟒

(
𝟐

𝟑
)

𝟐
𝟔  𝐂𝟓 (

𝟏

𝟑
)

𝟓

(
𝟐

𝟑
)

𝟏
𝟔  (

𝟏

𝟑
)

𝟔

 

 

2.When a coin is tossed 4 times, find the probability of getting i) exactly one head  

   ii) atmost 3 heads  iii) atleast two heads. 

Sol: Given 𝐧 = 𝟒  , 𝐩 = 𝐏(𝐇) =
𝟏

𝟐
 , 𝐪 = 𝐏(𝐓) =

𝟏

𝟐
            (since p + q = 1) 

From binomial  distribution ,the probability of x successes out of n trials is given by    

                                                     𝐏(𝐱) = 𝐂𝐱𝐩𝐱𝐪𝐧−𝐱𝐧  

                                                     P(x) = Cx (
1

2
)

x

(
1

2
)

4−x
4           

                                                     P(x) = Cx (
1

2
)

4
4  

                                                     𝐏(𝐱) =
𝟏

𝟏𝟔
. 𝐂𝐱

𝟒  

i) P(1 head) = P(x = 1) =
1

16
. C1 =

1

16
(4)4  

 

     𝐏(𝐱 = 𝟏) =
𝟏

𝟒
 

𝐏(𝐱 = 𝟏) = 𝟎. 𝟐𝟓 

ii) P(atmost 3 heads) = P(x ≤ 3) 

                         P(x ≤ 3) = P(x = 0) + P(x = 1) + P(x = 2) + P(x = 3) 



                      P(x ≤ 3) =
1

16
. C0 +

1

16
. C1 +4 1

16
. C2 +4 1

16
. C3

44   

                        P(x ≤ 3) =
1

16
[1 + 4 + 6 + 4] 

                       P(x ≤ 3) =
15

16
 

                       𝐏(𝐱 ≤ 𝟑) = 𝟎. 𝟗𝟑𝟕𝟓 

iii) P(atleast 2 heads) = P(x ≥ 2) 

                         P(x ≥ 2) = 1 − P(x < 3) 

                         P(x ≥ 2) = 1 − [P(x = 0) + P(x = 1) 

                         P(x ≥ 2) = 1 − [
1

16
. C0 +

1

16
. C1

4  4 ] 

                       P(x ≥ 2) = 1 −
1

16
[1 + 4] 

                       P(x ≥ 2) = 1 −
5

16
 

                       P(x ≥ 2) =
11

16
 

                      𝐏(𝐱 ≥ 𝟐) = 𝟎. 𝟔𝟖𝟕𝟓 

 3. In a consignment of electric lamps 5% are defective. If a random sample of 8 lamps are  

      inspected. What is the probability that one or more lamps are defective? 

Sol: Given  n = 8, Probability of defective lamp =𝐩 = 𝟓% =
𝟓

𝟏𝟎𝟎
= 𝟎. 𝟎𝟓 

∴ q = 1 − p = 1 − 0.05 

   𝐪 = 𝟎. 𝟗𝟓 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) =  8cx(0.05)x(0.95)8−x 

Probability that one or more lamps are defective  

P(x ≥ 1) = 1 − P(x < 1) 

P(x ≥ 1) = 1 − P(x = 0) 

 P(x ≥ 1) = 1 −  8c0(0.05)0(0.95)8−0 

 𝐏(𝐱 ≥ 𝟏) = 𝟎. 𝟑𝟑𝟔𝟔. 

Thus the required probability is 0.3366 

4. The probability that a person aged 60 years will live upto 70 is 0.65. What is the  

     probability that out of 10 person aged 60 atleast 7 of them will live upto 70. 

Sol: Given  n = 10, 𝐩 = 𝟎. 𝟔𝟓 



∴ q = 1 − p = 1 − 0.65 

   𝐪 = 𝟎. 𝟑𝟓 

Let x denote the number of person aged 60 years living upto 70 years. 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) = 10cx(0.65)x(0.35)10−x 

Probability that out of 10 person aged 60 atleast 7 of them will live upto 70 

 P(x ≥ 7) = P(7) + P(8) + P(9) + P(10) 

P(x ≥ 7) = 10c7(0.65)7(0.35)3 + 10c8(0.65)8(0.35)2 + 10c9(0.65)9(0.35)1 +

10c10(0.65)10(0.35)0 

P(𝐱 ≥ 𝟕) = 𝟎. 𝟓𝟏𝟑𝟖 

5.The number of telephone lines busy at an instant of time is a binomial variate with   

   probability 0.1 that a line is busy. If 10 such lines are chosen at random, what is the  

    probability that i) no line is busy ii) all lines are busy iii) atleast one line is busy            

    iv) atmost 2 lines are busy. 

Sol: Given  n = 10, 𝐩 = 𝟎. 𝟏 

∴ q = 1 − p = 1 − 0.1 

   𝐪 = 𝟎. 𝟗 

Let x denote the number of telephone lines busy. 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

𝐏(𝐱) = 𝟏𝟎𝐜𝐱(𝟎. 𝟏)𝐱(𝟎. 𝟗)𝟏𝟎−𝐱  

i) Probability that no line is busy  

   P(x = 0) = 10c0(0.1)0(0.9)10−0 = (0.9)10 = 𝟎. 𝟑𝟒𝟖𝟕 

ii) Probability that all lines are busy  

    P(x = 10) = 10c10(0.1)10(0.9)0 = (𝟎. 𝟏)𝟏𝟎 

iii) Probability that atleast one line is busy  

    P(x ≥ 1) = 1 − P(x < 1) 

    P(x ≥ 1) = 1 − P(x = 0) 

    P(x ≥ 1) = 1 − 10c0(0.1)0(0.9)10 

    P(x ≥ 1) = 1 − 0.3487 

    P(𝐱 ≥ 𝟏) = 𝟎. 𝟔𝟓𝟏𝟑 



iv) Probability that atmost 2 lines are busy  

    P(x ≤ 2) = P(x = 0) + P(x = 1) + P(x = 2) 

    P(x ≤ 2) = (0.9)10 + 10c1(0.1)1(0.9)2 + 10c2(0.1)2(0.9)8 

    P(𝐱 ≤ 𝟐) = 𝟎. 𝟗𝟐𝟗𝟖 

6. In a quiz contest of answering ‘Yes’ or ‘No’ what is the probability of guessing atleast 6  

    answers correctly out of 10 questions asked ? Also find the probability of the same if  

    there are 4 options for a correct answer. 

Sol: Given  n = 10  

Let x denote the correct answer . 

i) 𝐩 =
𝟏

𝟐
= 𝟎. 𝟓 

∴ q = 1 − p = 1 − 0.5 

   𝐪 = 𝟎. 𝟓 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) = 10cx(0.5)x(0.5)10−x 

𝐏(𝐱) = 𝟏𝟎𝐜𝐱(𝟎. 𝟓)𝟏𝟎 

Probability of guessing atleast 6 answers correctly out of 10 questions 

P(x ≥ 6) = P(x = 6)+P(x = 7) + P(x = 8) + P(x = 9) + P(x = 10) 

 

P(x ≥ 6) = 10c6(0.5)10 + 10c7(0.5)10 + 10c8(0.5)10 + 10c9(0.5)10 + 10c10(0.5)10 

P(x ≥ 6) = (0.5)10[10c6 + 10c7 + 10c8 + 10c9 + 10c10] 

P(x ≥ 6) = (0.5)10[210 + 120 + 45 + 10 + 1] 

P(𝐱 ≥ 𝟔) = 𝟎. 𝟑𝟕𝟕𝟎 

ii) 𝐩 =
𝟏

𝟒
 

∴ q = 1 − p = 1 −
1

4
 

   𝐪 =
𝟑

𝟒
 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

P(x) = 10cx (
1

4
)

x

(
3

4
)

10−x

 

 

 



P(x) = 10cx

310−x

4x+10−x
 

P(x) = 10cx

310−x

410
 

𝐏(𝐱) =
𝟏

𝟒𝟏𝟎
[𝟑𝟏𝟎−𝐱. 𝟏𝟎𝐜𝐱] 

Probability of guessing atleast 6 answers correctly out of 10 questions 

P(x ≥ 6) = P(x = 6)+P(x = 7) + P(x = 8) + P(x = 9) + P(x = 10) 

 

P(x ≥ 6) =
1

410
[34. 10c6 + 33. 10c7 + 32. 10c8 + 3.10c9 + 10c10] 

P(x ≥ 6) =
1

410
[81.210 + 27.120 + 9.45 + 3.10 + 1] 

 

P(𝐱 ≥ 𝟔) = 𝟎. 𝟎𝟏𝟗𝟕 

7. In sampling a large number of parts manufactured by a company, the mean number of  

    defectives in samples of 20 is 2. Out of 1000 such samples how many would be expected  

    to contain atleast 3 defective parts. 

Sol: Given Mean, μ = 2   and n = 20  

                           np = 2 

                           20p = 2 

                             𝐩 =
𝟏

𝟏𝟎
= 𝟎. 𝟏         

q = 1 − p 

q = 1 −
1

10
              𝐪 =

𝟗

𝟏𝟎
= 𝟎. 𝟗 

Let x denote the defective part. 

From binomial  distribution, 

P(x) =  ncxpxqn−x 

𝐏(𝐱) = 𝟐𝟎𝐜𝐱(𝟎. 𝟏)𝐱(𝟎. 𝟗)𝟐𝟎−𝐱  

 Probability of atleast 3 defective parts 

   P(x ≥ 3) = 1 − P(x < 3) 

   P(x ≥ 3) = 1 − [P(0) + P(1) + P(2)] 

   P(x ≥ 3) = 1 − [20c0(0.1)0(0.9)20 + 20c1(0.1)1(0.9)19 + 20c2(0.1)2(0.9)18] 

   P(x ≥ 3) = 1 − 0.6769 

   P(𝐱 ≥ 𝟑) = 𝟎. 𝟑𝟐𝟑𝟏 

Thus, the number of defectives in 1000 such samples= 1000*0.3231=323.1≅323 



8. If the mean and standard deviation of the number of correctly answered questions in a  

   test given to 4096 students are 2.5 and √1.875 .  Find an estimate the number of  

   candidates answering correctly i) 5 questions ii) 2 or less iii) 8 or more. 

Sol: Given Mean = 2.5   σ = √1.875 

Wkt, μ = np and σ = √V 

Thus, np = 2.5    and  V = npq = 1.875  

Now,  
npq

np
=

1.875

2.5
 

We get  q= 0.75,  and p = 1-q = 0.25 

 n=10 

Let x denote the number of correctly answered questions 

 P(x) = ncxpxqn−x = 10cx(0.25)x(0.75)10−x 

i) Probability that 5 questions are answered correctly 

 P(x = 5) = 10c5(0.25)5(0.75)10−5 

𝐏(𝐱 = 𝟓) = 𝟎. 𝟎𝟓𝟖𝟒 

Estimation for 4096 students is =4096*0.0584 ≅ 𝟐𝟑𝟗 

Number of students correctly answering 5 questions is 239 

ii) Probability that 2 or less questions are answered correctly  

P(x ≤ 2) = P(x = 0) + P(x = 1) + P(x = 2) 

                = 10c0(0.25)0(0.75)10 + 10c1(0.25)1(0.75)9 + 10c2(0.25)2(0.75)8 

𝐏(𝐱 ≤ 𝟐) = 𝟎. 𝟓𝟐𝟓𝟔 

Estimation for 4096 students is =4096*0.5256 ≅ 𝟐𝟏𝟓𝟑 

Number of students correctly answering 2 or less than 2 questions is 2153 

iii) Probability that 8 or more questions are answered correctly  

 

P(x ≥ 8) = P(x = 8) + P(x = 9) + P(x = 10) 

                = 10c8(0.25)8(0.75)2 + 10c9(0.25)9(0.75)1 + 10c10(0.25)10(0.75)0 

𝐏(𝐱 ≥ 𝟖) = 𝟎. 𝟎𝟎𝟎𝟓 

 

Estimation for 4096 students is =4096*0.0005 ≅2 

Number of students correctly answering 8 or more than 8 questions is 2 

. In 800 families with 5 children each how many families would be expected to have  

    i) 3 boys ii)5 girls iii) either 2 or 3 boys iv) atmost 2 girls by assuming probabilities for   

    boys and girls to be equal. 

 



10. An airline knows that 5% of the people making reservations on a certain flight will not  

      turn up. Consequently, their policy is to sell 52 tickets for a flight that can only hold 50   

      people. What is the probability that there will be a seat for every passenger who turns up? 

11. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial  

     distribution for the data and calculate the theoretical frequencies. 

Number of 

heads 

0 1 2 3 4 

Frequency 5 29 36 25 5 

 Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is in 

the form of a frequency distribution we shall first calculate the mean. 

Mean, μ =
∑ fx

∑ f
=

(0)(5)+(1)(29)+(2)(36)+(3)(25)+(4)(5)

5+29+36+25+5
=

196

100
= 1.96  

From binomial distribution, μ = np.  Here n=4 

Hence 4p = 1.96 

              𝐩 = 𝟎. 𝟒𝟗 

              𝐪 = 𝟎. 𝟓𝟏 

From binomial  distribution, 

P(x) =  ncxpxqn−x𝐏(𝐱) = 𝟒𝐜𝐱(𝟎. 𝟒𝟗)𝐱(𝟎. 𝟓𝟏)𝟒−𝐱 
Since 4 coins were tossed , expected(theoretical) frequencies are obtained from 

F(x) = 100P(x) 

F(x) = 100.4cx(0.49)x(0.51)4−x  where  x = 0,1,2,3,4. 

F(0) = 100.4c0(0.49)0(0.51)4 = 6.765 ≅7 

F(1) = 100.4c1(0.49)1(0.51)3 = 25.999 ≅ 26 

F(2) = 100.4c2(0.49)2(0.51)2 = 37.47 ≅ 37 

F(3) = 100.4c3(0.49)3(0.51)1 = 24.0004 ≅ 24 

F(4) = 100.4c4(0.49)4(0.51)0 = 5.765 ≅ 6 

Thus the required theoretical frequencies are 7,26,37,24,6. 

Poisson Distribution 

    Poisson distribution is regarded as the limiting form of the binomial distribution when 𝐧 is 

very large (n → ∞) and 𝐩  the probability of success is very small (p → 0) so that 𝐧𝐩 tends 

to a fixed finite constant say 𝐦. 

Let m be a positive constant. Consider the infinite discrete probability distribution of a 

random variable x is given by P(𝐱) =
𝐦𝐱

𝐱!
𝐞−𝐦 



The above probability density function is called the poisson probability function. 

Mean and Standard deviation of the Poisson Distribution 

             Mean, 𝛍 = 𝐦     

       Variance, 𝐕 = 𝐦 

Std. Deviation, 𝛔 = √𝐦 

Problems 

1. The probabilities of a poisson variate taking the values 3 and 4 are equal. Find the PDF. 

Also, calculate the probabilities of the variate taking the values 0 and 1. 

Sol: Given P(x = 3) = P(x = 4) 

m3

3!
e−m =

m4

4!
e−m 

4!

3!
=

m4

m3
 

 ∴  𝐦 = 𝟒. 

From poisson distribution, 

P(x) =
mx

x!
e−m =

4x

x!
e−4 

P(x = 0) =
40

0!
e−4 = 𝟎. 𝟎𝟏𝟖𝟑                   P(x = 1) =

41

1!
e−4 = 𝟎. 𝟎𝟕𝟑𝟑 

2. In a certain factory turning out razor blades there is a small probability of 
1

500
 for any  

    blade to be defective. The blades are supplied in packets of 10. Use poisson distribution 

    to calculate the approximate number of packets containing i) no defective ii) one  

    defective iii) two defective blades in a consignment of 10,000 packets. 

Sol: Probability of a defective blade= p =
1

500
= 0.002 

In a packet of 10, the mean number of defective blades is  

Mean, m = np 

            m = 10(0.002) 

            𝐦 = 𝟎. 𝟎𝟐 

From poisson distribution, 

P(x) =
mx

x!
e−m 

P(x) =
(0.02)x

x!
e−(0.02) 



P(x) = (0.9802)
(0.02)x

x!
                                                   ( Since e−0.02 = 0.9802) 

i) Probability of no defective 

       P(x = 0) = (0.9802)
(0.02)0

0!
= 0.9802 

       For consignment of 10,000 packets= 𝟏𝟎, 𝟎𝟎𝟎 ∗ 𝟎. 𝟗𝟖𝟎𝟐 = 𝟗𝟖𝟎𝟐 

ii) Probability of one defective 

       P(x = 1) = (0.9802)
(0.02)1

1!
= 0.0196        

     For consignment of 10,000 packets= 𝟏𝟎, 𝟎𝟎𝟎 ∗ 𝟎. 𝟎𝟏𝟗𝟔 = 𝟏𝟗𝟔 

iii) Probability of one defective 

       P(x = 2) = (0.9802)
(0.02)2

2!
= 0.0002        

     For consignment of 10,000 packets= 𝟏𝟎, 𝟎𝟎𝟎 ∗ 𝟎. 𝟎𝟎𝟎𝟐 =2 

3. The number of accidents in a year to taxi drivers in a city follows a Poisson distribution 

    with mean 3. Out of 1000 taxi drivers find approximately the number of the drivers with 

    i) no accident in a year ii) more than 3 accidents in a year. 

Sol: Given Mean=3 

Mean, μ = m 

            𝐦 = 𝟑 

From poisson distribution, 

P(x) =
mx

x!
e−m 

P(x) =
(3)x

x!
e−3 

P(x) = (0.05)
(3)x

x!
                                                   ( Since e−3 = 0.05) 

i) Probability of number of drivers with no accident in a year 

    P(x = 0) = (0.05)
(3)0

0!
= 0.05 

    Number of drivers out of 1𝟎𝟎𝟎 with no accident in a year = 𝟏, 𝟎𝟎𝟎 ∗ 𝟎. 𝟎𝟓 = 𝟓𝟎 

ii) Probability of more than 3 accidents in a year 

     P(x > 3) = 1 − P(x ≤ 3) 

     P(x > 3) = 1 − [P(0) + P(1) + P(2) + P(3)]    

    P(x > 3) = 1 − [(0.05)
(3)0

0!
+ (0.05)

(3)1

1!
+ (0.05)

(3)2

2!
+ (0.05)

(3)3

3!
] 

     P(x > 3) = 1 − (0.05)[1 + 3 + 4.5 + 4.5] 



    P(x > 3) = 0.35 

  Number of drivers out of 1𝟎𝟎𝟎 with more than 3 accidents in a year = 𝟏, 𝟎𝟎𝟎 ∗ 𝟎. 𝟑𝟓 =

𝟑𝟓𝟎 

4. Given that 2% of the fuses manufactured by a firm are defective, find, by using poisson  

    distribution, the probability that a box containing 200 fuses has i) no defective fuse 

    ii) at least one defective fuse iii) exactly 3 defective fuses  iv) 3 or more defective fuses. 

Sol: The probability that a fuses is defective p = 2/100=0.02. 

And  n=200 

Mean, μ = np = 200 ∗ 0.02 ; 𝐦 = 𝟒 

From poisson probability function       P(x) =
mx

x!
e−m 

 P(x) =
4x

x!
e−4 

Let x denotes the number of defective fuses in a box containing 200 fuses 

i) Probability that the box contains no defective fuse 

    P(x = 0) =  
40

0!
e−4 = 𝟎. 𝟎𝟏𝟖𝟑 

ii) Probability that the box contains at least one defective fuse is 

      P(x ≥ 1) = 1 − P(x < 1) 

                         = 1 − P(x = 0) 

                         = 1 − 0.013 

       𝐏(𝐱 ≥ 𝟏) = 𝟎. 𝟗𝟖𝟏𝟕 

iii) Probability that the box contains exactly 3 defective fuse 

      P(x = 3) =
43

3!
e−4 

      𝐏(𝐱 = 𝟑) = 𝟎. 𝟏𝟗𝟓𝟐 

iv) Probability that the box contains  3 or more defective fuses 

       P(x ≥ 3) = 1 − P(x < 3) 

        P(x ≥ 3) = 1 − [ 
40

0!
e−4 +  

41

1!
e−4 +  

42

2!
e−4] 

        𝐏(𝐱 ≥ 𝟑) = 𝟎. 𝟕𝟔𝟐𝟏 

5. A certain screw making machine has a chance of producing 2 defectives out of 1000. The  

    screws are packed in boxes of 100. Using poisson distribution , find the approximate  

    number of boxes containing i) no defective screw ii)one defective screw iii) two defective  

    screw, in a consignment of 5000 boxes. 

Sol: The probability that a screw is defective is given as p=2/1000 = 0.002. 



Here n=100 

Mean = np=100X0.002=0.2 ; 𝐦 = 𝟎. 𝟐 

From poisson probability function   P(x) =
mx

x!
e−m 

 P(x) =
(0.2)x

x!
e−0.2 

Let x denotes the number of defective fuses in a box containing 100 screws 

i) Probability that the box contains no defective screw 

    𝐏(𝐱 = 𝟎) =
𝟎.𝟐𝟎

𝟎!
𝐞−𝟎.𝟐 = 𝟎. 𝟖𝟏𝟖𝟕 

Number of boxes containing no defective screw in 5000 boxes =5000*0.8187=4094 

 

ii) Probability that the box contains one defective screw is 

    P(x = 1) =  
(0.2)1

1!
e−0.2 

 

                      = 0.2X0.8187 

 

   𝐏(𝐱 = 𝟏) = 𝟎. 𝟏𝟔𝟑𝟕 

Number of boxes containing one defective screw in 5000 boxes =5000*0.1637=819 

iii) Probability that the box contains two defective screw is 

    P(x = 2) =  
(0.2)2

2!
e−0.2 

 

                      = 0.02X0.8187 

 

   𝐏(𝐱 = 𝟐) = 𝟎. 𝟎𝟏𝟔𝟑 

Number of boxes containing two defective screw in 5000 boxes =5000*0.0163=82 

6. A communication channel receives independent pulses at the rate of 12 pulses per micro  

    second. The probability of transmission error is 0.001 for each micro second. Compute  

    the probabilities of i) no error during a micro second ii) one error per micro second  

    iii) atleast one per micro second iv) two errors v) atmost two errors. 

Sol: Given n = 12    and p = 0.001  

Mean number of errors in one micro second 

μ = np 

m = 12 ∗ 0.001                        (Since μ = m,  from poisson distribution) 

𝐦 = 𝟎. 𝟎𝟏𝟐 

From Poisson distribution  

P(x) =
mx

x!
. e−m 



P(x) =
(0.012)x

x!
. e−(0.012) 

P(x) = (0.9880)
(0.012)x

x!
                                  (Sincee−(0.012) = 0.9880)          

i) Probability of no error during a micro second 

       P(x = 0) = (0.9880)
(0.012)0

0!
 

      𝐏(𝐱 = 𝟎) = 𝟎. 𝟗𝟖𝟖𝟎 

ii) Probability of one error during a micro second 

       P(x = 1) = (0.9880)
(0.012)1

1!
 

      𝐏(𝐱 = 𝟏) = 𝟎. 𝟎𝟏𝟏𝟗 

iii) Probability of atleast one error during a micro second 

       P(x ≥ 1) = 1 − P(x < 1) 

       P(x ≥ 1) = 1 − P(x = 0) 

P(x ≥ 1) = 1 − P(x = 0) 

P(x ≥ 1) = 1 − 0.9880 

𝐏(𝐱 ≥ 𝟏) = 𝟎. 𝟎𝟏𝟐 

iv) Probability of two error during a micro second 

       P(x = 2) = (0.9880)
(0.012)2

2!
 

      𝐏(𝐱 = 𝟐) = 𝟎. 𝟎0007 

v) Probability of atmost two error during a micro second 

       P(x ≤ 2) = P(x = 0) + P(x = 1) + P(x = 2) 

       P(x ≤ 2) = 0.9880 + 0.0119 + 0.00007 

        𝐏(𝐱 ≤ 𝟐) = 𝟎.99997 

Continuous Probability Distribution 

       If for every x belonging to the range of a continuous random variable X, we assign a real 

number f(x) satisfying the conditions, 

i) f(x) ≥ 0    ii) ∫ f(x)dx = 1
∞

−∞
  , then f(x) is called a Continuous probability function or 

probability density function ( p.d.f ) 

Cumulative distribution function 

     If X is a continuous random variable with probability density function f(x) then the 

function F(x) defined by F(x) = P(X ≤ x) = ∫ f(x)dx
x

−∞
 is called the Cumulative distribution 

function (c.d.f) of X. 



NOTE: If r is any real number, then 

1. P(x ≥ r) = ∫ f(x)dx
∞

r
 

P(x < r) = 1 − P(x ≥ r) = 1 − ∫ f(x)dx

∞

r

 

Mean and Variance 

     If X is a continuous random variable with probability density function f(x) where  

−∞ < x < ∞  , the mean (μ)  or expectation E(X) and the variance (σ2) of X is defined as 

follows. 

Mean,  μ = ∫ x.  f(x)dx
∞

−∞
 

Variance, σ2 = ∫ (x − μ)2. f(x) dx
∞

−∞
  or      V = ∫ x2. f(x) dx

∞

−∞
− μ2 

Problems 

1. Find which of the following is a probability density function 

      a) f1(x) = {
2x,    0 < x < 1
0,      otherwise

              b) f2(x) = {
|x|,    0 < |x| ≤ 1
0,      otherwise

 

      c) f3(x) = {
    2x     ,  0 < x ≤ 1
4 − 4x  ,  1 < x < 2
       0  ,      otherwise

 

Sol: Conditions for p.d.f are f(x) ≥ 0  and    ∫ f(x)dx = 1
∞

−∞
 

a) Clearly  f1(x) ≥ 0  

     ∫ f1(x)dx = ∫ f1(x) dx = ∫ 2x dx = 2. [
x2

2
]

0

1
1

0

1

0

∞

−∞
= [1 − 0] = 1 

∴  f1(x) is a p.d.f 

b) Evidently   f2(x) = |x| ≥ 0  

     ∫ f2(x)dx = ∫ f2(x) dx = ∫ |x| dx
1

−1

1

−1

∞

−∞
 

But,|x| = {
−x,    − 1 < x < 0
+x,       0 < x < 1

 

∴  ∫ f2(x)dx = ∫ (−x) dx + ∫ x dx
1

0

0

−1

∞

−∞
 

∫ f2(x)dx = − [
x2

2
]

−1

0

+ [
x2

2
]

0

1∞

−∞

 

∫ f2(x)dx = − [0 −
1

2
] + [

1

2
− 0] =

1

2
+

1

2
= 1

∞

−∞

 



∴  f2(x) is a p.d.f  

c) Given f3(x) = 2x > 0  in 0 < x ≤ 1 

    But    f3(x) = 4 − 4x is negative in 1 < x < 2 

    The first condition is not satisfied. 

 ∴  f3(x) is not a p.d.f  

2. Find the value of c such that  f(x) = {
x

6
+ c,    0 ≤ x ≤ 3

       0,      elsewhere
 is a p.d.f . Also find           

    P(1 ≤ x ≤ 2). 

Sol: Here f(x) ≥ 0  if  c ≥ 0 ; Also we must have    ∫ f(x)dx = 1
∞

−∞
 

i.e.,   ∫ (
x

6
+ c) dx = 1

3

0
 

i.e.,   [
x2

12
+ cx]

0

3

= 1 

i.e., 
1

12
(9 − 0) + c(3 − 0) = 1 

i.e., 
9

12
+ 3c = 1 

i.e., 3c = 1 −
9

12
 

3c =
3

12
 

 

∴ 𝐜 =
𝟏

𝟏𝟐
 

Now, P(1 ≤ x ≤ 2) = ∫ f(x)dx
2

1
 

                                    = ∫ (
x

6
+

1

12
) dx

2

1
 

                                    = [
x2

12
+

x

12
]

1

2

 

                                  =
1

12
(4 − 1) +

1

12
(2 − 1) 

                                    =
3

12
+

1

12
=

4

12
 

          𝐏(𝟏 ≤ 𝐱 ≤ 𝟐) =
𝟏

𝟑
 

3. Find the constant k such that  f(x) = {
kx2,    0 < x < 3

       0,      otherwise
   is a p.d.f . Also compute           

    i) P(1 < x < 2)   ii) P(x ≤ 1)   iii) P(x > 1)    iv) Mean   v) Variance 

Sol: : Here f(x) ≥ 0  if  k ≥ 0 ; Also we must have    ∫ f(x)dx = 1
∞

−∞
 



i.e.,   ∫ kx2 dx = 1
3

0
 

i.e.,   [
kx3

3
]

0

3

= 1 

i.e., 
k

3
(27 − 0) = 1 

i.e., 9k = 1 

i.e., 𝐤 =
𝟏

𝟗
 

∴ f(x) = {
x2

9
,    0 < x < 3

    0,    otherwise
 

i) P(1 < x < 2) = ∫ f(x)dx
2

1
 

                               = ∫
x2

9
 dx

2

1
 

                               = [
x3

27
]

1

2

 

                            =
1

27
(8 − 1) 

    𝐏(𝟏 < 𝐱 < 𝟐) =
𝟕

𝟐𝟕
 

 ii) P(x ≤ 1) = ∫ f(x)dx
1

0
 

P(x ≤ 1) = ∫
x2

9
 dx

1

0

 

                = [
x3

27
]

0

1

 

                =
1

27
(1 − 0) 

    𝐏(𝐱 ≤ 𝟐) =
𝟏

𝟐𝟕
 

iii) P(x > 1) = ∫ f(x)dx
3

1
 

                     = ∫
x2

9
 dx

3

1
 

P(x > 1) = [
x3

27
]

1

3

 

                 =
1

27
(27 − 1) 

    𝐏(𝐱 > 𝟏) =
𝟐𝟔

𝟐𝟕
 



iv) Mean, μ = ∫ x.  f(x)dx
∞

−∞
 

                   = ∫ x.
x2

9
dx

3

0
 

                     = ∫
x3

9
dx

3

0
 

                 μ = [
x4

36
]

0

3

 

μ =
1

36
(81 − 0) 

μ =
81

36
 

𝛍 =
𝟗

𝟒
 

v)Variance, V = ∫ x2. f(x) dx
∞

−∞
− μ2 

                            = ∫ x2.
x2

9
dx − (

9

4
)

23

0
 

                            = ∫
x4

9
dx −

81

16

3

0
 

                             = [
x5

45
]

0

3

−
81

16
 

V =
1

45
[35 − 0] −

81

16
 

V =
243

45
−

81

16
 

V =
81

240
 

𝐕 =
𝟐𝟕

𝟖𝟎
 

Exponential Distribution 

The continuous probability distribution having the probability density function f(x) given by 

f(x) = { 
αe−αx,   for   x > 0

0,      otherwise 
    , where α > 0 is known as the exponential distribution. 

 Evidently f(x) ≥ 0 and we have ∫ f(x)dx
∞

−∞
= 1. 

   f(x) satisfy both the conditions required for a continuous probability function. 

Mean and standard deviation of the Exponential Distribution 

Mean ,  𝛍 =
𝟏

𝛂
 



Std. deviation ,  𝛔 =
𝟏

𝛂
 

Problems 

1. If x is an exponential variate with mean 3 find i) P(x > 1)  ii) P(x < 3)  

Sol: The p.d.f of the exponential distribution is given by  

f(x) = {
αe−αx,   for 0 < x < ∞

0,   otherwise
 

The mean of the distribution is given by 
1

α
. 

By data, μ =
1

α
= 3 

                 ∴   𝛂 =
𝟏

𝟑
 

Hence , f(x) = {
1

3
e−

x

3,   for 0 < x < ∞

0,   otherwise
 

i) P(x > 1) = 1 − P(x ≤ 1) 

P(x > 1) = 1 − P(x ≤ 1) 

                    = 1 − ∫ f(x)dx
1

0
 

                     = 1 − ∫
1

3
e−

x

3 dx
1

0
 

                         = 1 −
1

3
∫ e−

x

3 dx
1

0
 

                    = 1 −
1

3
[

e
−

x
3

−
1

3

]
0

1

 

                    = 1 + [e−
1

3 − e−0] 

                    = 1 + e−
1

3 − 1 

                     = e−
1

3 

𝐏(𝐱 > 𝟏) = 0.7165 

ii) P(x < 3) = ∫ f(x)dx

3

0

 

                     = ∫
1

3
e−

x

3 dx
3

0
 

                         =
1

3
∫ e−

x

3 dx
3

0
 



                    =
1

3
[

e
−

x
3

−
1

3

]
0

3

 

                    = −[e−1 − e−0] 

                    = −e−1 + 1 = 1 −
1

e
 

𝐏(𝐱 < 𝟑) = 𝟎. 𝟔𝟑𝟐𝟏 

2. The length of telephone conversation in a booth has been an exponential distribution and  

    found on an average to be 5 minutes. Find the probability that a random call made from 

    this booth i) ends less than 5 minutes  ii) between 5 and 10 minutes. 

Sol: We have, f(x) = αe−αx,    0 < x < ∞ 

       By data, μ =
1

α
= 5 

                 ∴   𝛂 =
𝟏

𝟓
 

f(x) =
1

5
e−

x
5,    0 < x < ∞ 

i) P(x < 5) = ∫ f(x)dx

5

0

 

                           = ∫
1

5
e−

x

5 dx
5

0
 

                       =
1

5
∫ e−

x

5 dx
5

0
 

P(x < 5) =
1

5
[
e−

x
5

−
1
5

]

0

5

 

                   = −[e−1 − e−0] 

                = −e−1 + 1 = 1 −
1

e
 

𝐏(𝐱 < 𝟓) = 𝟎. 𝟔𝟑𝟐𝟏 

ii) P(5 < x < 10) = ∫ f(x)dx

10

5

 

                           = ∫
1

5
e−

x

5 dx
10

5
 

                       =
1

5
∫ e−

x

5 dx
10

5
 



P(5 < x < 10) =
1

5
[
e−

x
5

−
1
5

]

5

10

 

                                = −[e−2 − e−1] 

                             = −e−2 + e−1 =
1

e
−

1

e2 

𝐏(𝟓 < 𝐱 < 𝟏𝟎) = 𝟎. 𝟐𝟑𝟐𝟓 

3. In a certain town the duration of a shower is exponentially distributed with mean 5  

    minutes. What is the probability that a shower  will last for:   (i) 10 minutes or more    

    (ii) less than 10 minutes (iii) between 10 and 12 minutes.  

Sol: We have, f(x) = αe−αx,    0 < x < ∞ 

       By data, μ =
1

α
= 5 

                 ∴   𝛂 =
𝟏

𝟓
 

f(x) =
1

5
e−

x
5,    0 < x < ∞ 

i) P(x ≥ 10) = ∫ f(x)dx

∞

10

 

                           = ∫
1

5
e−

x

5 dx
∞

10
 

                       =
1

5
∫ e−

x

5 dx
∞

10
 

                           =
1

5
[

e
−

x
5

−
1

5

]
10

∞

 

                          = −[e−∞ − e−2] 

                = −e−∞ + e−2 = −0 + e−2 

𝐏(𝐱 ≥ 𝟏𝟎) = 𝟎. 𝟏𝟑𝟓𝟑 

ii) P(x < 10) = 1 − P(x ≥ 10) 

    P(x < 10) = 1 − 0.1353   

    𝐏(𝐱 < 𝟏𝟎) = 𝟎. 𝟖𝟔𝟒𝟕 

iii) P(10 < x < 12) = ∫ f(x)dx

12

10

 

                                     = ∫
1

5
e−

x

5 dx
12

10
 



                                    =
1

5
∫ e−

x

5 dx
12

10
 

                                    =
1

5
[

e
−

x
5

−
1

5

]
10

12

 

                                  = −[e−2.4 − e−2] 

P(10 < x < 12) = e−2 − e−2.4 

𝐏(𝟏𝟎 < 𝐱 < 𝟏𝟐) = 𝟎. 𝟎𝟒𝟒𝟔 

4.The life of a compressor manufactured by a company is known to be 200 months on an  

   average following an exponential distribution. Find the probability that the life of a  

   compressor of that company is i) less than 200 months ii) between 100 months and 25  

   years. 

Sol:  We have, f(x) = αe−αx,    0 < x < ∞ 

       By data, μ =
1

α
= 200 

                 ∴   𝛂 =
𝟏

𝟐𝟎𝟎
 

f(x) =
1

200
e−

x
200 ,    0 < x < ∞ 

i) P(x < 200) = ∫ f(x)dx

200

0

 

                       = ∫
1

200
e−

x

200dx
200

0
 

                       =
1

200
∫ e−

x

200 dx
200

0
 

                           =
1

200
[

e
−

x
200

−
1

200

]
0

200

 

                         = −[e−1 − e−0] 

                = −e−1 + 1 = 1 −
1

e
 

𝐏(𝐱 < 𝟐𝟎𝟎) = 𝟎. 𝟔𝟑𝟐𝟏 

Now, 25 years=25*12 months=300 months 

ii) P(100 < x < 300) = ∫ f(x)dx

300

100

 

                                          = ∫
1

200
e−

x

200dx
300

100
 



                                          =
1

200
∫ e−

x

200dx
300

100
 

                                  =
1

200
[

e
−

x
200

−
1

200

]
100

300

 

                                  = −[e−1.5 − e−2] 

𝐏(𝟏𝟎𝟎 < 𝐱 < 𝟑𝟎𝟎) = 𝟎. 𝟑𝟖𝟑𝟒 

5. Determine k if random variable x has the density function f(x) =
k

1+x2
,  − ∞ < x < ∞  

    hence find i)P(x ≥ 0)   ii) P(0 < x < 1)  iii) c. d. f 

Sol: Given f(x) is a probability density function. 

∴   f(x) ≥ 0    and  ∫ f(x)dx = 1
∞

−∞
  

i.e., ∫
k

1+x2 dx = 1
∞

−∞
 

2k ∫
1

1 + x2
dx = 1

∞

0

 

2k[tan−1x]0
∞ = 1                   ;       2k[tan−1(∞) − tan−1(0)] = 1 

2k [
π

2
− 0] = 1 

k. π = 1𝐤 =
𝟏

𝛑
 

f(x) =

1
π

1 + x2
 

i)P(x ≥ 0) = ∫ f(x)dx

∞

0

 

                      = ∫
1

π

1+x2 dx
∞

0
 

                      =
1

π
∫

1

1+x2
dx

∞

0
 

                     =
1

π
[tan−1x]0

∞ 

P(x ≥ 0) =
1

π
[tan−1(∞) − tan−1(0)] 

P(x ≥ 0) =
1

π
[
π

2
− 0] 

𝐏(𝐱 ≥ 𝟎) =
𝟏

𝟐
 



ii)P(0 < x < 1) = ∫ f(x)dx

1

0

 

                      = ∫
1

π

1+x2 dx
1

0
 

                      =
1

π
∫

1

1+x2 dx
1

0
 

    P(0 < x < 1) =
1

π
[tan−1x]0

1 

                           =
1

π
[tan−1(1) − tan−1(0)] 

                         =
1

π
[

π

4
− 0] 

𝐏(𝟎 < 𝐱 < 𝟏) =
𝟏

𝟒
 

iii)c. d. f = ∫ f(x)dx

x

−∞

 

                      = ∫
1

π

1+x2 dx
x

−∞
 

                      =
1

π
∫

1

1+x2 dx
x

−∞
 

c. d. f =
1

π
[tan−1x]−∞

x  

           =
1

π
[tan−1(x) − tan−1(−∞)] 

            =
1

π
[tan−1x − (−

π

2
)] 

𝐜. 𝐝. 𝐟 =
𝟏

𝛑
[𝐭𝐚𝐧−𝟏𝐱 +

𝛑

𝟐
]   if   −∞ < 𝐱 < ∞. 

6. The daily turn over in a medical shop is exponentially distributed with Rs.6000 as the  

    average with  a net profit of 8%. Find the probability that the net profit exceeds Rs.500  

   on a randomly chosen day. 

Sol: Let ‘x’ denote the turn over per day. 

     ∴ By exponential distribution 

           f(x) = αe−αx  ; x > 0. 

Given, By data, μ =
1

α
= 6000 

                 ∴   𝛂 =
𝟏

𝟔𝟎𝟎𝟎
 



f(x) =
1

6000
e−

x
6000 ,    0 < x < ∞ 

Let ‘A’ be the turn over for which the net profit is Rs.500. 

Since the net profit is 8% of the turn over, 

A ∗
8

100
= 500 

⇒   𝐀 = 𝟔𝟐𝟓𝟎 

∴ The probability of profit exceeding Rs.500 is 

P(x > 6250) = ∫ f(x)dx

∞

6250

 

P(x > 6250) = ∫
1

6000
e− 

x
6000dx

∞

6250

 

                      =
1

6000
∫ e−

x

6000dx
∞

6250
 

                             =
1

6000
[

e
−

x
6000

−
1

6000

]
6250

∞

 

                             = − [e−∞ − e−
6250

6000] 

                             = e− 
6250

6000 

𝐏(𝐱 > 𝟔𝟐𝟓𝟎) = 𝟎. 𝟑𝟓𝟐𝟗 

Normal Distribution 

The continuous probability distribution having the probability density function f(x) given  

by f(x) =
1

σ√2π
e

− 
(x−μ)2

2σ2     where −∞ < x < ∞ ,   − ∞ < μ < ∞   and  σ > 0  is known as the 

normal distribution. 

Evidently f(x) ≥ 0 and we have ∫ f(x)dx
∞

−∞
= 1. 

   f(x) satisfy both the conditions required for a continuous probability function. 

Mean and standard deviation of the Normal Distribution 

𝐌𝐞𝐚𝐧 = 𝛍 

𝐕𝐚𝐫𝐢𝐚𝐧𝐜𝐞 = 𝛔𝟐 

Geometrically we can write  

𝐢) ∫ 𝛟(𝐳)𝐝𝐳 = 𝟏
∞

−∞
                  𝐢𝐢) ∫ 𝛟(𝐳)𝐝𝐳 = ∫ 𝛟(𝐳)𝐝𝐳 =

∞

𝟎

𝟏

𝟐

𝟎

−∞
 



Note 

1. P(−∞ ≤ z ≤ ∞) = 1     

2.  P(−∞ ≤ z ≤ 0) =
1

2
     

3.  P(0 ≤ z ≤ ∞)  𝐨𝐫   P(z ≥ 0) =
1

2
 

Also, P(−∞ < z < z1) = P(−∞ < z ≤ 0) + P(0 ≤ z < z1) 

i.e., 𝐏(𝐳 < 𝐳𝟏) = 𝟎. 𝟓 + 𝛟(𝐳𝟏) 

Also, P(z > z2) = P(z ≥ 0) − P(0 ≤ z < z2) 

i.e., 𝐏(𝐳 > 𝐳𝟐) = 𝟎. 𝟓 − 𝛟(𝐳𝟐) 

Problems 

1. Evaluate the following probabilities with the help of normal probability tables 

       i) P(z ≥ 0.85)   ii) P(−1.64 ≤ z ≤ −0.88)   iii) P(z ≤ −2.43)   iv) P(|z| ≤ 1.94) 

Sol: i) P(z ≥ 0.85) =  P(z ≥ 0) −  P(0 ≤ z ≤ 0.85) 

                                     = 0.5 − ϕ(0.85)  

                                     = 0.5 − 0.3023 

              𝐏(𝐳 ≥ 𝟎. 𝟖𝟓) = 𝟎. 𝟏𝟗𝟕𝟕 

 ii) P(−1.64 ≤ z ≤ −0.88) 

      By Symmetry, P(−1.64 ≤ z ≤ −0.88) = P(0.88 ≤ z ≤ 1.64) 

                                                                              = P(0 ≤ z ≤ 1.64) − P(0 ≤ z ≤ 0.88) 

                                                                              = ϕ(1.64) − ϕ(0.88) 

                                                                              = 0.4495 − 0.3106                

                                 𝐏(−𝟏. 𝟔𝟒 ≤ 𝐳 ≤ −𝟎. 𝟖𝟖) = 𝟎. 𝟏𝟑𝟖𝟗 

iii) P(z ≤ −2.43) = P(z ≥ 2.43) 

P(z ≤ −2.43) = P(z ≥ 0) −  P(0 ≤ z ≤ 2.43) 

                               = 0.5 − ϕ(2.43)  

                               = 0.5 − 0.4925 

   𝐏(𝐳 ≥ −𝟐. 𝟒𝟑) = 𝟎. 𝟎𝟎𝟕𝟓 

iv) P(|z| ≤ 1.94) = P(−1.94 ≤ z ≤ 1.94) 

                                  = 2 P(0 ≤ z ≤ 1.94) 

                                  = 2. ϕ(1.94) 

                                  = 2. (0.4738) 



        𝐏(|𝐳| ≤ 𝟏. 𝟗𝟒) = 𝟎. 𝟗𝟒𝟕𝟔 

2. If x is a normal variate with mean 30 and standard deviation 5 find the probability that  

    i) 26 ≤ x ≤ 40       ii) x ≥ 45 

Sol: We have standard normal variate, z =
x−μ

σ
=

x−30

5
         [By data μ = 30,  σ = 5 ] 

i) To find 𝐏(𝟐𝟔 ≤ 𝐱 ≤ 𝟒𝟎)  

    If x = 26 , z =
26−30

5
= −0.8           ;      If x = 40 , z =

40−30

5
= 2 

Hence we need to find , 𝐏(−𝟎. 𝟖 ≤ 𝐳 ≤ 𝟐)  

P(−0.8 ≤ z ≤ 2) = P(−0.8 ≤ z ≤ 0) + P(0 ≤ z ≤ 2) 

                                 = P(0 ≤ z ≤ 0.8) + P(0 ≤ z ≤ 2) 

                                 = ϕ(0.8) + ϕ(2) 

                                 = 0.2881 + 0.4772 

𝐏(−𝟎. 𝟖 ≤ 𝐳 ≤ 𝟐) = 𝟎. 𝟕𝟔𝟓𝟑 

ii) To find 𝐏(𝐱 ≥ 𝟒𝟓)  

    If x = 45 , z =
45−30

5
= 3 

Hence we need to find , 𝐏(𝐳 ≥ 𝟑)  

P(z ≥ 3) = P(z ≥ 0) − P(0 ≤ z ≤ 3) 

                  = 0.5 − ϕ(3) 

                  = 0.5 − 0.4987 

𝐏(𝐳 ≥ 𝟑) = 𝟎. 𝟎𝟎𝟏𝟑 

3. The marks of 1000 students in an examination follows a normal distribution with mean  

    70 and standard deviation 5. Find the number of students whose marks will be  

     i) less than 65 ii) more than 75 iii) 65 to 75 

Sol: Let x represent the marks of students 

We have standard normal variate, z =
x−μ

σ
=

x−70

5
         [By data μ = 70,  σ = 5 ] 

i) To find 𝐏(𝐱 < 𝟔𝟓)  

    If x = 65 , z =
65−70

5
= −1            

Hence we need to find , 𝐏(𝐳 < −𝟏)  

P(z < −1) = P(z > 1) 

                     = P(z ≥ 0) − P(0 ≤ z ≤ 1) 



                     = 0.5 − ϕ(1) 

                     = 0.5 − 0.3413 

𝐏(𝐳 < −𝟏) = 𝟎. 𝟏𝟓𝟖𝟕 

Number of students scoring less than 65 marks=1000*0.1587= 𝟏𝟓𝟖. 𝟕 ≅ 𝟏𝟓𝟗 

ii) To find 𝐏(𝐱 > 𝟕𝟓)  

    If x = 75 , z =
75−70

5
= 1 

Hence we need to find , 𝐏(𝐳 > 𝟏) 

P(z > 1) = P(z ≥ 0) − P(0 ≤ z ≤ 1) 

                     = 0.5 − ϕ(1) 

                     = 0.5 − 0.3413 

𝐏(𝐳 > 𝟏) = 𝟎. 𝟏𝟓𝟖𝟕 

Number of students scoring more than 75 marks=1000*0.1587= 𝟏𝟓𝟖. 𝟕 ≅ 𝟏𝟓𝟗 

iii) To find 𝐏(𝟔𝟓 < 𝐱 < 𝟕𝟓) 

  

Hence we need to find , 𝐏(−𝟏 < 𝐳 < 𝟏) 

𝐏(−𝟏 < 𝐳 < 𝟏) = 𝟐𝐏(𝟎 < 𝐳 < 𝟏) 

                           = 2ϕ(1) 

                              = 2(0.3413) 

𝐏(−𝟏 < 𝐳 < 𝟏) = 𝟎. 𝟔𝟖𝟐𝟔 

Number of students scoring marks between 65 to 75 marks=1000*0.6826= 𝟔𝟖𝟐. 𝟔 ≅

𝟔𝟖𝟑 

4. In a test on electric bulbs, it was found that the life time of a particular brand was distributed  

normally with an average life of 2000 hours and S.D of 60 hours. If a firm purchases 2500 

bulbs, find the number of bulbs that are likely to last for  i) more than 2100 hours ii) less than 

1950 hours iii) between 1900 to 2100 hours. 

Sol: Given μ = 2000,       σ = 60  

We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
=

𝐱−𝟐𝟎𝟎𝟎

𝟔𝟎
 

i) To find 𝐏(𝐱 > 𝟐𝟏𝟎𝟎)  

    If x = 2100 , z =
2100−2000

60
= 1.67            

Hence we need to find , 𝐏(𝐳 > 𝟏. 𝟔𝟕)  

P(z > 1.67) = P(z ≥ 0) − P(0 < z < 1.67) 



                          = 0.5 − ϕ(1.67) 

                          = 0.5 − 0.4525 

𝐏(𝐳 > 𝟏. 𝟔𝟕) = 𝟎. 𝟎𝟒𝟕𝟓 

∴  Number of bulbs that are likely to last for more than 2100 hours = 𝟐𝟓𝟎𝟎 ∗ 𝟎. 𝟎𝟒𝟕𝟓 

                                                                                                                       = 𝟏𝟏𝟖. 𝟕𝟓 ≅ 𝟏𝟏𝟗 

ii) To find 𝐏(𝐱 < 𝟏𝟗𝟓𝟎)  

 

    If x = 1950 , z =
1950−2000

60
= −0.83            

Hence we need to find , 𝐏(𝐳 < −𝟎. 𝟖𝟑)  

P(z < −0.83) = P(z > 0.83) 

                          = P(z ≥ 0) − P(0 < z < 0.83) 

                          = 0.5 − ϕ(0.83) 

                          = 0.5 − 0.2967 

𝐏(𝐳 < −𝟎. 𝟖𝟑) = 𝟎. 𝟐𝟎𝟑𝟑 

∴  Number of bulbs that are likely to last for more than 1950 hours = 𝟐𝟓𝟎𝟎 ∗ 𝟎. 𝟐𝟎𝟑𝟑 

                                                                                                                    = 𝟓𝟎𝟖. 𝟐𝟓 ≅ 𝟓𝟎𝟖 

iii) To find 𝐏(𝟏𝟗𝟎𝟎 < 𝐱 < 𝟐𝟏𝟎𝟎)  

 

    If x = 1900 , z =
1900−2000

60
= −1.67     ; If x = 2100 , z =

2100−2000

60
= 1.67     

Hence we need to find , 𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟏. 𝟔𝟕)  

P(−1.67 < z < 1.67) = 2P(0 < z < 1.67) 

                                        = 2 ∗ ϕ(1.67) 

                                        = 2 ∗ 0.4525 

𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟏. 𝟔𝟕) = 𝟎. 𝟗𝟎𝟓 

∴  Number of bulbs that are likely to last between1900 and 2100 hours  

          = 𝟐𝟓𝟎𝟎 ∗ 𝟎. 𝟐𝟎𝟑𝟑 

           = 𝟐𝟐𝟔𝟐. 𝟓 ≅ 𝟐𝟐𝟔𝟑 

5. In a normal distribution 31% of the items are under 45 and 8% of the items are over 64.  

    Find the mean and S.D of the distribution. 

Sol: Let μ and σ be the mean and S.D of the normal distribution. 

By data,    P(x < 45) = 0.31       and       P(x > 64) = 0.08  



We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
 

When x = 45  , z =
45−μ

σ
= z1 (Say)      

         x = 64  , z =
64−μ

σ
= z2 (Say) 

So we have ,  

                  P(z < z1) = 0.31     and           P(z > z2) = 0.08          

i.e.,         0.5 + φ(z1) = 0.31     and        0.5 − φ(z2) = 0.08  

φ(z1) = 0.31 − 0.5     and        φ(z2) = 0.5 − 0.08  

 

φ(z1) = −0.19            and        φ(z2) = 0.42 

Referring to the normal probability tables, we have  

            0.1915(≅ 0.19) = φ(0.5)          and         0.4192(≅ 0.42) = φ(1.4)  

                              φ(z1) = −φ(0.5)         and                          φ(z2) = φ(1.4)   

                    ⇒           𝐳𝟏 = −𝟎. 𝟓               and                                𝐳𝟐 = 𝟏. 𝟒  

                 i.e.,       
45−μ

σ
= −0.5               and                                

64−μ

σ
= 1.4 

                      45 − μ = −0.5σ           and                         64 − μ = 1.4σ 

                     μ − 0.5σ = 45              and                      μ + 1.4σ = 64 

Solving above equations, we get  

                         𝛍 = 𝟓𝟎     and          𝛔 = 𝟏𝟎  

Thus, Mean=50      and      S.D=10 

6. The mean weight of 500 students during a medical examination was found to be 50 kgs  and  

S.D  weight 6 kgs. Assuming that the weights are normally distributed, find the number of 

student  having weight i) between 40 and 50 kgs ii) more than 60 kgs.   [φ(1.67) = 0.4525] 

Sol: Given μ = 50,       σ = 6  

We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
=

𝐱−𝟓𝟎

𝟔
 

i) To find 𝐏(𝟒𝟎 < 𝐱 < 𝟓𝟎)  

 

    If x = 40 , z =
40−50

6
= −1.67     ; If x = 50 , z =

50−50

6
= 0  

     Hence we need to find , 𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟎)  

     P(−1.67 < z < 0) = P(0 < z < 1.67) 

                                    = ϕ(1.67) 

     𝐏(−𝟏. 𝟔𝟕 < 𝐳 < 𝟎) = 0.4525 



∴  Number of students having weight between 40 and 50 kgs   = 𝟓𝟎𝟎 ∗ 𝟎. 𝟒𝟓𝟐𝟓 

                                                                                                         = 𝟐𝟐𝟔. 𝟐𝟓 ≅ 𝟐𝟐𝟔                                                                                                                                                     

ii)  To find 𝐏(𝐱 > 𝟔𝟎)  

 

    If x = 60 , z =
60−50

6
= 1.67 

Hence we need to find , 𝐏(𝐳 > 𝟏. 𝟔𝟕)  

P(z > 1.67) = P(z ≥ 0) − P(0 < z < 1.67) 

                          = 0.5 − ϕ(1.67) 

                          = 0.5 − 0.4525 

𝐏(𝐳 > 𝟏. 𝟔𝟕) = 𝟎. 𝟎𝟒𝟕𝟓 

∴  Number of students having weight more than 60 kgs = 𝟓𝟎𝟎 ∗ 𝟎. 𝟎𝟒𝟕𝟓 

                                                                                              = 𝟐𝟑. 𝟕𝟓 ≅ 𝟐𝟒 

7. In an examination 7% of students score less than 35% marks and 89% of students score  

    less than 60% of marks. Find the mean and S.D of the distribution if the marks are  

    normally distributed. It is given that P(1.2263)=0.39   and  P(1.4757)=0.43. 

Sol: Let μ and σ be the mean and S.D of the normal distribution. 

By data,    P(x < 35) = 0.07       and       P(x < 60) = 0.89  

We have standard normal variate, 𝐳 =
𝐱−𝛍

𝛔
 

When x = 35  , z =
35−μ

σ
= z1 (Say)      

         x = 60  , z =
60−μ

σ
= z2 (Say) 

So we have ,  

                  P(z < z1) = 0.07     and           P(z < z2) = 0.89          

i.e.,         0.5 + φ(z1) = 0.07    and         0.5 + φ(z2) = 0.89  

  

φ(z1) = 0.07 − 0.5     and        φ(z2) = 0.89 − 0.5 

 

φ(z1) = −0.43            and        φ(z2) = 0.39 

Using the given data in the RHS of these, we have  

                        φ(z1) = −φ(1.4757)         and                          φ(z2) = φ(1.2263)   

                   ⇒           𝐳𝟏 = −𝟏. 𝟒𝟕𝟓𝟕              and                                𝐳𝟐 = 𝟏. 𝟐𝟐𝟔𝟑 

                 i.e.,       
35−μ

σ
= −1.4757           and                                

60−μ

σ
= 1.2263 



                      35 − μ = −1.4757σ           and                         60 − μ = 1.2263σ 

                     μ − 1.4757σ = 35              and                      μ + 1.2263σ = 60 

Solving above equations, we get  

                         𝛍 = 𝟒𝟖. 𝟔𝟓     and          𝛔 = 𝟗. 𝟐𝟓  

Thus, Mean = 𝟒𝟖. 𝟔𝟓      and      S.D = 𝟗. 𝟐𝟓  

 

Sampling Theory 

Random Sampling 

     A large collection individuals or attributes or numerical data can be understood as a 

population or universe. 

     A finite subset of the universe is called a sample. The number of individuals in a sample is 

called a sample size(n). 

    If 𝑛 ≤ 30 then the sample is said to be small otherwise it is a large sample. 

   The selection of an individual or item from the population in such a way that each has the 

same chance of being selected is called as random sampling.  

    Sampling where a member of the population may be selected more than once is called as 

sampling with replacement. 

    If a member cannot be chosen more than once is called as sampling without replacement. 

Parameter and Statistics 

The statistical constants of population is  mean(𝜇) , standard deviation (𝜎), correlation (𝜌)   

are called the parameter. 

 The statistical constants drawn from the given population is  mean(𝑥̅) , standard deviation 

(𝑠), correlation (𝑟) are called statistic. 

Testing of Hypothesis 

       To reach the decisions about the populations and the basis of sample information, we 

make certain assumptions about the population involved. Such assumptions which may or 

may not be true are called hypothesis.  OR Quantitative statement about the population. 

Explanation on the basis of limited evidences. 

Null Hypothesis 

     The hypothesis formulated for the purpose of its rejection under the assumption that it is 

true is called the Null Hypothesis denoted by 𝐻0. 

   Any hypothesis which is complimentary to the null hypothesis is called Alternative 

Hypothesis denoted by 𝐻1. 

Type-I and Type-II Errors 



Type-I Error: Wrong decision to reject the null hypothesis when it is actually true. 

Type-II Error: Wrong decision to accept the null hypothesis when it is actually false. 

 
Accepting the 

hypothesis 

Rejecting the 

hypothesis 

Hypothesis True Correct decision Wrong decision 

( Type-I Error ) 

Hypothesis False Wrong decision 

( Type-II Error ) 

Correct decision 

 

Significance level 

The probability level, below which leads to the rejection of the hypothesis is known as the 

significance level. The probability levels are fixed at 0.05 or 0.01 being 5% or 1%. These are 

called Significance level. 

Test of Significance 

    The process which enables us to decide about the acceptance or rejection of the hypothesis 

is called the test of significance. 

Confidence Intervals 

      Let us suppose that we have a normal population with mean 𝜇 and S.D 𝜎 . If 𝑥̅ is the 

sample  

mean of a random sample size 𝑛 the quantity 𝑧 defined by 𝑧 =
𝑥̅−𝜇

(
𝜎

√𝑛
)
  is called the Standard 

normal variate. 

      From the normal distribution table we find the 95% of the area lies between 𝑧 = −1.96 

and       𝑧 = +1.96 i.e., 95% confidence interval lies between −1.96  and +1.96 . 

     Further  5% level of significance is denoted by 𝑧0.05.Mathematically we can write 

−1.96 ≤
𝑥̅ − 𝜇

(
𝜎

√𝑛
)

≤ 1.96 

−
𝜎

√𝑛
(1.96) ≤ 𝑥̅ − 𝜇 ≤ (1.96)

𝜎

√𝑛
 

𝜇 ≤ 𝑥̅ +
𝜎

√𝑛
(1.96)     and           𝑥̅ −

𝜎

√𝑛
(1.96) ≤ 𝜇 

Also we can write combining the two results in the form, 



        𝑥̅ − 1.96 (
𝜎

√𝑛
) ≤ 𝜇 ≤ 𝑥̅ + 1.96 (

𝜎

√𝑛
)    --- (1) 

     Similarly, from the table of normal areas 99% of the area lies between -2.58 and 2.58. 

This is equivalent to the form,  

       𝑥̅ − 2.58 (
𝜎

√𝑛
) ≤ 𝜇 ≤ 𝑥̅ + 2.58 (

𝜎

√𝑛
)    --- (2) 

     We can say that (1) is the 95% confidence interval and (2) is the 99% confidence interval. 

                            

One tailed and two tailed tests 

    In our test of acceptance or non acceptance of a hypothesis, we concentrated on the value 

of 𝑧 on both sides of the mean. This can be categorically stated that, the focus of the attention 

lies in the two “tails” of the distribution and hence such a test is called a two tailed test. 

   Sometimes we will be interested in the extreme values to only one side of the mean in 

which the region of significance will be a region to one side of the distribution. Obviously the 

area of such a region will be equal to the level of significance itself. Such a tail is called a one 

tailed test. 

            

                              One tailed test                                  Two tailed test  

The following table will be useful for working problems 

Test 
Critical Value of 𝒛 

5% level 1% level 



One-tailed test -1.645 or 1.645 -2.33 or 2.33 

Two-tailed test -1.96 or 1.96 -2.58 or 2.58 

 

Tests of significance of Proportions 

1. Let 𝑥 be the observed number of successes in a sample size of 𝑛 and 𝜇 = 𝑛𝑝 be the 

expected number of successes let the associated standard normal variate 𝑍 be defined by 𝑧 =
𝑥−𝜇

𝜎
=

𝑥−𝑛𝑝

√𝑛𝑝𝑞
 

2. If  |𝑍| > 2.58, we conclude that the differences is highly significant and reject the 

hypothesis .Probable limits = 𝑝 ± 2.58√
𝑝𝑞

𝑛
 

3. If  Z < 1.96, difference between the observed and expected number of successes is not  

significant. 

4. If  Z >1.96, difference is significant at 5% level of significance. 

Test of hypothesis for means  

           Let 𝜇1 and 𝜇2 be the mean of two populations. Let (𝑥̅1, 𝜎1); (𝑥̅2, 𝜎2) be the mean and 

standard deviation of two large samples of size 𝑛1 and 𝑛2 respectively. To test the null 

hypothesis 𝐻0 that there is no difference between the population means. i.e., 𝐻0: 𝜇1 = 𝜇2 

The static for this is given by  𝒁 =
(𝒙̅𝟏−𝒙̅𝟐)

√
𝝈𝟏

𝟐

𝒏𝟏
+

𝝈𝟐
𝟐

𝒏𝟐

 

 

Test of significance of proportions 

1.A coin is tossed 1000 times and head turns up 540 times. Decide on the hypothesis that the 

coin in unbiased. 

Sol: Let us suppose that  the coin is unbiased 

p = Probability of getting a head in one toss = ½ 

Since p + q = 1, q= ½ 

Expected number of heads in 1000 tosses  = np 

                                                                    = 1000 × ½ = 500 

Actual Number of heads = 540 = 𝑥  

Now  𝑥 − np = 540 − 500 = 40 

Consider  z =
𝑥−𝜇

√𝑛𝑝𝑞
=

𝑥−𝑛𝑝

√𝑛𝑝𝑞
=

540−500

√1000𝑋0.5𝑋0.5
 



     𝑧 =2.53<2.58 

Thus, we can say that the coin is unbiased. 

2. A sample of 900 days was taken in a coastal town and it was found that on 100 days the  

weather was very hot. Obtain the probable limits of the percentage of very hot weather. 

Sol:  Probability of  very hot weather , 𝑝 =
100

900
=

1

9
  

           ∴   𝑞 =
8

9
     , 𝑛 = 900 

Probable limits = 𝑝 ± (2.58)√
𝑝𝑞

𝑛
   

                         =
1

9
± (2.58)√

1

9
.

8

9
.

1

900
 

                          = 0.111 ± 0.027 

                          = 0.084  𝑎𝑛𝑑  0.138        

Probability limits of very hot weather is 8.4%  to 13.8% 

3. In a sample of 500 men it was found that 60% of them had over weight. What can we  

    infer about the proportion of people having over weight in the population? 

Sol: Probability of persons having over weight is , 𝑝 =
60

100
= 0.6  

           ∴   𝑞 = 1 − 𝑝 = 0.4     , 𝑛 = 500 

Probable limits = 𝑝 ± (2.58)√
𝑝𝑞

𝑛
   

                         = 0.6 ± (2.58)√
(0.6)(0.4)

500
 

                          = 0.6 ± 0.0565 

Probable limits = 0.  5435 𝑎𝑛𝑑  0.6565 

Thus, the probable limits of people having over weight is 54.35% and 65.65% 

4. A survey was conducted in a slum locality of 2000 families by selecting a sample size  

   800. It was revealed that 180 families were illiterates. Find the probable limits of the  

   illiterate families in the population of 2000. 

Sol: Probability of illiterate families is , 𝑝 =
180

800
= 0.225  

           ∴   𝑞 = 1 − 𝑝 = 0.775     , 𝑛 = 800 

Probable limits = 𝑝 ± (2.58)√
𝑝𝑞

𝑛
   



                         = 0.225 ± (2.58)√
(0.225)(0.775)

800
 

                          = 0.225 ± 0.038 

Probable limits = 0.  187 𝑎𝑛𝑑  0.263 

The probable limits of the  illiterate families in the population of 2000 

 = 0.  187 ∗ 2000 𝑎𝑛𝑑  0.263 ∗ 2000 

 = 374 𝑎𝑛𝑑  526 

Thus, 374 to 526 are probably illiterate families. 

5. In 324 throws of a six faced ‘die’, an odd number turned up 181 times. Is it reasonable to  

    think that the ‘die’ is an unbiased one? 

Sol: Probability of the turn up of an odd number , p = 3/6= ½ 

Since p + q = 1, q= ½ 

Expected number of successes  = np 

                                                                    = 324 × ½ = 162 

Actual Number of heads = 181 = 𝑥  

Now  𝑥 − np = 181 − 162 = 19 

Consider  z =
𝑥−𝜇

√𝑛𝑝𝑞
=

𝑥−𝑛𝑝

√𝑛𝑝𝑞
=

19

√324𝑋0.5𝑋0.5
=

19

9
 

𝑧 =2.11<2.58 

Thus, we can say that the die is unbiased. 

 

6. A sample of 100 days is taken from meteorological records of a certain district and 10 of  

    them are found to be foggy. What are the probable limits of the percentage of foggy days    

    in the district. 

 Sol: Proportion of foggy days in a sample of 100 days is , 𝑝 =
10

100
= 0.1  

           ∴   𝑞 = 1 − 𝑝 = 0.9     , 𝑛 = 100 

Probable limits = 𝑝 ± (2.58)√
𝑝𝑞

𝑛
   

                         = 0.1 ± (2.58)√
(0.1)(0.9)

100
 

                          = 0.1 ± 0.0774 

Probable limits = 0.  0226 𝑎𝑛𝑑  0.1774 



Thus, the percentage of foggy days lies between 2.26% and 17.74% 

7. A random sample of 500 apples was taken from a large consignment and 65 were found   

    to be bad. Estimate the proportion of bad apples in the consignment as well as the  

    standard error of the estimate. Also find the percentage of bad apples in the consignment. 

Sol: Proportion of bad apples in the sample is given by , 𝑝 =
65

500
= 0.13  

           ∴   𝑞 = 1 − 𝑝 = 0.87     , 𝑛 = 500 

S.E proportion of bad apples = √
𝑝𝑞

𝑛
= √

(0.13)(0.87)

500
= 0.015 

Probable limits = 𝑝 ± (2.58)√
𝑝𝑞

𝑛
   

                         = 0.13 ± (2.58)(0.015) 

                           = 0.13 ± 0.0387 

Probable limits= 0.0913 𝑎𝑛𝑑 0.1687 

                        = 9.13% 𝑎𝑛𝑑 16.87% 

Thus, the required percentage of bad apples in the consignment lies between 9.13 and 16.87. 

8. The mean and standard deviation of the maximum loads supported by 60 cables are 11.09  

    tonnes and 0.73 tonnes respectively. Find a) 95%  b) 99% confidence limits for mean of  

    the maximum loads of all cables produced by the company. 

Sol: By data 𝑥̅ = 11.09   ,  𝜎 = 0.73 , n = 60 

a) 95%  confidence limits for mean of the maximum loads are given by  

         𝑥̅ ± 1.96 (
𝜎

√𝑛
) = 11.09 ± (1.96) (

0.73

√60
) 

                            = 11.09 ± 0.18 

                            = 10.91 𝑎𝑛𝑑 11.27 

Thus,10.91 tonnes to 11.27 tonnes are the 95% confidence limits for the mean of the 

maximum loads. 

b) 99%  confidence limits for mean of the maximum loads are given by 

           𝑥̅ ± 2.58 (
𝜎

√𝑛
) = 11.09 ± (2.58) (

0.73

√60
) 

                            = 11.09 ± 0.24 

                            = 10.85 𝑎𝑛𝑑 11.33 

Thus, 10.85 tonnes to 11.33 tonnes are the 95% confidence limits for the mean of the 

maximum loads. 



9. An unbiased coin is thrown n times. It is desired that the relative frequency of the  

   appearance  of heads should lie between 0.49 and 0.51. Find the smallest value of n that  

   will ensure this result with a) 95% confidence b) 99% confidence 

Sol: Probability of getting a head, 𝑝 =
1

2
 

         𝑞 =
1

2
 

S.E proportion of heads = √
𝑝𝑞

𝑛
 

S.E proportion of heads = √
1

2
.
1

2

𝑛
=

1

2√𝑛
 

a) Probable limits for 95% confidence level is given by :  𝑝 ± (1.96)√
𝑝𝑞

𝑛
  , which should lie   

   between 0.51 and 0.49 

    𝑝 ± (1.96)√
𝑝𝑞

𝑛
= 0.51 𝑜𝑟 0.49 

    0.5 ± (1.96)
1

2√𝑛
= 0.51 𝑜𝑟 0.49 

    0.5 ±
1.96

2√𝑛
= 0.51 𝑜𝑟 0.49 

0.5 +
1.96

2√𝑛
= 0.51                                  0.5 −

1.96

2√𝑛
= 0.49 

1.96

2√𝑛
= 0.51 − 0.5                                        

1.96

2√𝑛
= 0.5 − 0.49 

1.96

2√𝑛
= 0.01                                                 

1.96

2√𝑛
= 0.01 

√𝑛 =
1.96

0.02
    

√𝑛 = 98 

Thus, 𝐧 = 𝟗𝟔𝟎𝟒 

b) Taking the confidence coefficient equal to 1.645 for 90% confidence level we have as  

   before 

1.645

2√𝑛
= 0.01 

√𝑛 =
1.645

0.02
 

√𝑛 = 82.25 

Thus,   𝒏 = 𝟔𝟕𝟔𝟓 



Test of significance of a sample mean 

1. A manufacturer claimed that atleast 95% of the equipment which he supplied to a factory   

   conformed to specifications. An examination of a sample of 200 pieces of equipment   

   revealed that 18 of them were faulty. Test his claim at a significance level of 1% and 5%. 

Sol: Let 𝑝  be the probability of success which being the probability of the equipment    

       supplied to the factory conformal to the specifications. 

∴  By data 𝑝 = 0.95     and    hence 𝑞 = 0.05 

𝐻0: 𝑝 = 0.95  and the claim is correct. 

𝐻1: 𝑝 < 0.95  and the claim is false. 

We choose the one tailed test to determine whether the supply is conformal to the 

specification. 

𝜇 = 𝑛𝑝 = 200 ∗ 0.95 = 190 

𝜎 = √𝑛𝑝𝑞 = √200 ∗ 0.95 ∗ 0.05 = 3.082 

Expected number of equipment's according to the specification =190 

Actual number =182 , since 18 out of 200 were faulty. 

Now, 𝑍 =
𝑥−𝑛𝑝

𝜎
 

          𝑍 =
190−182

3.082
 

          𝒁 = 𝟐. 𝟔 

The value of 𝑍 is greater than the critical value 1.645 at 5% level and 2.33 at 1% level of 

significance. 

The claim of the manufacturer (null hypothesis that claim is correct) is rejected at 5% as 

well as 1% level of significance in accordance with the one tailed test. 

2. It has been found from experience that the mean breaking strength of a particular brand  

   of thread is 275.6gms with standard deviation of 39.7gms. Recently a sample of 36 pieces  

   of thread showed a mean breaking strength 0f 253.2gms. Can one conclude at a  

   significance level of a) 0.05 b) 0.01 that the thread has become inferior ? 

Sol: We have to decide between the two hypothesis, 

        𝐻0: 𝜇 = 275.6 𝑔𝑚𝑠 , mean breaking strength. 

       𝐻1: 𝑝 < 275.6 𝑔𝑚𝑠 , inferior in breaking strength. 

We choose the one tailed test. 

   Mean breaking strength of a sample of 36 pieces=253.2 



∴ Difference =275.6 – 253.2=22.4 ; n = 36 

Now, 𝑍 =
𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

(𝜎
√𝑛⁄ )

 

𝑍 =
22.4

(39.7
√36

⁄ )
 

𝑍 = 3.38 

The value of Z is greater than the critical value of Z=1.645 at 5% level and 2.33 at 1% level 

of significance. 

Under the hypothesis 𝐻1 that the thread has become inferior is accepted at both 0.05 and 0.01 

levels in accordance with one tailed test.  

Test of significance of difference between means 

1.In an elementary school examination the mean grade of 32 boys was 72 with a standard 

   deviation of 8, while the mean grade of 36 girls was 75 with a standard deviation of 6.  

   Test the hypothesis that the performance of girls is better than boys. 

Sol: We have , 𝑥̅𝐵 = 72 , 𝜎𝐵 = 8, 𝑛𝐵 = 32     [Boys] 

                           𝑥̅𝐺 = 75 , 𝜎𝐺 = 6, 𝑛𝐺 = 36     [Girls] 

Consider,  𝑍 =
𝑥̅𝐺−𝑥̅𝐵

√
𝝈𝑮

𝟐

𝒏𝑮
+

𝝈𝑩
𝟐

𝒏𝑩

 

                   𝑍 =
75−72

√
𝟑𝟔

𝟑𝟔
+

𝟔𝟒

𝟑𝟐

 

                  𝑍 = √3 

𝑍 = 1.73 

𝑍 = 1.73 {
> 𝑍0.05 = 1.645 (𝑜𝑛𝑒 𝑡𝑎𝑖𝑙𝑒𝑑 𝑡𝑒𝑠𝑡) 
< 𝑍0.01 = 2.33 (𝑜𝑛𝑒 𝑡𝑎𝑖𝑙𝑒𝑑 𝑡𝑒𝑠𝑡)

 

 The difference in the performance of girls and boys in the examination is significant at 5% 

level but not at 1% level. 

2. A sample of 100 bulbs produced by a company A showed a mean life of 1190 hours and a  

    standard deviation of 90 hours. Also a sample of 75 bulbs produced by a company B  

    showed a mean life of 1230 hours and a standard deviation of 120 hours. Is there a   

    difference between the mean life time of the bulbs produced by the two companies at 

    a) 5% level of significance b) 1% level of significance. 

Sol: By data      𝑥̅𝐴 = 1190 , 𝜎𝐴 = 90, 𝑛𝐴 = 100     [Company A] 



                           𝑥̅𝐵 = 1230 , 𝜎𝐵 = 120, 𝑛𝐵 = 75     [Company B] 

Consider,  𝑍 =
𝑥̅𝐵−𝑥̅𝐴

√
𝝈𝑩

𝟐

𝒏𝑩
+

𝝈𝑨
𝟐

𝒏𝑨

 

𝑍 =
1230 − 1190

√(𝟏𝟐𝟎)𝟐

𝟕𝟓
+

(𝟗𝟎)𝟐

𝟏𝟎𝟎

 

 𝑍 = 2.42 

𝑍 = 2.42 {
> 𝑍0.05 = 1.96 (𝑇𝑤𝑜 𝑡𝑎𝑖𝑙𝑒𝑑 𝑡𝑒𝑠𝑡) 
< 𝑍0.01 = 2.58 (𝑇𝑤𝑜 𝑡𝑎𝑖𝑙𝑒𝑑 𝑡𝑒𝑠𝑡)

 

 The null hypothesis that there is no difference between the mean life time of bulbs is rejected 

at 5% level but not at 1% level of significance. 

 The null hypothesis that there is no difference between the mean life time of bulbs is rejected 

at both levels of significance in a one tailed test as the respective critical values are 1.645 and 

2.33. 

3. The mean life of two large samples of 1000 and 2000 members are 168.75 cms and 170  

    cms respectively. Can this be regarded as drawn from the sample population of standard  

    deviation 6.25 cms ? 

Sol: By data      𝑥̅1 = 168.75 , 𝑛1 = 1000  

                            𝑥̅2 = 170  ,     𝑛2 = 2000   , 𝜎 = 6.25 

Consider,  𝑍 =
𝑥̅2−𝑥̅1

𝜎√
𝟏

𝒏𝟏
+

𝟏

𝒏𝟐

 

                  𝑍 =
170−168.75

6.25√
𝟏

𝟏𝟎𝟎𝟎
+

𝟏

𝟐𝟎𝟎𝟎

 

                 𝑍 = 5.16 

 𝑍 = 5.16 is very much greater than 𝑍0.05 = 1.96 and  𝑍0.01 = 2.58. Thus we say that the 

difference between the sample means is significant and we conclude that the samples cannot 

be regarded as  drawn from the same population. 

4. A random sample for 1000 workers in company has mean wage of Rs.50 per day and S.D 

of Rs.15.Another sample of 1500 workers from another company has mean wage of  Rs.45 

per day and S.D of Rs.20.Does the mean rate of wages varies between the two companies? 

Find the 95% confidence limits for the difference of the wages of the population of the two 

companies? 

Sol:  By data      𝑥̅1 = 50 , 𝜎1 = 15, 𝑛1 = 1000     [Company 1] 

                             𝑥̅2 = 45 , 𝜎2 = 20, 𝑛2 = 1500     [Company 2] 



Consider,  𝑍 =
𝑥̅1−𝑥̅2

√
𝝈𝟏

𝟐

𝒏𝟏
+

𝝈𝟐
𝟐

𝒏𝟐

 

                𝑍 =
50−45

√ 𝟏𝟓𝟐

𝟏𝟎𝟎𝟎
+

𝟐𝟎𝟐

𝟏𝟓𝟎𝟎

 

𝑍 = 7.1307 

The value of 𝑍 = 7.1307 is greater than 𝑍0.05 = 1.96 and  𝑍0.01 = 2.58. Hence we can say 

that the difference between the mean wages is significant both at 5% and 1% level of 

significance. 

Also 95% confidence limits for the difference of mean wages is given by  

 (𝑥̅1 − 𝑥̅2) ± 1.96√
𝜎1

2

𝑛1
+

𝜎2
2

𝑛2
= 5 ± 1.96(0.7012) 

                                               = 5 ± 1.374 

                                          = 3.626 𝑎𝑛𝑑 6.374 

Thus we can say with 95% confidence that the difference of population mean of wages 

between the two companies lies between Rs.3.63 and Rs.6.37. 

 

 

 

Student’s t distribution/test 

We need to test the hypothesis, whether the sample mean x̅  differs significantly from the 

population mean or hypothetical value  µ.  

We compute, t =
x̅−μ

s
√n  and consider |t|. 

Here , x̅ =
∑ x

n
     and      s2 =

1

(n−1)
∑ (xi − x̅)2n

i=1  

 v = n − 1 , denote the number of degrees of freedom ‘t’. 

If  |t| > t0.05 , the difference between x̅ and μ is said to be significant at 5% level of 

significance. 

If  |t| > t0.01 , the difference between x̅ and μ is said to be significant at 1% level of 

significance. 

If  |t| is less than the table value at a certain level of significance, the data is said to be 

conformal/consistent with the hypothesis that μ is the mean of the population. 

We have 95% confidence limits for 𝜇 is given by  𝒙̅ ±
𝒔

√𝒏
𝒕𝟎.𝟎𝟓 



Similarly 99% confidence limits for 𝜇 is given by  𝒙̅ ±
𝒔

√𝒏
𝒕𝟎.𝟎𝟏  

Note: 1. Confidence limits are also called Fiducial limits. 

          2. Test of significance for difference between sample means is  

                  𝑡 =
𝑥̅−𝑦̅

𝑠.√
1

𝑛1
+

1

𝑛2

 

Where, 𝑠2 =
1

𝑛1+𝑛2−2
{∑ (𝑥𝑖 − 𝑥̅)2 + ∑ (𝑦𝑗 − 𝑦̅)

2𝑛2
𝑗=1

𝑛1
𝑖=1 } 

And  degrees of freedom, 𝑣 = 𝑛1 + 𝑛2 − 2 

Problems 

1. Find the student’s t for the following variable values in a sample of eight:  

      -4, -2, -2, 0, 2, 2, 3, 3 taking the mean of the universe to be zero. 

Sol: Wkt  t =
x̅−μ

s
√n 

By data μ = 0 and we have n = 8 

x̅ =
∑ x

n
 

x̅ =
1

8
(−4 − 2 − 2 + 0 + 2 + 2 + 3 + 3) 

x̅ =
1

4
= 0.25 

𝑠2 =
1

(𝑛 − 1)
∑(𝑥𝑖 − 𝑥̅)2

𝑛

𝑖=1

 

𝑠2 =
1

(8 − 1)
{(−4.25)2 + (−2.25)2 + (−2.25)2 + (−0.25)2 + (1.75)2 + (1.75)2 + (2.75)2 + (2.75)2} 

𝑠2 =
1

(7)
(49.5) 

𝑠2 = 7.07 

∴ 𝒔 = 𝟐. 𝟔𝟔 

Thus, 𝑡 =
0.25−0

2.66
√8 

            𝒕 = 𝟎. 𝟐𝟔𝟔 

2. A machine is expected to produce nails of length 3 inches. A random sample of 25 nails  

    gave an average length of 3.1 inch with standard deviation 0.3. Can it be said that the  

     machine is producing nails as per specification ? (𝑡0.05 𝑓𝑜𝑟 24 𝑑. 𝑓 𝑖𝑠 2.064) 

Sol: By data , we have 𝜇 = 3 , 𝑥̅ = 3.1, 𝑛 = 25, 𝑠 = 0.3 



               𝑡 =
𝑥̅−𝜇

𝑠
√𝑛 

              𝑡 =
3.1−3

0.3
√25 

             𝒕 = 𝟏. 𝟔𝟕 < 𝟐. 𝟎𝟔𝟒 

   Thus, the hypothesis that the machine is producing nails as per specification is accepted at 

5% level of significance. 

3. Ten individuals are chosen at random from a population and their heights in inches are   

    found to be 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. Test the hypothesis that the mean height  

    of the universe is 66 inches.(𝑡0.05 = 2.262 𝑓𝑜𝑟 9 𝑑. 𝑓). 

Sol: We have 𝜇 = 66, 𝑛 = 10 

𝑥̅ =
∑ 𝑥

𝑛
 

𝑥̅ =
678

10
 

𝒙̅ = 𝟔𝟕. 𝟖 

𝑠2 =
1

(𝑛 − 1)
∑(𝑥𝑖 − 𝑥̅)2

𝑛

𝑖=1

 

𝑠2 =
1

9
[(63 − 67.8)2 + (63 − 67.8)2 + ⋯ + (71 − 67.8)2] 

𝑠2 = 9.067 

𝒔 = 𝟑. 𝟎𝟏𝟏 

Wkt  𝑡 =
𝑥̅−𝜇

𝑠
√𝑛 

          𝑡 =
(67.8−66)

3.011
√10 

            𝒕 = 𝟏. 𝟖𝟗 < 𝟐. 𝟐𝟔𝟐 

Thus the hypothesis is accepted at 5% level of significance. 

4. A sample of 10 measurements of the diameter of a sphere gave a mean of 12 cm and a  

    standard deviation 0.15 cm. Find the 95% confidence limits for the actual diameter. 

Sol:  By data, 𝑛 = 10 ,  𝑥̅ = 12, 𝑠 = 0.15 

Also 𝑡0.05 = 2.262 𝑓𝑜𝑟 9 𝑑. 𝑓 

Confidence limits for the actual diameter is given by  𝒙̅ ± [
𝒔

√𝒏
] 𝒕𝟎.𝟎𝟓 



𝑥̅ ± [
𝑠

√𝑛
] 𝑡0.05 = 12 + [

0.15

√10
] (2.262) = 12 ± 0.1073 

Thus 11.893 cm to 12.107 cm is the confidence limits for the actual diameter. 

5. A certain stimulus administered to each of the 12 patients resulted in the following  

    change in blood pressure 5, 2, 8, -1,3,0, 6, -2, 1, 5, 0, 4. Can it be concluded that the  

    stimulus will increase the blood pressure ? (𝑡0.05 𝑓𝑜𝑟 11 𝑑. 𝑓 𝑖𝑠 2.201) 

Sol:  𝑥̅ =
∑ 𝑥

𝑛
 

         𝑥̅ =
31

12
 

         𝒙̅ = 𝟐. 𝟓𝟖𝟑𝟑 

𝑠2 =
1

(𝑛 − 1)
∑(𝑥𝑖 − 𝑥̅)2

𝑛

𝑖=1

 

𝑠2 =
1

11
[(5 − 2.58)2 + (2 − 2.58)2 + ⋯ + (4 − 2.58)2] 

𝑠2 = 9.538 

𝒔 = 𝟑. 𝟎𝟖𝟖 

Wkt  𝑡 =
𝑥̅−𝜇

𝑠
√𝑛 

 Let us suppose that the stimulus administration is not accompanied with increase in blood 

pressure, we can take 𝜇 = 0. 

         𝑡 =
(2.5833−0)

3.088
√12 

          𝒕 = 𝟐. 𝟖𝟗𝟕𝟗 > 𝟐. 𝟐𝟎𝟏 

Hence the hypothesis is rejected at 5% level of significance. We conclude with 95% confidence 

that the stimulus in general is accompanied with increase in blood pressure. 

6. A group of boys and girls were given an intelligence test. The mean score, S.D score and  

    numbers in each group are as follows. 

 
Boys Girls 

Mean 74 70 

S D 8 10 

n 12 10 



Is the difference between the means of the two groups significant at 5% level of significance 

(𝑡0.05 𝑓𝑜𝑟 20 𝑑. 𝑓 𝑖𝑠 2.086). 

Sol: By data ,   𝑥̅ = 74,  𝑠1 = 8,   𝑛1 = 12    [Boys] 

                         𝑦̅ = 70,  𝑠2 = 10, 𝑛2 = 10    [Girls] 

We have   𝑡 =
𝑥̅−𝑦̅

𝑠.√
1

𝑛1
+

1

𝑛2

 

 

Where, 𝑠2 =
1

𝑛1+𝑛2−2
{∑ (𝑥𝑖 − 𝑥̅)2 + ∑ (𝑦𝑗 − 𝑦̅)

2𝑛2
𝑗=1

𝑛1
𝑖=1 } 

Or   𝑠2 =
𝑛1𝑠1

2+𝑛2𝑠1
2

𝑛1+𝑛2−2
 

Now   𝑠2 =
12(64)+10(100)

12+10−2
 

   

          𝑠2 =
1768

20
 

           𝑠2 = 88.4 

             𝑠 = 9.402 

Hence 𝑡 =
74−70

(9.402)√
1

12
+

1

10

 

𝒕 = 𝟎. 𝟗𝟗𝟑𝟔 < 𝟐. 𝟎𝟖𝟔 

   Thus the hypothesis that there is a difference between the means of the two groups is 

accepted at 5% level of significance. 

7. A sample of 11 rats from a central population had an average blood viscosity of 3.92 with  

    standard deviation of 0.61. On the basis of this sample, establish 95% fiducial limits for  

    𝜇, the mean blood viscosity of the central population. (𝑡0.05 = 2.228 𝑓𝑜𝑟 10 𝑑. 𝑓). 

Sol:  By data 𝑥̅ = 3.92,  𝑠 = 0.61, 𝑛1 = 11  

        95% fiducial limits for 𝜇 = 𝒙̅ ± [
𝒔

√𝒏
] 𝒕𝟎.𝟎𝟓 

        𝑥̅ ± [
𝑠

√𝑛
] 𝑡0.05 = 3.92 ± [

0.61

√11
] (2.228) 

                           = 3.92 ± 0.41 

                        = 3.51  𝑎𝑛𝑑  4.33 

  Thus 95% confidence limits for 𝜇 are 3.51  𝑎𝑛𝑑  4.33. 

8. Two types of batteries are tested for their length of life and the following results were  

    obtained. 



     Battery  A : 𝑛1 = 10,  𝑥̅1 = 500 ℎ𝑟𝑠,  𝑠1
2 = 100 

     Battery  B : 𝑛2 = 10,  𝑥̅2 = 500 ℎ𝑟𝑠,  𝑠1
2 = 121 

Compute student’s t and test whether there is a significant difference in the two means. 

Sol: By data    Battery  A : 𝑛1 = 10,  𝑥̅1 = 500 ℎ𝑟𝑠,  𝑠1
2 = 100 

                        Battery  B : 𝑛2 = 10,  𝑥̅2 = 560 ℎ𝑟𝑠,  𝑠1
2 = 121 

Now, 𝑠2 =
𝑛1𝑠1

2+𝑛2𝑠1
2

𝑛1+𝑛2−2
 

         𝑠2 =
(10∗100) +(10∗121)

10+10−2
 

         𝑠2 = 122.78 

         𝒔 = 𝟏𝟏. 𝟎𝟖𝟎𝟔 

We have   𝑡 =
𝑥̅2−𝑥̅1

𝑠.√
1

𝑛1
+

1

𝑛2

 

                 𝑡 =
60

(11.0806)√
1

10
+

1

10

 

                  𝑡 = 12.1081 > 2.101        (𝑡0.05 = 2.101 𝑓𝑜𝑟 18 𝑑. 𝑓) 

This value of t is greater then the table value of t for 18 d.f at all levels of significance. 

The null hypothesis that there is no significant difference in the two means rejected at all 

significance levels. 

 

9. A group of 10 boys fed on a diet A and another group of 8 boys fed on a different diet B  

    for a period of 6 months recorded the following increase in weight (lbs.) 

     Diet A : 5   6   8   1   12   4   3   9   6   10 

     Diet B : 2   3   6   8   10   1   2   8 

  Test whether diets A and B differ significantly regarding their effect on increase in weight.  

Sol: Let the variable 𝑥 correspond to the diet A and 𝑦 to the diet B. 

        𝑥̅ =
∑ 𝑥

𝑛1
                                                 𝑦̅ =

∑ 𝑦

𝑛2
 

         𝑥̅ =
64

10
                                                  𝑦̅ =

40

8
 

         𝒙̅ = 𝟔. 𝟒                                                𝒚̅ = 𝟓 

∑ (𝑥𝑖 − 𝑥̅)2 = 102.4
𝑛1
𝑖=1        ;                 ∑ (𝑦𝑗 − 𝑦̅)

2
= 82

𝑛2
𝑗=1  



𝑠2 =
1

𝑛1 + 𝑛2 − 2
{∑(𝑥𝑖 − 𝑥̅)2 + ∑(𝑦𝑗 − 𝑦̅)

2

𝑛2

𝑗=1

𝑛1

𝑖=1

} 

𝑠2 =
1

16
{102.4 + 82} 

𝑠2 =
184.4

16
= 11.525 

𝒔 = 𝟑. 𝟑𝟗𝟓 

We have   𝑡 =
𝑥̅−𝑦̅

𝑠.√
1

𝑛1
+

1

𝑛2

 

                𝑡 =
1.4

(3.395)√ 1
10 +

1
8

 

𝑡 = 0.869 < 2.12   for 16 d.f 

   Thus we conclude that the two diets do not differ significantly regarding their effect on 

increase in weight. 

10. Two horses A and B were tested according to the time (in seconds ) to run a particular  

      race with the following results. 

      Horse A :   28   30   32   33   33   29   34 

      Horse B :   29   30   30   24   27   29 

     Test whether you can discriminate between the two horses. 

Sol: Let the variables 𝑥 and 𝑦 respectively correspond to horse A and horse B. 

          𝑥̅ =
∑ 𝑥

𝑛1
=

219

7
= 31.3                                  𝑦̅ =

∑ 𝑦

𝑛2
=

169

6
= 28.2  

        ∑ (𝑥𝑖 − 𝑥̅)2 = 31.43
𝑛1
𝑖=1                                  ∑ (𝑦𝑗 − 𝑦̅)

2𝑛2
𝑗=1 = 26.84 

      𝑠2 =
1

𝑛1+𝑛2−2
{∑ (𝑥𝑖 − 𝑥̅)2 + ∑ (𝑦𝑗 − 𝑦̅)

2𝑛2
𝑗=1

𝑛1
𝑖=1 } 

𝑠2 =
1

11
(31.43 + 26.84) 

𝑠2 = 5.2973 

∴   𝒔 = 𝟐. 𝟑𝟎𝟏𝟔 

We have   𝑡 =
𝑥̅ − 𝑦̅

𝑠.√
1

𝑛1
+

1

𝑛2

 

                  𝑡 =
31.3−28.2

(2.3016)√
1

7
+

1

6

 

                  𝑡 = 2.42 = {
> 𝑡0.05 = 2.2

< 𝑡0.02 = 2.72
 



      The discrimination between the horses is significant at 5% level but not at 2% level of 

significance. 

Chi-Square distribution 

Chi-square distribution provides a measure of correspondence between the theoretical 

frequencies and observed frequencies. 

      If  𝑂𝑖(𝑖 = 1,2, … , 𝑛)  and  𝐸𝑖(𝑖 = 1,2, … , 𝑛) respectively denotes a set of observed and 

estimated frequencies, the quantity chi-square denoted by 𝜒2 is defined as follows. 

            𝝌𝟐 = ∑
(𝑶𝒊−𝑬𝒊)𝟐

𝑬𝒊
  𝒏

𝒊=𝟏 ;    degrees of freedom = 𝑛 − 1 

Note: If the expected frequencies are less than 10, we group them suitably for computing  

          the value of chi. Square. 

Chi-square test as a test of goodness of fit 

       It is possible to test the hypothesis about the association of two attributes. We   already 

discussed the fitting of Binomial distribution, Normal distribution, Poisson distribution to a 

given data. It is easily possible to find the theoretical frequencies from the distribution of fit. 

Chi-square test helps us to test the goodness of fit of these distributions. 

  If the calculated value of 𝝌𝟐 is less than the value of 𝝌𝟐 at a specified level of significance, 

the hypothesis is accepted. Otherwise the hypothesis is rejected. 

 

 

 

Problems 

1.A dice is thrown 264 times and the number appearing on the face (𝒙) follows the following  

    frequency distribution. 

𝒙 1 2 3 4 5 6 

𝑓 40 32 28 58 54 60 

Calculate the value of 𝝌𝟐. 

Sol: The frequencies in the given data are the observed frequencies. Assuming that the dice    

       is unbiased, the expected number of frequencies for the numbers 1, 2, 3, 4, 5, 6 to   

      appear on the face is 
264

6
= 44 𝑒𝑎𝑐ℎ.  

Now the data is as follows: 



No. on the dice 1 2 3 4 5 6 

Observed frequency (𝑶𝒊) 40 32 28 58 54 60 

Expected frequency (𝑬𝒊) 44 44 44 44 44 44 

𝝌𝟐 = ∑
(𝑶𝒊 − 𝑬𝒊)

𝟐

𝑬𝒊
 

 

𝒏

𝒊=𝟏

 

𝜒2 =
(40 − 44)2

44
+

(32 − 44)2

44
+ ⋯ +

(60 − 44)2

44
 

𝜒2 =
1

44
[16 + 144 + 256 + 196 + 100 + 256] 

𝜒2 =
968

44
 

Thus, 𝝌𝟐 = 𝟐𝟐 

2. Five dice were thrown 96 times and the numbers 1, 2 or 3 appearing on the face of the  

   dice follows the frequency distribution as below. 

No. of dice showing 1,2 or 3 5 4 3 2 1 0 

Frequency 7 19 35 24 8 3 

Test the hypothesis that the data follows a binomial distribution. (𝝌0.05
2 = 11.07  𝑓𝑜𝑟 5 𝑑. 𝑓) 

 

Sol: The data gives the observed frequencies and we need to calculate the expected  

        frequencies. 

        Probability of a single dice throwing 1, 2 or 3 is 𝑝 =
3

6
=

1

2
 

∴ 𝑞 = 1 − 𝑝 =
1

2
 

   From the binomial distribution, 𝑃(𝑥) = 𝐶𝑥𝑝𝑥𝑞(𝑛−𝑥)𝑛  

   The theoretical frequencies of getting 5, 4, 3, 2, 1, 0 successes with 5 dice are respectively 

the successive terms of the binomial expansion. 

   They are respectively 96 ∗ 𝐶0 ∗5 1

25,  96 ∗ 𝐶1 ∗5 1

25,  96 ∗ 𝐶2 ∗5 1

25,  96 ∗ 𝐶3 ∗5 1

25,     96 ∗

𝐶4 ∗5 1

25
,   96 ∗ 𝐶5 ∗5 1

25
   and they are 3,15,30,30,15,3. 

We have the table of observed and expected frequencies. 



𝑂𝑖 7 19 35 24 8 3 

𝐸𝑖 3 15 30 30 15 3 

𝝌𝟐 = ∑
(𝑶𝒊 − 𝑬𝒊)

𝟐

𝑬𝒊
 

 

𝒏

𝒊=𝟏

 

𝜒2 =
16

3
+

16

15
+

25

30
+

36

30
+

49

15
+

0

3
 

𝜒2 = 11.7 > 𝝌0.05
2 = 11.07 

 Thus the hypothesis that the data follows a binomial distribution is rejected. 

3. A sample analysis of examination results of 500 students was made. It was found that 220  

   students had failed, 170 had secured third class 90 had secured second class and 20 had    

   secured first class. Do these figures support the general examination result which is in the  

   ratio 4:3:2:1 for the respective categories (𝝌0.05
2 = 7.81  𝑓𝑜𝑟 3 𝑑. 𝑓). 

Sol: Let us take the hypothesis that these figures support to the general result in the ratio 

      4:3:2:1  

       The expected frequencies in the respective category are   

      
4

10
∗ 500, 

3

10
∗ 500, 

2

10
∗ 500, 

1

10
∗ 500  or    200,  150,  100,  50  

We have the following table. 

 

𝑂𝑖 220 170 90 20 

𝐸𝑖 200 150 100 50 

𝝌𝟐 = ∑
(𝑶𝒊 − 𝑬𝒊)

𝟐

𝑬𝒊
 

 

𝒏

𝒊=𝟏

 

𝜒2 =
400

200
+

400

150
+

100

100
+

900

50
 

𝜒2 = 23.67 > 𝜒0.05
2 = 7.81 

 Thus the hypothesis is rejected. 

4. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial  

     distribution for the data and calculate the theoretical frequencies(𝝌0.05
2 = 9.49  𝑓𝑜𝑟 4 𝑑. 𝑓). 



Number 

of heads 

0 1 2 3 4 

Frequency 5 29 36 25 5 

Sol: Let 𝑥 denote the number of heads and 𝑓 the corresponding frequency. Since the data is 

in the form of a frequency distribution we shall first calculate the mean. 

Mean, 𝜇 =
∑ 𝑓𝑥

∑ 𝑓
=

(0)(5)+(1)(29)+(2)(36)+(3)(25)+(4)(5)

5+29+36+25+5
=

196

100
= 1.96  

From binomial distribution, 𝜇 = 𝑛𝑝.  Here n=4 

Hence 4𝑝 = 1.96 

              𝒑 = 𝟎. 𝟒𝟗 

              𝒒 = 𝟎. 𝟓𝟏 

From binomial  distribution, 

𝑃(𝑥) =  𝑛𝑐𝑥𝑝𝑥𝑞𝑛−𝑥 

𝑷(𝒙) = 𝟒𝒄𝒙(𝟎. 𝟒𝟗)𝒙(𝟎. 𝟓𝟏)𝟒−𝒙 

Since 4 coins were tossed , expected(theoretical) frequencies are obtained from 

F(𝑥) = 100𝑃(𝑥) 

F(𝑥) = 100.4𝑐𝑥(0.49)𝑥(0.51)4−𝑥  where  𝑥 = 0,1,2,3,4. 

F(0) = 100.4𝑐0(0.49)0(0.51)4 = 6.765 ≅7 

F(1) = 100.4𝑐1(0.49)1(0.51)3 = 25.999 ≅ 26 

F(2) = 100.4𝑐2(0.49)2(0.51)2 = 37.47 ≅ 37 

F(3) = 100.4𝑐3(0.49)3(0.51)1 = 24.0004 ≅ 24 

F(4) = 100.4𝑐4(0.49)4(0.51)0 = 5.765 ≅ 6 

Thus the required theoretical frequencies are 7,26,37,24,6. 

We have the following table 

𝑂𝑖 5 29 36 25 5 

𝐸𝑖 7 26 37 24 6 

𝝌𝟐 = ∑
(𝑶𝒊 − 𝑬𝒊)

𝟐

𝑬𝒊
 

 

𝒏

𝒊=𝟏

 

𝜒2 =
4

7
+

9

26
+

1

37
+

1

24
+

1

6
 

𝜒2 = 1.15 < 𝜒0.05
2 = 9.49 



 Thus the hypothesis that the fitness is good can be accepted. 

5. Fit a poisson distribution for the following data and test the goodness of fit given that  

     𝝌0.05
2 = 7.815  𝑓𝑜𝑟 3 𝑑. 𝑓 

𝑥 0 1 2 3 4 

𝑓 122 60 15 2 1 

Sol: Let 𝑥 denote the number of heads and 𝑓 the corresponding frequency. Since the data is 

in the form of a frequency distribution we shall first calculate the mean. 

Mean, 𝜇 =
∑ 𝑓𝑥

∑ 𝑓
=

(0)(122)+(1)(60)+(2)(15)+(3)(2)+(4)(1)

122+60+15+2+1
=

100

200
= 0.2  

From poisson distribution, 𝜇 = 𝑚.  

                                         ∴  𝒎 = 𝟎. 𝟐 

Wkt, 𝑃(𝑥) =
𝑚𝑥𝑒−𝑚

𝑥!
 

Let   𝐹(𝑥) = 200 ∗ 𝑃(𝑥) 

𝐹(𝑥) = 200 ∗ 
𝑚𝑥𝑒−𝑚

𝑥!
 

𝐹(𝑥) = 200 ∗
(0.5)𝑥𝑒−(0.5)

𝑥!
     But 𝑒−(0.5) = 0.6065 

𝐹(𝑥) = 121.3 
(0.5)𝑥

𝑥!
 

𝐹(0) = 121 , 𝐹(1) = 61, 𝐹(2) = 15, 𝐹(3) = 3, 𝐹(4) = 0 

Thus the required theoretical frequencies are 121,61,15,3,0. 

 Since the last of the expected frequency is 0 we shall club it with the previous one. 

We have the following table 

𝑂𝑖 122 60 15 2+1=3 

𝐸𝑖 121 61 15 3+0=3 

𝝌𝟐 = ∑
(𝑶𝒊 − 𝑬𝒊)

𝟐

𝑬𝒊
 

 

𝒏

𝒊=𝟏

 

𝜒2 =
1

121
+

1

61
+ 0 + 0  

𝜒2 = 0.025 < 𝜒0.05
2 = 7.815  

Thus the hypothesis that the fitness is good can be accepted. 

6. The number of accidents per day (𝑥) as recorded in a textile industry over a period of 400  



     days is given below. Test the goodness of fit in respect of Poisson distribution of fit to  

     the given data(𝝌0.05
2 = 9.49  𝑓𝑜𝑟 4 𝑑. 𝑓). 

x 0 1 2 3 4 5 

f 173 168 37 18 3 1 

Sol: Let 𝑥 denote the number of heads and 𝑓 the corresponding frequency. Since the data is 

in the form of a frequency distribution we shall first calculate the mean. 

Mean, 𝜇 =
∑ 𝑓𝑥

∑ 𝑓
=

(0)(173)+(1)(168)+(2)(37)+(3)(18)+(4)(3)+(5)(1)

173+168+37+18+3+1
=

313

400
= 0.7825  

From poisson distribution, 𝜇 = 𝑚.  

                                         ∴  𝒎 = 𝟎. 𝟕𝟖𝟐𝟓 

Wkt , 𝑃(𝑥) =
𝑚𝑥𝑒−𝑚

𝑥!
 

Let   𝐹(𝑥) = 400 ∗ 𝑃(𝑥) 

𝐹(𝑥) = 400 ∗ 
𝑚𝑥𝑒−𝑚

𝑥!
 

𝐹(𝑥) = 400 ∗
(0.7825)𝑥𝑒−(0.7825)

𝑥!
     But 𝑒−(0.7825) = 0.4573 

𝐹(𝑥) = 182.92 
(0.7825)𝑥

𝑥!
 

𝐹(0) = 183 , 𝐹(1) = 143, 𝐹(2) = 56, 𝐹(3) = 15, 𝐹(4) = 3, 𝐹(5) = 0  
Thus the required theoretical frequencies are 183,143,56,15,3,0. 

 

Since the last of the expected frequency is 0 we shall club it with the previous one. 

We have the following table 

𝑶𝒊 173 168 37 18 3+1=4 

𝐸𝑖 183 143 56 15 3+0=3 

𝝌𝟐 = ∑
(𝑶𝒊 − 𝑬𝒊)

𝟐

𝑬𝒊
 

 

𝒏

𝒊=𝟏

 

𝜒2 =
100

183
+

625

143
+

361

56
+

9

15
+

1

3
 

𝜒2 = 12.297 > 𝝌0.05
2 = 9.49  

 

Thus the hypothesis that the fitness is good can be rejected.s 



 

Module-4 

Linear Programming Problems 

Linear programming is a decision making technique under the given constraints on the 

condition that the relationship among the variables involved is linear. A general relationship 

among the variables involved is called objective function. The variables involved are called 

decision variables. 

Canonical and Standard forms of LPP 

    After the formulation of LPP, the next step is to obtain its solution. But before any method 

is used to find its solution, the problem must be presented in a suitable form. Two forms are 

dealt with here, the canonical form and the standard form. 

The canonical form : The general linear programming problem can always be expressed in 

the following form : 

       Maximize Z = c1 x1 + c2 x2 + c3 x3 + ...+ cn xn 

      subject to the constraints 

                   a11x1 + a12x2 + .... + a1n xn ≤ b1 

                   a21x1 + a22x2 + .... + a2n xn ≤ b2 

                   ................................. 

                   amlx1 + am2 x2 + ... + amn xn ≤  bm 

and the non-negativity restrictions    

                   x1, x2, x3, ... xn ≥ 0. 

This form of LPP is called the canonical form of the LPP. 

In matrix notation the canonical form of LPP can be expressed as : 

Maximize Z       =   CX (objective function) 

Subject to AX    ≤  b (constraints) 

and      X       ≥   0 (non-negativity restrictions) 

where C         =   (c1  c2 …cn),  

5



 

The Standard From : 

The general linear programming problem in the form 

       Maximize or Minimize 

        Z = c1 x1 + c2 x2 + …….. + cn xn 

Subject to the constraints 

                   a11x1 + a12x2 + ....................... + a1n xn = b1 

                   a21x1 + a22x2 + ....................... + a2n xn = b2                                             

                   ..................................................................... 

                   amlx1 + am2 x2 + ............... + amn xn  =  bm 

                 and x1, x2, ....................... xn ≥ 0 is known as standard form. 

In matrix notation the standard form of LPP can be expressed as : 

Maximize or Minimize Z = CX (objective function) 

Subject to constraints AX  = b and X ≥ 0 

Where, C = (c1,c2,…,cn), 

 

         The set of real values 𝑋 = (𝑥1, 𝑥2, … , 𝑥𝑛) which satisfies the constraint 𝐴𝑋 ≤ (≥)𝐵 is 

called a basic solution. 

               A set of real values 𝑥𝑖 which satisfies the constraints and also satisfy non negativity 

constraints 𝑥𝑖 ≥ 0 is called feasible solution. 



     A set of real values 𝑥𝑖 which satisfies the constraints along with non negativity restrictions 

and optimizes the objective function is called optimal solution. 

Simplex Method 

    It is an iterative method to solve a Linear programming Problem. 

   Slack Variable: It is a variable introduced to convert  " ≤ " (less than or equal to) to  

                               "=" (equal to). 

Surplus Variable: It is a variable introduced to convert  " ≥ " (greater than or equal to) to  

                               "=" (equal to). 

 

Problems 

1. Use Simplex method to maximize 𝑧 = 𝑥 + 1.5𝑦 subject to the constraints 𝑥 + 2𝑦 ≤ 160  

    and 3𝑥 + 2𝑦 ≤ 240 where 𝑥 ≥ 0 and 𝑦 ≥ 0. 

Sol: Introduce two slack variables 𝑠1 and  𝑠2 to convert linear inequality into equalities 

  𝑥 + 2𝑦 + 1. 𝑠1 + 0. 𝑠2 = 160    --- (1) 

3𝑥 + 2𝑦 + 0. 𝑠1 + 1. 𝑠2 = 240    --- (2) 

𝑥 + 1.5𝑦 + 0. 𝑠1 + 0. 𝑠2 = 𝑧    is the objective function.  

         The first two rows in the above table contains the various co-efficients of eqations (1) 

and (2). The last row contains the co-efficients of the variables in the objective function with 

their signs reversed and are called as indicators. 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty Ratio  

𝑠1 1 2 1 0 160 160

2
= 80 

Pivotal Row 

    𝑠2 3 2 0 1 240 240

2
= 120 

 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −1 −1.5 0 0 0 −  

 ↑       

 Pivotal 

column 

      

        

i) Identify the least negative indicator, it is -1.5. Therefore, the second column is 

known as the key or the Pivotal Column. 

ii) In each row examine the ratio of the entry in the quantity (Qty), column 

corresponding entry in the pivotal column. 

iii) Find the least non-negative ratio (ignore negative ratios and -0 also). 

 

• The row in which the least ratio is present is known as the pivotal row. 



• The entry which is common to both pivotal column and pivotal row is 

termed as the pivotal element. The variable corresponding to the pivotal 

row is known as outgoing variable or departing variable and the variable 

corresponding to pivotal column is known as incoming variable or arriving 

variable. 

• Make the pivotal element unity (one) (Gauss elimination method) by 

dividing the pivotal row by the pivotal element. 

 

         𝑅1
′ =

𝑅1

2
       Outgoing Variable - 𝑆1 Incoming Variable - 𝑦 

 

 

 

 

 

 

𝑅2
′ = 𝑅2 − 2𝑅1                          𝑅3

′ = 𝑅3 + 1.5𝑅1 

 
 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty Ratio  

𝑦 1

2
 

1 1

2
 

0 80 80

1
2

= 160 
 

    𝑠2 2 0 −1 1 80 80

2
= 40 

Pivotal Row 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −0.25 0 0.75 0 120 −  

 ↑       

 Pivotal 

column 

      

        

 
Again, continue from step (i) as shown previously. 

 

Outgoing Variable - 𝑆2 Incoming Variable – 𝑥 ;   𝑅2
′ =

𝑅2

2
 

 

 

 

 

 

 

 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Ratio  

𝑠1 1

2
 

1 1

2
 

0 80 Pivotal Row 

    𝑠2 3 2 0 1 240  

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −1 −1.5 0 0 −  

 ↑     

 Pivotal 

column 

    

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Ratio 

𝑦 1

2
 

1 1

2
 

0 80 

    𝑥 1 0 
−

1

2
 

1

2
 

40 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −1 −1.5 0 0 120 



𝑅1
′ = 𝑅1 −

1

2
𝑅2                          𝑅3

′ = 𝑅3 + 0.25𝑅1 

 

 

 

 

 

 

 

  

  As all the indicators in the above Simplex table are non-negative, the iterative 

procedure is complete. 

 

𝒛𝒎𝒂𝒙 = 𝟏𝟑𝟎 at   𝒚 = 𝟔𝟎 ; 𝒙 = 𝟒𝟎 
 

2. Use Simplex method to maximize 𝑧 = 3𝑥 + 4𝑦 subject to the constraints 2𝑥 + 𝑦 ≤ 40  

    and 2𝑥 + 5𝑦 ≤ 180 where 𝑥 ≥ 0 and 𝑦 ≥ 0. 

Sol: Introduce two slack variables 𝑠1 and  𝑠2 to convert linear inequality into equalities 

  2𝑥 + 𝑦 + 1. 𝑠1 + 0. 𝑠2 = 40    --- (1) 

2𝑥 + 5𝑦 + 0. 𝑠1 + 1. 𝑠2 = 180    --- (2) 

3𝑥 + 4𝑦 + 0. 𝑠1 + 0. 𝑠2 = 𝑧    is the objective function.  

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty Ratio  

𝑠1 2 1 1 0 40 40

1
= 40 

 

    𝑠2 2 5 0 1 180 180

5
= 36 

Pivotal 

Row 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −3 −4 0 0 0 −  

  ↑      

  Pivotal 

column 

     

Outgoing Variable - 𝑆2        Incoming Variable – 𝑦 ;         𝑅2
′ =

𝑅2

5
 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty 

𝑠1 2 1 1 0 40 

𝑦 2

5
 

1 0 1

5
 

36 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −3 −4 0 0 0 

 

𝑅1
′ = 𝑅1 − 𝑅2                          𝑅3

′ = 𝑅3 + 4𝑅2 

 

 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Ratio 

𝑦 0 1 3

4
 −

1

4
 

60 

𝑥 1 0 
−

1

2
 

1

2
 

40 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 0 0.625 0.125 130 



 

 

 

 

 

 

 

 

2nd iteration 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty Ratio  

𝑠1 8

5
 

0 1 
−

1

5
 

4 4

8
5

=
5

2
 

Pivotal 

Row 

    𝑦 2

5
 

1 0 1

5
 

36 36

2
5

= 90 
 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 
−

7

5
 

0 0 4

5
 

144 −  

 ↑       

 Pivotal 

column 

      

Outgoing Variable - 𝑆1        Incoming Variable – 𝑥 ;         𝑅1
′ =

5

8
𝑅1 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty 

𝑥 1 0 5

8
 −

1

8
 

5

2
 

 𝑦 2

5
 

1 0 1

5
 

36 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 
−

7

5
 

0 0 4

5
 

144 

 

𝑅2
′ = 𝑅2 −

2

5
𝑅1                          𝑅3

′ = 𝑅3 +
7

5
𝑅1 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Qty 

𝑥 1 0 5

8
 −

1

8
 

5

2
 

 𝑦 0 1 
−

1

4
 

1

4
 

35 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 0 7

8
 

5

8
 

147.5 

 

As all the indicators in the above simplex table are non-negative, the iterative 

procedure is complete. 

 

𝒛𝒎𝒂𝒙 = 𝟏𝟒𝟕. 𝟓 at   𝒚 = 𝟑𝟓 ; 𝒙 =
𝟓

𝟐
 

 

 

𝑁𝑍𝑉 𝑥 𝑦 𝑠1 𝑠2 Ratio 

𝑠1 8

5
 

0 1 
−

1

5
 

4 

𝑦 2

5
 

1 0 1

5
 

36 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 
−

7

5
 

0 0 4

5
 

144 



3. Maximize 𝑃 = 6𝑥 + 10𝑦 + 2𝑧 subject to the constraints 2𝑥 + 4𝑦 + 3𝑧 ≤ 40 , 𝑥 + 𝑦 ≤ 10  

2𝑦 + 𝑧 ≤ 12 𝑥, 𝑦, 𝑧 ≥ 0 using simplex method. 

Sol: 2𝑥 + 4𝑦 + 3𝑧 + 1. 𝑠1 + 0. 𝑠2 + 0. 𝑠3 = 40    --- (1) 

          𝑥 + 𝑦 + 0. 𝑧 + 0. 𝑠1 + 1. 𝑠2 + 0. 𝑠3 = 10     --- (2) 

        0.𝑥 + 2𝑦 + 1. 𝑧 + 0. 𝑠1 + 0. 𝑠2 + 1. 𝑠3 = 12  --- (3) 

         6𝑥 + 10𝑦 + 2𝑧 + 0. 𝑠1 + 0. 𝑠2 + 0. 𝑠3 = 𝑃    is the objective function.  

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty Ratio  

𝑠1 2 4 3 1 0 0 40 40

4
= 10 

 

 

𝑠2 1 1 0 0 1 0 10 10

1
= 10 

 

𝑠3 0 2 1 0 0 1 12 12

2
= 6 

Pivotal 

Row 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −6 −10 −2 0 0 0 0 −  

  ↑        

  Pivotal 

column 

       

Outgoing Variable - 𝑆3        Incoming Variable – 𝑦 ;         𝑅3
′ =

𝑅3

2
 

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 2 4 3 1 0 0 40 

𝑠2 1 1 0 0 1 0 10 

𝑦 0 1 1

2
 

0 0 1

2
 

6 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −6 −10 −2 0 0 0 0 

 

𝑅1
′ = 𝑅1 − 4𝑅3                       𝑅2

′ = 𝑅2 − 𝑅3        𝑅4
′ = 𝑅4 + 10𝑅3 

 

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 2 0 1 1 0 −2 16  

 

𝑠2 1 0 
−

1

2
 

0 1 
−

1

2
 

4 Pivotal 

Row 

𝑦 0 1 1

2
 

0 0 1

2
 

6  

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −6 0 3 0 0 5 60 

 ↑       

 Pivotal 

column 

      

16

2
= 8           

4

1
= 4   ( 4 is least , 1 is pivot) 

Outgoing Variable - 𝑆2        Incoming Variable – 𝑥 ;         𝑅2
′ =

𝑅2

1
 



𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 2 0 1 1 0 −2 16 

𝑥 1 0 
−

1

2
 

0 1 
−

1

2
 

4 

𝑦 0 1 1

2
 

0 0 1

2
 

6 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −6 0 3 0 0 5 60 

 

𝑅1
′ = 𝑅1 − 2𝑅2                               𝑅4

′ = 𝑅4 + 6𝑅2 

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 0 0 2 0 −2 −1 8 

𝑥 1 0 
−

1

2
 

0 1 
−

1

2
 

4 

𝑦 0 1 1

2
 

0 0 1

2
 

6 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 0 0 0 6 2 84 

 

As all the indicators in the above simplex table are non-negative, the iterative procedure is 

complete. 

𝑷𝒎𝒂𝒙 = 𝟖𝟒 at   𝒙 = 𝟒 ;  𝒚 = 𝟔  ; 𝒛 = 𝟎. 

4. Maximize 𝑃 = 4𝑥1 − 2𝑥2 − 𝑥3 subject to the constraints 𝑥1 + 𝑥2 + 𝑥3 ≤ 3 , 

    2 𝑥1 + 2𝑥2 + 𝑥3 ≤ 4 , 𝑥1 − 𝑥2 ≤ 0  𝑥1, 𝑥2, 𝑥3  ≥ 0 using simplex method. 

Sol:     𝑥1 + 𝑥2 + 𝑥3 + 1. 𝑠1 + 0. 𝑠2 + 0. 𝑠3 = 3    --- (1) 

         2𝑥1 + 2𝑥2 + 𝑥3 + 0. 𝑠1 + 1. 𝑠2 + 0. 𝑠3 = 4  --- (2) 

          𝑥1 − 𝑥2 + 0. 𝑥3 + 0. 𝑠1 + 0. 𝑠2 + 1. 𝑠3 = 0    --- (3) 

         4𝑥1 − 2𝑥2 − 𝑥3 + 0. 𝑠1 + 0. 𝑠2 + 0. 𝑠3   = 𝑃    is the objective function.  

𝑁𝑍𝑉 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 Qty  

𝑠1 1 1 1 1 0 0 3  

 

𝑠2 2 2 1 0 1 0 4  

𝑠3 1 −1 0 0 0 1 0 Pivotal 

Row 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −4 2 1 0 0 0 0  

 ↑        

 Pivotal 

column 

       

3

1
= 3           

4

2
= 2           

0

1
= 0                      ( 0 is least , 1 is pivot) 

 



Outgoing Variable - 𝑆3        Incoming Variable – 𝑥1 ;         𝑅3
′ =

𝑅3

1
 

𝑁𝑍𝑉 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 1 1 1 1 0 0 3 

𝑠2 2 2 1 0 1 0 4 

𝑥1 1 −1 0 0 0 1 0 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) −4 2 1 0 0 0 0 

 

𝑅1
′ = 𝑅1 − 𝑅3                 𝑅2

′ = 𝑅2 − 2𝑅3        𝑅4
′ = 𝑅4 + 4𝑅3 

 

𝑁𝑍𝑉 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 0 2 1 1 0 −1 3  

 

𝑠2 0 4 1 0 1 −2 4 Pivotal 

Row 

𝑥1 1 −1 0 0 0 1 0  

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 −2 1 0 0 4 0 

  ↑      

  Pivotal 

column 

     

3

2
= 1.5           

4

4
= 1  

0

−1
= 𝑛𝑒𝑔𝑙𝑒𝑐𝑡𝑒𝑑   ( 1 is least , 4 is pivot) 

Outgoing Variable - 𝑆2        Incoming Variable – 𝑥2 ;         𝑅2
′ =

𝑅2

4
 

𝑁𝑍𝑉 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 0 2 1 1 0 −1 3 

𝑥2 0 1 1

4
 

0 1

4
 −

1

2
 

1 

𝑥1 1 −1 0 0 0 1 0 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 −2 1 0 0 4 0 

 

𝑅1
′ = 𝑅1 − 2𝑅2        𝑅3

′ = 𝑅3 + 𝑅2            𝑅4
′ = 𝑅4 + 2𝑅2 

𝑁𝑍𝑉 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 0 0 0.5 1 −0.5 0 1 

𝑥2 0 1 1

4
 

0 1

4
 −

1

2
 

1 

𝑥1 1 0 1

4
 

0 1

4
 

1

2
 

1 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 0 3

2
 

0 1

2
 

3 2 



 

As all the indicators in the above simplex table are non-negative, the iterative procedure is 

complete. 

𝑷𝒎𝒂𝒙 = 𝟐 at   𝒙𝟏 = 𝟏 ; 𝒙𝟐 = 𝟏; 𝒙𝟑 = 𝟎. 

5. Use Simplex method to minimize 𝑃 = 𝑥 − 3𝑦 + 2𝑧 subject to the constraints 

    3𝑥 − 𝑦 + 2𝑧 ≤ 7   −2𝑥 + 4𝑦 ≤ 12   and −4𝑥 + 3𝑦 + 8𝑧 ≤ 10 where 𝑥, 𝑦, 𝑧 ≥ 0 . 

Sol:   Minimization of  𝑃 is equivalent to maximisation of  −𝑃. 

          𝑃′ = −𝑃  

Let  𝑃′ = −𝑥 + 3𝑦 − 2𝑧 

                 3𝑥 − 𝑦 + 2𝑧 + 1. 𝑠1 + 0. 𝑠2 + 0. 𝑠3 = 7   --- (1) 

         −2𝑥 + 4𝑦 + 0. 𝑧 + 0. 𝑠1 + 1. 𝑠2 + 0. 𝑠3 = 12  --- (2) 

           −4𝑥 + 3𝑦 + 8𝑧 + 0. 𝑠1 + 0. 𝑠2 + 1. 𝑠3 = 10    --- (3) 

             −𝑥 + 3𝑦 − 2𝑧 + 0. 𝑠1 + 0. 𝑠2 + 0. 𝑠3   = 𝑃′    is the objective function.  

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty  

𝑠1 3 −1 2 1 0 0 7  

 

𝑠2 −2 4 0 0 1 0 12 Pivotal 

Row 

𝑠3 −4 3 8 0 0 1 10  

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 1 −3 2 0 0 0 0  

  ↑       

  Pivotal 

column 

      

7

−1
= −7           

12

4
= 3           

10

3
= 3.333                      ( 3 is least , 4 is pivot) 

 

Outgoing Variable - 𝑠2        Incoming Variable – 𝑦 ;         𝑅2
′ =

𝑅2

4
 

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 3 −1 2 1 0 0 7 

𝑦 
−

1

2
 

1 0 0 1

4
 

0 3 

𝑠3 −4 3 8 0 0 1 10 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 1 −3 2 0 0 0 0 

 

𝑅1
′ = 𝑅1 + 𝑅2                 𝑅3

′ = 𝑅3 − 3𝑅2        𝑅4
′ = 𝑅4 + 3𝑅2 

 



𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑠1 5

2
 

0 2 1 1

4
 

0 10 Pivotal 

Row 

 

𝑦 
−

1

2
 

1 0 0 1

4
 

0 3  

𝑠3 
−

5

2
 

0 8 0 
−

3

4
 

1 1  

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 
−

1

2
 

0 2 0 3

4
 

0 9 

 ↑       

 Pivotal 

column 

      

10
5

2

= 4          
3

−
1

2

= −6  
1

−
5

2

= −0.4   ( 4 is least , 
5

2
 is pivot) 

Outgoing Variable - 𝑆1        Incoming Variable – 𝑥 ;         𝑅1
′ =

𝑅1
5

2

 

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑥 1 0 4

5
 

2

5
 

1

10
 

0 4 

𝑦 
−

1

2
 

1 0 0 1

4
 

0 3 

𝑠3 
−

5

2
 

0 8 0 
−

3

4
 

1 1 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 
−

1

2
 

0 2 0 3

4
 

0 9 

 

𝑅2
′ = 𝑅2 +

1

2
𝑅1        𝑅3

′ = 𝑅3 +
5

2
𝑅1            𝑅4

′ = 𝑅4 +
1

2
𝑅1 

𝑁𝑍𝑉 𝑥 𝑦 𝑧 𝑠1 𝑠2 𝑠3 Qty 

𝑥 1 0 4

5
 

2

5
 

1

10
 

0 4 

𝑦 0 1 2

5
 

1

5
 

3

10
 

0 5 

𝑠3 0 0 10 1 
−

1

2
 

1 11 

∆(𝐼𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟) 0 0 12

5
 

1

5
 

4

5
 

0 11 

 

As all the indicators in the above simplex table are non-negative, the iterative procedure is 

complete. 

𝑷𝒎𝒂𝒙
′ = 𝟏𝟏 at   𝒙 = 𝟒 ; 𝒚 = 𝟓. 

𝑷𝒎𝒊𝒏 = −𝟏𝟏 at   𝒙 = 𝟒  and  𝒚 = 𝟓. 
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Module 4 : L.P.P. and Simplex Method 
 

Syllabus: 

General linear programming problems, canonical and standard forms of L.P.P. Basic solution, Basic 

feasible solution, Optimal solution. 

 

Simplex Method-Problems, Artificial variables, Big-M method, Two-Phase Method-Problems. 

 

 

4.1 General Linear Programming Problem 

Basic terminology: 

Linear equation: Straight line relationship among variables under considerations. 

Programming: Process of determining a particular course of action. 

Decision variables: The variables whose values determine the solution of the problem. 

Optimization: Maximization or minimization. 

Objective function: A function of decision variables. 

Constraints: Restrictions expressed as a set of linear equations or inequalities. 

Definition: 

The method of optimizing a linear function of variables (Objective function) subject to a set of 

linear equations and/or inequalities (constraints) is called linear programming. 

Requirements: 

❖ The relationship among the decision variables should be linear. 

❖ There must be a well-defined objective function which may be either to maximize or 

minimize. 

❖ There must be limitations on resources (Constraints) like production, capacity, time, man 

power, machine, etc. which are to be allocated among various computing activities. 

❖ There must be alternative courses of action to choose from men, machines, materials, 

markets, etc. 

❖ All decision variables must be non-negative. 

❖ Both the objective function and constraints must be expressed in terms of linear equations 

or inequalities. 
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General form of an L.P.P Parts of an L.P.P 

Max (or) min 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2 + 𝑐3𝑥3 } 𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (1) 

𝑎1𝑥1 + 𝑏1𝑥32 + 𝑐1𝑥3 ≤ (𝑜𝑟) ≥ (𝑜𝑟) = 𝑑1 

Subject to 𝑎2𝑥1 + 𝑏2𝑥32 + 𝑐2𝑥3 ≤ (𝑜𝑟) ≥ (𝑜𝑟) = 𝑑2} 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (2) 

𝑎3𝑥1 + 𝑏3𝑥2 + 𝑐3𝑥3 ≤ (𝑜𝑟) ≥ (𝑜𝑟) = 𝑑3 
 

and 𝑥1, 𝑥2, 𝑥3 ≥ 0 } 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑠 (3) 

 

❖ The set of values 𝑥1, 𝑥2, 𝑥3 that satisfies (2) is called solution. 

❖ The set of values 𝑥1, 𝑥2, 𝑥3 that satisfies (2) and (3) is called feasible solution. 

❖ The set of values 𝑥1, 𝑥2, 𝑥3 that satisfies (1), (2) and (3) is called optimum solution. 

Characteristics: 

❖ The objective function is of max (or) min type. 

❖ Constraints are ≤ (𝑜𝑟) ≥ (𝑜𝑟) = type. 

❖ Decision variables may be non-negative or unrestricted. 

 

Canonical form of an L.P.P 

Max 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2 + 𝑐3𝑥3 

Subject to  𝑎11𝑥1 + 𝑎12𝑥32 + 𝑎13𝑥3 ≤ 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥32 + 𝑎23𝑥3 ≤ 𝑏2 

𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 ≤ 𝑏3 

and 𝑥1, 𝑥2, 𝑥3 ≥ 0. 

 

Characteristics: 

❖ The objective function is of max type. 

❖ All the constraints are ≤ type. 

❖ All the decision variables are non-negative. 

 

Standard form of an L.P.P 

Max 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2 + 𝑐3𝑥3 

Subject to  𝑎11𝑥1 + 𝑎12𝑥32 + 𝑎13𝑥3 = 𝑏1 
𝑎21𝑥1 + 𝑎22𝑥32 + 𝑎23𝑥3 = 𝑏2 

𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 = 𝑏3 

and 𝑥1, 𝑥2, 𝑥3 ≥ 0. 

 

Characteristics: 

❖ The objective function is of max type. 

❖ All the constraints are expressed as equations. 

❖ Right side of each constraint (𝑏𝑖) is non-negative. 

❖ All the decision variables are non-negative. 
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Hints to convert General form of L.P.P to Standard form of L.P.P 

 

Min 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2 + 𝑐3𝑥3 Max 𝑧∗ = −𝑐1𝑥1 − 𝑐2𝑥2 − 𝑐3𝑥3 

𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3 ≤ 𝑑 𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3 + 𝑠1 = 𝑑, 
where 𝑠1 −Slack variable 

𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3 ≥ −𝑑 −𝑎𝑥1 − 𝑏𝑥2 − 𝑐𝑥3 ≤ 𝑑, 

−𝑎𝑥1 − 𝑏𝑥2 − 𝑐𝑥3 + 𝑠1 = 𝑑, 

where 𝑠1 −Slack variable. 

𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3 ≥ 𝑑 𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3 − 𝑠1 + 𝐴1 = 𝑑 
Where 𝑠1 − Surplus variable 

𝐴1 − Artificial variable 

𝑥1 is unrestricted in sign 𝑥1 = 𝑥′ − 𝑥1", where 𝑥′ , 𝑥′′ ≥ 0 
1 1 1 

 

Basic feasible solution 

❖ Consider a system of 𝑚 linear equations with 𝑛 variables (𝑚 < 𝑛). 

❖ Basic solution: The values of 𝑚 variables by keeping 𝑛 − 𝑚 variables as zero. 

❖ Basic feasible solution: Basic solution satisfying non-negativity restrictions. 

Problems: 

1. Find the initial basic feasible solution of the L.P.P Max 𝒛 = 𝟑𝒙𝟏 + 𝟐𝒙𝟐 

subject to 𝒙𝟏 + 𝒙𝟐 ≤ 𝟒, 𝒙𝟏 − 𝒙𝟐 ≤ 𝟐 and 𝒙𝟏, 𝒙𝟐 ≥ 𝟎. 

 
Standard form: 

Max 𝑧 = 3𝑥1 + 2𝑥2 + 0𝑠1 + 0𝑠2 

Subject to 𝑥1 + 𝑥2 + 𝑠1 = 4, 𝑥1 − 𝑥2 + 𝑠2 = 2 

And 𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0 

Initial basic feasible solution: 

Number of equations = 𝑚 = 2, 

Number of variables= 𝑛 = 4, 𝑛 > 𝑚. 

Put 𝑥1 = 0, 𝑥2 = 0. 

Initial basic feasible solution is 𝑠1 = 4, 𝑠2 = 2. 

 
2. Find the initial basic feasible solution of the L.P.P Min 𝒛 = 𝒙𝟐 − 𝟑𝒙𝟑 + 𝟐𝒙𝟓 

subject to 𝟑𝒙𝟐 − 𝒙𝟑 + 𝟐𝒙𝟓 ≤ 𝟕, −𝟐𝒙𝟐 + 𝟒𝒙𝟑 ≤ 𝟏𝟐, −𝟒𝒙𝟐 + 𝟑𝒙𝟑 + 𝟖𝒙𝟓 ≤ 𝟏𝟎 

and 𝒙𝟐, 𝒙𝟑, 𝒙𝟓 ≥ 𝟎. 

Standard form: 

Max 𝑧∗ = −𝑥2 + 3𝑥3 − 2𝑥5 + 0𝑠1 + 0𝑠2 + 0𝑠3 

Subject to 

3𝑥2 − 𝑥3 + 2𝑥5 + 𝑠1 = 7, −2𝑥2 + 4𝑥3 + 𝑠2 = 12, −4𝑥2 + 3𝑥3 + 8𝑥5 + 𝑠3 = 10 

and 𝑥2, 𝑥3, 𝑥5, 𝑠1, 𝑠2, 𝑠3 ≥ 0 
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2 

2 

Initial basic feasible solution: 

Number of equations = 𝑚 = 3 

Number of variables= 𝑛 = 6, 𝑛 > 𝑚. 

Put 𝑥2 = 0, 𝑥3 = 0, 𝑥5 = 0 

Initial basic feasible solution is 𝑠1 = 7, 𝑠2 = 12, 𝑠3 = 10. 

 
3. Find the initial basic feasible solution of the L.P.P Max 𝒛 = 𝟑𝒙𝟏 + 𝟐𝒙𝟐 

subject to 𝟐𝒙𝟏 + 𝒙𝟐 ≤ 𝟐, 𝟑𝒙𝟏 + 𝟒𝒙𝟐 ≥ 𝟏𝟐 and 𝒙𝟏, 𝒙𝟐 ≥ 𝟎. 

 
Standard form: 

Max 𝑧 = 3𝑥1 + 2𝑥2 + 0𝑠1 + 0𝑠2 + 0𝐴1 

Subject to 2𝑥1 + 𝑥2 + 𝑠1 = 2, 3𝑥1 + 4𝑥2 − 𝑠2 + 𝐴1 = 12 

And 𝑥1, 𝑥2, 𝑠1, 𝑠2, 𝐴1 ≥ 0 

Initial basic feasible solution: 

Number of equations = 𝑚 = 2, 

Number of variables= 𝑛 = 5, 𝑛 > 𝑚. 

Put 𝑥1 = 0, 𝑥2 = 0, 𝑠2 = 0. 

Initial basic feasible solution is 𝑠1 = 2, 𝐴1 = 12. 

 
4. Find the initial basic feasible solution of the L.P.P Min 𝒛 = 𝟓𝒙 + 𝟑𝒚 

subject to 𝟐𝒙 + 𝟒𝒚 ≤ 𝟏𝟐, 𝟐𝒙 + 𝟐𝒚 = 𝟏𝟎, 𝟓𝒙 + 𝟐𝒚 ≥ 𝟏𝟎 and 𝒙, 𝒚 ≥ 𝟎. 

 
Standard form: 

Max 𝑧∗ = −5𝑥 − 3𝑦 + 0𝑠1 + 0𝑠2 + 0𝐴1 + 0𝐴2 

Subject to 2𝑥 + 4𝑦 + 𝑠1 = 12, 2𝑥 + 2𝑦 + 𝐴1 = 10, 5𝑥 + 2𝑦 − 𝑠2 + 𝐴2 = 10 

And 𝑥, 𝑦, 𝑠1, 𝑠2, 𝐴1, 𝐴2 ≥ 0 

Initial basic feasible solution: 

Number of equations = 𝑚 = 3, 

Number of variables= 𝑛 = 6, 𝑛 > 𝑚. 

Put 𝑥 = 0, 𝑦 = 0, 𝑠2 = 0 

Initial basic feasible solution is 𝑠1 = 12, 𝐴1 = 10, 𝐴2 = 10. 

 
5. Express the following L.P.P in the canonical form: Max 𝒛 = 𝟐𝒙𝟏 + 𝟑𝒙𝟐 + 𝒙𝟑 

subject to 𝟒𝒙𝟏 − 𝟑𝒙𝟐 + 𝒙𝟑 ≤ 𝟔, 𝒙𝟏 + 𝟓𝒙𝟐 − 𝟕𝒙𝟑 ≥ −𝟒 and 𝒙𝟏, 𝒙𝟑 ≥ 𝟎, 𝒙𝟐 is 

unrestricted in sign. 

 
𝑥2 = 𝑥′ − 𝑥2", where 𝑥′ , 𝑥2” ≥ 0 

2 2 

Canonical form: 

Max 𝑧 = 2𝑥1 + 3(𝑥′ − 𝑥2") + 𝑥3 
subject to 4𝑥1 − 3(𝑥′ − 𝑥2”) + 𝑥3 ≤ 6, −𝑥1 − 5(𝑥′ − 𝑥2") + 7𝑥3 ≤ 4 

2 2 

and 𝑥1, 𝑥′ , 𝑥2", 𝑥3 ≥ 0 
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6. Express the following L.P.P in the standard form: Max 𝒛 = 𝟒𝒙𝟏 + 𝟐𝒙𝟐 + 𝟔𝒙𝟑 

subject to 𝟐𝒙𝟏 + 𝟑𝒙𝟐 + 𝟐𝒙𝟑 ≥ 𝟔, 𝟑𝒙𝟏 − 𝟒𝒙𝟐 = 𝟖, 𝟔𝒙𝟏 − 𝟒𝒙𝟐 + 𝒙𝟑 ≤ 𝟏𝟎 and 

𝒙𝟏, 𝒙𝟐, 𝒙𝟑 ≥ 𝟎. 

 
Standard form: 

Max 𝑧 = 4𝑥1 + 2𝑥2 + 6𝑥3 + 0𝑠1 + 0𝑠2 + 0𝐴1 + 0𝐴2 

subject to 2𝑥1 + 3𝑥2 + 2𝑥3 − 𝑠1 + 𝐴1 = 6 

3𝑥1 − 4𝑥2 + 𝐴2 = 8 

6𝑥1 − 4𝑥2 + 𝑥3 + 0𝑠2 = 10 

and 𝑥1, 𝑥2, 𝑥3, 𝑠1, 𝑠2, 𝐴1, 𝐴2 ≥ 0 

 

4.2 Simplex Method 

 
Simplex shape: All polyhedrons are simplex in shape. 

 

Simplex: Not simplex: 
 

 

L.P.P with two variables can be solved using graphical method. Simplex method is useful 

to solve L.P.P with 2 or more variables. 
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1. Solve the following L.P.P using simplex method: Max 𝒛 = 𝟒𝒙𝟏 + 𝟏𝟎𝒙𝟐 subject to 

𝟐𝒙 − 𝟏 + 𝒙𝟐 ≤ 𝟓𝟎, 𝟐𝒙𝟏 + 𝟓𝒙𝟐 ≤ 𝟏𝟎𝟎, 𝟐𝒙𝟏 + 𝟑𝒙𝟐 ≤ 𝟗𝟎 and 𝒙𝟏, 𝒙𝟐 ≥ 𝟎. 

 
Standard form: 

Max 𝑧 = 4𝑥1 + 10𝑥2 + 0𝑠1 + 0𝑠2 + 0𝑠3 

subject to 2𝑥 − 1 + 𝑥2 + 𝑠1 = 50 

2𝑥1 + 5𝑥2 + 𝑠2 = 100 

2𝑥1 + 3𝑥2 + 𝑠3 = 90 

And 𝑥1, 𝑥2, 𝑠1, 𝑠2, 𝑠3 ≥ 0. 
 

Simplex table: 1 

𝐶𝑗 4 10 0 0 0 

𝐶𝐵 
0 
0 
0 

 

 
𝑥𝐵/𝑥2 

50/1 = 50 
100/5 = 20  

90/3 = 30 
 

 

 
Entering variable = 𝑥2, leaving variable = 𝑠2, Pivotal element = 5. 

Column with pivotal element (Entering column) is called pivotal column. 

Modify entering column to (0 1 0)𝑇 using elementary row operation. 

 
𝑹′ → 𝑹𝟐/𝟓 

𝟐 
𝑹′ → 𝑹𝟏 − 𝑹′ 

𝟏 𝟐 
𝑹′ → 𝑹𝟑 − 𝟑𝑹′ 

𝟑 𝟐 

2/5 2 − 2/5 = 8/5 2 − 3(2/5) = 4/5 

1 1 − 1 = 0 3 − 3(1) = 0 

0 1 − 0 = 1 0 − 3(0) = 0 

1/5 0 − 1/5 = −1/5 0 − 3(1/5) = −3/5 

0 0 − 0 = 0 1 − 3(0) = 1 

100/5 = 20 50 − 20 = 30 90 − 3(20) = 30 

 

Simplex table:2 

𝐶𝑗 4 10  0 0 0 

𝐶𝐵 
0 

10 
0 

 

 
Since all 𝑧𝑗 − 𝑐𝑗 ≥ 0, current basic feasible solution is optimal. 

Therefore, optimal feasible solution is 𝑀𝑎𝑥 𝑧𝑗 = 200, 𝑥1 = 0, 𝑥2 = 20. 

𝐵 𝑥1 𝑥2 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 2 1 1 0 0 50 
𝑠2 𝟐 5 0 1 0 100 
𝑠3 2 3 0 0 1 90 
𝑧𝑗 0 0 0 0 0 0 

𝑧𝑗−𝑐𝑗 −4 −10 0 0 0  

 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 8/5 0 1 −1/5 0 30 
𝑥2 2/5 1 0 1/5 0 20 
𝑠3 4/5 0 0 −3/5 1 30 
𝑧𝑗 4 10 0 2 0 200 

𝑧𝑗−𝑐𝑗 0 0 0 2 0  
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2. Solve the following L.P.P using simplex method: Min 𝒛 = 𝟖𝒙𝟏 − 𝟐𝒙𝟐 subject to 

−𝟒𝒙𝟏 + 𝟐𝒙𝟐 ≤ 𝟏, 𝟓𝒙𝟏 − 𝟒𝒙𝟐 ≤ 𝟑 and 𝒙𝟏, 𝒙𝟐 ≥ 𝟎. 

 
Standard form: 

Max 𝑧∗ = −8𝑥1 + 2𝑥2 + 0𝑠1 + 0𝑠2 

subject to −4𝑥1 + 2𝑥2 + 𝑠1 = 1 

5𝑥1 − 4𝑥2 + 𝑠2 = 3 

and 𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0. 
 

Simplex table: 1 

𝐶𝑗 −8 2 0 0 

𝐶𝐵 
0 
0 

 
 
 

𝑥𝐵/𝑥2 
1/2  

 

 

 

Entering variable = 𝑥2, leaving variable = 𝑠1, Pivotal element = 2. 

Column with pivotal element (Entering column) is called pivotal column. 

Modify entering column to (0 1 0)𝑇using elementary row operation. 

 
𝑹′ → 𝑹𝟏/𝟐 

𝟏 
𝑹′ → 𝑹𝟐 + 𝟒𝑹𝟏′ 𝟐 

−2 5 + 4(−2) = −3 

1 −4 + 4(1) = 0 

1/2 0 + 4(1/2) = 2 

0 1 + 4(0) = 1 

1/2 3 + 4(1/2) = 5 

Simplex table: 2 

𝐶𝑗 −8 2 0 0 

𝐶𝐵 
2 
0 

 
 

 
Since all 𝑧𝑗 − 𝑐𝑗 ≥ 0, current basic feasible solution is optimal. 
Therefore, optimal feasible solution is 1 ∗ . 

 Otherwise, 
𝑥1 = 0, 𝑥2 = 

2 
, 𝑀𝑎𝑥 𝑧𝑗 = 1 

1 
. 𝑥1 = 0, 𝑥2 = 

2 
, 𝑚𝑖𝑛 𝑧𝑗 = −1 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝑥𝐵 

𝑠1 −4 𝟐 1 0 1 
𝑠2 5 −4 0 1 3 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

0 0 0 0 0 
8 −2 0 0  

 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝑥𝐵 

𝑥2 −2 1 1/2 0 1/2 
𝑠2 −3 0 2 1 5 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

−4 2 1 0 1 
4 0 1 0  
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3. Solve the following L.P.P using simplex method: Max 𝒛 = 𝟑𝒙𝟏 + 𝟐𝒙𝟐 + 𝟓𝒙𝟑 subject 

to 𝒙𝟏 + 𝟒𝒙𝟐 ≤ 𝟒𝟐𝟎, 𝟑𝒙𝟏 + 𝟐𝒙𝟑 ≤ 𝟒𝟔𝟎, 𝒙𝟏 + 𝟐𝒙𝟐 + 𝒙𝟑 ≤ 𝟒𝟑𝟎 and 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 ≥ 𝟎. 

 
Standard form: 

Max 𝑧 = 3𝑥1 + 2𝑥2 + 5𝑥3 + 0𝑠1 + 0𝑠2 + 0𝑠3 

subject to 𝑥1 + 4𝑥2 + 𝑠1 = 420 

3𝑥1 + 2𝑥3 + 𝑠2 = 460 

2𝑥2 + 𝑥3 + 𝑠3 = 430 and 𝑥1, 𝑥2, 𝑥3, 𝑠1, 𝑠2, 𝑠3 ≥ 0. 
 

Simplex table: 1 

𝐶𝑗 3 2 5 0 0 0 

𝐶𝐵 
0 
0 
0 

 

 
𝑥𝐵/𝑥2 

− 
230 
430 

 

 
Entering variable = 𝑥3, leaving variable = 𝑠2, Pivotal element = 2. 

Modify entering column as (0 1 0)𝑇. 

 
𝑹′ → 𝑹𝟐/𝟐 

𝟐 
𝑹′ → 𝑹𝟏 

𝟏 
𝑹′ → 𝑹𝟑 − 𝑹′ 

𝟑 𝟐 

3/2 1 1 − 3/2 = −1/2 

0 4 2 − 0 = 2 

1 0 1 − 1 = 0 

0 1 0 − 0 = 0 

1/2 0 0 − 1/2 = −1/2 

0 0 1 − 0 = 1 

230 420 430 − 230 = 200 

 

Simplex table: 2 

𝐶𝑗 3 2 5 0 0 0 

𝐶𝐵 
0 
5 
0 

 
 
 

Entering variable = 𝑥2, leaving variable = 𝑠3, Pivotal element = 2. 

 
 
 
𝑥𝐵/𝑥2 
105 
− 

100  

𝐵𝑣 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 1 4 0 1 0 0 420 
𝑠2 3 0 𝟐 0 1 0 460 
𝑠3 1 2 1 0 0 1 430 
𝑧𝑗 

𝑧∗−𝑐𝑗 
𝑗 

0 0 0 0 0 0 0 
−3 −2 −5 0 0 0 − 

 

𝐵𝑣 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 1 4 0 1 0 0 420 
𝑥3 3/2 0 1 0 1/2 0 230 
𝑠3 −1/2 𝟐 0 0 −1/2 1 200 
𝑧𝑗 

𝑧∗−𝑐𝑗 
𝑗 

0 0 0 0 0 0 1150 
9/2 −2 0 0 5/2 0 − 
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Modify entering column as (0 0 1)𝑇. 

 
𝑹′′ → 𝑹′ /𝟐 

𝟑 𝟑 
𝑹′′ → 𝑹′ − 𝟒𝑹′′ 

𝟏 𝟏 𝟑 𝑹′′ → 𝑹′ 
𝟐 𝟐 

−1/4 1 − 4(−1/4) = 2 3/2 

1 4 − 4(1) = 0 0 

0 0 − 4(0) = 0 1 

0 1 − 4(0) = 1 0 

−1/4 0 − 4(−1/4) = 1 1/2 

1/2 0 − 4(1/2) = −2 0 

100 420 − 4(100) = 20 230 

Simplex table: 3 

𝐶𝑗 3 2 5 0 0 0 

𝐶𝐵 
0 
5 
2 

 

 
Since all 𝑧𝑗 − 𝑐𝑗 ≥ 0, current basic feasible solution is optimal. 

Therefore, optimal feasible solution is 𝑥1 = 0, 𝑥2 = 100, 𝑥3 = 230, 𝑀𝑎𝑥 𝑧𝑗 = 1350. 

 

4. Solve the following L.P.P using simplex method: Min 𝒛 = 𝒙𝟐 − 𝟑𝒙𝟑 + 𝟐𝒙𝟓 

subject to 𝟑𝒙𝟐 − 𝒙𝟑 + 𝟐𝒙𝟓 ≤ 𝟕, −𝟐𝒙𝟐 + 𝟒𝒙𝟑 ≤ 𝟏𝟐, −𝟒𝒙𝟐 + 𝟑𝒙𝟑 + 𝟖𝒙𝟓 ≤ 𝟏𝟎 

and 𝒙𝟐, 𝒙𝟑, 𝒙𝟓 ≥ 𝟎. 

 
Standard form: 

Max 𝑧∗ = −𝑥2 + 3𝑥3 − 2𝑥5 + 0𝑠1 + 0𝑠2 + 0𝑠3 

subject to 3𝑥2 − 𝑥3 + 2𝑥5 + 𝑠1 = 7 

−2𝑥2 + 4𝑥3 + 𝑠2 = 12 

−4𝑥2 + 3𝑥3 + 8𝑥5 + 𝑠3 = 10  and 𝑥2, 𝑥3, 𝑥5, 𝑠1, 𝑠2, 𝑠3 ≥ 0. 
 

Simplex table: 1 

𝐶𝑗 −1 3 −2 0 0 0 

𝐶𝐵 
0 
0 
0 

 

 
𝑥𝐵/𝑥2 

− 
3  

10/3 
 

 
Entering variable = 𝑥3, leaving variable = 𝑠2, Pivotal element = 4. 

𝐵𝑣 𝑥1 𝑥2 𝑥3 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 2 0 0 1 1 −2 20 
𝑥3 3/2 0 1 0 1/2 0 230 
𝑥2 −1/4 1 0 0 −1/4 1/2 100 
𝑧𝑗 7 2 5 0 2 1 1150 

𝑧𝑗−𝑐𝑗 4 0 0 0 2 1 − 

 

𝐵𝑣 𝑥2 𝑥3 𝑥5 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 3 −1 2 1 0 0 7 
𝑠2 −2 𝟒 0 0 1 0 12 
𝑠3 −4 3 8 0 0 1 10 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

0 0 0 0 0 0 0 
1 −3 2 0 0 0 − 
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Modify entering column as (0 1 0)𝑇. 

 
𝑹′ → 𝑹𝟐/𝟒 

𝟐 
𝑹′ → 𝑹𝟏 + 𝑹𝟐′ 

𝟏 
𝑹′ → 𝑹𝟑 − 𝟑𝑹′ 

𝟑 𝟐 

−1/2 3 − 1/2 = 5/2 −4 − 3(−1/2) = −5/2 

1 −1 + 1 = 0 3 − 3(1) = 0 

0 2 + 0 = 2 8 − 3(0) = 8 

0 1 + 0 = 1 0 − 3(0) = 0 

1/4 0 + 1/4 = 1/4 0 − 3(1/4) = −3/4 

0 0 + 0 = 0 1 − 3(0) = 1 

3 7 + 3 = 10 10 − 3(3) = 1 

 

Simplex table: 2 

𝐶𝑗 
 

−1 
 

3 
 

−2 
 

0 
 

0 
 

0 

 

𝐶𝐵 
0 

       𝑥𝐵/𝑥2 
4 

3        − 
0        − 

         

 

 

Entering variable = 𝑥2, leaving variable = 𝑠1, Pivotal element = 5/2. 

Modify elementary column as (0 1 0)𝑇. 
 

2 
𝑅′′ → 𝑅′ 

1 5  1 

𝑅′′ → 𝑅2′ + 1/2𝑅1′′ 
2 

𝑅′ → 𝑅3′ − 3𝑅′′ 
3 1 

1 

0 

4 
 

5 

2 
 

5 

1 
 

10 

0 

1 1 
−  +  (1) = 0 

2 2 
1 

1 +  (0) = 1 
2 
1 4 2 

0 +  ( ) = 
2 5 5 
1 2 1 

0 +  ( ) = 
2 5 5 

1 1  1 3 
+  ( ) = 

4 2 10 10 
1 

0 +  (0) = 0 
2 

5 5 
−  +  (1) = 0 

2 2 
5 

0 +  (0) = 0 
2 

5 4 
8 +  ( ) = 10 

2 5 
5 2 

0 +  ( ) = 1 
2 5 

3 5  1 1 
−  +  ( ) = − 

4 2 10 2 
5 

1 +  (0) = 1 
2 

4 1 
3 +  (4) = 5 

2 

5 
1 +  (4) = 11 

2 

𝐵𝑣 𝑥2 𝑥3 𝑥5 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 𝟓/𝟐 0 2 1 1/4 0 10 
𝑥3 −1/2 1 0 0 1/4 0 3 
𝑠3 −5/2 0 8 0 −3/4 1 1 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

−3/2 3 0 0 3/4 0 9 
−1/2 0 2 0 3/4 0 − 
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𝑗 

Simplex table: 3 

𝐶𝑗 −1 3 −2 0 0 0 

𝐶𝐵 
−1 
3 
0 

 

 
𝑐𝑗 ≥ 0, current basic feasible solution is optimal. 

 

 

 

 

 

Since all 𝑧∗ − 

Therefore, optimal feasible solution is 𝑥2 = 4, 𝑥3 = 5, 𝑥5 = 0, 𝑀𝑎𝑥 𝑧∗ = 11. 

Otherwise, 𝑥2 = 4, 𝑥3 = 5, 𝑥5 = 0, 𝑀𝑖𝑛 𝑧 = −11. 

 

5. Solve the following L.P.P using Big M method: 

Max 𝒛 = 𝟑𝒙𝟏 + 𝟐𝒙𝟐 subject to 𝟐𝒙𝟏 + 𝒙𝟐 ≤ 𝟐, 𝟑𝒙𝟏 + 𝟒𝒙𝟐 ≥ 𝟏𝟐, 𝒙𝟏, 𝒙𝟐 ≥ 𝟎. 
 

Standard form: 

Max 𝑧 = 3𝑥1 + 2𝑥2 + 0𝑠1 + 0𝑠2 − 𝑀𝐴1 

subject to 2𝑥1 + 𝑥2 + 𝑠1 = 2 

3𝑥1 + 4𝑥2 − 𝑠2 + 𝐴1 = 12 

𝑥1 + 2𝑥2 + 𝑠2 = 4 

and 𝑥1, 𝑥2, 𝑠1, 𝑠2, 𝐴1 ≥ 0. 

Simplex table: 1 

𝐶𝑗 3 2 0 0 −𝑀 

𝐶𝐵 
0 

−𝑀 

 
 
 
 
 
 
 
 

 
𝑥𝐵/𝑥2 

2/1 = 2  

12/4 = 3 
 
 

 
 

 
Entering variable = 𝑥2, leaving variable = 𝑠1, Pivotal element = 1. 

Column with pivotal element (Entering column) is called pivotal column. 

Modify entering column to ( 1 0)𝑇using elementary row operation. 

 
𝑅′ → 𝑅1 

1 
𝑅′ → 𝑅2 − 4𝑅′ 

2 1 

2 3 − 4(2) = −5 

1 4 − 4(1) = 0 

1 0 − 4(1) = −4 

0 −1 − 4(0) = −1 

0 1 − 4(0) = 1 

2 12 − 4(2) = 4 

𝐵𝑣 𝑥2 𝑥3 𝑥5 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑥2 1 0 4/5 2/5 1/10 0 4 
𝑥3 0 1 2/5 1/5 3/10 0 5 
𝑠3 0 0 10 1 −1/2 1 11 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

−1 3 2/5 1/5 8/10 0 11 
0 0 12/5 1/5 4/5 0 − 

 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑠1 2 𝟏 1 0 0 2 
𝐴1 3 4 0 −1 1 12 
𝑧𝑗 −3𝑀 −4𝑀 0 𝑀 −𝑀 −12𝑀 

𝑧𝑗−𝑐𝑗 −3𝑀 − 3 −4𝑀 − 2 0 𝑀 0  
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Simplex table: 2 

 

𝐶𝑗 3 2 0 0 −𝑀 

𝐶𝐵 
2 
−𝑀 

 

 
All 𝑧𝑗 − 𝑐𝑗 ≥ 0 and artificial variable appears in the basis at positive level. 

Therefore, the given L.P.P does not have any feasible solution. 

 

6. Solve the following L.P.P using Big M method: 

Max 𝒛 = −𝟐𝒙𝟏 − 𝒙𝟐 subject to 𝟑𝒙𝟏 + 𝒙𝟐 = 𝟑, 𝟒𝒙𝟏 + 𝟑𝒙𝟐 ≥ 𝟔, 

𝒙𝟏 + 𝟐𝒙𝟐 ≤ 𝟒, , 𝒙𝟏, 𝒙𝟐 ≥ 𝟎. 

 
Standard form: 

Max 𝑧 = −2𝑥1 − 𝑥2 + 0𝑠1 + 0𝑠2 − 𝑀𝐴1 − 𝑀𝐴2 

subject to 3𝑥1 + 𝑥2 + 𝐴1 = 3 

4𝑥1 + 3𝑥2 − 𝑠1 + 𝐴2 = 6 

𝑥1 + 2𝑥2 + 𝑠2 = 4 and 𝑥1, 𝑥2, 𝑠1, 𝑠2, 𝐴1, 𝐴2 ≥ 0. 
 

Simplex table: 1 

𝐶𝑗 −2 −1 0 0 −𝑀 −𝑀 

𝐶𝐵 
−𝑀 
−𝑀 

0 
 

 
Entering variable = 𝑥1, leaving variable = 𝐴1, Pivotal element = 3. 

Ignore the leaving artificial variable column. 

Modify Pivotal column as (1 0 0)𝑇. 

 

 

𝑥𝐵/𝑥1 
3/3  
6/4 
4/1 

 
𝑅′ → 𝑅1/3 

1 
𝑅′ → 𝑅2 − 4𝑅′ 

1 1 
𝑅′ → 𝑅3 − 𝑅′ 

3 1 

1 

1 
 

3 

0 

0 

0 

4 − 4(1) = 0 

1 5 
3 − 4 ( ) = 

3 3 

−1 − 4(0) = −1 

0 − 4(0) = 0 

1 − 4(0) = 1 

1 − 1 = 0 

1 5 
2 − = 

3 3 

0 − 0 = 0 

1 − 0 = 1 

0 − 0 = 0 

1 6 − 4(1) = 2 4 − 1 = 3 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝑠3 𝑥𝐵 

𝑥2 2 1 1 0 0 2 
𝐴1 −5 0 −4 −1 1 4 
𝑧𝑗 4 + 5𝑀 2 2 + 4𝑀 𝑀 −𝑀 4 − 4𝑀 

𝑧𝑗−𝑐𝑗 5𝑀 + 1 0 2 + 4𝑀 𝑀 0  

 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝐴1 𝐴2 𝑥𝐵 

𝐴1 𝟑 1 0 0 1 0 3 
𝐴2 4 3 −1 0 0 1 6 
𝑠2 1 2 0 1 0 0 4 
𝑧𝑗 −7𝑀 −4𝑀 𝑀 0 −𝑀 −𝑀 −9𝑀 

𝑧𝑗−𝑐𝑗 2 − 7𝑀 1 − 4𝑀 𝑀 0 0 0 − 
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𝑗 

Simplex table: 2 

𝐶𝑗 −1 3 −2 0 0 

𝐶𝐵 

 

−1 
−𝑀 

0 
 

 

 

 
 

Entering variable = 𝑥2, leaving variable = 𝐴2, Pivotal element = 5/3. 

Ignore the leaving artificial variable column. 

Modify entering column as (0 1 0)𝑇 

 

𝑅′′ → 
3 
𝑅′ 

2 5 2 𝑅′′ → 𝑅′ − 
1 
𝑅′′ 

1 1 3  2 
𝑅′′ → 𝑅 ′ − 

5 
𝑅′′ 

3 3 3  2 

 
0 

1 

3 
− 

5 

0 

1 
1 −  (0) = 1 

3 
1 1 
−  (1) = 0 

3 3 
1 3 1 

0 −  (− ) = 
3 5 5 

1 
0 −  (0) = 0 

3 

5 
0 −  (0) = 0 

3 
5 5 
−  (1) = 0 

3 3 
5 3 

0 −  (− ) = 1 
3 5 

5 
1 −  (0) = 1 

3 

6 
 

5 

1 6 3 
1 −  ( ) = 

3 5 5 

5 6 
3 −  ( ) = 1 

3 5 

 
Simplex table: 3 

𝐶𝑗 −1 3 −2 0 

 
 

 

𝑥𝐵 
/𝑥2 

3 
6/5  
9/5 

𝐶𝐵 
−1 
3 
0 

 
 

 
Since all 𝑧∗ − 𝑐𝑗 ≥ 0, current basic feasible solution is optimal. 
Therefore, optimal feasible solution is 3 6 ∗ . 

𝑥1 = 
5 

, 𝑥2 = 
5 

, 𝑥3 = 0, 𝑀𝑎𝑥 𝑧  = −12/5 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝐴2 𝑥𝐵 

𝑥1 1 1/3 0 0 0 1 
𝐴2 0 5/3 −1 0 1 2 
𝑠2 0 5/3 0 1 0 3 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

−1 −1 − 5𝑀 𝑀 0 −𝑀 −1 − 6𝑀 
 3     

0 8 − 5𝑀 𝑀 + 2 0 0 − 
 3     

 

𝐵𝑣 𝑥1 𝑥2 𝑠1 𝑠2 𝑥𝐵 

𝑥1 1 0 1/5 0 3/5 
𝑥2 0 1 −3/5 0 6/5 
𝑠2 0 0 1 1 1 
𝑧∗ 
𝑗 

𝑧∗−𝑐𝑗 
𝑗 

−1 3 −2 0 −12/5 
0 0 0 0 − 

 


