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Course outcome

CO1: Apply the concepts of analytic functions, Cauchy-Riemann equations, complex integration, Cauchy’s

C0O2:

CO3:

CO4:

COSs:

theorem, and Cauchy’s integral formula to solve engineering and mathematical problems involving complex
variables.

Develop Fourier series representations of periodic functions and perform harmonic analysis for functions
with different periodicities, discontinuities, and symmetry properties.

Utilize Fourier transforms and Z-transforms, including their inverse transforms and properties, to analyze
signals and solve difference equations arising in engineering applications.

Apply probability distributions, sampling theory, and statistical hypothesis testing techniques for analyzing
uncertainty and making data-driven decisions.

Formulate and solve linear programming problems using graphical, simplex, and Big-M methods to obtain

optimal solutions in engineering and management applications.
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Module-1: Complex Analysis

Module-2: Fourier Series

Module-3: Fourier transforms and Z transforms
Module-4: Probability distributions and Sampling theory

Module-5: Linear programming problems
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Recapitulation of Basic concepts * cos(if)=coshf and sin(if)=isinh@
 Z=t[cos6 + isin6 ]=re'®[Polar form of ‘Z’] * De-Moiver’s theorem:

. |Z|:\/m — (cosB + isinB)"= cosnf + isinnb ,
e Z=x+iy [Cartesian form of ‘Z’] where n 1s a real number

Amplitude of z=tan~1(y/x)=0

e Z = x — iy 1s called the complex conjugate of z.

-6 _

e e9 = cosO + isinf and e cosO — isinf

e cosO =
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Review of function of a complex variable
Functions of a complex variable:

Let C be a set complex numbers. If to each complex number z in C there
corresponds a unique complex number w , then w 1s called a complex
function of z defined on C, and we write w = f(z)=u+1v.

Hence ,w has a real part , say u and an 1imaginary part , say v.
Then , w has the representation

w=1(z) = u(x,y) + 1 v(Xx,y) (Cartesian form)

w =u(r,0) +1 v(r,0) (polar form)
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Continuity:

A complex valued function {(z) 1s said to be continuous at a point z , 1f
f(z) is defined at zyand lim f(z) = f(z,).
Z—2Z,

Derivative of a complex function:

The derivative of a complex function f at a point z=z,1s defined as
f'(2) = lim P27 T provided the limit exists.
Y A
We should remember that by the definition of limit f(z) 1s defined 1n a
neighborhood of z , and z may approach z , from any direction in the
complex plane . The derivative of a function at a point is unique if it
exists.
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Analytic Functions

In complex analysis we are interested in the functions, which are differentiable in some

domain, called the analytic functions. A large variety of functions of complex variables which are

useful for applications purpose are analytic.

A function 1(z) 1s said to be analytic at a point z, , 1f it 1s differentiable at z, and, in addition , it 1s

differentiable throughout some neighborhood of z,, .

That is , a complex valued function w= {(z) 1s said to be analytic at a point z = 7z if

aw f’(Z) — lim f(z+62)—f(z)

dz 6z—0 0z

exists and 1s unique at z, and in the neighbourhood of z,

Analytic function is also called a regular function or holomorphic function.
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Cauchy-Riemann Equations in the Cartesian form

The necessary conditions that the function w= f(z) = u(x,y) + 1 v(X,y) be analytic at any point 1s
du du Jdv 0Jv

ox’ 0y’ 0x’ Oy

that, there exists four continuous first order partial derivatives
Ju 0ov ov ou

a — E an 5 @

These are known as Cauchy-Riemann ( C-R )equations.
Equivalently, u,= vy, and v,=-u,,

and satisfy the equations:

Proof: Let f(z) be analytic at a point z=x+1y and hence by the definition,

’ T f(z+62)—f(2)
f'z) = 51?—{10 5z

exists and is unique.
In the Cartesian form, f(z) = u(x,y) + 1 v(x,y) and let §z be the increment in z corresponding to the
increments 0x, 0y in X, y.

u(x +6x,y +8y) +iv(x + éx,y + 6y) — (u(x,y) + iv(x, y))
0z

1) = 5



4 ATME

atme | College of Engineering

ulx + o6x,y + éy) —u(x,y) - vlx+6x,y+8y) —v(x,y)
+ lim i
0z 5z—0 0z

-— @

1) = 5

Now, 6z = (z+ 6z) -z where z=xtiy

6z = [(x + 6x) + i(y + 6y)] — [x+iy]

i.e., 6z = 6x + idy

Since §z tends to zero, we have the following two possibilities.

Case-1: Let 6y = 0 then 6z = 6x + idy becomes 6z = 6x and 6z — 0 then §x — 0

u(x+8x,y)—u(x,y) + lim l.v(x+6x,y)—v(x,y)

ox 5x—0 ox

Now (1)= f'(z) = 619icr—1>10

By the definitions of the partial derivatives of u and v w.r.t x. It can be written as

Jdu dv
fl@)==tie— - 2

oy
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Case-2: Let 6x = 0 then 6z = 6x + idy becomes 6z = idy as 6z = 0 then 6y —» 0

, T u(x,y+8y)—u(x,y) . .v(x,y+6y)—-v(x,y)
1 = fi(z) = 5131,210 i8y * 5131}301 i8y
It can be writtenas  f'(z) = Ou 4 v
can be writte =% T 5y
1 i
But " = I =-1
,()_au+av_ dv  du 2
fZ_iay dy \0y lay )
Equating RHS of equation (2) and (3) we get
ou_av . _ _du
9x ady an ox dy

These are known as the Cauchy-Riemann equations.
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Cauchy —Riemann equations in the polar form:

If f(z)=f (re'?)=u(r,0) + iv(r, ) is analytic at a point z , then there exists four continuous
du dv Jdv Jdu

partial derivatives 130" 37" 30 and satisfies the equation
u_1dv 0v_ _1du
or rab an or  raf
These are known as Cauchy —Riemann ( C-R) equations in the polar form
Proof:
Let f(z) be analytic at a point z=re'? and hence by definition

: 6z)— : :
f'(z) = lim [lz482)-7@) _ _ (1) exists and unique

6z-0 6z

In the polar form f(z) = u(r,0) + iv(r, 8) and let 6z be the increment in z corresponding
to the increments are 67 and 660 in r and 0 respectively.
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u(r+6r,0+60)+iv(r+6r,0+60)—(u(r,0)+iv(r,0))

(1= f'@ = Jim =
u(r +6r,0 + 660) —u(r,0) v(r+6r,0 +66) —v(r,0)

'(z) = lim + lim i —— (2
f'@@) 5z—0 6z 5250 " 0z (2)
Consider z=re'® | since z is a function of two Variglz)les rand 6 we have,

oz = Zor+ 2 5
“Tar” T oe

_ 0. ip 0 io
= ar(re ) Or + Y (re'”) 66
5z =e96r + ire? 560

Since §z tends to zero, we have the following two possibilities.
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Case-1:Let 56 = 0 then 6z = €967 + ire'? 50 becomes 8§z = e'¥6r and as 6z —» 0 then 6r - 0

u(r+6r,0)—u(r,0) . v(r+ér,0)-v(r,0)

’ ERT :

@)= f(@) = Jim =G+ Jim i=—55
() = ou ny v 1 0u+,0v 2
[z “e®ar  ‘e®ar  e®\ar ' or (3)

Case-2:Let 67 = 0 then 6z = e96r + ire'? 50 becomes 6z = ire? 50 as 8z —» 0 then §6 — 0

'(2) = i u(r, 0 +66) —u(r,6) . v(r,0 +680) —v(r,0)
i) = 5ér—r>10 iret?50 T Sér—r}ol iret9s560

. ' _ Ou  ov _ 1 ( .0u Ov L
It can be written as f'(2) = 36 ~ retoe ~ re® ( ‘50 T ae) (%)
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Equating RHS of equation (3) and (4) we get

10 (%4 (90) gm0 (10U | 100)
€ (6r+l6r € lr69+r69
—i0

Cancelling e™*” on both sides and equating real and imaginary parts, we get

ou_1ov, O _ _10u
or 106

OR

or r 00

ru, = Vg and 1V, = — Uy

Thus we have established Cauchy-Riemann equations in polar form.
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Consequences of C-R Equations:

Harmonic function — Definition

A function ¢ is said be harmonic if it satisfies Laplace equation V¢ = 0.

In the Cartesian form (x.y) is harmonic if 22 + 22— ¢
n tnc cartesian 1rorm X,y 1S narmonic 1 9x2 ayz = V.

2 2
In the Polar form ¢(r,0) is harmonic if b 100, 100

or?2 ror 12062

Harmonic Property: The real and imaginary parts of an analytic function are harmonic

(s : 0%u  0%u

* If ‘u’ is harmonic then + =0
0x2 = 0y?2
(. : 0%v  0%v

* |If ‘v’ is harmonic then =0
0x2 = 0y?

0°u  10u . 1 0%u
arz | ror ' r2002
0°v _10v = 1 0%v
arz | ror ' 12962

* If ‘u’ is harmonic then

e |f ‘v’ is harmonic then
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Note:

1. The real and imaginary parts of an analytic function when expressed in Cartesian and polar form
satisfy Laplace’s equation in the Cartesian and polar form.

2. The converse of this property is not true. That is we can say that if a function is harmonic it may
not be analytic.
Ex.u = x? — y? ;v = x3 — 3xy?. In this example u and v are harmonic functions but its not

analytic [ Since C-R equations are not satisfied ]

Orthogonal Property

If {(z) = u + 1v 1s an analytic function, then the family of curves u( x, y)=c, and

v( x, y)=c,, ¢, and ¢, being constants , intersect each other orthogonally.
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Proof:
We know that two curves intersect each other orthogonally if the tangents at the point of intersection are at

right angles. Further we know that Z—i represents slope of the tangent and the condition for the perpendicularity

of two lines is that the product of their slopes must be equal to -1.

Let u(xy)=c¢, - () v(xy)=c, — (ii)
Differentiating eqn (1) partially w.r.t x treating y as a function of x , Wg get

u
du Jdudy dy Ox
+ = 0sothat — = —5* =
dx Odydx >0 A x Ju e
dy
Similarly , the slope of the member of the afamily v(X, y)=¢,
Passing through the point (x,y) 1s Z—z = —% = m,
» du gv
mim: = G v
dy dy
But {(z) 1s analytic, then CR equation hold we get m;m, = —1. Hence the curves intersect

orthogonally at every point of intersection.
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Note: Converse of this theorem is not true

Problems on finding the derivative of an analytic function

1. Given w= f(z) , we substitute z=x+iy or z=re'? to find the real and imaginary parts u and v as functions of x,
yorr, 6.

2. We find first order partial derivatives and verify Cauchy-Riemann equations in the Cartesian or polar form to
conclude that f(z) 1s analytic.

3. To find the derivative of f(z) we make use of the fundamental results derived while establishing
Cauchy-Riemann equtions. They are as follows
f'(z) =u, +iv, [ Cartesian form ]
f'(z) =e ®u, +iv,] [Polar form ]

4. We substitute for the partial derivatives and rearrange as a function of (x+iy) or re*® which is z,

with the result f'(z) is obtained as a function of z.
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1. Show that w = z + e? is analytic and hence find —
Sol: By dataw = z + e?, Put z=x + iy
u+iv=(x+iy)+e**)
= (x +iy) + e*.e¥
= (x +iy) + e*(cosy + isiny)
u+iv = (x + e*cosy) + i(y + e*siny)

u = x + e*cosy v =7y + e*siny

u, = 1+ e*cosy v, = e*siny
— X a1 — X

U, = —e siny vy, =1+ e*cosy

We observe C-R equations u,= v, and v,= - u,, are satisfied .

Thus, w = z + e” is analytic.

Now, — = f'(z) =u, +iv,
Z—VZV = (1 + e¥cosy)+i(e*siny) = 1+e* (cosy-i siny) =1+e*. e = [+e**¥
DY — 1+ e?

dz
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2. Shc?w that w = logz , z # 0 is analytic and hence
w
find —. Thus,w = logz is analytic.
Sol:By dataw = logz ,z # 0, Put z = re®?
u +iv = log(re'?) Now, f'(2) = e ¥u, + iv,]
u+iv =logr + log(e'?) _ o-if [1 +i.0]
u+ iv = logr +i0log, e . ro
u + iv = logr + i6 [log, e=1] — 1eib
u = logr v=20 A |
1 fl@)="1
Uy = - v.=0
ru, =1 v, =0
ug =0 vg =1
C-R equations ru,, = vg and rv, = — uy are
satisfied.
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3. Show that f(z) = z", where n is a constant is analytic and
hence find its derivative

Sol:By data, f(z) = z", Put z = re'?

u+iv= (re?)r

u-+iv

rn eme

u+iv =r"*(cosnf + isinnf)
u+iv = r"cosnb + ir*sinné

u = r"cosnb v = r"*sinnb

n-—1

u, = nr'* lcosn6 v.=nr’"*"-sinnf

ru, = nr'*cosné rv, = nr'tsinn

Uug = —rsinnf.n vg = r*cosnb.n

C-R equations ru, = vy and rv, = — uy are satisfied.

Thus, f(z) = z" is analytic.
Now, f'(z) = e lu, + iv,]

f'(2) = e ¥ mr™*1cosnb + i.nr* sinnb]
f'(2) = ne=9r" ' cosnb + isinn6]
f'(Z) — ne‘ier"‘leme
f'(Z) — m,n—1ein9—i9
f'(Z) — nyh—1leif(n-1)
f'(z) = n(retd)n1

f'(2) = nz"t
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Construction of analytic function by Milne-Thompson Method

Given u or v as functions of x and y we find u, , u,, or v, , v, and consider f'(z) = u, + iv, .

Given u, we use C-R equations v, = —u,, or given u, we use u, = vy, so that f'(z) = u, — iu,, or
f'(z) =vy +iv,.

We substitute the expression for the partial derivatives in the RHS and then put x =z, y = 0 to obtain

f'(2) as a function of z.
Integrating w.r.t z we get f(2).

Also in the case of polar co-ordinates 1, 8 we consider f'(z) = e *[u, + iv,] and use C-R equations in

1 : 1 : _ :
the RHS, v, = — ~Ug gIVeN U or U = —Vg given v. We use the substitutionr = z , 6 = 0 to obtain

f'(z) as a function of z. Integrating w.r.t z we get f(z).
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1.Construct the analytic function whose real part 1s
u = log/x2% + y2.

Sol: Givenu = log./x2 + y2
u = log(x2 + y2) '/

u = =log(x? + y?)

2
u -1 _1 2X u -1 _1 2
X 2 x24y2° Y o2 x24y?” Y
X y
u, = Uu. =

Consider, f'(z) = u, + iv,
By C-R equations v, = —u,,

Putting x = z and y = 0 we have,

f'(z) = ——1i.0

Z240

fFz) =~

f(2) =f§dz+c

Thus, f(z) = logz + ¢
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2. Find the analytic function f(z) whose imaginary part is e* (xsiny + ycosy).
Sol: Putting x = z and y = 0 we have,

Given v = e*(xsiny + ycosy) f'(z)=e?(z—-0+1)+ie?(0+0+0)

= eX(siny. 1 ' ¥
vy = e¥(siny. 1+ 0) + (xsiny + ycosy)e fl(2)=e’(z+1)

v, = e* (siny + xsiny + ycosy) ]
Also, v, = e* (xcosy — ysiny + cosy.1) f@)=[e(z+1) dz+c

=e?(z+1)— [e* 1dz+
Consider, f'(z) = u, + iv, f(z2)=e?(z+1)—[e z+c¢

- f(z)=e?(z+1)—e”+c
By C-R equations u, = v,

f'(z) =v, +iv,

f(z) =e’z+e?—e?+c

f'(z) = e* (xcosy — ysiny + cosy) + ie* (siny + xsiny + ycosy)

Thus, f(z) = ze? + ¢
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3. Find the analytic function whose real part 1s z

Sol:
x*—y*—2x
x2+y?

Given u =

(P +y)4x® - 2) — (x* - y* - 2x)(2%)

Uy (x2 + y2)2

(x% +y?)(—4y?) — (x* —y* = 2x)(2y)
Uy = (x% + y2)2

Consider, f'(z) = u, + iv,

By C-R equations v, = —u,

f'(2) = uy —iu,,

Putting x = z and y = 0 we have,

(@) = [uxl(z0)— iUyl (z0)

-y —4iX .
# .Hence determine v.

y

(z3)(4z3 - 2) — (z* — 22)(22) B

i.0

1) = —

475 —27% — 2725 + 472

f@) = -
22° + 222
@ ="
, 2z° 277
f'(2) = PR

, 2
f(Z)=ZZ+?

f@)=[ @z+5) dz+c

ZZ

f(z) =2. > +2.g—§> +c

f(z)=zz—;+c
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2
f(Z)z(x_l_ly)z_(x_l_ly)
f(z) = (x= +i“y“ + 2xiy) (x+iy)(x—iy)+c

f(2)=(x*—y? + 2xi_y) — (2;26_:;3% +c
2X

2y
= |(x* —y?) - +i|2xy + +
f(2) [(x y*4) 2 yz)__ l[ Xy s yz)] C
x* —y*—2x 2x3y + 2xy3 + 2y]

u—+iv = (x2+y2) +l_ (x2+y2)

Equating imaginary part we get

_[2x%y +2xy°® + 2y
@
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4 Determine the analytic function f(z) = u + iv given that the real partu = e?*(xcos2y — ysin2y).

Sol: Given
u = e?**(xcos2y — ysin2y)
u, = e**(cos2y.1 —0) + (xcos2y — ysin2y).2e**

U, = e**(cos2y + 2xcos2y — 2ysin2y)
u, = e**(—2xsin2y — 2ycos2y — sin2y)

u, = —e**(2xsin2y + 2ycos2y + sin2y)
Consider, f'(z) = u, + iv,
By C-R equations v, = —u,,

f'(z) =u, —iu,

Putting x = z and y = 0 we have,

f'(2) = [uxlz,0)— iUyl (z0)

f'(z) = e*”(1 + 22)

f(z) = fezz(1+22)dz+c

eZZ eZz
f(Z)=(1+ZZ)T—2.T+C
eZZ eZz
f(Z):T-FZBZZ—T-FC

f(z) = ze** + ¢
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5. Find the analytic function f (z) whose real part is

. sin2x _
Sol: Given u = f'(2) =u, —iu,
COSh2y—cos2x

cosh2y—cos2x

Putting x = z and y = 0 we have,

_ (cosh2y — cos2x).2cos2x — sin2x(0 — (—2sin2x))

ta (cosh2y — cos2x)? f'(2) = [Uxlz0) Uyl z,0)
(cosh2y — cos2x).2cos2x — sin2x(2sin2x) (1 — cos22).2c0s2z — 2sin?2z
= _ f'(z) = 1.0
(cosh2y — cos2x)? (1 — cos2z)?
0 — sin2x(2sinh2y — 0) 5 . 5
Uy == 5 20827 — 2c0s“2z — 2sin“2z
cosh2y — cos2x) f'(z) =
(1 — cos2z)?
—sin2x(2sinh2y)
U, =
7 (cosh2y — cos2x)? , 2c0s2z — 2(cos?2z + sin*2z)
Consider, f'(2) = u, + iv, fi@) = (1 — cos22)?

By C-R equations v, = —u,,
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2cos2z — 2(1)

f'(2) =

(1 — cos2z)?
o« —2(1 —cos2z)
fi@) = (1 — cos2z)?
f'z) = (1 —cos2z)
fi@) = 2sin?z
f'(z) = —cosec?z

flz) =— J cosec’z dz + c

f(z) = —(—cotz) + ¢
f(z) =cotz+c
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6.If @ + iy represents the complex potential of an electrostatic field wher = (x% — y?) +

the complex variable z and hence determine .

Sol: Given
_ 2 .2 X
l'|J_('x y )+(x2+y2)
. = 2x 4 (x2+vy%).1—x.2x
x (x2 + y2)2
2 2
ye—x
=2+
Uy X (x2 + y2)2
o= 2y 4 (x%2+y2).0 —x.2y
y y (x2 + y2)2
2xy
-y ——"7
Py y (x2 + y2)2

X
(x24y2)

Consider, f(2) = @y + iUy,
By C-R equationsg, = U,
£'(2) = Wy + ity
(@) = Wyl tilVxl o

i 2
f'(z)=0+1i _ZZ+ ((Zzz)z)]

f'(z) =i _ZZ —i]

72

find the complex potential as a function of
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f(z2) = if(Zz—Ziz)dz+c
f(z2) = i(z2 +%)+c
¢+ i

To find y . X
ind @ = [—ny + e y2)] + i [(xz _y2) 4 T y2)] +c

@+ iy = i{(x+ iy)?+

—— ¢+ ¢C
(x +iy)
Equating real and imaginary parts, we observe that the imaginary
(x — iy) } part is same as that of the given problem and the required real part
+cC '

(x + iy)(x — iy) °

©+ip = i{(x2 + i%y2 + 2xiy) +

y
— = |-2xy + —5——<
@+ iy = i{(x% —y?) + 2xiy } + i%+c v [ i (x?2 +)’2)]

L +—r 4
(x2+y2)  (x%2+y?) ¢

@+ i =i(x?>—y2?) —2xy+
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7. Construct the analytic function whose real part is 7%co0s28.

Sol: Given u = r?cos26

U, = 2rcos20 ug = —2r?sin26
f'(z) = e”0 [uy + iv,]

By C-R equations in the RHS,

Puttingr=2z,0=0

f'(z) =1.[2z — ié.O]
f'(z) =2z

f(z)=2fzdz+c

2

fl2) = 2.%+ c

f(2)=2z*+c
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8. Given that u = x? + 4x — y* + 2y as the real part of an analytic function, find v
and hence find f(z)in terms of z.

Sol: Given u = x% + 4x — y? + 2y
Uy =2x+4 u,=-2y+2
Consider C-R equation

Uy = Uy and Uy = — Uy

ov L —

5y = 2x+4 and o = 2V 2

v =[x+ 4)dy + f(x) v=[Qy-2)dx+gQy)
v=2x[1ldy+4[dy+ f(x) v=2y[ldx—2[dx+g¥)
v=2xy+4y + f(x) v=2yx—2x+9g)

We have to choose f(x) and g(y) to obtain a unique expression for v. By comparison f(x) = —2x and g(y) = 4y
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Thus, v = 2yx — 2x + 4y

The analytic function is, f(z) = u + iv
f(2)=(x%+4x —y? +2y) +i Qyx — 2x + 4y)
Putting x = z and y = 0 we have,

f(z)=2z*+4z—-i.2z
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iIsceiianeous rrooiems
1. Find the analytic function f(z) = u + iv given u — v = e*(cosy — siny)
Sol: Given u — v = e*(cosy — siny)

Differentiate w.r.t x and y partially

u, — v, = (cosy — siny)e”* - (1)
And  u, — v, =e*(—siny —cosy) --—--(2)
Using C-R equations u,, = —v, and v, = u, for the LHS of (2), we get
—v, — U, = —e*(siny + cosy)
U, + v, = e*(siny + cosy) ----(3)
(H)+3): u, — v, +u, + v, =e*cosy — e*siny + e*siny + e*cosy
2u, = 2e*cosy ; u, = e*cosy

(1)-3): uy, — v, —u, — v, = e*cosy — e*siny — e*siny — e*cosy
—2v,,= —2e*siny ; v, = e*siny
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Wkt, f'(z) = u, +iv,
f'(z) = e*cosy + ie*siny
f'(z) = e*(cosy + isiny)
f'(z) = e*. eV

f'(2) = ex+

f'(z) =e?.Thus, f(z) = e* + c )
2.1If f(z) is analytic, show that [aaxz + aay2] If (2)|? = 4|f'(2)|?

Sol: Let f(z) = u + iv be analytic.
f@l=vuz+v? or |f(2)|*=u®+v?=g¢(say)
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62 62 _ / 2
To Prove that [axz + 6y2] @ =4|f"(2)]
i.e., toprove that @y + @y, = 4|f'(2)]?

Consider, ¢ = u? + v* and differentiate w.r.t ‘x’ partially
O, = 2uU, + 2vv, = 2|uu, + vv,]
Prx = 2[Ulyy + Uy + VVgy + Dy V4]
Pxx = 2[Ullyy + UF + VU + VK]
Similarly , Pyy = 2|uny, + ui + v, + v
Now , Prx + Pyy = 2[utley + U2 + VUL, + VE + uny,y, + ud + vy, + v

Prx + Pyy = 2[uuprtuyy) + v(Wyy + vyy) + uZ + v + u2 + v

1 4 * 1t 0

fe R ol 2N

~ (1)
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Hence , Uyy + Uyy = 0, Uyy + 1,=0.

By C-R equations: vj, = u,, and u, = — vy
Using above results in RHS of (1), we get
Pxx T Pyy = 2[u(0) + v(0) + uazc + v)% + (_vx)2+(ux)2]
Pxx T Pyy = 2[2(u32c + U)%)]
Pxx T Pyy = 4‘[(uazc + U%)] ---- (2)
But, f'(z) = u, +iv,

Puttingr=2z,0=0

f'(z) = 1.[2z — i=.0]
f' @1 = ui + vy
Using this in RHS of (2) , we get @y + @y, = 4|f'(2)|?
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2
3. If f(2) is a regular function of z , show that {aa_x If(z)l} + {% If(z)I} =|f'(2)|?
Sol: Let f(z) = u + iv be the regular(analytic) function.

f@] =vu? +v? = ¢ (Say)

We have to prove that, (g—i)z + (g_(;)z =|f'"(2)|*

That is prove that, 95 + @3 = |f'(2)|? where ¢ = Vu? + v?
Consider ¢? = u? + v?

Differentiating w.r.t x partially , we get

209, = 2uu, + 200, , dividing by 2
PP = Uy + vV, - (1)
Similarly PP, =uuy, +vv, --(2)

Squaring and adding (1) and (2) we have,
o%(pZ + (pjz,) = (uuy + vvy)?+(uu, + vvy)?
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0% (2 + ¢2) = W?u2 + v2v2 + 2uvuyvy) + W2 + v2vi + 2uvu,vy)
Since f(z) = u + iv is analytic, by C-R equation u, = —v, and vy, = u,
By using these in the second bracket of the RHS , we have
0% (2 + ¢2) = WuZ + v*vZ + 2uvu,vy) + WS + v2vi — 2uvvu,

= u?(uz +v2) + v2(uz + v2)

- (2 + 02)v?)
But @? = u? + v*? and using this in RHS , we have
0*(97 + 937 )=0* W} + v}
(0% + @3 )=wi +vd) - (3)
But f'(z) = u, + iv,
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@) = Jud +v3

Or |f'(@D|* =uz +vy
Using this in RHS of (3), we get
o+ o3 =1 @I

P+ @5 = |f' (2)|?
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Complex Integration
Let f(z) be a continuous function of the complex variable z = x + iy and C be a curve

in the xy — plane. The integral of f (z) along the path C is called the Complex line integral
usually denoted by fC f(z)dz.If C is any simple closed curve, the notation gﬁc f(z)dz is

also used.

Properties of Complex Integral
1. If —c denotes the curve traversed in the anticlockwise direction, then

J_ . f@dz=~[ f(2)dz

2. If c 1s split into a number of parts ¢, , ¢, C3, ... then
J. f@)dz = fcl f(z)dz + fcz f(z)dz + fc3 f(z)dz + -
3.If A; and A, are constant, then
fc M f1(2) £ A f2(2)]dz = A fc f1(z2)dz £ A, fc f>o(z)dz
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Line integral of a complex valued function

Let f(z) = u(x,y) + iv(x, y) be a complex valued function defined over region R and C be a curve
in the region. Then

j f(z)dz = J (u + iv)(dx + idy)
C C

ie., Jo f@dz= |, (udx—vdy)+i] (vdx+udy)
CAUCHY’S THEOREM
Statement: If f (z) is analytic at all points inside and on a simple closed curve C then ,
J. f(2)dz=0.
Proof: Let f(z) =u+iv
dz = dx + idy

f(2)dz = (u + iv)(dx + idy) = udx + ivdx + iudy + i*vdy
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Then, [. f(z)dz = [ (u+iv)(dx + idy)

ie, J. f(@dz=][ (udx—-vdy)+if (vdx+udy) --(1)

We know the Green’s theorem in a plane
ON OM

J, Mdx+Ndy) = [f, (55—35)dxdy

Using Green’s theorem on RHS of (1) , we get

[ o (o (-
B R

. . . . v u Ju OJv
n Z) 18 analyti - = 22
Since f(z) is ytic, we have C-R equations ; 3y and % 3y

du 0 . v 0
Hence, [. f(2)dz = [[, (ﬁ—ﬁ) dxdy +1i [[, (é—é) dxdy
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Thus, we get [. f(z)dz = 0.

This proves Cauchy’s theorem.

Consequences of Cauchy’s theorem

If C and C; are two simple closed curves such that C; lies

entirely within C and if f(z) is analytic on C , C;then

jf(z)dzz ]f(z)dz
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Problems
1.Verify Cauchy’s theorem for the function f(z) = z# where C is the square having vertices

(0,0),(1,0),(1,1),(0,1).
Sol: C 1s the square OABC . By Cauchy’s theorem, we have y

to show that [ . f(2)dz = 0.
Now , f(z) =z? ,dz=dx+idy
f(2)dz = (x +iy)?(dx + idy) --(1)
Along OA(C4): y=0=dy =0 of00) 7 A0
()= f(@dz=x%dx ,0<x<1
Along AB(C3): x=1=>dx =0
()= f(@dz=(0+iy)%idy ,0<y<1

(0,1)C < B(1,1)
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Along BC(C3): y=1=>dy =0
()= f@dz=(x+iD%dx ,1<x<0

Along CO(C4): x=0=>dx =0
(1) = f(2)dz = (iy)%idy = —iy*dy ,1<y<0

Wkt, [ f(2)dz = fcl f(2)dz + fcz f(2)dz + fcg f(2)dz + fc4 f(2)dz

1 1 0 0
J f(2)dz = f x?dx + f (1 + iy)?idy + f(x +i)%dx + J —iy2dy
C x=0 y=0 x=1 y=1

=[5], + oo+ 5] -
3 0 31 0 3 1 3 1
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)3 3 N3
ool BT B
C

N3 . .\ 3 .
o f@dz =3+ == =S = (=it =)

2.Verify Cauchy’s theorem for the function f(z) = 3z% + iz — 4 where C is the square
having verticesas 1 +i,—1 X 1.
Sol: Given f(z) = 3z% + iz — 4
f(2) =3(x +iy)*+i(x + iy) — 4
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y

f(2) =3(x%—y?+2xiy) +i(x +iy) — 4 '

(-11R ¢ Qa.n
f(z) =3x?-3y*+6xiy+ix—y—4

~ - )(

f(z) = (3x?> =3y —y—4) +i(6bxy + x)

(-1-1)S > Pa.-n
f(2)dz = [(3x? = 3y? —y —4) + i(6xy + x)][dx + idy] ---(1)

Along SP(C4): y=—-1=dy =0
()=  f(2dz=[Bx*-3+1—4)+i(—6x+ x)]dx
f(2)dz = [(Bx%—6) —i5x]dx , -1<x<1
Along PQ(C3): x=1=>dx =0
)= f(@dz=[(3-3y?’~y—4) +i(6y + D][idy]
f(2)dz=i[(-3y*—y—-1)+i(6y+1D]dy ,-1<y<1
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Along QR(C3): y=1=>dy =0
()=  f(2)dz=[(Bx*-3—-1—4) +i(6x + x)]dx
f(2)dz =[(3x*—8) +i7x]dx , 1<x<-1

Along RS(C4): x =—1=>dx =0
(D= f(2)dz=[@—3y*’~-y—4) +i(-6y — 1)][idy]
f(@)dz =i[(-3y*~y -1 —i(6y+D]dy , 1<y<-1

Wkt, [ f(2)dz = fcl f(2)dz + fcz f(2)dz + fcg f(2)dz + fc4 f(2)dz

1

f f(2)dz = j [(3x?—6) — i5x]dx
c 1 x=—1 _1 1

+ j i[(-3y?—y—1)+i(6y + 1]dy + .[ [(3x%—8) + i7x]dx + j i[(=3y?—y —1)—i(6y + 1)]dy
y=-1 x=1 y=1
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1 yz 1
—ilylt; -6 [7] — [y]%,
-1 ~1

371 211 371 2
j f(z)dz = 3 [%L _6[x]t, — 5i [’%L _3i [%L _ [y?]
41—1 L2171 41-1 -1 -1
+3 Hl — 8|7 + 7 Hl ~3i Hl —i Hl — iyl +6 Hl + I
ff(z)dz= 2—12—%(O)—2i—i(0)—2i—3(0)—2—2+16+;(0)+2i—%(0)+2i+3(0)—2

ff(z)dz=2—12—2i—2i—2—2+16+2i+2i—2
Cc

f f(z)dz=0
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3. Verify Cauchy’s theorem for the function f(z) = ze ™% over the unit circle with origin as
the centre.
Sol: Given f(z) = ze %, C is the circle |z| = 1
z=eW 0<06<2m
dz = ie®®do
f(2)dz = e%ec"ieifdg

_ 2T _ig el . _i6
Now, [ f(z)dz= [,_ e®e™®".ie'db
Put,ew:
ielfdo = dt

When6 =0 ,t=1
0 =21 ,t=e"" =cos(2n) +isin(2n) =1+i.0=1
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1

Jf(z)dzz jte‘t. dt

t=1

fc f(z)dz = 0 (since both the limits are same, the value of the integral is zero)

Cauchy’s Integral formula

Statement: If f (2) is analytic inside and on a simple closed curve C and if 'a’ is

any point within C then f(a) = L 12 4,

2wl YC z—a
f(z)

(z-a)’

Proof: Consider the function which is analytic at all points within C except at

Z = a.
Draw a circle C; with a as centre and radius 7 such that C;lies entirely inside C.
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Since (]Zc EZ;) analytic in the region between C and C;, by Cauchy’s theorem
we have

f(2) _ f(2)
fC (z—a) az = €1 (z—a) dz - (1)

The equation of circle C; is

z—al =71
z—a=re?
z=a+r¢i‘9 ,0< 0 <2n
dz =i.re'® do
f(2) 2 f(a+ret®) .
1= - dz = |, = i.ret? do
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f2 . . 0
(Z_a)dZ—l j f(a+r1e'™)db
. 2
In the limiting form, as the circle shrinks to the point ‘a’1.e., v = 0
@ [
=i a)do
esdz=i | f@
C =
2T
=if(a)),_,1.d6

|
N
N\

Q
\—’
| |
D
| —
OoN
S|
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ff—zdz =if(a).2m

C z—a
1 ( f(z)
fla)= 2mi) z—a
C
Problems on Cauchy’s integral formula

Working rule

1. Firstly we have to find out whether the point z = a lies inside or outside the
given curve C.

2. If z = a 1s inside C then we use Cauchy’s integral formula
f) _ : . f(2) __ 2mi o(p)
[ 12 daz=2nif(@) ;] dz = 2 ™ (a)

C z-a (z—a)nt1

3. If the point z = a 1s outside C, the value of the integral is zero.
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VA

1.Evaluate fc z-eu'n dz over each of the following contours C:

a) |z| = 2@ b)|z|=§ Olz—1=1

Sol: Here f(z) = e”
Zz—a=z+in=z—(—im)

na=—ir = a=(0,—m)
a) C:|z| = 2misacircle ‘Eg,gn)
= Centre= (0,0) , T =21
The point a = (0, —m) lies within the circle |z| = 2m . (-ZM}Q n0)"
. (0,-m
From Cauchy’s integral formula, ,-21)

[ 12 gz = 2mif(a)

C zZ—a
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[, == dz = 2nif (~in)
= 2mi.e” ™ (since f(z) = e?,z = —im)
= 2mi. (cosm — isinm) (cosmt = —1,sinmt = 0)
J, Zi; dz = —2mi

b) C:|z] =§isacircle KL\
= Centre= (0,0) = % L)k r/k;ﬂ)

The point a = (0, —m) lies outside the circle |z| = % 10.-n)
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From Cauchy’s integral formula,

) 1@ 47, =0

C zZ—a

eZ
J — dz =0
Z+ 1T

c

¢c) C:|z— 1| = 1isacircle

= Centre= (1,0)

|
p—

, I

(0,0 (1,0) (2,0) X

10,-m)

The point a = (0, —m) lies outside the circle |z — 1| =1
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From Cauchy’s integral formula,

) 1@ 47 =0

C Z—a

eZ
J — dz =0
Z+im

c

2. Evaluate | D

over each of the following contours C:
a)|zl =1 b)|z| =3 o)|lz+ 2 =1
Sol: Here f(z) =1

. 1 B 1
Consider fc D) dz = fc G12)-D) dz - (1)
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1 A B
Yoo @ T (2)

No
1=A4(z—-2)+B(z+2)

Puz=2; 1=A(0)+B(4) =1=48 ; =>B=,

Putz=-2; 1=A(-4)+B(0) =1=-44 ; =>A=—%

1 1
1 T2 2 . 1 _ 1
@)= iz ~ @+2) T (z-2)  4(z-2) 4(z+2)

1 1 1 1 1
(1)= fc oy dz = ch dz — = dz --- (%)




&

atme

a) C:|z| =1 isacircle
= Centre= (0,0) ; T =
The point a = (2, 0)
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1

a = (—2,0) lies outside the circle |z| = 1.
From Cauchy’s integral formula,

j dz _O_J dz
z—2 ) z+2

c Cc
1

()=, gy dz=0

b) C:|z| =3 isacircle
= Centre= (0,0) ; v =23
The point a = (2,0)

a = (—2,0) lies inside the circle |z| = 3.

0.3}

(1)
L0 3,

0, —3)




. 7%= 2mif(a)

z-2
1 .
fc ;dZ = 27Tlf(2)

[, —dz=2mi(1)

zZ—2

[LE——
Z_ZZ—Tl'l

c

Also, [ gz _ 2mif (a)

Z+2 o

[, —=dz = 2mif (-2)

C z+2

ATME
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(Herea=2,f(z) =1)

(Herea=—-2,f(z) =1)
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[. =—dz = 2mi(1)

C z+4+2

1
f dz = 2mi
Z+ 2

c
Thus, (*) = |

1 1
dz =

. 1 .
(z2—2) = Z (27Tl) — Z (27Tl)

1 dz =0
J(ZZ—4) ‘=

C) C:lz+ 2| =1 isacircle

= Centre= (—2,0) ; =1 m
"

The point a = (2, 0) lies outside the circle |z + 2| =1 (K] GEE TR =T R AT,
a = (—2,0) lies inside the circle |z + 2| =1.
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fc zd—_zz =0 (Since a = (2,0) lies outside C)

Also, [ ﬁdz = 2mif (a)
J. ﬁdz = 2mif (—2) (Herea = —2,f(z) = 1)

) —dz = 2mi(1)

cC z+2

1
j dz = 2mi
Z+ 2

C

(z2-4)

dz =7 (0) —§ (2ni)

j 1 dy — TTi
@Z—-0""" 2
C
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2Z

e
3.Evaluate fc Z+1)(z—2)

dz where C is the circle |z| = 3.
Sol: Here f(z) = e??

1 A B
(z+1)(z-2)  (z+1) T (z-2) (1)

Consider
1=4z—-2)+B(z+1)

Putz=2; 1=A(0)+B(3) =1=3B ;:>B=§

Putz=-1; 1=A4(-3)+B(0) =1=-34 ; =>A=—%
1 - - 1 1
()= = —— 4

Z+1)(z-2)  (z+1) © (z-2)  3(z—-2)  3(z+1)
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2Z eZZ eZZ

dz —%fc dz -- (%)

e 1
fc (z+1)(z-2) dz = 3 fc (z—2)
Now, C: |z| = 3 is acircle
= Centre= (0,0) ; =23
The point a = (2,0)
a = (—1,0) lies inside the circle |z| = 3.
Using Cauchy’s integral formula

(z+1)

J. ezzz dz = 2mif (a)

Z_

fc ezzz dz = 2mif (2) (Herea = 2,f(z) = e%?)

Z_

(.33
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2z

[, S=dz = 2mi(e??)

Z_

eZz
j dz = 2miet

z— 2
“Also, [, £=dz = 2nif ()
50, c z+1 Z = cmijla
fc Zeizl dz = Zﬂlf(—l) (Here a = _1,f(Z) — eZZ)

2Z

fc Ze+1 dz = 2mi(e?(D)

eZz
J dz = 2mie?
z+1

Cc
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2Z

" e
( ):> fC (z+1)(z—2)

dz = %(27?1'64) — % (2mie™?)

e?? 21i
_ LTy 2
J(z+1)(z—2)dz 3 [e € ]
C
3z
4. Evaluate [ - eZ—de where C is the circle |z| = 1.
Sol: Here f(z) = e32 o)

Now, C:|z| =1 1is a circle

= Centre= (0,0) o r=1

jlim |

The point a = (0, 0) lies inside the circle |z| = 1.
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By Cauchy’s integral formula

f(z) 2mi
Z—ar ¥ m= 1)!f( (@

c

3z ]
[. Srdz === fCD(0) (Since f(z) = e**,a=0, n=2)

z2 (2-1)!
Jo Sdz =500 (FD@ = f'() = 3.6%)
J; eZ—BZZdZ = 2mi[3.e3?] (e30=¢0=1)

eSz

j —zdz = 6TTi
Z

C
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2
5. Evaluate [, =21

c —dz where C is the circle |z| = 3.
(z—22
Sol: Here f(z) = z

+z+1
Now, C: |z| = 3 isacircle @)
= TR
= Centre= (0,0) ; T=23 \‘
i=3)

The point a = (2, 0) lies inside the circle |z| = 3.

By Cauchy’s integral formula

f@) o emi
- Y mon @
2 .
Je Z(Zz;rsl Z = (32f1l)!f(3_1)(2) (Since f(z) =z*+z+1,a=2, n=3)
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fC zz+z+1

S dz =" fO(2) FP ) = f"(2) = 2)

(z°4+z+1
(z - 2)°

dz = mi|2]

O

(z*+z+1
(z - 2)°

dz = 2mi

)

nzZ

6. Evaluate |, R
T[Z eTCZ

Sol: Given | o 42= e
2

dz where C is the circle |z| = 1.

eTL’Z 1 enz

fc (2z-i)3 dz = gJc (z—§)3 dz
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Here f(z) = e™
Now, C: |z| = 1 is a circle
= Centre= (0,0) ; r=1

The point a = % = (0, %) lies inside the circle |z| = 1. _I \

By Cauchy’s integral formula

f(2) 2w
(z — a)" dz = (n—l)!f (@)
(4
e™ _ 1 2m (3-1)/l ; _mz o _ L —
e (22-1)3 dz = 8'(3—1)!f ) (Since f(z) =e™ ,a=-, n=3)

Je Gepd7= 3 1)) (f@(2) = f"(2) = n%.e™)
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mee 2

2z—p %= 73

O

- e™ m3i T 0w
(22 = 1) dz=? cos§+LSln§

O)

j =T s i
(2z —i)3 T8 -
C

32

eTL'Z
dz =
J(Zz—i)?’ z 8
C
enz

dz= "
) @2z-i =778
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7.Evaluate [ ° dz where C is the circle |z| = 3.

c (z+1)2(z-2)

Sol: Here f(z) = e??

1 A B C
(z+1)2(z-2) (z+1) (z+1)2 = (z-2)

(1)

Consider

1=Az-2)(z+1)+B(z—-2)+C(z+ 1)
Putz=2; 1=A(0)+B(0)+C(2+ 1) =1=9C ;=>c=§

1

Putz=-1; 1=4(0)+B(-1-2)+C(0) =>1=-3B ; =>B=-—3

Putz=0; 1=4(-2)()+B(0—-2)+C(0+1)2=>1=-24—2B+C

>-24=1-2-1 =5 _24=12 S>A=—-
3 9 9 9
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1 A B C 1 1 1
()= (z+1)2(z=2) (z+1) t (z+1)2 t z-2) ~  9(z+1) 3(z+1)2 + 9(z-2)
822 _ 1 eZZ 1 eZZ 1 eZZ "
fc (z+1)2 (z-2) dz =3, (z—2) dz —3 fc (z+1)? dz 9fc (z+1) dz - (%)
Now, C: |z| = 3 is a circle L’\
= Centre= (0,0) ; =23 / r
The point a = (2,0) o R S R T
a = (—1,0) lies inside the circle |z| = 3. k
Using Cauchy’s integral formula =

2Z

e _ 1 . 1 2mi 2— 1 .

M= I Grras % =5 @rif @) =557 /4T (1) — 5 @nif (1)
e?? . l . 2.2 l 2T [, _ _ l . 2(-1)

(*) = fc ZTD? oD dz = - (2mi.e**) - f(=1) —;(2mi.e )
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4 2 2

j e?’ o, _ 2mie’ amie™® 2mie”
Z+12z-2)"7"" "9 3 9
(5

sinmz%+cosnz

2
dz where C is the circle |z| = 3.
(z—1)(z-2)

8. Evaluate [

Sol: Here f(z) = sinmz? + cosmz?

1 A B
D2 @ e T (D)

Consider
1=A(z—-2)+B(z—1)

Putz=2; 1=A(0)+ B(1) >1=B ; =B=1
Putz=1; 1=A4(-1)+B0) =1=-4 ; >A=-1
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1 ~1 1 1 !
D= e e e o &b

2

; 2 2 ; 2 2 1 2
SINTTZ“+COSTTZ SINTTZ“+CoSTTZ SINmTz“+CcoSTz
. dz = |, dz — | dz - (*)

Cc

(z—1)(z—2) (z—2)

Now, C: |z| = 3 is a circle
= Centre= (0,0) ; T=23
The point a = (2, 0)
a = (1,0) lies inside the circle |z| = 3.

Using Cauchy’s integral formula

1 2 2
)= f, T 4 = 2mif (2) = 2mif (1)

(z—-1)




ATME

College of Engineering

sinmz? + cosmz?

(z—-1)(z—-2) dz = 2mi|sindm + cos4n| — 2mi[sinm + cosm]

Cc

sinmz? + cosmz?

(z—-1)(z-2) dz = 2mi[0 + 1] — 2mi[0 — 1]

Cc

sinmz? + cosmz? _
Z = 411

z—1)(z—-2) d

Cc
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Module-2: Fourier Series
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TOPICS

O

Q

Fourier Series: Periodic functions,
Dirichlet’s condition. Fourier
series of periodic functions

Half range Fourier series.

Practical Harmonic Analysis
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08 I-GAUGE R : i H |

FOURIER SERIES can be generally written as,

f(z) = a0 + Z a, cos(nr) + Z by sin(nzx).
n=1 n=1

(\\QV’ f‘\i‘
Cis Where,
l =
" 8 - ;/"/(:)d: ......... (1.1)
\ | an = }/_“f(r)cos(nz)dz ......... (1.2)
iy /_ ] 2
I\ b, = ;/"f(;r)xin(nr)d: ......... (1.3)

Fourier series make use of the orthogonality relationships
of the sine and cosine functions.
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BASIS FORMULAE OF FOURIER SERIES

The Fourier series of a periodic function f(x) with period 2n is
defined as the trigonometric series with the coefficient a0, an

and bn, known as FOURIER COEFFICIENTS, determined by
formulae (1.1), (1.2) and (1.3).

The individual terms in Fourier Series are known as
HARMONICS.

Every function f(x) of period 2n satisfying following conditions
known as DIRICHLET'S CONDITIONS, can be expressed in
the form of Fourier series.

08 |-GAUGE

If function f(x) is an even periodic function with the period
2L (-L=x=1), then fF(x)cos(nnx/L) is even while fxX)sin(nrnx/L)
is odd.

Thus the Fourier series expansion of an even periodic
function f(x) with period 2L (-L =x =L) is given by,

() = ——(12" == "Z=; a, cos L”t
= 7
Where, cz, = ZJ-“ S C(xDed
22l o nmx , —12
a,, _ZI" Jf(x)cos 7 n=
bll — 0

If function f(x) is an even periodic function with the period

2L (-L=x =), then f(x)cos(nnx/L) is even while f(x)sin(nnx/L) is

odd.

Thus the Fourier series expansion of an odd periodic function

f (x) with period 2L (-L = x =) is given by,
~ . nmIXx

F () =2 b,sin(—)
n=1 L
Where, 2 oL . nIx
5 b"_ZI) f(x)sin = dx n=12,---
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© =

W EXAMPLES.. g |7 o cosnxdx
'vv q 7 T
= i J‘R (x~ + x)cosnxdx
7 el
Question.: Find the fourier series of f(x) = x2+x , -<x <.
1], 5 sin nx —COSnx —sinnx )|
Solution.: The fourier series of f(x) is given by, =;[(-\" +-\')( - )—(2-\'“)( 2 )+(2)( & ﬂ
! - el s . - ¢ ™ T \
f(z) = za0 + ; ap cos(nx) + Z:l by sin(nzx), =l Qr+1) (,OSfUZ' LD LOS’IHZ]
T n- n-
; s l B _l n _l n
Using above, g0 (2”_'_])( 1) —(—27r+l)( ’) i|
1 e b4 n- n
G = —I S (x)dx 3
jz' -—JT B 4(_1)”
n’

1 ¢~ -
= — X~ + x)dx
7T j—” (

1 ( x3 =Y
= — -+ —
T\ 3 Z o
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b.= 2 r f(x)sinnxdx
” -

= 1 J ) (x* 4 x)sin nxdx
T
= 4 o +.x‘)(— cosrz.r)_(z.‘_+l)(_ Smex')+(2)( COS:LK‘ H
T n n n -
[ (z+x . (T4 "
| B gy B g }
7| n n
_l ¥ 2 2
O] SRR
m
B 2(_1)”

n

Hence fourier series of, f(x) = x2+x,

2 %

x2+,\'=”—+2|:4(_1) cosnx-—z(—]) sinnx:|

=
2 S Ged (IR n
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Half Range Fourier Series

If a function is defined over half the range, say 0 to L, instead of the full range from -L to, it may be expanded
in a series of sine terms only or of cosine terms only. The series produced is then called a half range Fourier
series.
Conversely, the Fourier Series of an even or odd function can be analyzed using the half range definition

{ALF RANGE COSINE SERIES

* Suppose that f(x) satisfies Dirichlet’s condition in the interval
O<x<7t

ALF RANGE SINE SERIES

* Suppose that f(x) satisfies Dirichlet's condition in the interval
0<x<rt

o f(x) is an even function of period 21, then even periodic G (x) e f(x) is an even function of period 27, then even periodic F(x)
will have a convergent Fourier series representation consisting will have a convergent Fourier series representation consisting
of cosine terms only and given by of cosine terms only and given by

[ee) oo
B . mmx a nmx
G(x) = Z by sin (T) F(x) = ?0 + E ancos( = )
n=1 n=1
b, =2 Tf(x)sinﬂdx,(n =0,12,...) 2 2
n=2h . ap =2 [f fG)dx and an=2 [ f(t)cos " dx,

for (n=0,1,2,....)
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Example 1

Find the half-range sine series of the function

v_] 4 ifO<ce<n/2
f(")‘{o. ifr/2<z <.

Solution: L = 7, so that

x 5 [~
z) = b,sin(nzx), b, = — r)sin(nz) dzr.
@)= bosinan), b= [ fta)singna)

where

b, = %/ f(z)sin(nz) dr =
n 0
8 ("2
= —/ sin(nz)dr =
ﬁ‘o

= — sinudu =
nw Jo

in/2

8 '
= —|COS U
nn’[ ]0

= %[1 cos(nm/2)].

Example 2

Find the half-range cosine series of the function
4, If 0 <2< ‘.",/2
',(")_{ 0, ifrn/2<z<m.
NB same function as in the previous example!
Solution: again, L = =, so that

X 1 /"
f(z) =ao+ Z a, cos(nr), ap = ;/0 f(x)dzx,

n=1

a, = 2/ f(x)cos(nr)dx.
T Jo

uo=-1—/ f(.r)d.r:-l—/ ‘411.1'=2.
7 Jo 7 Jo

-~

a, = -2—/ f(z)cos(nz)dr = —8-/ cos(nzx)dzr
mJo mJo

8 nw 2 8 . e 2
= — cosudu = = —[sinuj,
nw Jo nm

= ESin(n.'r/:?).
nw



4 ATME

atme | College of Engineering

APPLICATIONS OF FOURIER SERIES

Quantum Mechanics l.ls _ Vibration Analysis
-
Acoustics b ¢ _—— Optics
\
A
"]

Image Processing ~

And in electrical engineering, signal
processing, econometrics, thin-walled
shell theory, etc.
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Module-3: Fourier transforms and Z-Transforms

11
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* Fourier Transforms: Infinite Fourier transforms,
Fourier sine and

e cosine transforms.
* Inverse Fourier transformes.
* Problems
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Fourier Transform (FT) involves a whole new paradigm of viewing signals in a
context different from the frequency domain of their occurrence.
Transform:

In 1807, Joseph Fourier showed that any periodic signal
could be represented by a series of sinusoidal functions

Four Types of transformation in mathematics
I Translation
Il. Rotation

Il. Reflection

Fourier
Transforms

I\V. Dilation
What is Fourier Transform?

What is Fourier Transform?

» The Fourier Transform is a type of mathematical transform.

»The Fourier Transform transforms a non-periodic function f(t) in time

* defined on (=0, 00
domain intoa function F(s) inits corresponding frequency domain. ( )

* piecewise continuous in each finite interval
#It is a tool to break a function into a sinusoidal forms characterized by sine

' i in (=00,
and cosine terms. absolutely integrable in (=, )

F(w) = r f(t)e™™dt

~To understand the conduction of heat, wave propagation, digital signal -t

processing, image processing, filtering etc. The function F (w) is called the Fourier Transformation of f (t)

13
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Fourier sine and cosine transform (Infinite) Fourier sine and cosine transform (finite)

L T —— ~ Finite Fourier sine transform of F(x) over 0 < x <

f(n) = f(: F(x)sin #dx where n is integer .

o filw) = [” f(E)sinwt dt > Infinite Fourier sine transform The function F(x)is called inverse finite Fourier sine transform of
) 0 ;

fi(n)

g LT | pases F(x)=32:§°.l (n)sin—
- K[ fi{w)] == J, filw}sinwt dw > Inverse form of Infinite Fourier sine | &n=17s l

transform ~ Finite Fourier cosine transform of F(x) over 0 < x </

: [ - %
; ® . * S f.(n) = fOF (x)cosmdx where n is integer .
- f{w} = fO f(t)coswt dt > Infinite Fourier cosine transform ’

The function F(x)is called inverse finite Fourier cosine transform of

2 fs(n)
- B fwh) == * f{w)coswt dw > Inverse form of Infinite Fourier cosine 1 ) |
ransfom . F(x) = f(0) +5 Xn=1 [c(n)cosg
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Using FT to Solve Heat

ay = ()ZU'U(O t) =0;U(4,t) = 0;
()t _axZ' ’ - ’ ’ — ’
U(x,0) =2xwhere0 <x <4,t > 0.

u(x, t) represents temperature at any point x attime ¢, [ =0 — 4

3
: w(x.0) = f(x)
(initial temp. distribution)
u(0.£) — 0 Wa(l./) 0
- - .f""’;
= .'
0 !
Real life Examples:

1. A doctor examines a patient's heart beat, is done by ECG ( Electro-
Cardio-Gram )

2. For a musician, all the ragas played are actually in time domain but
frequency is more important for him than time

3. For a circuit, the input and output signals are functions of time.

Other Applications of the FT

~Signal analysis

~Sound filtering

~ Partial differential equations
~ lmage processing

~ Conduction of heat

~Wave propagation.

Applications: Image Filtering

o Spech Reconstructed Image
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Difference equations and Z-transforms
Difference Equations

Difference equations arise in problems where the time is assumed to
have a discrete set of possible values.

y(k+n)+ay_vik+n—1)+-+a,ylk+1)+ ayy(k v
' n-1)/( ) A )+ aoy () Where coefficients a,_,, a,_o,... and b,, b,_,,... are constant.

= byu(k + n) + byqu(k+n—1) + -+ byulk + 1) + byu(k) u(k) is forcing function

Example 1: For the given difference equation, determine the (a)
order of the equation. Is the equation (b) linear. (c) time
invariant, or (d) homogeneous? Y(k+2)+0.8y(k+1)+0.07y(k) = u(k)

Solution: a) The equation is second order.

b) All terms enter the equation linearly

c) Al the terms if the equation have constant coefficients.
Therefore the equation is therefore LTI.

d) A forcing function appears in the equation, so it is
nonhomogeneous.
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Z-transform Definition )

Given the causal sequence {x(ktT)}, its z-transform is defined as y(z) = Zx(kT) 2k
k=0

X(2) =x(0) + x(T) z7 4+ x(2T) z72+ -+ + x(kT)z~¥

The variable z ' in the above equation can be regarded as a time delay operator.

Example z-transform of a Unit-Step Function

0 Obtain the Z-transform of the sequence
Let x(kT) = u(kT)

x(kT) ={1,1,3,2,0,4,0,0,0, ... }

| fork =0
o Solution: u(kT) =

0 fork=0

X(2) =1+ 2143272 4+2273 4+ 4275 Then

a0 o 1

X(z)=) x(T)z* =izl(kT) =Yzt ==

k=0 k=0 k=0 l_ <~
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Z-Transform Properties: Linearity

Notation x,(kT)«"> X,(z) & x,(kT)«=>X,(z)

Linearity @ x, (kKT )+ b x,(kT)<Z—>a X (z)+bX,(z)
Example:
x(kT) = 4u(kT) -3a*u(kT)

4 3 1—(3—4a)z™
X b - o=
() b o(l=z7Y(=az™)

1-z7' 1=az”

Complex Differentiation j 7z, ()

k" x(kT)e—Z—»[—ziJ X(z)

dz

Multiplication by Exponential

a*x(kT) <% X(z/a)
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Time Right Shifting (Time Delay)

Use the time delay property of the Laplace Transform
=T,y E e EX(F)

Then x(kT —nT)<%>7z"X(z)
Example: Time Left Shifting (Time Advance)
x(kT) =(0.2)"" 7" u((k =3)T _
D =027 k=1 x(kT +nT)«=“>2"[X (2)- D x(kT)z™]
3 | k=0
X(Z)=2"——— :
1-0.2z7 BAMRIE T =(0.2) " u((k + 2)T)
1 ' .
X(Z)=7> -3 x(kT) 2™
(Z) Z[1—0.2z“ E,‘x( )z™]

1 0.04
X2)=7" [——-(1+027"Y))=—"""
=2 [1—0.2z'l ( )] 1-0.27"
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Convolution
x(kT) 2> X,(z) & x,(kT) 2> X,(z)

Convolution in time domain is multiplication in z-domain
Z
xl(kT)*xz(kT)( >X1(Z)X2(Z)
Example: Let’s calculate the convolution of

> (kT) = a”u(kT) and x, (kT) = u(kT)

Multiplications of z-transforms is

1

Y(Z)= Xn(Z) Xz(3)= (l—az")(l—-z“)
The Inverse Z-Transform

Formal inverse z-transform is based on a Cauchy integral

kT) =2 [X(2)]= % pX(2)etds

Initial and Final Value Theorems

Initial Value Theorem:
= The value of x(n) as k — 0 is given by:

x(0) =lim x(kT) =1lim X (2)

Final Value Theorem:
» The value of x(n) as k — « is given by:

x(e0) = lim xkT) = lim[(z - 1) X (2)]

“t“-’
*
I c
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APPLICATIONS OF Z- TRANSFO~'M

Z transform is used to convert
discrete time domain signal into '
discrete frequency domain signal.

It has wide range of applications in ‘
mathematics and digital signal
processing.

It is mainly used to analyze and process ' ____________________

digital data. For example to analyze JPEG
images, MP3 and MP4 songs, ZIP files etc,

Applications of Z transform in digital signal processing are, ,
1. Used in system designing . _______________________________ 5
2.Used to find out stability of a system
3.Used to find frequency response of a signal
4.Analysis of linear discrete system

5.For designing digital filters
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Module-4: Probability distributions and Sampling theory
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Introduction

The three main components of statistics are collection of data, analysis of data and
inference. The scope of statistics is very vast and finds its applications in almost all spheres.
Statistical methods guides us in any scientific enquiry and leans heavily on probability
theory.

Basic Definitions and concepts

Experiment is a process by which measurement or observation is obtained.

Random experiment : An experiment which does not result in the same out come when
performed under the same conditions.

Eg : 1. Tossing of a fair coin.

2. Throwing of a fair die.
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Sample space : The set of all possible outcomes of a random experiment is called a sample
space usually denoted by S.
Eg 1. S = {H,T} is the sample space in tossing of a single coin.
2.S={HH,TH,HT,TT} is the sample space obtained in tossing of two coins.
3.S={1,2,3,4,5,6} in throwing of a die.

Event : Any event 1s a subset of an appropriate sample space.

Exhaustive event : An event consisting of all the various possibilities is called an
exhaustive event.

Mutually exclusive events : Events are said to be mutually exclusive if and only 1f one of
them can take place at a time, 1n other words happening of one event prevent the
simultaneous happening of the others.

Eg: In the tossing of a coin, either heads or tails may turn up but not both.
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Independent events: Two or more events are said to be independent 1f the happening or non
happening of one event does not prevent the happening or non happening of the others.

Eg: 1.When two coins are tossed the event of getting head is an independent event as both
the coins can turn out heads.

Probability 1s the measure of the chance with which we can expect the event to occur. If an

event A can occur in m different ways out of number of n possible ways, all of which are

equally likely then the probability of the event A denoted by P(A) is given by P(A4) = —.
Note: 1) Since 0< m <n = P(A)isnonnegativeand 0 < P(A)< 1

2) If P(A) = 0 then A is called a null event.

3) If P(A) =1 then A is called a sure event.

4) P(A) + P(A) = 1, the set of all unfavourable events is denoted by A.
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Addition theorem of probability

The probability of the happening of one or the other mutually exclusive events is equal to
the sum of the probabilities of the two events.

That 1s, 1f A, B are two mutually exclusive events then,
P(Aor B) = P(A) + P(B)

Product theorem of probability

If a compound event is made up of a number of independent events, the probability of the

happening of the compound event is equal to the product of the probabilities of the
independent events .

That 1s, 1f A, B are independent events then,
P(A and B) = P(A).P(B)
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RANDOM VARIABLE & PROBABILITY DISTRIBUTION

Introduction

When we consider an experiment of tossing two coins. The sample points or out
comes are qualitative and are described by their attributes though the probabilities
attached to each of these outcomes are quantitative. We now associate to each
sample point a real number called the random variable

Random variable

Definition: Let S be a sample space then X : S — R defined over the elements of
S 1s called a random variable. A random variable 1s a function that assigns a real

number to every sample point in the sample space of a random experiment. Random
variables are usually denoted by X, Y, Z ... and it may be noted that different random

variables may be associated with the sample space S. The set of all real numbers of a
random variable X 1is called the range of X.
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Eg:

1. While tossing a coin, suppose that the value 1 is associated for the outcome ‘head’ and 0
for the outcome tail. We have the sample space S = {H, T} and if X is the random
variable , then X(H) = 1 & X(T) = 0.

Range of X = {0,1}

2. Suppose a coin 1s tossed twice, we shall associate two different random variables X, Y as
follows, where we have the sample space
S ={HH,HT,TH,TT}
X = Number of ‘heads’ in the outcome.
The association of the elements in S to X 1s as follows.

1 1 0

Random variable X 2
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Range of X = {0,1,2}
Suppose Y = Number of ‘tails’ in the outcome, we have

| 1 2

Random variable Y 0

Range of Y = {0,1,2}

Discrete and Continuous random variables

If a random variable takes finite or countably infinite number of values then it is called a

discrete random variable.
Discrete random variable will have finite or countably infinite range.
Eg: 1. Tossing of a coin and observing the outcome.

2. Throwing a ‘die’ and observing the numbers on the face.
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If a random variable takes non countable number of values then it is called a non
discrete or continuous random variable.
Eg:
1. Weight of articles
2. Length of nails produced by machine.

Generally counting problems correspond to discrete random variables and measuring
problems lead to continuous random variables.

Probability function and Discrete probability distribution

If for each value x; of a discrete random variable X, we assign a real number p(x;) such that
Dp(x;) =0 ii) X;p(x;) =1 then the function p(x) is called a probability function.
If the probability that X take the values x; is p;, then P(X = x;) = p; or p(x;).

The set of values [x; , p(x;)] is called a discrete (finite) probability distribution of the discrete random
variable X. The function P(X) is called the probability density function (p.d.f) or the probability mass

function (p.m.f)
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The distribution function f (x) defined by f(x) = P(X < x) = X1 P(x;) , x being an integer, is called
the cumulative distribution function (c.d.f).
The mean and variance of the discrete probability distribution are defined as follows
Mean u = %,; x; . p(x;)
Variance V = Y, (x; — w)*. p(x;)
V=23xtpl) - [Z;x. p(x)]?
V=Xxi.p)—pu
Standard deviation ¢ = \V
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Problems
1. A coin 1s tossed twice. A random variable X represent the number of heads
turning up. Find the discrete probability distribution for X. Also find its mean and

variance.
Sol: Here S = {HH,HT,TH,TT}
X =1{0,1,2}

1 1 1 1

Now, P(HH) = P(HT) = P(TH) =, P(TT) =
1
P(X = 0,i.e.,no head turning up) = P(TT) = Z
1 1

P(X =1,i.e.,one head turning up) = P(HT UTH) = P(HT) + P(TH) = 2 + 25

1
P(X = 2,i.e.,two heads turning up) = P(HH) = 7
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The discrete probability distribution for X is as follows

We observe that, p(x;) > 0 and };p(x;) = 1.
Mean , it = %, x;.p(x) = (0).(5) + (. (5) + @.(5) =3 +3

p=1

Variance, V = Y;(x; — M)Z-P(xi)

V=(0-1D2;+(1-D2 +2-1)72;
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2. A random experiment of tossing a ‘die’ twice is performed. Random variable X on this
sample space 1s defined to be the sum of the two numbers turning up on the toss. Find the
discrete probability distribution for the random variable X and compute the corresponding
mean and standard deviation.

Sol: Here S = {(x,y) wherex =1,2,...,6 ;y =1,2,...,6}
ie,S =1{(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3), ...,(6,5), (6,6)}
Number of elements in S=36.

The set of values of the random variable X defined as sum of two numbers on the face of
the ‘die’ are {2,3,4,5, ...,10,11,12}
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n(E) 1
n(s) 36

2
Now, p(xq) = ;p(xp) = 3¢

The discrete probability distribution for X is as follows

el 2 s Ll Ls Ll LT L L L L

p(x;) i
36 36 36 36 36 36 36 36 36 36 36

Here p(x;) >0 and ),;p(x;) = 1.
Mean p =2 x;.p(x;)
n=2.(2)+@.(2)++an.(2) + 12).(5)

H=g=7
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Variance, V = Y;(x; — )% p(x;)

V=0Q2-7% -+ @2+ -+ (12 -7

210 35
V = =
36 6

Std. deviation , ¢ = V'V

35
0'—\/;—2.42

3. Show that the following distribution represents a discrete probability distribution. Find

the mean and variance

p(x) l

ol w
ol w
0|

o
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Sol: We observe that p(x) > 0 and ), p(x) = 1.
Mean u =) x.p(x)

i = (10).= + (20).= + (30).= + (40).

__10+60+90+40 _ 200

8 8

u=25
Variance, V = Y.(x — n)?%.p(x)

V = (10 — 25)2.2 + (20 — 25)2.2 + (30 — 25)2.2 + (40 — 25)2.—
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4. Find the value of k such that the following distribution represents a finite probability
distribution. Hence find its mean and standard deviation. Also find p(x < 1), p(x > 1) and

p(—1<x<2)
3 2 0 2 3
(%) k 2k 3k 4k 3k 2k k

Sol: We must have p(x) = 0 forall x and ), p(x) = 1. The first condition is satisfied if k = 0
Since ), p(x) =1

k+2k+3k+4k+3k+2k+k=1

16k =1

. k=1_6
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The discrete probability distribution 1s as follows
x| 3 2 | 1 0 | 12 | 3
1 2 3 4 3 2 1

p(x)

16 16 16 16 16 16 16
Mean p = ) x.p(x)

p= (B)ggt (2 + (FD o+ (O + (g + g+ (3

p=0
Variance, V = Y (x — u)?.p(x)
V=(-3-02=+ (2= 022+ (-1-0)2.=+ (0 - 0)2.—+ (1 - 0)2.=+ (2 - 0)2.= + (3 0)%.—
40

1 5
V=—(9+8+3+0+3+8+9)=—=7
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Standard deviation o = \VV
o= \E =1.58
Now, p(x < 1) = p(-3) + p(-2) + p(—1) + p(0) + p(1)

1 2 3 4 3
=—+=+—+—+
16 16 16 16 16

px<1)=_
p(x > 1) =p(2) +p(3) p(—1<x=<2)=p(0)+p(1)+p(2)
::j£_+_;£_ _ 4 4 3 4 2
16 16 16 16 16
3 9
P(x>1)—1—6 p(—1<xS2)—1—6
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5. A random variable X has the following probability function for various values of x.

P(x) k? Tk? + k

i) Find k ii) Evaluate P(x < 6), P(x = 6) and P(3 < x < 6). Also find the probability
distribution and the distribution function of X.

Sol: We must have P(x) = 0 and ) P(x) = 1.
The first condition is satisfied for k = 0 and we have to find k such that

XP(x) =1
ie, 0+ k+2k+ 2k +3k+k?+2k*+7k* +k)=1
10k?+9k —-1=0
(10k—D(k+1) =0

k = 1—10 and k = —1 ( Neglect)



~MATME

College of Engineering

atme

Hence we have the following table
EEEEEN RN
P(x) 0 1 1 1 3 1 1 17
10 5 5 10 100 50 100

Now, P(x < 6) =P(0)+P(1)+P(2)+PB3)+P(4)+ P(5)
1 1 1 3 1 81
=0+ st 5 T T To0 ~ 100
P(x < 6) =0.81
P(x = 6) = P(6) + P(7)

1 17 19
> = =
P(X _ 6) 50 T 100 100

P(x>6)=0.19
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P(3<x<6)=P(4)+P(5) + P(6)

3 1 1 33
10 100 50 100

P3<x<6)=0.33
The probability distribution is as follows

R0 [N [T AN [T [ I I e
0.1 0.2 0.2 0.3 0.02 0.17

P(x) 0 . 0.01

T]’\CA Aictriliitinn Hinctinn Af Y ic £+~ — DY < A\ — V‘n nlv.\N1c ~nallad ~1iraiilatixae

I N AR N I R

JI R

£(x) 0 0+0.1  0.1402  03+02  0.5+0.3 0.8+0.01 0.81+0.02 0.83+0.17
=0.1 =0.3 =0.5 =0.8 =0.81 —0.83 =1
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6. A random variable X take the values —3,—2,—1,0,1,2,3 suchhat P(X = 0) = P(X < 0)
andP(X =-3)=P(X=-2)=P(X=-1)=P(X =1) = P(X = 2) = P(X = 3) .Find
the probability distribution.

Sol: Let the distribution be as follows

P(X) P1
By dataP(X =0) =P(X < 0)
> PX=0)=PX=-1)+PX=-2)+P(X=-3)
1.e., Py =P3+ P2+ D1 --- (1)
Also we have
PX=-3)=PX=-2)=PX=-1)=PX=1)=PX=2)=P(X =3)

1.6., P1 = Py = P3 = D5 = P = D7 --(2)
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Further we must have
pP1+ P2 +P3+pPstps+pst+p;=1

~(3)

Py =P1+tP1tDP1
P4 = 3P1

Using (2) in (1), we get

Using (2) in (3),weget pq+p1+pP1+Ps+p1+p1+p1

=1

6p; + Py =1
6p; +3p; =1 (since p, = 3p;)

9p1 =1

1

P1 =7

3

Hence py = 5

1
Thus , p, = p3s = ps = ps = p7 =
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Thus the probability distribution is as follows

----n--
PO 1L 11 111
9 9 9 9 9 9 9

7. The p.d.f. of variate X is glven by the followm table

P(x)

For what value of K, this represents a valid probability distribution? Also find P(x = 5)
and P(3 < x < 6).

Sol: The probability distribution is valid if P(x) = 0 and ), P(x) =1
Hence we musthave K= 0 and K+ 3K+ 5K+ 7K+9K+ 11K+ 13K =1
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Also, P(x = 5) = P(5) + P(6)

P(x25)=12hK+13K=24K
P(x >5) = —
(x =5) 19

Now, P(3<x <6) = P(4) + P(5) + P(6)
P(3<x<6)=9K+ 11K + 13K
P(3<x<6)=33K

33

P < = —
(3<x<6) 19
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Binomial Distribution

If p 1s the probability of success and q 1s the probability of failure, the probability of x

success out of m trials is given by P(x) = "C,p*q"™*
Mean and Standard deviation of the Binomial Distribution

Mean, u = np
Variance, V = npq
Std. Deviation, 0 = \/npq
Problems

1. Find the binomial probability which has mean 2 and variance %’

Sol: Given Mean, u = 2 and Variance, V = g

For binomial distribution, u = np
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np = 2

npq =V

L4
1= 3

2
3
Sincepzl—qzl—g

1

P=§

Since np = 2

q:

Sw|S

2
6
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The binomial probability function is P(x) = "C,p*q™ * becomes

] 1 X 2 6—x
P = (§> (ﬁ)

The distribution of probability 1s as follows

6 6 6 6

" Q6 (6 (6 =06 <606 6
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2.When a coin 1s tossed 4 times, find the probability of getting 1) exactly one head
11) atmost 3 heads 1i1) atleast two heads.

Sol: Givenn = 4 ,p=P(H):%>q:P(T):;

(sincep+qg=1)

From binomial distribution ,the probability of x successes out of n trials 1s given by
P(x) = anpan—x

OERACNON
P = *Ce(3)
P(x) = . 'c,
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i) P(1 head) = P(x = 1) = 1—16 4, = 1—16(4)
Px=1) =
P(x=1)=0.25

i) P(atmost 3 heads) = P(x < 3)

Px<3)=Px=0)+P(x=1)+P(x=2)+P(x=3)

_ 1 4 1 4 1 4 1 4
P(XS3)—16 C0+16. C1+16. CZ+16. CS

P(xs3)=1i6[1+4+6+4]

> |-

P(xs3)=i—2

P(x < 3) = 0.9375
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ii1) P(atleast 2 heads) = P(x = 2)
Px=2)=1-P(x<3)
Px=2)=1—-[P(x=0)+P(x =1)]

_ 1 |1 4 1 4
Px22)=1-|=. " +=. 61]

P(x22)=1—1i6[1+4]

5
P<x22)_1_1_6

11
P(x>2)=0.6875
3. In a consignment of electric lamps 5% are defective. If a random sample of 8 lamps are
ispected. What 1s the probability that one or more lamps are defective?

Sol:Given n = 8, Probability of defective lamp =p = 5% = Fso = 0.05
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~qgq=1—p=1-0.05
qg=0.95

From binomial distribution,
X N—X

P(x) = ncyp*q
P(x) = 8¢,(0.05)*(0.95)%~*

Probability that one or more lamps are defective
Px=1)=1-P(x<1)

Px=1)=1—-P(x =0)
P(x>1)=1— 8¢,(0.05)°(0.95)87Y
P(x >1) =0.3366.
Thus the required probability 1s 0.3366
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4. The probability that a person aged 60 years will live upto 70 1s 0.65. What is the
probability that out of 10 person aged 60 atleast 7 of them will live upto 70.
Sol: Given n=10,p = 0.65

~qgq=1—p=1-0.65
q=0.35

Let x denote the number of person aged 60 years living upto 70 years.

From binomial distribution,
P(x) = anpan_x
P(x) = 10c,(0.65)*(0.35)10—*

Probability that out of 10 person aged 60 atleast 7 of them will live upto 70
P(x=>7)=P(7)+ P(8) +P(9)+ P(10)

P(x = 7) = 10¢,(0.65)7(0.35)3 + 10cg(0.65)8(0.35)% + 10¢4(0.65)(0.35)* + 10¢,4(0.65)1°(0.35)°
P(x>7)=0.5138
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5.The number of telephone lines busy at an instant of time 1s a binomial variate with
probability 0.1 that a line 1s busy. If 10 such lines are chosen at random, what 1s the
probability that 1) no line is busy ii) all lines are busy iii) atleast one line is busy
1v) atmost 2 lines are busy.

Sol: Given n=10,p =0.1

~qgq=1—-p=1-0.1
q=0.9

Let x denote the number of telephone lines busy.

From binomial distribution,
P(x) = anpan_x

P(x) = 10c,(0.1)*(0.9)10~*
1) Probability that no line 1s busy
P(x = 0) = 10¢,(0.1)°(0.9)1970 = (0.9)1°= 0.3487
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i1) Probability that all lines are busy

P(x = 10) = 10¢44(0.1)1°(0.9)° = (0.1)1°

111) Probability that atleast one line is busy

Px>1)=1-P(x<1)
Px>1)=1—-P(x =0)

P(x >1) =1 —10¢y(0.1)°(0.9)Y
P(x >1) =1-0.3487

P(x >1) = 0.6513

iv) Probability that atmost 2 lines are busy

Px<2)=P(x=0)+P(x=1)+P(x =2)
P(x <2) =(0.9)1%+10¢,(0.1)1(0.9)% + 10c¢,(0.1)%(0.9)
P(x < 2) = 0.9298
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6. In a quiz contest of answering ‘Yes’ or ‘No’ what is the probability of guessing atleast 6
answers correctly out of 10 questions asked ? Also find the probability of the same if
there are 4 options for a correct answer.

Sol: Given n=10
Let x denote the correct answer .

)p=3=0.5
ng=1-p=1-05
g=0.5"

From binomial distribution,
P(x) = ncyp*q™™*

P(x) = 10¢,(0.5)*(0.5)10-*

P(x) = 10c,(0.5)1°
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Probability of guessing atleast 6 answers correctly out of 10 questions
Px=6)=P(x=6)+P(x=7)+P(x=8)+P(x=9)+ P(x =10)

P(x = 6) = 10¢¢(0.5)1%4+10¢,(0.5)*°+10c¢5(0.5)1°+10¢4(0.5)1°+10c¢;((0.5)°
P(x > 6) = (0.5)1°[10c¢ + 10c; + 10cg + 10cg + 10c¢,]

P(x > 6) = (0.5)1°[210 + 120 + 45 + 10 + 1]
P(x > 6) =0.3770

.. 1
11)p=Z
1
:-q=1—p=1—z
3
qQ=7

From binomial distribution,
P(x) = ne,prq"
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1 X 3 10—x
P(x) = 10c, (Z) (Z)

310—x
P(x) = 10c¢y 4x+10—x

310—x

410
1 10—x
P(x) = 210 [3 .10Cx]

P(x) = 10c,

Probability of guessing atleast 6 answers correctly out of 10 questions
P(x=26)=P(x=6)+P(x=7)+P(x=8)+P(x=9)+ P(x =10)

P(x =2 6) = 4%0 [3%.10cg + 3%.10c; + 3%.10cg + 3.10¢q + 10c¢4 ]
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P(x > 6) = 4—10 [81.210 + 27.120 + 9.45 + 3.10 + 1]

P(x > 6) =0.0197

7. In sampling a large number of parts manufactured by a company, the mean number of
defectives in samples of 20 1s 2. Out of 1000 such samples how many would be expected
to contain atleast 3 defective parts.

Sol: Given Mean, u = 2 and n = 20

np = 2
20p = 2
1
p=1—0=0.1
q=1-p
1 9
Q—l—E q-E—Og
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Let x denote the defective part.

From binomial distribution,
X N—X

P(x) = ncyp*q

P(x) = 20c,(0.1)*(0.9)%0~*
Probability of atleast 3 defective parts
P(x=3)=1—-P(x <3)
P(x=>3)=1—-[P(0)+P(1)+ P(2)]
P(x =3) =1 —[20c¢y(0.1)°(0.9)%° + 20¢,(0.1)1(0.9)1° + 20¢,(0.1)%(0.9)18]
P(x =23)=1-0.6769
P(x > 3) =0.3231
Thus, the number of defectives in 1000 such samples= 1000*0.3231=323.1=323
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8. If the mean and standard deviation of the number of correctly answered questions in a

test given to 4096 students are 2.5 and v1.875 . Find an estimate the number of
candidates answering correctly 1) 5 questions 11) 2 or less 111) 8 or more.

Sol: Given Mean=2.5 o =+V1.875
Wkt, u = np and o =V

Thus,np = 2.5 and V = npqg = 1.875

n 1.875
Now, L

np 2.5
We get q=0.75, and p=1-q=0.25
n=10

Let x denote the number of correctly answered questions
P(x) = nc,p*q™* = 10¢,(0.25)%(0.75)10~*
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i) Probability that 5 questions are answered correctly

P(x =5) = 10¢5(0.25)°(0.75)19->

P(x=5) =0.0584

Estimation for 4096 students 1s =4096*0.0584 = 239
Number of students correctly answering 5 questions 1s 239

11) Probability that 2 or less questions are answered correctly

Px<2)=Px=0)4+P(x=1)4+P(x=2)

= 10¢,(0.25)°(0.75)°+10¢, (0.25)1(0.75)°+10c, (0.25)2(0.75)8
P(x <2) =0.5256

Estimation for 4096 students 1s =4096*(0.5256 = 2153

Number of students correctly answering 2 or less than 2 questions is 2153
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111) Probability that 8 or more questions are answered correctly
P(x=8)=P(x=8)+P(x=9)+ P(x =10)

= 10c¢g(0.25)8(0.75)?+10¢9(0.25)°(0.75)1+10c1((0.25)1°(0.75)°
P(x =8) =0.0005
Estimation for 4096 students 1s =4096*0.0005 =2
Number of students correctly answering 8 or more than 8 questions 1s 2

9. In 800 families with 5 children each how many families would be expected to have
1) 3 boys i1)5 girls 1i1) either 2 or 3 boys 1v) atmost 2 girls by assuming probabilities for
boys and girls to be equal.
10. An air line knows that 5% of the people making resevations on a certain flight will not
turn up. Consequently their policy is to sell 52 tickets for a flight that can only hold 50
people. What is the probability that there will be a seat for every passenger who turns up?
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11. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial distribution for
the data and calculate the theoretical frequencies.

Number of 1 p) R]
heads
29 36 25 5

Frequency 5

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

3 fx _ (0(5)+(D)(2N+(2)(36)+(3)(25)+(4)(5) _ 196 _ 1.96
YF 5+29+4+36+25+5 100 '

Mean, u =

From binomial distribution, u = np. Here n=4
Hence 4p = 1.96

p=0.49

qg=0.51
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From binomial distribution,

P(x) = ncyp*q"™

P(x) = 4¢,(0.49)*(0.51)**

Since 4 coins were tossed , expected(theoretical) frequencies are obtained from
F(x) = 100P(x)

F(x) = 100.4¢,(0.49)*(0.51)** where x = 0,1,2,3,4.

F(0) = 100.4¢,(0.49)°(0.51)* = 6.765 =7
F(1) = 100.4¢,(0.49)1(0.51)3 = 25.999 = 26
F(2) = 100.4¢,(0.49)2(0.51)% = 37.47 = 37
F(3) = 100.4¢5(0.49)3(0.51)! = 24.0004 = 24
F(4) = 100.4¢,(0.49)*(0.51)° = 5.765 = 6

Thus the required theoretical frequencies are 7,26,37,24.,6.
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Poisson Distribution
Poisson distribution 1s regarded as the limiting form of the binomial distribution when n

is very large (n — o0) and p the probability of success is very small (p — 0) so that np
tends to a fixed finite constant say m.

Let m be a positive constant. Consider the infinite discrete probability distribution

of a random variable x is given by P(x) = % e ™

The above probability density function 1s called the poisson probability function.

Mean and Standard deviation of the Poisson Distribution

Mean, 4 = m
Variance, V. =m
Std. Deviation, 6 = \m
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Problems

1. The probabilities of a poisson variate taking the values 3 and 4 are equal. Find the PDF.
Also, calculate the probabilities of the variate taking the values 0 and 1

So%: Given P(ff =3)=Px=4)

m -m _—_ m -m
KT
4! m*
31 m3
m=4

From poisson distribution,

mx 4.'X,'
P(x)=—e ™M =—¢*

x! x!

49 41

P(x=0)=—e"*=0.0183 Px=1)=—e*=0.0733

0! 1!
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2. In a certain factory turning out razor blades there 1s a small probability of ;?0 for any

blade to be defective. The blades are supplied in packets of 10. Use poisson distribution
to calculate the approximate number of packets containing 1) no defective i1) one
defective 111) two defective blades in a conlsignment of 10,000 packets.

Sol: Probability of a defective blade= p = o0 = 0.002

In a packet of 10, the mean number of defective blades is

Mean, m = np

m = 10(0.002) m = 0.02
From poisson distribution,
mx

P(x) = ?e‘m

Plx) = (0.02)*

o —(0.02)
x!
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(0.02)*

P(x) = (0.9802)
x!
1)  Probability of no defective

0
P(x = 0) = (0.9802) (O'gf) — 0.9802

For consignment of 10,600 packets= 10,000 x 0.9802 = 9802
i1) Probability of one defective

1
P(x = 1) = (0.9802) (0"1’?) — 0.0196

For consignment of 10,000 packets= 10,000 x 0.0196 = 196
111) Probability of one defective
P(x = 2) = (0.9802) (0";2) — 0.0002

For consignment of 10,060 packets= 10,000 x 0.0002 =2

( Since e 7992 = 0.9802)
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3. The number of accidents in a year to taxi drivers in a city follows a Poisson distribution
with mean 3. Out of 1000 taxi drivers find approximately the number of the drivers with
1) no accident 1n a year 11) more than 3 accidents 1n a year.

Sol: Given Mean=3
Mean, u = m

m=3
From poisson distribution,

X

P(x) = m—'e‘m

P(x) = x)lxe_g'
P(x) = (0.05) O (Since e~3 = 0.05)

x!
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1) Probability of number of drivers with no accident in a year

(3)°
P(x = 0) = (0.05) —=— = 0.05

0!

Number of drivers out of 1000 with no accident in a year = 1,000 * 0.05 = 50

11) Probability of more than 3 accidents in a year

P(x>3)=1-P(x <3)
P(x>3)=1—-[P(0)+P(1)+P(2)+P(3)]
2 3
PG >3) =1~ (005 1 (0.05) " + (0.05) " + (0.05)
P(x >3)=1-(0.05)[1+3 + 4.5+ 4.5]
P(x >3) =0.35
Number of drivers out of 1000 with more than 3 accidents in a year = 1,000 x 0.35 = 350
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4. Given that 2% of the fuses manufactured by a firm are defective, find, by using poisson 1stribution,
the probability that a box containing 200 fuses has 1) no defective fuse
11) at least one defective fuse 111) exactly 3 defective fuses iv) 3 or more defective fuses.

Sol: The probability that a fuses 1s defective p = 2/100=0.02.
And n=200
Mean, u = np = 200+ 0.02 ; m = 4
X
From poisson probability function  P(x) = % e~ ™M
4.?6'

P(x) = ye%

Let x denotes the number of defective fuses in a box containing 200 fuses
1) Probability that the box contains no defective fuse

0
P(x = 0) = %e—‘* = 0.0183
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11) Probability that the box contains at least one defective fuse 1s

i11) Probability that the box contains exactly 3 defective fuse

1v) Probability that the box contains 3 or more defective fuses

ATME
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Px=>1)=1-P(x<1)
=1—-—P(x=0)
=1-0.013

P(x > 1) = 0.9817

P(x = 3) = 0.1952

P(x23)=1—P(98<3)

4
Px=>3)=1—-|—e*+ —e™*+ —e*

0!
P(x >3) =0.7621

41
1!

42
2!
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5. A certain screw making machine has a chance of producing 2 defectives out of 1000. The
screws are packed in boxes of 100. Using poisson distribution , find the approximate
number of boxes containing 1) no defective screw i1)one defective screw 1i1) two defective
screw, in a consignment of 5000 boxes.

Sol: The probability that a screw 1s defective 1s given as p=2/1000 = 0.002.

Here n=100
Mean = np=100X0.002=0.2 ; m = 0.2
From poisson probability function P(x) = —e™™

(0.2)
P(x) =
x!
Let x denotes the number of defective fuses in a box containing 100 screws
1) Probability that the box contains no defective screw

0
P(x =0) = %e‘“-z — 0.8187

8_0'2
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Number of boxes containing no defective screw in 5000 boxes =5000%0.8187=4094
ii) Probability that the box contains one defective screw is

1
P(X — 1) — (012|) 8—0.2

= 0.2X0.8187
P(x=1)=0.1637
Number of boxes containing one defective screw in 5000 boxes =5000%0.1637=819

111) Probability that the box contains two defective screw is

2
P(x = 2) = &L e02

= 0.02X0.8187

P(x=2)=0.0163
Number of boxes containing two defective screw in 5000 boxes =5000%0.0163=82
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6. A communication channel receives independent pulses at the rate of 12 pulses per micro
second. The probability of transmission error is 0.001 for each micro second. Compute
the probabilities of 1) no error during a micro second i1) one error per micro second
i11) atleast one per micro second 1v) two errors v) atmost two errors.

Sol: Givenn =12 andp = 0.001

Mean number of errors in one micro second

{=np

m =12 % 0.001 (Since u = m, from poisson distribution)
m=0.012

From Poision distribution N

per) = 2 emm = QO —or)

x! x|
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P(x) = (0.9880)

(0.012)*
x!

(Sincee™(0-012) = 0.9880)

i) Probability of no error during a micro second
P(x = 0) = (0.9880) (2212
0!
P(x =0) =0.9880
i1) Probability of one error during a micro second
P(x = 1) = (0.9880) 22
P(x=1)=0.0119
111) Probability of atleast one error during a micro second

Px=>1)=1—-P(x<1)
Px=1)=1—-P(x=0)
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P(x=1)=1-P(x =0)
P(x = 1) =1-0.9880
P(x >1) =0.012

iv) Probability of two error during a micro second

v) Probability of atmost two error during a micro second

(0.012)%
2!

P(x = 2) = (0.9880)
P(x = 2) = 0.00007

Px<2)=Px=0)+Px=1)+P(x=2)
P(x <2)=0.9880+ 0.0119 4+ 0.00007
P(x <2)=0.99997




4 ATME

atme | College of Engineering

Continuous Probability Distribution

If for every x belonging to the range of a continuous random variable X, we assign a
real number f (x) satisfying the conditions,
i) f(x) =0 ii) f_oooo f(x)dx =1 ,then f(x) is called a Continuous probability function

or probability density function ( p.d.f)

Cumulative distribution function

If X 1s a continuous random variable with prol;cability density function f(x) then the
function F (x) defined by F(x) = P(X < x) = [__ f(x)dx is called the Cumulative
distribution function (c.d.f) of X.

NOTE: If r 1s any real number, then
1 P(x=r)=["f(x)dx
2. Plx<r)=1-P(x=2r)=1- froof(x)dx
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Mean and Variance
If X is a continuous random variable with probability density function f (x) where

—00 < x < oo |, the mean (1) or expectation E(X) and the variance (c%) of X is defined as

follows.

Mean, u = ffooo x. f(x)dx
Variance, 0% = f_oooo(x — w2 f(x)dx or V= f_oooo x2. f(x) dx — p?

Problems
1. Find which of the following is a probability density function
x|, 0<|x| <1

(2x, 0<x<1 3
a) f1(x) = 0, otherwise b) f2(x) = { 0, otherwise

2x ,0<x<1

) fza(x) =944—4x ,1<x<?2
0, otherwise

\
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Sol: Conditions for p.d.fare f(x) = 0 and ffooo f(x)dx =1
a) Clearly f1(x) =0
1
[2 fiGdx = [ fi(x) dx = [, 2x dx = 2. [";] —[1-0]=1
0

s~ filx)isap.d.f

b) Evidently f,(x) =|x| =0
[2 £0)dx = [ f,00) dx = [ |x] dx

—x, —1<x<0
But,|x| = {+x, 0<x<1

ffooo fo(x)dx = f_Ol(—x) dx + folx dx
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[ZCTO I L R
2 2| |2 2 2

— 00

s fo(x)isap.df

¢)Given f3(x) =2x >0 in0<x <1
But f3(x) =4 —4xisnegativeinl < x < 2
The first condition is not satisfied.

s fz(x)isnotap.d.f
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§+c, 0<x<3

is a p.d.f. Also find
0, elsewhere

2. Find the value of ¢ such that f(x) = {
P(1<x<2).

Sol: Here f(x) = 0 if ¢ = 0 ; Also we must have ffooo f(x)dx =1
i.e., fog (g + C) dx =1

) 3

. X
L€, |3 + cx] =1
0

i.e.,1—12(9—0)+c(3—0) =1

1.€., 2 +3c=1
12

. 9
1.e.,3c=1——
12
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ae 3
‘T 12
D=L
“CT 1

Now, P(1<x <2) = flzf(x)dx

2 (x 1
=1, (G +5;) dx
x% x 2
ERT )
1 1
—5(4—1)4-5(2—1)

3 1 _ 4

T 12 12 12
PA<x<2)=1
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2
3. Find the constant k such that f(x) = kx”, 0 <x< .3
0, otherwise

HDP(1<x<2) ii)Px<1) iii)P(x>1) 1iv)Mean v) Variance

is a p.d.f. Also compute

Sol: : Here f(x) = 0 if k = 0 ; Also we must have f_oooof(x)dx =1
ie., f03 kx?dx =1

X kx3 3
1.e., |—| =1
3 1g

i.e.,§(27 —0)=1

1e.,9k =1
1

le. k==
’ 9



ATME

College of Engineering

0, otherwise

.'.f(x)={§’ 0<x<3

DP(1<x<2)= flzf(x)dx

2 x?
= 1?dx
x32
— El
1
=—-8-1)
P(1<x<2)=%

i) P(x <1) = folf(x)dx
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1
2

X
P(xSl)zj?dx
0

x3 1
]

1
=—(1-0)

P(xS2)=%
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P(x >1) =

x3r

27 .
1

=2 (27-1)

P(x>1)=§
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- Lie1-0
M—%( —0)

81
=36

_9
k=3

= | —dx
0 93 16
_ [x5] 81
45[, 16
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1 81
- 5 -
V_45[3 0l 16
V_243 81
45 16
- 8l

T 240

27
V=—

80
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Exponential Distribution

The continuous probability distribution having the probability density function f(x) given
by

ae ", for x>0 : o deeer ee
f(x) = / . , where @ > 0 is known as the exponential distribution.
0, otherwise

Evidently f(x) = 0 and we have [~ f(x)dx = 1.

f (x) satisfy both the conditions required for a continuous probability function.

Mean and standard deviation of the Exponential Distribution

1
Mean , pn=-

Std. deviation, o = i
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Problems

1. If x is an exponential variate with mean 3 find i) P(x > 1) ii) P(x < 3)

e X for0<x < oo

f@0=1" 4

Sol: The p.d.f of the exponential distribution i1s given by
{ otherwise

The mean of the distribution is given by %

Bydata,,u=%=3
o«
3

X

1 -z
3€ % for 0 <x <o

0, otherwise

Hence , f(x) =
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DP(x>1)=1-P(x<1)
Px>1)=1-P(x <1)
=1 f, f(x)dx

=1 —folée? dx

=1—§f0 e 3 dx
_xd
lle 3
=1‘§[j]
340
1
=1+ [e5 e
1
=14+e:-1
1

= e 3
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P(x > 1) = 0.7165

3

ii)P(x <3) = ff(x)dx

P(x <3)=0.6321
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2. The length of telephone conversation in a booth has been an exponential distribution and
found on an average to be 5 minutes. Find the probability that a random call made from
this booth 1) ends less than 5 minutes 11) between 5 and 10 minutes.

Sol: We have, f(x) = ae ™, 0 <x <

By data, u = l=5

mIHQ|

T A=
X

1
f(x)zge_g, 0<x <o

5
) P(x < 5) = [ fGodx
0

= J, ce sdx
X
=§f05€_§ dx
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1
P(X<5)=§

=—[e™" —e™]
=—el+1=1 —i
P(x <5)=0.6321

i) P(5 < x < 10) = j F(0)dx

5

101 -ZX
= —e s5dx
5 5

X
f510 e s dx

1
5
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110

1
P(5<x<10)=§ —1
515
_2—8_1]

=—e‘2+e‘1:§—ei2
P(5<x<10)=0.2325

3. In a certain town the duration of a shower is exponentially distributed with mean 5
minutes. What 1s the probability that a shower will last for: (1) 10 minutes or more
(11) less than 10 minutes (i11) between 10 and 12 minutes.

Sol: We have, f(x) = ae ™, 0 <x <

By data, u = =5

Vilmg |

a =
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1 _x
f(x)=§65 0<x <

i) P(x > 10) = j F()dx

001 -z

= 105 dx
1
=zJioe dx
xOO

= ©te2=—0+e2

P(x>10) =0.1353
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ii) P(x < 10) =1 — P(x = 10)

P(x <10)=1—0.1353
P(x < 10) = 0.8647

12

i) P(10 < x < 12) = f f(x)dx

121 _E
= 105 5 dx

12 _E

l T

—2 4 _ —2
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P(I0<x<12) =e % —e 24
P(10 < x < 12) = 0.0446

4. The life of a compressor manufactured by a company is known to be 200 months on an
average following an exponential distribution. Find the probability that the life of a
compressor of that company i1s 1) less than 200 months 11) between 100 months and 25
years.

Sol: Wehave, f(x) =ae ™, 0<x <

By data, u = % = 200

o = 1
200
X

— ——p 200
f(x) 500 ¢ : 0<x<oo



4 ATME

atme | College of Engineering

200
i) P(x < 200) = f f(x)dx
0

— e 200(dx

fzoo 1 X
0 200

1 200 _—__*_
= — e 200 dx
20070
x 1200

1 [e‘m

200 1

200 19
= —[e7! -]
=—el+1=1 —i
P(x <200) =0.6321
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Now, 25 years=25*12 months=300 months

300

ii) P(100 < x < 300) = f FO0)dx

100

_ 300 1 _%d
~ J100 200 x

1 (300 _%d
= 2007100 € X

300

_x
1 e 200
200 | L
200 100

—[8_1'5 _ e—z]

P(100 < x < 300) = 0.3834
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5. Determine k if random variable x has the density function f(x) =
hence find i)P(x = 0) ii) P(0 < x < 1) iii) c.d.f

Sol: Given f(x) is a probability density function.

“ f(x)=0 and [°_ f(x)dx =1
o k
S0~ 14+x2

1
2k dx =1
f1+x2 X
0

2k[tan~1x]y =1 o 2k[tan™1(o0) — tan"1(0)] = 1
T
Zk [E - O] — 1

dx =1

1.€.,
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DP(x =2 0) = J f(x)dx
0

-

o0
= dx
fO 14x2
1 oo 1

o g 0 14x2 dx

= %[tan‘lx]go
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P(x=0) = % [tan~1(o0) — tan™1(0)]
P(x =0) =%E—O]

1
P(XZO)=E

1
PO < x < 1) = j £(x)dx
0

1
1 =7
= dx
fO 14+x2

1,1 1

770 14x2
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PO<x<1)= ;[tan_lx](l)

~[tan~'(1) — tan~(0)]
Y ()]

T L4

PO<x<1)=

B =

iii)c.d.f = ff(x)dx

1
X @
= dx
—00 1+x2

1 /x 1
= — dx

T 7—0 14x2
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— l -1.,.1x
c.d.f =—|tan” " x]*
T

= %[tan‘l(x) — tan"1(—o0)]

~Hanra- ()

1 1, 1+ | 3¢ —

cdf —n[tan x+2] if —o0o < x < oo,

6. The daily turn over in a medical shop 1s exponentially distributed with Rs.6000 as the
average with a net profit of 8%. Find the probability that the net profit exceeds Rs.500
on a randomly chosen day.

Sol: Let ‘X’ denote the turn over per day.

- By exponential distribution
f(x) =ae ™ ;x> 0.
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Given, By data, i =~ = 6000

1
@ = 5000
__X
— 6000
f(x) c000¢ , 0<x <o

Let ‘A’ be the turn over for which the net profit 1s Rs.500.

Since the net profit is 8% of the turn over,

8

A% —— = 500
*100
~ A=6250

~ The probability of profit exceeding Rs.500 1s
P(x > 6250) = j f(x)dx

6250
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co

1 __x
P(x > 6250) = j6000€ 6000 dx
6250

1 (oo ad

= — " 6000
5000 Je2s0 € 000X

X (00)
1 e 6000
6000 | ——1_

6000 16250

6250]

= —[e_oo — e 6000

_ 6250

= e 6000

P(x > 6250) = 0.3529
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Normal Distribution

The continuous probability distribution having the probability density function f(x) given

(x—p)?
1 - .
byf(x)=ame 262 where —c0o < x <0, —co < u <o and o > 0 is known as

the normal distribution.

Evidently f(x) = 0 and we have [~ f(x)dx = 1.

f (x) satisfy both the conditions required for a continuous probability function.

Mean and standard deviation of the Normal Distribution
Mean = u
Variance = o

2

Geometrically we can write

D) [° d(2)dz=1 i) [°_¢(2)dz = [ $(2)dz =

2
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Note

1. P(—0<z<o)=1

2. P(—OOSZSO)z%

3. P(0<z<£ o) or P(ZZO):l

2
Also, P(—0 < z<z;)=P(—0<z<0)+P(0<z<2z)

ie.,P(z<zy1)=0.5+¢(z¢)

Also,P(z>2z,) =P(z=20)—-P(0<z<2z)
ie., P(z>2z,) =0.5— ¢(z,)
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Problems

.

Evaluate the following probabilities with the help of normal probability tables
i) P(z=>0.85) ii) P(—1.64 <z < —-0.88) iii) P(z<—-2.43) iv) P(lz] £1.94)

Sol: i) P(z>0.85) = P(z=0)— P(0 <z<0.85)

= 0.5 — ¢(0.85)
= 0.5 — 0.3023
P(z > 0.85) = 0.1977

ii) P(—1.64 < z < —0.88)

By Symmetry, P(—1.64 < z < —0.88) = P(0.88 < z < 1.64)
—P(0<z<1.64)—P(0<z<0.88)
= $(1.64) — $(0.88)
= 0.4495 — 0.3106

P(-1.64<z<-0.88) =0.1389




M ATME
atme | College of Engineering

iii) P(z < —2.43) = P(z > 2.43)
P(z<-243)=P(z=20)— P(0<z<243)
= 0.5 — ¢(2.43)
= 0.5 — 0.4925
P(z>-2.43) =0.0075

iv) P(|z] < 1.94) = P(—1.94 < z < 1.94)
=2P(0<2z<194)
= 2.$(1.94)
= 2.(0.4738)
P(|z| < 1.94) = 0.9476
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2. If x 1s a normal variate with mean 30 and standard deviation 5 find the probability that

)26 <x <40 ii)x > 45
X—U x—30

Sol: We have standard normal variate, z = — = |By data u = 30,0 = 5]
i) To find P(26 < x < 40)
Ifx=26,z=""=_038 L Ifx=40,z="""=2

Hence we need to find , P(—0.8 < z < 2)

P(-08<z<2)=P(-08<z<0)+P(0<z<2)
=P(0<z<08)+P(0<2z<2)

= ¢(0.8) + ¢(2)

= 0.2881 + 0.4772
P(-0.8<z<2)=0.7653
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ii) To find P(x > 45)
If x =45,z=45;3°= 3

Hence we need to find , P(z = 3)

P(z=3)=P(z=0)—-P(0<z<3)

= 0.5 — $(3)

= 0.5 — 0.4987
P(z>=3)=0.0013

3. The marks of 1000 students in an examination follows a normal distribution with mean
70 and standard deviation 5. Find the number of students whose marks will be
1) less than 65 11) more than 75 111) 65 to 75

Sol: Let x represent the marks of students
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We have standard normal variate, z = x;ﬂ = x_570 [By datau = 70,0 = 5]

i) 7o find P(x < 65)
__65-70

I[fx =65,z = - = -1

Hence we need to find , P(z < —1)

Pz<-1)=P(z>1)
=P(z=0)—-P(0<z<1)
=0.5—¢(1)

= 0.5 —0.3413
P(z < —-1) = 0.1587

Number of students scoring less than 65 marks=1000%0.1587= 158.7 = 159
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ii) To find P(x > 75)

Ifx=75,z=22"2-1

Hence we need to find , P(z > 1)

Pz>1)=P(z=0)—P0<z<1)

= 0.5 — ¢(1)

= 0.5 — 0.3413
P(z>1) = 0.1587

Number of students scoring more than 75 marks=1000*0.1587= 158.7 = 159
iii) To find P(65 < x < 75)

Hence we need to find, P(—-1 <z < 1)
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P(-1<z<1)=2P(0<z<1)

= 2¢(1)

= 2(0.3413)
P(-1<z<1)=0.6826

Number of students scoring marks between 65 to 75 marks=1000%0.6826= 682.6 = 683

4. In a test on electric bulbs, 1t was found that the life time of a particular brand was distributed
normally with an average life of 2000 hours and S.D of 60 hours. If a firm purchases 2500
bulbs, find the number of bulbs that are likely to last for 1) more than 2100 hours
i1) less than 1950 hours 1i1) between 1900 to 2100 hours.

Sol: Given u = 2000, o =60
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x—u _ x—2000
o 60

We have standard normal variate, z =

i) To find P(x > 2100)

Ifx =2100, z = 21006‘02000 = 1.67

Hence we need to find , P(z > 1.67)

P(z>1.67) =P(z>0)—P(0 < z < 1.67)
= 0.5 — $(1.67)

= 0.5 — 0.4525
P(z > 1.67) = 0.0475

> Number of bulbs that are likely to last for more than 2100 hours = 2500 * 0. 0475
=118.75 = 119
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ii) To find P(x < 1950)

Ifx = 1950,z = 19506‘02000 — —0.83

Hence we need to find , P(z < —0.83)

P(z < —-0.83) = P(z > 0.83)
=P(z=0)—-P(0<z<0.83)
= 0.5 — ¢(0.83)

= 0.5 —0.2967
P(z < —-0.83) =0.2033

. Number of bulbs that are likely to last for more than 1950 hours = 2500 * 0.2033
= 508.25 = 508
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oy

iii) To find P(1900 < x < 2100)

Ifx = 1900, z = 19006‘02000 = —1.67 :Ifx=2100,z = 21006‘02000 = 1.67

Hence we need to find, P(—1.67 <z < 1.67)

P(—1.67<z<1.67) =2P(0<z<1.67)
=2 * ¢(1.67)

= 2 % 0.4525
P(-1.67<z<1.67) =0.905

- Number of bulbs that are likely to last between1900 and 2100 hours
=2500+%0.2033
= 2262.5 = 2263



4 ATME

atme | College of Engineering

5. In a normal distribution 31% of the items are under 45 and 8% of the items are over 64.
Find the mean and S.D of the distribution.

Sol: Let 4 and o be the mean and S.D of the normal distribution.

By data, P(x < 45) = 0.31 and P(x > 64) =0.08

We have standard normal variate, z = %
Whenx =45 ,z = 4%7_“ = z1 (Say)

64—
o

X =64 ,z= ”=22(Say)

So we have ,
P(z<z;) =031 and P(z > z,) = 0.08
ie., 0.5+ ¢@(z;) =031 and 0.5 —¢(z,) = 0.08
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¢(z;) =031—-0.5 and ¢(z,) = 0.5—-0.08
p(zy) =—0.19 and ©(z,) = 0.42

Referring to the normal probability tables, we have

0.1915(= 0.19) = ¢(0.5) and  0.4192(= 0.42) = ¢(1.4)

¢(z1) = —¢(0.5) and @(z2) = @(1.4)
= z; =-—0.5 and z, =1.4
ie, —t=-05 and "k =14
45 — u = —0.50 and 64 —u=1.40
u—0.50 =45 and u+1.40 = 64

Solving above equations, we get
=50 and c=10
Thus, Mean=50 and S.D=10
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6. The mean weight of 500 students during a medical examination was found to be 50 kgs and S.D
weight 6 kgs. Assuming that the weights are normally distributed , find the number of student

having weight i) between 40 and 50 kgs ii) more than 60 kgs. [@(1.67) = 0.4525]

Sol: Givenu =50, o0=6

We have standard normal variate, z = = ;” — x_65°
i) To find P(40 < x < 50)
Ifx:4-0,z:40;50:_1_67 ;Ifx:50,Z250_50:O

Hence we need to find , P(—1.67 <z < 0)

P(-1.67<z<0)=P(0<z<1.67)
= ¢(1.67)

P(—-1.67 <z<0)=0.4525

* Number of students having weight between 40 and 50 kgs =500 *x 0.4525 = 226.25
= 226
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ii) To find P(x > 60)

60—50

I[fx=60,z= = 1.67

Hence we need to find , P(z > 1.67)

P(z>1.67)=P(z=0)—P(0<z<1.67)
= 0.5 — ¢(1.67)

= 0.5 — 0.4525
P(z>1.67) = 0.0475

> Number of students having weight more than 60 kgs = 500 * 0. 0475
=23.75 =24
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7. In an examination 7% of students score less than 35% marks and 89% of students score
less than 60% of marks. Find the mean and S.D of the distribution if the marks are
normally distributed. It is given that P(1.2263)=0.39 and P(1.4757)=0.43.

Sol: Let 1 and o be the mean and S.D of the normal distribution.

By data, P(x <35)=0.07 and P(x <60)=0.89

We have standard normal variate, z = %
Whenx =35 ,z = BiT_H = 71 (Say)

60—
o

£ = z, (Say)

x =60 ,z=

So we have ,
P(z<z;)=0.07 and P(z < z,) =0.89
ie., 0.5+ ¢(z;) = 0.07 and 0.5+ ¢(z,) = 0.89
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¢(z;) =0.07—-05 and ¢(z,) = 0.89 — 0.5

p(z;) = —0.43 and ¢(z,) = 0.39
Using the given data in the RHS of these, we have
©(z;) = —(1.4757) and ©(zy) = @(1.2263)
= z1 =-—1.4757 and Z, =1.2263
e, —t=—14757 and K = 1.2263
35—u=-147570 and 60 —u = 122630
u—1.47570 = 35 and U+ 1.22630 = 60

Solving above equations, we get
u=48.65 and c=9.25
Thus, Mean =48.65 and S.D=9.25
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Sampling Theory

Random Sampling

A large collection individuals or attributes or numerical data can be understood as a population or
universe.

A finite subset of the universe 1s called a sample. The number of individuals in a sample is called a
sample size(n).

If n < 30 then the sample is said to be small otherwise it is a large sample.

The selection of an individual or item from the population in such a way that each has the
same chance of being selected 1s called as random sampling.

Sampling where a member of the population may be selected more than once 1s called as
sampling with replacement.

If a member cannot be chosen more than once 1s called as sampling without replacement.
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Parameter and Statistics

The statistical constants of population i1s mean(u) , standard deviation (o), correlation (p)
are called the parameter.

The statistical constants drawn from the given population is mean(x) , standard deviation
(s), correlation () are called statistic.
Testing of Hypothesis

To reach the decisions about the populations and the basis of sample information, we
make certain assumptions about the population involved. Such assumptions which may or
may not be true are called hypothesis. OR Quantitative statement about the population.
Explanation on the basis of limited evidences.

Null Hypothesis

The hypothesis formulated for the purpose of its rejection under the assumption that it is
true 1is called the Null Hypothesis denoted by H,.
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Any hypothesis which is complimentary to the null hypothesis is called Alternative
Hypothesis denoted by H;.

Type-I and Type-II Errors

Type-I Error: Wrong decision to reject the null hypothesis when it is actually true.

Type-II Error: Wrong decision to accept the null hypothesis when it is actually false.
Accepting the hypothesis | Rejecting the hypothesis

Hypothesis True Correct decision Wrong decision
( Type-I Error )

Hypothesis False Wrong decision Correct decision
( Type-II Error )
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Significance level

The probability level, below which leads to the rejection of the hypothesis is known as the
significance level. The probability levels are fixed at 0.05 or 0.01 being 5% or 1%. These are called
Significance level.

Test of Significance

The process which enables us to decide about the acceptance or rejection of the hypothesis is
called the test of significance.

Confidence Intervals
Let us suppose that we have a normal population with mean y and S.D o . If X is the sample
mean of a random sample size n the quantity z defined by z = 26?7”5 is called the Standard normal

. Vn
variate.

From the normal distribution table we find the 95% of the area lies between z = —1.96 and
z = +1.96 1.e., 95% confidence interval lies between —1.96 and +1.96 .

Further 5% level of significance 1s denoted by z, os.Mathematically we can write
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—196 <2 < 196
o
(&)
7 (1.96) < % — u < (1.96)—
—\/—ﬁ( 96) = x —p = (L. )\/_ﬁ

n<x+ % (1.96) and X — j"ﬁ (1.96) < u

Also we can write combining the two results in the form,

7 —1.96 (%) <u<x+1.96 (%) (1)

Similarly, from the table of normal areas 99% of the area lies between -2.58 and 2.58. This is

equivalent to the form,

% —2.58 (%) <u<E+258 (%) )

We can say that (1) is the 95% confidence interval and (2) is the 99% confidence interval.
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One tailed and two tailed tests

In our test of acceptance or non acceptance of a hypothesis, we concentrated on the value
of z on both sides of the mean. This can be categorically stated that, the focus of the
attention lies in the two “tails” of the distribution and hence such a test is called a two tailed

test.

Sometimes we will be interested in the extreme values to only one side of the mean in
which the region of significance will be a region to one side of the distribution. Obviously
the area of such a region will be equal to the level of significance itself. Such a tail 1s called

a one tailed test.
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L D

Right Critical Region Left

One tailed test Two tailed test

The following table will be useful for working problems

Critical Value of z

Test
5% level 1% level
One-tailed test -1.645 or 1.645 -2.33 or 2.33
Two-tailed test -1.96 or 1.96 -2.58 or 2.58
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Tests of significance of Proportions

1. Let x be the observed number of successes in a sample size of n and u = np be the
expected number of successes let the associated standard normal variate Z be

£ _X—p _x-np
defined by z - N

2. If |Z] > 2.58, we conclude that the differences is highly significant and reject the

hypothesis .Probable limits = p £+ 2.58 \/p;q

3. If Z <1.96, difference between the observed and expected number of successes is not

significant.
4. If 7 >1.96, difference 1s significant at 5% level of significance.
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Test of hypothesis for means

Let u; and u, be the mean of two populations. Let (i, 0¢); (X, 0,) be the mean and
standard deviation of two large samples of size n; and n, respectively. To test the null
hypothesis H that there is no difference between the population means. 1.e., Hy: 1 = U,
(X1—%2)

°1.%2
ng n3

The static for this is given by Z =
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Test of significance of proportions

1. A coinis tossed 1000 times and head turns up 540 times. Decide on the hypothesis that
the coin in unbiased.
Sol: Let us suppose that the coin is unbiased
p = Probability of getting a head in one toss = 72
Sincep +g=1,g="%
Expected number of heads in 1000 tosses = np
= 1000 x 2 =500
Actual Number of heads = 540 = x
Now x —np =540 — 500 =40

X—u _ x—np _ 540-500
JmPqd  ynpq  1000X0.5X0.5

Consider z =
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z =2.53<2.58
Thus, we can say that the coin is unbiased.

2. A sample of 900 days was taken in a coastal town and it was found that on 100 days the

weather was very hot. Obtain the probable limits of the percentage of very hot weather.

Sol: Probability of very hot weather , p = % = %
8

L q=g ,n =900

Probable limits = p + (2.58) \/17_‘1

= 0.111 + 0.027
= 0.084 and 0.138
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Probability limits of very hot weather is 8.4% to 13.8%

3. In a sample of 500 men 1t was found that 60% of them had over weight. What can we

infer about the proportion of people having over weight in the population?
Sol: Probability of persons having over weightis , p = 2 =06

100
ng=1—-p=04 ,n=500
Probable limits = p + (2.58) \/p%l

— 0.6 + (2.58) \/ (0.6)(0-4)

500
= 0.6 £ 0.0565
Probable limits = 0.5435 and 0.6565
Thus, the probable limits of people having over weight is 54.35% and 65.65%
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4. A survey was conducted 1n a slum locality of 2000 families by selecting a sample size
800. It was revealed that 180 families were illiterates. Find the probable limits of the
illiterate families 1n the population of 2000.

180

Sol: Probability of illiterate families is , p = 500 = 0.225

nq=1—p=0.775 ,n =800
Probable limits = p £ (2.58) \/p%

(0.225)(0.775)
800

= 0.225 + (2.58)\/

= 0.225 + 0.038
Probable limits = 0. 187 and 0.263
The probable limits of the illiterate families in the population of 2000
= 0.187 * 2000 and 0.263 x 2000
= 374 and 526
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Thus, 374 to 526 are probably illiterate families.

5. In 324 throws of a six faced ‘die’, an odd number turned up 181 times. Is it reasonable to

think that the ‘die’ 1s an unbiased one?

Sol: Probability of the turn up of an odd number , p = 3/6= 12

Sincep +qg=1,q="%

Expected number of successes = np

=324 x 2 =162

Actual Number of heads = 181 = x
Now x —np=181 —162=19

Consider z =

xX—p
NI

19 19

=
=

-Nn
JPqG  V324X05X05 9
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z =2.11<2.58
Thus, we can say that the die is unbiased.

6. A sample of 100 days is taken from meteorological records of a certain district and 10 of
them are found to be foggy. What are the probable limits of the percentage of foggy days

in the district.

Sol: Proportion of foggy days in a sample of 100 daysis, p = 2 =01

100
. q:l—p:O_g ,Tl=100
Probable limits = p + (2.58) \/%

— 0.1 + (2.58) \/ (0.D)(05)

100
=0.1+0.0774
Probable limits = 0.0226 and 0.1774
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Thus, the percentage of foggy days lies between 2.26% and 17.74%

7. A random sample of 500 apples was taken from a large consignment and 65 were found
to be bad. Estimate the proportion of bad apples in the consignment as well as the

standard error of the estimate. Also find the percentage of bad apples in the consignment.

Sol: Proportion of bad apples in the sample 1s given by , p = £ ~0.13

500
. q=1-p=087 ,n=>500

S.E proportion of bad apples = \/% = \/ (0'135)0(3'87) = 0.015

Probable limits = p + (2.58) \/p%’

= 0.13 + (2.58)(0.015)
= 0.13 + 0.0387
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Probable limits= 0.0913 and 0.1687
= 9.13% and 16.87%
Thus, the required percentage of bad apples in the consignment lies between 9.13 and 16.87
8. The mean and standard deviation of the maximum loads supported by 60 cables are 11.09
tonnes and 0.73 tonnes respectively. Find a) 95% b) 99% confidence limits for mean of
the maximum loads of all cables produced by the company.
Sol: Bydatax =11.09 , 6 =0.73,n = 60

a) 95% confidence limits for mean of the maximum loads are given by

%+ 1.96 (%) =11.09 £ (196) (72)

= 11.09 £ 0.18
=10.91 and 11.27

Thus,10.91 tonnes to 11.27 tonnes are the 95% confidence limits for the mean of the maximum loads.
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b) 99% confidence limits for mean of the maximum loads are given by

¥ + 2.58 (%) = 11.09 + (2.58) (7=)

= 11.09 £ 0.24
= 10.85 and 11.33

Thus, 10.85 tonnes to 11.33 tonnes are the 95% confidence limits for the mean of the
maximum loads.

9. An unbiased coin 1s thrown » times. It is desired that the relative frequency of the
appearance of heads should lie between 0.49 and 0.51. Find the smallest value of # that

will ensure this result with a) 95% confidence b) 99% confidence

Sol: Probability of getting a head, p = %

q=:
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S.E proportion of heads = P4

n

11
, 7z 1
S.E proportion of heads = / N

a) Probable limits for 95% confidence level is given by : p £ (1.96) \/p% , which should lie

between 0.51 and 0.49

pt (1.96)\/2’%’ = 0.51 or 0.49

0.5 + (1.96)% — 0.51 or 0.49

0.5 + % — 0.51 or 0.49
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1.96 1.96
0.5 + oA 0.51 0.5 — ol 0.49
1.96 1.96
ol 0.51 —-0.5 ol 0.5 —-0.49
1.96 1.96
ol 0.01 ol 0.01
Jn = 1.96
0.02
J1i =98

Thus, n = 9604
b) Taking the confidence coefficient equal to 1.645 for 90% confidence level we have as

before
1.645 B

2n
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1.645
Vn = 0.02
Jn = 82.25

Thus, n = 6765
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Test of significance of a sample mean
1. A manufacturer claimed that atleast 95% of the equipment which he supplied to a factory

conformed to specifications. An examination of a sample of 200 pieces of equipment
revealed that 18 of them were faulty. Test his claim at a significance level of 1% and 5%.
Sol: Let p be the probability of success which being the probability of the equipment
supplied to the factory conformal to the specifications.
- Bydatap =0.95 and hence g = 0.05

Hy:p = 0.95 and the claim is correct.
H;:p < 0.95 and the claim i1s false.
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We choose the one tailed test to determine whether the supply is conformal to the
specification.

1 =np =200 *0.95 = 190
o = npq = V200 * 0.95 * 0.05 = 3.082

Expected number of equipment's according to the specification =190

Actual number =182 , since 18 out of 200 were faulty.

Now, Z = x_gnp
_190-182
~ 3.082
Z=2.6

The value of Z 1s greater than the critical value 1.645 at 5% level and 2.33 at 1% level of
significance.
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The claim of the manufacturer (null hypothesis that claim is correct) is rejected at 5% as
well as 1% level of significance in accordance with the one tailed test.

2. It has been found from experience that the mean breaking strength of a particular brand
of thread 1s 275.6gms with standard deviation of 39.7gms. Recently a sample of 36 pieces
of thread showed a mean breaking strength 0f 253.2gms. Can one conclude at a
significance level of a) 0.05 b) 0.01 that the thread has become inferior ?

Sol: We have to decide between the two hypothesis,

Hy: u = 275.6 gms , mean breaking strength.
Hy:p < 275.6 gms , inferior in breaking strength.

We choose the one tailed test.
Mean breaking strength of a sample of 36 pieces=253.2
~. Difference =275.6 — 253.2=22.4 ; n = 36
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Dif ference

(/)

Now, Z =

22.4

(39.7/@)
Z = 3.38

The value of Z is greater than the critical value of Z=1.645 at 5% level and 2.33 at 1% level
of significance.

/ =

Under the hypothesis H; that the thread has become inferior 1s accepted at both 0.05 and
0.01 levels 1n accordance with one tailed test.




ATME

atme | College of Engineering

Test of significance of difference between means

1. In an elementary school examination the mean grade of 32 boys was 72 with a standard
deviation of 8, while the mean grade of 36 girls was 75 with a standard deviation of 6.
Test the hypothesis that the performance of girls 1s better than boys.

Sol: We have , Xxg = 72,05 =8,ng =32 [Boys]

Xc=75,0; =6,n; =36 [Girls]

XG—XB

Consider, Z =

2 2
g g
% %B

ng np
75—72
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> Zoo0s = 1.645 (one tailed test)

Z = 173{ < Z0-01 = 2.33 (One tailed teSt)

The difference in the performance of girls and boys in the examination is significant at 5%
level but not at 1% level.

2. A sample of 100 bulbs produced by a company A showed a mean life of 1190 hours and a
standard deviation of 90 hours. Also a sample of 75 bulbs produced by a company B
showed a mean life of 1230 hours and a standard deviation of 120 hours. Is there a
difference between the mean life time of the bulbs produced by the two companies at
a) 5% level of significance b) 1% level of significance.

Sol: Bydata x4, =1190,0, =90,n4 =100 [Company A]

Xg = 1230 ,05 =120, ng =75 [Company B]
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Consider, Z = 28=%4
0'2 0'2
°B %4
np ny
7 — 1230-1190
(120)2 (90)2
75 + 100
Z =242
7 =247 > Zoos = 1.96 (Two tailed test)
- T < Zpor = 2.58 (Two tailed test)

The null hypothesis that there is no difference between the mean life time of bulbs is
rejected at 5% level but not at 1% level of significance.

The null hypothesis that there 1s no difference between the mean life time of bulbs 1s

rejected at both levels of significance in a one tailed test as the respective critical values are
1.645 and 2.33.
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3. The mean life of two large samples of 1000 and 2000 members are 168.75 cms and 170

cms respectively. Can this be regarded as drawn from the sample population of standard
deviation 6.25 cms ?

Sol: By data x; = 168.75,n; = 1000

%, =170 , n, =2000 ,0 = 6.25

Consider, Z = le_fll
ng np
7 — _170-168.75
6'25\/10100+20100
Z =516
Z = 5.16 1s very much greater than Z, o5 = 1.96 and Z,y; = 2.58. Thus we say that the

difference between the sample means is significant and we conclude that the samples cannot
be regarded as drawn from the same population.
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4. A random sample for 1000 workers in company has mean wage of Rs.50 per day and S.D
of Rs.15.Another sample of 1500 workers from another company has mean wage of
Rs.45 per day and S.D of Rs.20.Does the mean rate of wages varies between the two

companies? Find the 95% confidence limits for the difference of the wages of the
population of the two companies?

Sol: Bydata x; =50,0; =15,n; =1000 [Company 1]
fz = 45 , 09 = 20, ny, = 1500 [Company 2]

Consider, Z = 21222
0'2 0'2
1+_2
nqg ny
7 =222 .7 =7.1307

\/152 +202
1000 ' 1500
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The value of Z = 7.1307 1s greater than Zy g5 = 1.96 and Z; o = 2.58. Hence we can
say that the difference between the mean wages 1s significant both at 5% and 1% level of
significance.

Also 95% confidence limits for the difference of mean wages is given by

2 2
X1—%,) +1.96 [ +22 =5+ 1.96(0.7012)
nq np

=54 1.374
= 3.626 and 6.374

Thus we can say with 95% confidence that the difference of population mean of wages
between the two companies lies between Rs.3.63 and Rs.6.37
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Student’s t distribution/test

We need to test the hypothesis, whether the sample mean x differs significantly from the
population mean or hypothetical value p.

We compute, t = % n and consider |t].
- _ XX 2 _ 1 on 2
Here, X === and s°= = i1 (x; — %)

v =n — 1, denote the number of degrees of freedom ‘t’.

If [t] > tg o5 , the difference between X and u is said to be significant at 5% level of
significance.

If [t] > tyo1 , the difference between X and u is said to be significant at 1% level of
significance.

If |t] is less than the table value at a certain level of significance, the data is said to be
conformal/consistent with the hypothesis that y 1s the mean of the population.
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We have 95% confidence limits for u is given by x + % toos

Similarly 99% confidence limits for u is given by x + % to.01

Note: 1. Confidence limits are also called Fiducial limits.

2. Test of significance for difference between sample means is
£-7

1 1
S. /—+—
nig np

Where, s? = - {Z?il(xi — %)%+ 2?21(37 - 3_’)2}

nq +Tl2 -2

And degrees of freedom, v =nqy +n, — 2

t =
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Problems
1. Find the student’s t for the following variable values in a sample of eight:

-4,-2,-2,0,2,2, 3, 3 taking the mean of the universe to be zero.
Sol: Wkt t = x_T”\/ﬁ
By data u = 0 and we have n = 8

XX
X =—

17’l
f=2(-4-2-2+0+2+2+3+3)
1
YTy

=
|

=
N
n
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1 n
il 1)2(’“ -
=1

s? = @ i 5 {(—4.25)% + (—=2.25)% + (—=2.25)? + (—=0.25)? + (1.75)% + (1.75)% + (2.75)? + (2.75)?}

. 49.5
% = £y (49.5)

2 =17.07
s =2.66

0.25-0
Thus, t = e V8

t =0.266
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2. A machine 1s expected to produce nails of length 3 inches. A random sample of 25 nails
gave an average length of 3.1 inch with standard deviation 0.3. Can it be said that the
machine is producing nails as per specification ? (ty o5 for 24 d. f is 2.064)

Sol: By data, wehaveuy =3 ,x =3.1,n = 25,5 =0.3
t =222425

0.3
t=1.67<2.064

Thus, the hypothesis that the machine 1s producing nails as per specification 1s accepted at
5% level of significance.

3. Ten individuals are chosen at random from a population and their heights in inches are
found to be 63, 63, 66, 67, 68, 69, 70, 70, 71, 71. Test the hypothesis that the mean height
of the universe is 66 inches.(ty o = 2.262 for 9d. f)
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Sol: We have u = 66, n = 10

XX
X ==

n
678
* =70
%= 67.8

1 n
il 1>Z<xi - %)
=1

1
s? =2[(63 - 67.8)" + (63 — 67.8)7 + -+ + (71 — 67.8)°]

s? =9.067
s =3.011
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t=1.89 < 2.262
Thus the hypothesis 1s accepted at 5% level of significance.
4. A sample of 10 measurements of the diameter of a sphere gave a mean of 12 cm and a
standard deviation 0.15 cm. Find the 95% confidence limits for the actual diameter.
Sol: Bydata,n =10, x =12,s = 0.15
Also tgos = 2.262 for 9d. f

Confidence limits for the actual diameter 1s given by x + L/%] toos
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S 0.15
X+ |—|t =12+ |[—|(2.262) =12 + 0.1073
[\/ﬁ] 0.05 [m]( )

Thus 11.893 cm to 12.107 cm 1s the confidence limits for the actual diameter.

5. A certain stimulus administered to each of the 12 patients resulted in the following
change in blood pressure 5, 2, 8, -1,3,0, 6, -2, 1, 5, 0, 4. Can it be concluded that the stimulus
will increase the blood pressure ? (ty o5 for 11d. f is 2.201)

_ X
Sol;: x ==
n

_ 31

X = —

12
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1 n
il 1)2(xi -
=1

1
5= [(5-258)" + (2 ~ 2.58)” + -+ + (4 — 2.58)°]
s2 =9.538

s = 3.088

Wkt t ==*+/n

Let us suppose that the stimulus administration 1s not accompanied with increase in blood
pressure, we can take u = 0.
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Hence the hypothesis 1s rejected at 5% level of significance. We conclude with 95%
confidence that the stimulus 1n general 1s accompanied with increase in blood pressure.

6. A group of boys and girls were given an intelligence test. The mean score, S.D score and

numbers in each group are as follows.

Boys Girls
Mean 74 70
S D 8 10
n 12 10

Is the difference between the means of the two groups significant at 5% level of
significance (ty o5 for 20d. f is 2.086)

Sol: Bydata, x =74, s; =8, ny =12 [Boys]
y =170, s, =10,n, =10 [Girls]
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.
We have t = %
s, /—+—
nqg np
2 1 nl - 2 nz D — a7 2
Where, s = T {Zi=1(xz X)° + Zj:l(yj y) }
Or <2 — n,5%+n,s?
n1+n2—2
12(64)+10(100)
Now s?2 =
124+410-2
1768
st ===
20
s? = 88.4

s =9.402



4 ATME

atme | College of Engineering

74-70

Hence t =

1 1
(9.402) E+1_O

t =0.9936 < 2.086

Thus the hypothesis that there 1s a difference between the means of the two groups 1s
accepted at 5% level of significance.

7. A sample of 11 rats from a central population had an average blood viscosity of 3.92 with
standard deviation of 0.61. On the basis of this sample, establish 95% fiducial limits for
U, the mean blood viscosity of the central population. (ty g5 = 2.228 for 10d. f)

Sol: Bydatax =392, s =0.61,n; =11

95% fiducial limits for p = X + L/—Sﬁ] Lo.05
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fi[jﬁ]tow —392+L/_](2228)

= 3.92 +0.41
= 3.51 and 4.33
Thus 95% confidence limits for u are 3.51 and 4.33.
8. Two types of batteries are tested for their length of life and the following results were
obtained.
Battery A:n; = 10, X; = 500 hrs, s# = 100
Battery B:n, = 10, X, = 500 hrs, s = 121
Compute student’s t and test whether there is a significant difference in the two means.
Sol: By data Battery A:n; = 10, X¥; = 500 hrs, s? = 100
Battery B :n, = 10, X, = 560 hrs, s? = 121
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5 _ MySf+n,st

Now, s
nq +Tl2 -2

<2 = (10+100) +(10+121)

10+10-2
s? =122.78
s =11.0806
X2—X1
We have t = —
S. ’Tl_1+‘n_2
;= 60

1 1
(11.0806) 1—0+1—0

t =12.1081 > 2.101 (toos = 2.101 for 18d. f)
This value of t 1s greater then the table value of t for 18 d.f at all levels of significance.
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The null hypothesis that there is no significant difference in the two means rejected at all
significance levels.

9. A group of 10 boys fed on a diet A and another group of 8 boys fed on a different diet B
for a period of 6 months recorded the following increase in weight (1bs.)
DietA:5 6 8 1 12 4 3 9 6 10
DietB:2 3 6 8 10 1 2 8
Test whether diets A and B differ significantly regarding their effect on increase in weight.
Sol: Let the variable x correspond to the diet A and y to the diet B.

_ _ XX __ Xy
x_nl y_nz
_— S 40
X =10 Y =3
X =6.4 y=5
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Yic (= X)* =1024 >, (v —y) =82
1 nq n,
2 — )2 _ %)
T T tng -2 Z(x‘ 2 +Z(yf 7)
1=1 Jj=1

2 1 {102.4 + 82}
ST = 16 .

2_184.4_11525
st =— =11

s = 3.395

We have t = ——
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t =0.869 <212 forl6d.f

Thus we conclude that the two diets do not differ significantly regarding their effect on
increase 1in weight.
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10. Two horses A and B were tested according to the time (in seconds ) to run a particular
race with the following results.
Horse A: 28 30 32 33 33 29 34

Horse B: 29 30 30 24 27 29
Test whether you can discriminate between the two horses.

Sol: Let the variables x and y respectively correspond to horse A and horse B.

F=2%=29_313 y=22=19_5g)
nq 7 np 6
Yt (x; — ©)? = 31.43 >, (y; - )" = 26.84

s = —L {51 - 07 + 22,0 - 9))

nq +Tl2 -2
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1
5° = —(31.43 + 26.84)

s? = 5.2973
~ §=2.3016
We have t = ——2
T 1
nq1 np
;  _313-282
(2:3016) |-+
. . > t0_05 — 22
t=242= {< too, = 2.72

The discrimination between the horses 1s significant at 5% level but not at 2% level of
significance.
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4 ATME

Chi-Square distribution

Chi-square distribution provides a measure of correspondence between the theoretical
frequencies and observed frequencies.

If 0;,(i=1,2,..,n) and E;(i = 1,2,...,n) respectively denotes a set of observed and
estimated frequencies, the quantity chi-square denoted by ¥ is defined as follows.

_E2
Xt = ?=1% ; degrees of freedom=n —1

Note: If the expected frequencies are less than 10, we group them suitably for computing
the value of chi. Square.
Chi-square test as a test of goodness of fit

It 1s possible to test the hypothesis about the association of two attributes. We already
discussed the fitting of Binomial distribution, Normal distribution, Poisson distribution to a
given data. It 1s easily possible to find the theoretical frequencies from the distribution of fit.
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Chi-square test helps us to test the goodness of fit of these distributions.

If the calculated value of x? is less than the value of y? at a specified level of significance, the
hypothesis is accepted. Otherwise the hypothesis 1s rejected.

Problems
1. Adice i1s thrown 264 times and the number appearing on the face (x) follows the
following frequency distribution.

X 1 2 3 4 5 6

f 40 32 28 58 54 60

Calculate the value of y?2.
Sol: The frequencies in the given data are the observed frequencies. Assuming that the dice

is unbiased, the expected number of frequencies for the numbers 1, 2, 3, 4, 5, 6 to

appear on the face 1s % = 44 each.
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Now the data is as follows:

Observed frequency (0;) 40

Expected frequency (E;) 44 44 44 44 44 44
i (0: - EJ2
i=1
_ 2 _ 2 _ 2
V2 = (40 — 44) N (32 —44) . (60 — 44)
44 44 44

1
x* =57 [16 + 144 + 256 + 196 + 100 + 256]
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Thus, y* = 22
2. Five dice were thrown 96 times and the numbers 1, 2 or 3 appearing on the face of the

dice follows the frequency distribution as below.

No. of dice showing 1,2 or 3 5 4 3 2 1 0

Frequency 7 19 35 24 8 3

Test the hypothesis that the data follows a binomial distribution. (y5 o5 = 11.07 for 5d. f)
Sol: The data gives the observed frequencies and we need to calculate the expected

frequencies.

Probability of a single dice throwing 1,2 or31sp = % = %

1
..q—l—p—g
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From the binomial distribution, P(x) = "C,p*q™

The theoretical frequencies of getting 5, 4, 3, 2, 1, 0 successes with 5 dice are respectively
the successive terms of the binomial expansion.

They are rispectively 96 *1 >Co * zis, 96 * >Cy * 2—15, 96 * °C, * 2—15, 96 * °Cy * 2—15,
96 * °C, * =, 96 °Cs *— and they are 3,15,30,30,15,3.
2 2
We have the table of observed and expected frequencies.
0; 7 19 35 24 8 3
E; 3 15 30 30 15 3

Z_Z(Oi—Ei)z
T E;

n
i=1
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16 16 = 25 36 49 0
Xr=—+=+ =+ =+ =+
3 15 30 30 15 3

X% =117 > x5 45 = 11.07
Thus the hypothesis that the data follows a binomial distribution is rejected.

3. A sample analysis of examination results of 500 students was made. It was found that 220
students had failed, 170 had secured third class 90 had secured second class and 20 had
secured first class. Do these figures support the general examination result which is in the

ratio 4:3:2:1 for the respective categories (x505 = 7.81 for 3 d.f).
Sol: Let us take the hypothesis that these figures support to the general result in the ratio

4:3:2:1

The expected frequencies in the respective category are
2 %500, = 500, = * 500, — * 500 or 200,150,100, 50

10 10 10 10
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0, 220 170 90 20
E, 200 150 100 50

n

z (0 —E 1)2

i=1

, _ 400 400 100 900
X" =%00" 150 T 100 " 50

x? = 23.67 > X505 = 7.81

Thus the hypothesis 1s rejected.
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4. 4 coins are tossed 100 times and the following results were obtained. Fit a binomial
distribution for the data and calculate the theoretical frequencies(x3 o5 = 9.49 for 4d.f).

Number of 1 p) R]
heads
29 36 25 5

Frequency 5

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data 1s
in the form of a frequency distribution we shall first calculate the mean.

Lfx _ (OE+DEN+RIBO+EEHHAM(E) _ 19 _ 4 g
YF 5+29+36+25+5 100 '

Mean, u =

From binomial distribution, u = np. Here n=4
Hence 4p = 1.96

p =0.49

qg=0.51
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From binomial distribution,

P(x) = ncyp*q™™

P(x) = 4¢,(0.49)*(0.51)**

Since 4 coins were tossed , expected(theoretical) frequencies are obtained from
F(x) = 100P(x)

F(x) = 100.4¢,(0.49)*(0.51)*™* where x = 0,1,2,3,4.
F(0) = 100.4¢,(0.49)°(0.51)* = 6.765 =7

F(1) = 100.4¢,(0.49)1(0.51)3 = 25.999 = 26

F(2) = 100.4¢,(0.49)%(0.51)? = 37.47 = 37

F(3) = 100.4¢5(0.49)3(0.51)! = 24.0004 = 24

F(4) = 100.4¢,(0.49)*(0.51)° = 5.765 = 6

Thus the required theoretical frequencies are 7,26,37,24.,6.

We have the following table
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0; 5 29 36 25
E; 7 26 37 24
n
2 (Ol - 1)2
i=1

,_4, 9 1 1 1
X =7t 56%3772 7%

x? =115 < x5 95 = 9.49

Thus the hypothesis that the fitness is good can be accepted.
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5. Fit a poisson distribution for the following data and test the goodness of fit given that
Xéos = 7.815 for3d.f

X 0 1 2 3 4

f 122 60 15 2 1

Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

2 fx _ (0)(122)+(1)(60)+(2)(15)+(3)(2)+(4)(1) _ 100 _ 0.2

Mean, u =

Yf 122+60+15+2+1 200
From poisson distribution, u = m.
~m=20.2
m¥e™M

Wkt, P(x) =

x!
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Let F(x) =200 * P(x)

mXe~™
F(x) = 200 * =
_ (0.5)¥e~(0-5)
F(x) =200 x !
0.5)*
F(x) = 121.3 &2

But e~ (95 = 0.6065

F(0)=121,F(1)=61,F(2) =15,F(3)=3,F(4) =0
Thus the required theoretical frequencies are 121,61,15,3,0.
Since the last of the expected frequency 1s 0 we shall club 1t with the previous one.

We have the following table
0, 122 60 15 2+1=3

E; 121 61 15 3+0=3
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i 0; - 1)2

i=1

2
X =121 61+0+0

x? = 0.025 < x5 o5 = 7.815
Thus the hypothesis that the fitness 1s good can be accepted.
6. The number of accidents per day (x) as recorded 1n a textile industry over a period of 400

days 1s given below. Test the goodness of fit in respect of Poisson distribution of fit to
the given data(x5 o5 = 9.49 for 4d.f).

X 0 1 2 3 4 5

f 173 168 37 18 3 1
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Sol: Let x denote the number of heads and f the corresponding frequency. Since the data is
in the form of a frequency distribution we shall first calculate the mean.

Mean. y = Y fx _ (0)(173)+(1)(168)+(2)(37)+(3)(18)+(4)(3)+(5)(1) _ 313 _ 07825
K= Yf 173+168+37+18+3+1 400

From poisson distribution, 4 = m.

~m = 0.7825
Wkt, P(x) = "5
Let F(x) =400x*P(x)
F(x) = 400 = mx;_m
F(x) = 400 x (0'7825)9:_(0'7825) But e~(07825) = 4573
F(x) = 182.92 (275257

x!
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F(0)=183,F(1) =143,F(2) =56,F(3) =15,F(4) =3,F(5) =0
Thus the required theoretical frequencies are 183,143,56,15,3,0.
Since the last of the expected frequency 1s 0 we shall club it with the previous one.

We have the following table

0; 173 168 37 18 3+1=4
E, 183 143 56 15 3+0=3
n
2
- z (0; — E;)
X E;
i=1

2 100 625 361 9 1

— 2 _ 2 .

X

Thus the hypothesis that the fitness 1s good can be rejected.
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Module-5: Linear programming problems

11
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Linear programming

A technique that allows decision makers to solve maximization and
minimization problems where there are certain constraints that

limit what can be done, given that all objectives and constraints are
linear.

Definitions

* The objective function is the function to be maximized (or
minimized)

* The constraints are given in inequalities

* Both the objective and constraints are linear in choice variables

11
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Graphical Method
»Let us consider a typical LP problem TechEdge Company Manufacturers of assembled PC’s

Two models - TE DeskPro, TE Portable
“* Data (for weekly plan)

Assembly  Special Warehou | Profit
Time Display  se Space | Contribn
(Hours) Units (Sq. Ft.) | Per unit
(Units)
DeskPro 3 0 8 50
Portable 5 1 5 40
Max. 150 20 300
Availability
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»Objective - To find weekly production schedule that
maximizes total profit

* Decision variables
x, - number of units of DeskPro assembled in a week

X, - number of units of Portable assembled in a week
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* Subject to

* 3x; + 5x, <150
. X, < 20
* 8x; + 5x,< 300

* Xy, X, 20

Z = 50x, + 40x,

(Assembly time)
(Special display unit)

(Warehouse space)

16
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70
60 [N
50 [ N

40 \\Warehouse
30 [© \

\— — — —- Display
N\

20 P
ssly.I'ime A

a8
™~ 1 1 | L
10 20 30 40 50 60 70 Xy

17
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»Finding optimal solution -Pick that point in the feasible
region which will maximize the objective function value

> A trivial solution - Check value of the function at each
point in the feasible region

»However, special properties of LP problems allow us to find
it more efficiently

»Specifically, optimal solution would be at one of the edges -
Corner Points (CP)

18
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Consider corner points of feasible region

C.P.

V4

(0,0) 0

(375,00 50 *37.5 = 1875

(30,12) 50 * 30 + 40 * 12 = 1980

(50,200 50 * (50/3) +40*20 =1633.3

(0,20) 40* 20 = 800

(30,12) is optimal (x1%, x2*)
Z* =1980

18
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Simplex method

A systematic process for comparing extreme point or corner solutions to linear
programming problems

Convert to Augmented Form
Constraints > Equations
Add slack (< case) or subtract surplus (= case) variables

(@)3x; + 5x, <150 = 3x; + 5x, + x; =150, x; > 0

—>x3 is slack variable (amount by which resource availability exceeds its usage)

x4 is surplus variable (e.g., in diet problem, surplus of a nutrient in diet plan over its
minimuim requirement)

18
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Original Form

Augmented Form

Maximize Z = 50x; + 40x,
Subject to
3x; + 5x, <150
X, <20
8x; + 5x, <300
and
Xy, X, 20

Maximize Z = 50x, + 40x,

Subject to

3x; +5x, +x3 =150
X, +x4 =20

8x; + 5x, +x; = 300

and

x1, X2, X3, X4, x5 2 0

18
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* Solve the following L.P.P using simplex method: Max z = 4x, + 10x,
subject to

-2x,+x, <50, 2x, + 5x, 100, 2x, + 3x, <90 and x,, x,> 0.

* Standard form:

Max z=4x,+10x,+ 0s,;+0s, +0s,
subject to -2x,+ x, + s, =50
2x,+5x,+s,=100
2x,+3x,+5;=90

And x,, x,, S, S, S320.

18
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Cj 4 10 0 0 0

B X1 X2 S1 S2 S3| XB

s1 |—2 1 1 0 0150 .

s> |2 5 0 1 o0/|100] *™

ss |2 3 0 0 1]|90] 201=50

z |0 0 0 0 0] o0 ;8?3/5:3(2)0 =
Zzi—ci|—4 —10 0 0 0

Entering variable = x,, leaving variable = s,, Pivotal element = 5. Column with
pivotal element (Entering column) is called pivotal column. Modify entering

column to (0 1 0)T using elementary row operation.
18
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R-R/5|R-Ri-R | R-Rs-3R,
2[5 2-2/5=8/5| 2-3(2/5) =45
1 1-1=0 3-3(1)=0
0 1-0=1 0-3(0)=0
15 | 0-1/5=-1/5| 0-3(1/5)=-3/5
0 0-0=0 1-3(0)=1
100/5=20 | 50-20=30| 90-3(20)=30

18
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Simplex table:2
Cj 4 10 0 0 0
Cs By X1 X2 S1 S2 S3 | XB
0 st |85 0 1 -1/5 0 | 30
10 X2 2/5 1 0 1/5 0 | 20
0 S3 4/5 0 0 -3/5 1 | 30
Zj 4 10 0 2 0 | 200
Zj—Cj 0 0 O 2 0

Since all zj — ¢; = 0, current basic feasible solution is optimal.

Therefore, optimal feasible solution 1s Max zj = 200, x1 = 0, x2 = 20.

18



4 ATME

atme | College of Engineering

* Solve the following L.P.P using Big M method:
Max z = -2x, - x, subjectto 3x, + x, =3, 4x, + 3x, 2 6,
xX,+2x,<4,,x,x,20.

* Standard form:

Max z=-2x,-x,+0s,+0s,- MA, - MA, subjectto3x, +x,+A,=3
dx,+3x,-S,+A,=6

X, +2x,+s,=4and x,, x,, S, S,, 4, A, 2 0.

18
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Cj -2 -1 0 O -M -M

By 1 ol st | Al At xp

A1 3 L0010 3| el
B4 |3 afo o] 6| g
o | L 201004

i | =T |- M| 0| =M =M -9M

g | 2= {14 M| 0 [ 0|0 -

18
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Entering variable = x1, leaving variable = A1, Pivotal element = 3.
Ignore the leaving artificial variable column. Modify Pivotal column as (1 0 0)T

RSR/3[R>R—4K [K,~K:-F,
1 4-4(1)=0 1-1=0
1 1 5 1 5
— 3-4()=- 2—-_=_
3 3 3 3 3
0 -1-4(0) =-1 0-0=0
0 0-4(0)=0 1-0=1
0 1-4(0)=1 0-0=0
1 6-4(1)=2 4-1=3

18
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Ci —1 3 —2 0 0
Cs Bv X1 X2 S1 s2 A2 XB
-1 X1 1 1/3 0 0 O 1
—-M(O) A 0 5/3 -1 0 1 2
S2 0 5/3 0 1 0 3
Z]ik -1 —1-5M M 0 —-M|-1-—-6M
Z"—Cj 3
! 0 B8=5M M+2 0 0 -
¢

Entering variable = x2, leaving variable = A2, Pivotal element = 5/3.

Ignore the leaving artificial variable column. Modify entering column
as (0 1 0)T

18
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12 3 ’ i / 1 " " I _ "
1
1—_ = —_ =
0 (0) 0--(0)
5 5
1 ——-()= -2 =
3 3
3 1 3 1 5
_ 0—_(-2)=_ 0—_(=2) =
z 3( 5) : 3( )
0 1(0)—0 1 5(0)—1
0 30 300
6 L83 3281
5 35 5 35

18
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C i -1 3 -2 0
B, X1 X S1 Ry Xp
Cp X, 1 0 1/5 0 3/5
-1
3 X, 0 1 —-3/5 0 6/5
0 s, 0 0 1 1 1
“ -1 3 -2 0 -12/5
Z.*_Cj
]
0 0 0 0 -

Since all z* - ¢ 2 0, current basic feasible solution is optimal.
Therefore, optimal feasible solution is x, =3/5 ,x, =6/5, x; =0 and Max z =-12/5
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   v x =  e x  ( s i n y . 1 + 0 ) + ( x s i n y + y c o s y )  e x


   v x =  e x   ( s i n y + x s i n y + y c o s y )


   v y =  e x   ( x c o s y − y s i n y + c o s y . 1 )


      f ′  ( z ) =  u x + i  v x


   u x =  v y


   f ′  ( z ) =  v y + i  v x


   f ′  ( z ) =  e x    ( x c o s y − y s i n y + c o s y ) + i  e x   ( s i n y + x s i n y + y c o s y )


  x = z


  y = 0


   f ′  ( z ) =  e z    ( z − 0 + 1 ) + i  e z    ( 0 + 0 + 0 )


                           𝒇 ′  ( 𝒛 ) =  𝒆 𝒛    ( 𝒛 + 𝟏 )


                        f  ( z ) =  ∫   e z ( z + 1 )    


  f  ( z ) =  e z  ( z + 1 ) −  ∫   e z . 1  


  f  ( z ) =  e z  ( z + 1 ) −  e z


  f  ( z ) =  e z z +  e z −  e z


  𝒇  ( 𝒛 ) = 𝒛  𝒆 𝒛 + 𝒄


     x 4 −  y 4 − 2 x   x 2 +  y 2 .


  v


  u =    x 4 −  y 4 − 2 x   x 2 +  y 2


   u x =    (  x 2 +  y 2 )  ( 4  x 3 − 2 ) − (  x 4 −  y 4 − 2 x ) ( 2 x )    (  x 2 +  y 2 ) 2


   u y =    (  x 2 +  y 2 )  ( − 4  y 3 ) − (  x 4 −  y 4 − 2 x ) ( 2 y )    (  x 2 +  y 2 ) 2


      f ′  ( z ) =  u x + i  v x


   v x = −  u y


      f ′  ( z ) =  u x − i  u y


  x = z


  y = 0


   f ′  ( z ) =   [  u x ]  ( z , 0 ) − i   [  u y ]  ( z , 0 )


   f ′  ( z ) =    (  z 2 )  ( 4  z 3 − 2 ) − (  z 4 − 2 z ) ( 2 z )    (  z 2 ) 2 − i . 0


   f ′  ( z ) =   4  z 5 − 2  z 2 − 2  z 5 + 4  z 2   z 4


   f ′  ( z ) =   2  z 5 + 2  z 2   z 4


   f ′  ( z ) =   2  z 5   z 4 +   2  z 2   z 4


   𝒇 ′  ( 𝒛 ) = 𝟐 𝒛 +  𝟐   𝒛 𝟐


  f  ( z ) =  ∫    ( 2 z +  2   z 2 )    


  f  ( z ) = 2 .    z 2 2 + 2 .  ( −  1 z ) + c


  𝒇  ( 𝒛 ) =  𝒛 𝟐 −  𝟐 𝒛 + 𝒄


  f  ( z ) =   ( x + i y ) 2 −  2   ( x + i y ) + c


  f  ( z ) =  (  x 2 +  i 2  y 2 + 2 x i y ) −   2  ( x − i y )   ( x + i y )  ( x − i y ) + c


  f  ( z ) =  (  x 2 −  y 2 + 2 x i y ) −   2  ( x − i y )   (  x 2 +  y 2 ) + c


  f  ( z ) =  [  (  x 2 −  y 2 ) −   2 x  (  x 2 +  y 2 ) ] + i  [ 2 x y +   2 y  (  x 2 +  y 2 ) ] + c


  u + i v =  [    x 4 −  y 4 − 2 x  (  x 2 +  y 2 ) ] + i  [   2  x 3 y + 2 x  y 3 + 2 y  (  x 2 +  y 2 ) ] + c


  𝒗 =  [   𝟐  𝒙 𝟑 𝒚 + 𝟐 𝒙  𝒚 𝟑 + 𝟐 𝒚  (  𝒙 𝟐 +  𝒚 𝟐 ) ]


  f  ( z ) = u + i v


  u =  e  2 x  ( x c o s 2 y − y s i n 2 y )


  u =  e  2 x  ( x c o s 2 y − y s i n 2 y )


   u x =  e  2 x  ( c o s 2 y . 1 − 0 ) +  ( x c o s 2 y − y s i n 2 y ) . 2  e  2 x


   u x =  e  2 x  ( c o s 2 y + 2 x c o s 2 y − 2 y s i n 2 y )


   u y =  e  2 x  ( − 2 x s i n 2 y   − 2 y c o s 2 y − s i n 2 y )


   u y =   − e  2 x  ( 2 x s i n 2 y + 2 y c o s 2 y + s i n 2 y )


      f ′  ( z ) =  u x + i  v x


   v x = −  u y


      f ′  ( z ) =  u x − i  u y


  x = z


  y = 0


   f ′  ( z ) =   [  u x ]  ( z , 0 ) − i   [  u y ]  ( z , 0 )


   𝒇 ′  ( 𝒛 ) =  𝒆  𝟐 𝒛 ( 𝟏 + 𝟐 𝒛 )


  f  ( z ) =  ∫   e  2 z  ( 1 + 2 z ) d z + c


  f  ( z ) =  ( 1 + 2 z )    e  2 z 2 − 2 .    e  2 z 4 + c


  f  ( z ) =    e  2 z 2 + z  e  2 z −    e  2 z 2 + c


  𝒇  ( 𝒛 ) = 𝒛  𝒆  𝟐 𝒛 + 𝒄


  f ( z )


    s i n 2 x  c o s h 2 y − c o s 2 x .


  u =   s i n 2 x  c o s h 2 y − c o s 2 x


   u x =    ( c o s h 2 y − c o s 2 x ) . 2 c o s 2 x − s i n 2 x ( 0 −  ( − 2 s i n 2 x ) )     ( c o s h 2 y − c o s 2 x ) 2


   u x =    ( c o s h 2 y − c o s 2 x ) . 2 c o s 2 x − s i n 2 x  ( 2 s i n 2 x )     ( c o s h 2 y − c o s 2 x ) 2


   u y =   0 − s i n 2 x  ( 2 s i n h 2 y − 0 )     ( c o s h 2 y − c o s 2 x ) 2


   u y =   − s i n 2 x  ( 2 s i n h 2 y )     ( c o s h 2 y − c o s 2 x ) 2


      f ′  ( z ) =  u x + i  v x


   v x = −  u y


      f ′  ( z ) =  u x − i  u y


  x = z


  y = 0


   f ′  ( z ) =   [  u x ]  ( z , 0 ) − i   [  u y ]  ( z , 0 )


   f ′  ( z ) =    ( 1 − c o s 2 z ) . 2 c o s 2 z − 2   s i n 2 2 z     ( 1 − c o s 2 z ) 2     − i . 0


   f ′  ( z ) =   2 c o s 2 z − 2   c o s 2 2 z − 2   s i n 2 2 z     ( 1 − c o s 2 z ) 2


   f ′  ( z ) =   2 c o s 2 z − 2 (   c o s 2 2 z +   s i n 2 2 z )     ( 1 − c o s 2 z ) 2


   f ′  ( z ) =   2 c o s 2 z − 2 ( 1 )     ( 1 − c o s 2 z ) 2


   f ′  ( z ) =   − 2 ( 1 − c o s 2 z )       ( 1 − c o s 2 z ) 2


   f ′  ( z ) =   − 2  ( 1 − c o s 2 z )


   f ′  ( z ) =   − 2  2   s i n 2 z


   f ′  ( z ) = −   c o s e c 2 z


  f  ( z ) = −  ∫    c o s e c 2 z   d z + c


  f  ( z ) = −  ( − c o t z ) + c


  𝒇  ( 𝒛 ) = 𝒄 𝒐 𝒕 𝒛 + 𝒄


  𝜑 + i ψ


  ψ =  (  x 2 −  y 2 ) +  x   (  x 2 +  y 2 )


  ψ =  (  x 2 −  y 2 ) +  x   (  x 2 +  y 2 )


   ψ x = 2 x +    (  x 2 +  y 2 ) . 1 − x . 2 x     (  x 2 +  y 2 ) 2


   ψ x = 2 x +    y 2 −  x 2     (  x 2 +  y 2 ) 2


   ψ y = − 2 y +    (  x 2 +  y 2 ) . 0 − x . 2 y     (  x 2 +  y 2 ) 2


   ψ y = − 2 y −   2 x y     (  x 2 +  y 2 ) 2


      f ′  ( z ) =  𝜑 x + i  ψ x


   𝜑 x =  ψ y


      f ′  ( z ) =  ψ y + i  ψ x


   f ′  ( z ) =   [  ψ y ]  ( z , 0 ) + i   [  ψ x ]  ( z , 0 )


   f ′  ( z ) = 0 + i  [ 2 z +    (   − z 2 )    (  z 2 ) 2 ]


   f ′  ( z ) = i  [ 2 z −  1   z 2 ]


  f  ( z ) = i  ∫   ( 2 z −  1   z 2 ) d z + c


  𝒇  ( 𝒛 ) = 𝒊  (  𝒛 𝟐 +  𝟏 𝒛 )


  𝝋


  𝜑 + i ψ = i  {   ( x + i y ) 2 +  1  ( x + i y ) } + c


  𝜑 + i ψ = i  { (  x 2 +  i 2  y 2 + 2 x i y ) +   ( x − i y )  ( x + i y ) ( x − i y ) } + c


  𝜑 + i ψ = i  { (  x 2 −  y 2 ) + 2 x i y   } + i   ( x − i y )    ( x 2 +  y 2 ) + c


  𝜑 + i 𝜓 = i  (  x 2 −  y 2 ) − 2 x y +   i x   (  x 2 +  y 2 ) +  y   (  x 2 +  y 2 ) + c


  𝜑 + i 𝜓 =  [ − 2 x y +  y   (  x 2 +  y 2 ) ] + i  [  (  x 2 −  y 2 ) +  x   (  x 2 +  y 2 ) ] + c


  𝝋 =  [ − 𝟐 𝒙 𝒚 +  𝒚   (  𝒙 𝟐 +  𝒚 𝟐 ) ]


   r 2 c o s 2 𝜃 .


    u = r 2 c o s 2 𝜃


   u r = 2 r c o s 2 𝜃          u 𝜃 = − 2  r 2 s i n 2 𝜃


   f ′  ( z ) =    e  − i 𝜃 [ u r + i  v r


   v r =     −    1 r u 𝜃


   f ′  ( z ) =    e  − i 𝜃 [ u r − i    1 r u 𝜃


  r = z


  θ = 0


   f ′  ( z ) = 1 . [ 2 z − i  1 z . 0


   f ′  ( z ) = 2 z


  f  ( z ) = 2  ∫  z   d z + c


  f  ( z ) = 2 .    z 2 2 + c


  𝒇  ( 𝒛 ) =  𝒛 𝟐 + 𝒄


  u =  x 2 + 4 x −  y 2 + 2 y


  v


  f  ( z )


  z .


  u =  x 2 + 4 x −  y 2 + 2 y


   u x = 2 x + 4


   u y = − 2 y + 2


   v y =  u x


   v x =   −   u y


    𝜕 v  𝜕 y = 2 x + 4


    𝜕 v  𝜕 x = 2 y − 2


  v =  ∫   ( 2 x + 4 ) d y + f ( x )


  v =  ∫   ( 2 y − 2 ) d x + g ( y )


    v = 2 x  ∫  1   d y + 4  ∫  d y + f ( x )


  v = 2 y  ∫  1   d x − 2  ∫  d x + g ( y )


  v = 2 x y + 4 y + f ( x )


  v = 2 y x − 2 x + g ( y )


  f ( x )


  g ( y )


  v


  f  ( x ) = − 2 x


      g  ( y ) = 4 y


  𝒗 = 𝟐 𝒚 𝒙 − 𝟐 𝒙 + 𝟒 𝒚


  f  ( z ) = u + i v


  f  ( z ) =  (  x 2 + 4 x −  y 2 + 2 y ) + i


  ( 2 y x − 2 x + 4 y )


  x = z


  y = 0


  𝒇  ( 𝒛 ) =  𝒛 𝟐 + 𝟒 𝒛 − 𝒊


  𝟐 𝐳


  f  ( z ) = u + i v


  u − v =  e x ( c o s y − s i n y )


  u − v =  e x ( c o s y − s i n y )


   u x −  v x = ( c o s y − s i n y )  e x


         u y −  v y =  e x ( − s i n y − c o s y )


   u y = −  v x


   v y =  u x


    − v x −  u x = −  e x ( s i n y + c o s y )


   u x +  v x =  e x ( s i n y + c o s y )


   u x −  v x +  u x +  v x =  e x c o s y −  e x s i n y +  e x s i n y +  e x c o s y


    2 u x =   2 e x c o s y


   𝒖 𝒙 =  𝒆 𝒙 𝒄 𝒐 𝒔 𝒚


   u x −  v x −  u x −  v x =  e x c o s y −  e x s i n y −  e x s i n y −  e x c o s y


    − 2 v x =   − 2 e x s i n y


   𝒗 𝒙 =  𝒆 𝒙 𝒔 𝒊 𝒏 𝒚


      f ′  ( z ) =  u x + i  v x


      f ′  ( z ) =  e x c o s y + i  e x s i n y


      f ′  ( z ) =  e x ( c o s y + i s i n y )


      f ′  ( z ) =  e x .  e  i y


      f ′  ( z ) =  e  x + i y


      f ′  ( z ) =  e z


  𝒇  ( 𝒛 ) =  𝒆 𝒛 + 𝒄


  f  ( z )


   [    𝜕 2  𝜕  x 2 +    𝜕 2  𝜕  y 2 ]    | f ( z ) | 2 = 4    |  f ′ ( z ) | 2


  f  ( z ) = u + i v


   | f ( z ) | =   u 2 +  v 2


     | f ( z ) | 2 =  u 2 +  v 2 = 𝜑 ( s a y )


   [    𝜕 2  𝜕  x 2 +    𝜕 2  𝜕  y 2 ] 𝜑 = 4    |  f ′ ( z ) | 2


  i . e . ,


   𝜑  x x +  𝜑  y y = 4    |  f ′ ( z ) | 2


  φ =  u 2 +  v 2


   𝜑 x = 2 u  u x + 2 v  v x = 2  [ u  u x + v  v x ]


   𝜑  x x = 2  [ u  u  x x +  u x  u x + v  v  x x +  v x  v x ]


   𝜑  x x = 2  [ u  u  x x +  u x 2 + v  v  x x +  v x 2 ]


   𝜑  y y = 2  [ u  u  y y +  u y 2 + v  v  y y +  v y 2 ]


   𝜑  x x +  𝜑  y y = 2  [ u  u  x x +  u x 2 + v  v  x x +  v x 2 + u  u  y y +  u y 2 + v  v  y y +  v y 2 ]


   𝜑  x x +  𝜑  y y = 2  [ u   ( u  x x +  u  y y ) + v (  v  x x +  v  y y ) +  u x 2 +  v x 2 +  u y 2 +  v y 2 ]


  f  ( z ) = u + i v


  u


  v


   u  x x +  u  y y = 0


   v  x x +  v  y y


   v y =  u x


   u y = −    v x


   𝜑  x x +  𝜑  y y = 2  [ u ( 0 ) + v ( 0 ) +  u x 2 +  v x 2 +   ( −  v x ) 2 +   (  u x ) 2 ]


   𝜑  x x +  𝜑  y y = 2  [ 2  (  u x 2 +  v x 2 ) ]


   𝜑  x x +  𝜑  y y = 4  [  (  u x 2 +  v x 2 ) ]


      f ′  ( z ) =  u x + i  v x


  r = z


  θ = 0


   f ′  ( z ) = 1 . [ 2 z − i  1 z . 0


     |  f ′ ( z ) | 2 =  u x 2 +  v x 2


   𝝋  𝒙 𝒙 +  𝝋  𝒚 𝒚 = 𝟒    |  𝒇 ′ ( 𝒛 ) | 𝟐


  f ( z )


  z


     {  𝜕  𝜕 x  | f ( z ) | } 2 +    {  𝜕  𝜕 y  | f ( z ) | } 2 =    |  f ′ ( z ) | 2


  f  ( z ) = u + i v


   | f ( z ) | =   u 2 +  v 2 = 𝜑     ( S a y )


     (   𝜕 𝜑  𝜕 x ) 2 +    (   𝜕 𝜑  𝜕 y ) 2 =    |  f ′ ( z ) | 2


     𝜑 x 2 +  𝜑 y 2 =  |  f ′ ( z ) | 2


  φ =   u 2 +  v 2


   𝜑 2 =  u 2 +  v 2


  x


  2 𝜑  𝜑 x = 2 u  u x + 2 v  v x


    𝜑  𝜑 x = u  u x + v  v x


  𝜑  𝜑 y = u  u y + v  v y


   𝜑 2  (  𝜑 x 2 +  𝜑 y 2 ) =   ( u  u x + v  v x ) 2 +   ( u  u y + v  v y ) 2


   𝜑 2  (  𝜑 x 2 +  𝜑 y 2 ) =  (  u 2  u x 2 +  v 2  v x 2 + 2 u v  u x  v x ) + (  u 2  u y 2 +  v 2  v y 2 + 2 u v  u y  v y


  f  ( z ) = u + i v


   u y = −  v x


   v y =  u x


   𝜑 2  (  𝜑 x 2 +  𝜑 y 2 ) =  (  u 2  u x 2 +  v 2  v x 2 + 2 u v  u x  v x ) + (  u 2  u y 2 +  v 2  v y 2 − 2 u v  v x  u x


  =  u 2  (  u x 2 +  v x 2 ) +  v 2  (  u x 2 +  v x 2 )


  =  (  u x 2 +  v x 2 ) (  u 2


   v 2


   𝜑 2 =  u 2 +  v 2


   𝜑 2  (  𝜑 x 2 +  𝜑 y 2 )


   𝜑 2  (  u x 2 +  v x 2 )


   (  𝜑 x 2 +  𝜑 y 2 )


   (  u x 2 +  v x 2 )


   f ′  ( z ) =  u x + i  v x


   |  f ′ ( z ) | =   u x 2 +  v x 2


     |  f ′ ( z ) | 2 =  u x 2 +  v x 2


     𝝋 𝒙 𝟐 +  𝝋 𝒚 𝟐 =  |  𝒇 ′ ( 𝒛 ) | 𝟐


     𝝋 𝒙 𝟐 +  𝝋 𝒚 𝟐 =  |  𝒇 ′ ( 𝒛 ) | 𝟐


  f ( z )


  z = x + i y


  C


  x y − p l a n e


  f ( z )


  C


    ∫ c   f  ( z ) d z .


  C


    ∮ c   f  ( z ) dz


  − c


    ∫  − c   f  ( z ) d z = −   ∫ c   f  ( z ) d z


  c  


   c 1   ,  c 2 ,    c 3 ,   …  


    ∫ c   f  ( z ) d z =   ∫   c 1   f  ( z ) d z +   ∫   c 2   f  ( z ) d z +   ∫   c 3   f  ( z ) d z + …


   λ 1   a n d         λ 2


    ∫ c    [  λ 1  f 1  ( z ) ±  λ 2  f 2  ( z ) ] d z =  λ 1   ∫ c    f 1  ( z ) d z ±  λ 2   ∫ c    f 2  ( z ) d z


  f  ( z ) = u  ( x , y ) + i v  ( x , y )


  R


  C


    ∫ C   f  ( z ) d z =   ∫ c    ( u + i v )  ( d x + i d y )


    ∫ C   f  ( z ) d z =   ∫ c    ( u   d x − v   d y ) + i   ∫ c    ( v   d x + u   d y )


  f ( z )


  C


    ∫ C   f  ( z ) d z = 0 .


  f  ( z ) = u + i v


  d z = d x + i d y


  f  ( z ) d z =  ( u + i v )  ( d x + i d y ) = u d x + i v d x + i u d y +  i 2 v d y


    ∫ C   f  ( z ) d z =   ∫ c    ( u + i v )  ( d x + i d y )


    ∫ C   f  ( z ) d z =   ∫ c    ( u   d x − v   d y ) + i   ∫ c    ( v   d x + u   d y )


    ∫ c    ( M   d x + N   d y ) =   ∬ R    (   𝜕 N  𝜕 x −   𝜕 M  𝜕 y ) d x d y


    ∫ C   f  ( z ) d z =   ∬ R    (   − 𝜕 v  𝜕 x −   𝜕 u  𝜕 y ) d x d y + i   ∬ R    (   𝜕 u  𝜕 x −   𝜕 v  𝜕 y ) d x d y


  f ( z )


    𝜕 v  𝜕 x


    𝜕 u  𝜕 y


    𝜕 u  𝜕 x


    𝜕 v  𝜕 y


    ∫ C   f  ( z ) d z =   ∬ R    (   𝜕 u  𝜕 y −   𝜕 u  𝜕 y ) d x d y + i   ∬ R    (   𝜕 v  𝜕 y −   𝜕 v  𝜕 y ) d x d y


    ∫ C   f  ( z ) d z = 0 .


  C  


   C 1


   C 1


  C


  f ( z )


  C


   C 1


    ∫ 𝒄   𝒇  ( 𝒛 ) 𝒅 𝒛 =   ∫   𝒄 𝟏   𝒇  ( 𝒛 ) 𝒅 𝒛


  f  ( z ) =  z 2


  C


   ( 0 , 0 ) ,  ( 1 , 0 ) ,  ( 1 , 1 ) ,  ( 0 , 1 ) .


  C


    ∫ C   f  ( z ) d z = 0 .


  f  ( z ) =  z 2


  d z = d x + i d y


  ∴


  f  ( z ) d z =    ( x + i y ) 2  ( d x + i d y )


   𝑪 𝟏


  y = 0


  ⇒


  d y = 0


  ⇒


  f  ( z ) d z =  x 2 d x


  0 ≤ x ≤ 1


   𝑪 𝟐


  x = 1


  ⇒


  d x = 0


  ⇒


  f  ( z ) d z =    ( 1 + i y ) 2 i d y


  0 ≤ y ≤ 1


   𝑪 𝟑


  y = 1


  ⇒


  d y = 0


  ⇒


  f  ( z ) d z =    ( x + i ) 2 d x


  1 ≤ x ≤ 0


   𝑪 𝟒


  x = 0


  ⇒


  d x = 0


  ⇒


  f  ( z ) d z =    ( i y ) 2 i d y = − i  y 2   d y


  1 ≤ y ≤ 0


    ∫ c   f  ( z ) d z =   ∫   c 1   f  ( z ) d z +   ∫   c 2   f  ( z ) d z +   ∫   c 3   f  ( z ) d z +   ∫   c 4   f  ( z ) d z


    ∫ c   f  ( z ) d z =   ∫  x = 0 1   x 2 d x +   ∫  y = 0 1     ( 1 + i y ) 2 i d y +   ∫  x = 1 0     ( x + i ) 2 d x +   ∫  y = 1 0  − i  y 2 d y


  =    [    x 3 3 ] 0 1 + i    [      ( 1 + i y ) 3  3 i ] 0 1 +    [      ( x + i ) 3 3 ] 1 0 − i    [    y 3 3 ] 1 0


    ∫ C   f  ( z ) d z =  [  1 3 − 0 ] +  [      ( 1 + i ) 3 3 −  1 3 ] +  [    i 3 3 −      ( 1 + i ) 3 3 ] − i  [ 0 +  1 3 ]


    ∫ C   f  ( z ) d z =  1 3 +      ( 1 + i ) 3 3 −  1 3 −  i 3 −      ( 1 + i ) 3 3 −  i 3


   (  i 3 = i .  i 2 = − i )


    ∫ C   f  ( z ) d z = 0


  f  ( z ) = 3  z 2 + i z − 4


  C


  1 ± i   ,


  − 1 ± i  


         


  f  ( z ) = 3  z 2 + i z − 4


  f  ( z ) = 3   ( x + i y ) 2 + i ( x + i y ) − 4


  f  ( z ) = 3 (  x 2 −  y 2 + 2 x i y ) + i ( x + i y ) − 4


  f  ( z ) = 3  x 2 −   3 y 2 + 6 x i y + i x − y − 4


  f  ( z ) =  ( 3  x 2 − 3  y 2 − y − 4 ) + i ( 6 x y + x )


  f  ( z ) d z =  [  ( 3  x 2 − 3  y 2 − y − 4 ) + i  ( 6 x y + x ) ]  [ d x + i d y ]      


   𝑪 𝟏


  y = − 1


  ⇒


  d y = 0


  ⇒


  f  ( z ) d z =   [ ( 3 x 2 − 3 + 1 − 4 ) + i ( − 6 x + x ) ] d x


    f  ( z ) d z =   [ ( 3 x 2 − 6 ) − i 5 x ] d x


  − 1 ≤ x ≤ 1


   𝑪 𝟐


  x = 1


  ⇒


  d x = 0


  ⇒


  f  ( z ) d z =   [ ( 3 − 3 y 2 − y − 4 ) + i ( 6 y + 1 ) ] [ i d y ]


    f  ( z ) d z =   i [ ( − 3 y 2 − y − 1 ) + i ( 6 y + 1 ) ] d y


  − 1 ≤ y ≤ 1


   𝑪 𝟑


  y = 1


  ⇒


  d y = 0


  ⇒


  f  ( z ) d z =   [ ( 3 x 2 − 3 − 1 − 4 ) + i ( 6 x + x ) ] d x


    f  ( z ) d z =   [ ( 3 x 2 − 8 ) + i 7 x ] d x


  1 ≤ x ≤ − 1


   𝑪 𝟒


  x = − 1


  ⇒


  d x = 0


  ⇒


  f  ( z ) d z =   [ ( 3 − 3 y 2 − y − 4 ) + i ( − 6 y − 1 ) ] [ i d y ]


    f  ( z ) d z = i   [ ( − 3 y 2 − y − 1 ) − i ( 6 y + 1 ) ] d y


  1 ≤ y ≤ − 1


    ∫ c   f  ( z ) d z =   ∫   c 1   f  ( z ) d z +   ∫   c 2   f  ( z ) d z +   ∫   c 3   f  ( z ) d z +   ∫   c 4   f  ( z ) d z


    ∫ c   f  ( z ) d z =   ∫  x = − 1 1    [ ( 3 x 2 − 6 ) − i 5 x ] d x +   ∫  y = − 1 1    i [ ( − 3 y 2 − y − 1 ) + i ( 6 y + 1 ) ] d y +   ∫  x = 1  − 1    [ ( 3 x 2 − 8 ) + i 7 x ] d x +   ∫  y = 1  − 1  i   [ ( − 3 y 2 − y − 1 ) − i ( 6 y + 1 ) ] d y


    ∫ c   f  ( z ) d z = 3    [    x 3 3 ]  − 1 1 − 6    [ x ]  − 1 1 − 5 i    [    x 2 2 ]  − 1 1 − 3 i    [    y 3 3 ]  − 1 1 − i    [    y 2 2 ]  − 1 1 − i    [ y ]  − 1 1 − 6    [    y 2 2 ]  − 1 1 −    [ y ]  − 1 1


     


  + 3    [    x 3 3 ] 1  − 1 − 8    [ x ] 1  − 1 + 7 i    [    x 2 2 ] 1  − 1   − 3 i  [    y 3 3 ] 1  − 1 − i    [    y 2 2 ] 1  − 1 − i    [ y ] 1  − 1 + 6    [    y 2 2 ] 1  − 1 +    [ y ] 1  − 1


    ∫ c   f  ( z ) d z = 2 − 12 −   5 i 2  ( 0 ) − 2 i − i  ( 0 ) − 2 i − 3  ( 0 ) − 2 − 2 + 16 +   7 i 2  ( 0 ) + 2 i −  i 2  ( 0 ) + 2 i + 3  ( 0 ) − 2


    ∫ c   f  ( z ) d z = 2 − 12 − 2 i − 2 i − 2 − 2 + 16 + 2 i + 2 i − 2


    ∫ c   f  ( z ) d z = 0


  f  ( z ) = z  e  − z


  f  ( z ) = z  e  − z


  C


   | z | = 1


  z =  e  i 𝜃


  0 ≤ 𝜃 ≤ 2 𝜋


  d z =   i e  i 𝜃 d 𝜃


  f  ( z ) d z =  e  i 𝜃  e    − e  i 𝜃   i e  i 𝜃 d 𝜃


    ∫ c   f  ( z ) d z =   ∫  𝜃 = 0  2 𝜋   e  i 𝜃  e    − e  i 𝜃 . i  e  i 𝜃 d 𝜃


   e  i 𝜃 = t


  ∴


    i e  i 𝜃 d 𝜃 = d t


  𝜃 = 0


  t = 1


  𝜃 = 2 𝜋


  t =  e  i . 2 𝜋 =  cos ⁡   ( 2 𝜋 ) + i s i n  ( 2 𝜋 ) = 1 + i . 0 = 1


    ∫ c   f  ( z ) d z =   ∫  t = 1 1  t    e  − t .   d t


    ∫ c   f  ( z ) d z = 0


  f ( z )


  C


  ′ a ′


  C


  f  ( a ) =  1  2 𝜋 i   ∫ c     f ( z )  z − a     d z


    f ( z )  ( z − a )


  C


  z = a .


   C 1


  a


  r


   C 1


  C


    f ( z )  ( z − a )


  C


   C 1


    ∫ c     f ( z )  ( z − a ) d z =   ∫   c 1     f ( z )  ( z − a ) d z


   C 1


   | z − a | = r


  z − a = r  e  i 𝜃


  z = a + r  e  i 𝜃


  0 ≤ 𝜃 ≤ 2 𝜋


  d z = i . r  e  i 𝜃   d 𝜃


  ⇒


    ∫ c     f ( z )  ( z − a ) d z =   ∫  𝜃 = 0  2 𝜋    f ( a + r  e  i 𝜃 )  r  e  i 𝜃 i . r  e  i 𝜃   d 𝜃


    ∫ c     f ( z )  ( z − a ) d z = i   ∫  𝜃 = 0  2 𝜋  f ( a + r  e  i 𝜃 )   d 𝜃


  a


  r → 0


    ∫ c     f ( z )  ( z − a ) d z = i   ∫  𝜃 = 0  2 𝜋  f ( a ) d 𝜃


  = i   f ( a )   ∫  𝜃 = 0  2 𝜋  1 . d 𝜃


  = i   f ( a )    [ 𝜃 ] 0  2 𝜋


    ∫ c     f ( z )  z − a     d z


  = i   f  ( a ) . 2 𝜋


  𝒇  ( 𝒂 ) =  𝟏  𝟐 𝝅 𝒊   ∫ 𝒄     𝒇 ( 𝒛 )  𝒛 − 𝒂     𝒅 𝒛


  z = a


  C


  z = a


  C


    ∫ 𝒄     𝒇 ( 𝒛 )  𝒛 − 𝒂     𝒅 𝒛 = 𝟐 𝝅 𝒊 𝒇 ( 𝒂 )


    ∫ 𝒄     𝒇 ( 𝒛 )    ( 𝒛 − 𝒂 )  𝒏 + 𝟏     𝒅 𝒛 =   𝟐 𝝅 𝒊  𝒏 !  𝒇   ( 𝒏 ) ( 𝒂 )


  z = a


  C


    ∫ c      e z  z + i 𝜋 d z  


   | z | = 2 𝜋


   | z | =  𝜋 2


   | z − 1 | = 1


  f  ( z ) =  e z


  z − a = z + i 𝜋 = z − ( − i 𝜋 )


        ∴


  a = − i 𝜋     ⇒     a = ( 0 , − 𝜋 )


  C :  | z | = 2 𝜋


  ⇒


  = ( 0 , 0 )


  r = 2 𝜋


  a = ( 0 , − 𝜋 )


   | z | = 2 𝜋


    ∫ 𝒄     𝒇 ( 𝒛 )  𝒛 − 𝒂     𝒅 𝒛 = 𝟐 𝝅 𝒊 𝒇 ( 𝒂 )


    ∫ 𝒄      e z  z + i 𝜋     d z = 2 𝜋 i f ( − i 𝜋 )


  = 2 𝜋 i .  e  − i 𝜋


   ( s i n c e   f  ( z ) =  e z ,   z = − i 𝜋 )


  = 2 𝜋 i . ( c o s 𝜋 − i s i n 𝜋 )


  ( cos π = − 1 ,   s i n 𝜋 = 0 )


    ∫ 𝒄      𝒆 𝒛  𝒛 + 𝒊 𝝅     𝒅 𝒛 = − 𝟐 𝝅 𝒊


  C :  | z | =  𝜋 2


  ⇒


  = ( 0 , 0 )


  r =  𝜋 2


  a = ( 0 , − 𝜋 )


   | z | =  𝜋 2


    ∫ c     f ( z )  z − a     d z = 0


    ∫ 𝒄      𝒆 𝒛  𝒛 + 𝒊 𝝅     𝒅 𝒛 = 𝟎


  C :  | z − 1 | = 1


  ⇒


  = ( 1 , 0 )


  r = 1


  a = ( 0 , − 𝜋 )


   | z − 1 | = 1


    ∫ c     f ( z )  z − a     d z = 0


    ∫ 𝒄      𝒆 𝒛  𝒛 + 𝒊 𝝅     𝒅 𝒛 = 𝟎


    ∫ c     d z   (  z 2 − 4 )  


   | z | = 1


   | z | = 3


   | z + 2 | = 1


  f  ( z ) = 1


    ∫ c    1   (  z 2 − 4 ) d z =   ∫ c    1   ( z + 2 ) ( z − 2 ) d z


   1  ( z + 2 ) ( z − 2 ) =  A  ( z + 2 ) +  B  ( z − 2 )


  1 = A  ( z − 2 ) + B ( z + 2 )


  z = 2  


  1 = A  ( 0 ) + B ( 4 )


  ⇒ 1 = 4 B


    ⇒ 𝑩 =  𝟏 𝟒


  z = − 2  


    1 = A  ( − 4 ) + B ( 0 )


  ⇒ 1 = − 4 A


    ⇒ 𝑨 = −  𝟏 𝟒


  ⇒


   1  ( z + 2 ) ( z − 2 ) =   −  1 4  ( z + 2 ) +    1 4  ( z − 2 ) =  1  4 ( z − 2 ) −  1  4 ( z + 2 )


  ⇒


    ∫ c    1   (  z 2 − 4 ) d z =  1 4   ∫ c    1    ( z − 2 ) d z −  1 4   ∫ c    1    ( z + 2 ) d z


  C :  | z | = 1


  ⇒


  = ( 0 , 0 )


  r = 1


  a = ( 2 ,   0 )


  a = ( − 2 , 0 )


   | z | = 1


    ∫ c     d z  z − 2     = 0 =   ∫ c     d z  z + 2


  ⇒   ∫ 𝒄    𝟏   (  𝒛 𝟐 − 𝟒 ) 𝒅 𝒛 = 𝟎


  C :  | z | = 3


  ⇒


  = ( 0 , 0 )


  r = 3


  a = ( 2 ,   0 )


  a = ( − 2 , 0 )


   | z | = 3


    ∫ c     d z  z − 2 = 2 𝜋 i f  ( a )  


    ∫ c    1  z − 2 d z = 2 𝜋 i f ( 2 )


  (   H e r e   a = 2 ,   f  ( z ) = 1 )


    ∫ c    1  z − 2 d z = 2 𝜋 i ( 1 )


    ∫ 𝒄    𝟏  𝒛 − 𝟐 𝒅 𝒛 = 𝟐 𝝅 𝒊


    ∫ c     d z  z + 2 = 2 𝜋 i f  ( a )  


    ∫ c    1  z + 2 d z = 2 𝜋 i f ( − 2 )


  (   H e r e   a = − 2 ,   f  ( z ) = 1 )


    ∫ c    1  z + 2 d z = 2 𝜋 i ( 1 )


    ∫ 𝒄    𝟏  𝒛 + 𝟐 𝒅 𝒛 = 𝟐 𝝅 𝒊


  ⇒


    ∫ c    1   (  z 2 − 4 ) d z =  1 4  ( 2 𝜋 i ) −  1 4 ( 2 𝜋 i )


    ∫ 𝒄    𝟏   (  𝒛 𝟐 − 𝟒 ) 𝒅 𝒛 = 𝟎


  C :  | z + 2 | = 1


  ⇒


  = ( − 2 , 0 )


  r = 1


  a = ( 2 ,   0 )


   | z + 2 | =


  a = ( − 2 , 0 )


   | z + 2 | =


    ∫ 𝒄     𝒅 𝒛  𝒛 − 𝟐 = 𝟎  


  ( S i n c e   a =  ( 2 , 0 )   l i e s   o u t s i d e   C )


    ∫ c    1  z + 2 d z = 2 𝜋 i f ( a )


    ∫ c    1  z + 2 d z = 2 𝜋 i f  ( − 2 )                                             (   H e r e   a = − 2 ,   f  ( z ) = 1 )


    ∫ c    1  z + 2 d z = 2 𝜋 i ( 1 )


    ∫ 𝒄    𝟏  𝒛 + 𝟐 𝒅 𝒛 = 𝟐 𝝅 𝒊


  ⇒


    ∫ c    1   (  z 2 − 4 ) d z =  1 4  ( 0 ) −  1 4 ( 2 𝜋 i )


    ∫ 𝒄    𝟏   (  𝒛 𝟐 − 𝟒 ) 𝒅 𝒛 = −   𝝅 𝒊 𝟐


    ∫ c      e  2 z  ( z + 1 ) ( z − 2 ) d z  


   | z | = 3 .


  f  ( z ) =  e  2 z


   1  ( z + 1 ) ( z − 2 ) =  A  ( z + 1 ) +  B  ( z − 2 )


  1 = A  ( z − 2 ) + B ( z + 1 )


  z = 2  


  1 = A  ( 0 ) + B ( 3 )


  ⇒ 1 = 3 B


    ⇒ 𝑩 =  𝟏 𝟑


  z = − 1  


    1 = A  ( − 3 ) + B ( 0 )


  ⇒ 1 = − 3 A


    ⇒ 𝑨 = −  𝟏 𝟑


  ⇒


   1  ( z + 1 ) ( z − 2 ) =   −  1 3  ( z + 1 ) +    1 3  ( z − 2 ) =  1  3 ( z − 2 ) −  1  3 ( z + 1 )


    ∫ c      e  2 z   ( z + 1 ) ( z − 2 ) d z =  1 3   ∫ c      e  2 z    ( z − 2 ) d z −  1 3   ∫ c      e  2 z    ( z + 1 ) d z


  C :  | z | = 3


  ⇒


  = ( 0 , 0 )


  r = 3


  a = ( 2 ,   0 )


  a = ( − 1 , 0 )


   | z | = 3


    ∫ c      e  2 z  z − 2 d z = 2 𝜋 i f  ( a )  


    ∫ c      e  2 z  z − 2 d z = 2 𝜋 i f ( 2 )


  (   H e r e   a = 2 ,   f  ( z ) =  e  2 z )


    ∫ c      e  2 z  z − 2 d z = 2 𝜋 i (  e  2 . 2 )


    ∫ 𝒄      𝒆  𝟐 𝒛  𝒛 − 𝟐 𝒅 𝒛 = 𝟐 𝝅 𝒊  𝒆 𝟒


    ∫ c      e  2 z  z + 1 d z = 2 𝜋 i f  ( a )  


    ∫ c      e  2 z  z + 1 d z = 2 𝜋 i f ( − 1 )


  (   H e r e   a = − 1 ,   f  ( z ) =  e  2 z )


    ∫ c      e  2 z  z + 1 d z = 2 𝜋 i (  e  2 . ( − 1 ) )


    ∫ 𝒄      𝒆  𝟐 𝒛  𝒛 + 𝟏 𝒅 𝒛 = 𝟐 𝝅 𝒊  𝒆  − 𝟐


  ⇒


    ∫ c      e  2 z   ( z + 1 ) ( z − 2 ) d z =  1 3 ( 2 𝜋 i  e 4 ) −  1 3 ( 2 𝜋 i  e  − 2 )


    ∫ 𝒄      𝒆  𝟐 𝒛   ( 𝒛 + 𝟏 ) ( 𝒛 − 𝟐 ) 𝒅 𝒛 =   𝟐 𝝅 𝒊 𝟑  [  𝒆 𝟒 −  𝒆  − 𝟐 ]


    ∫ C      e  3 z   z 2 d z


  C  


   | z | = 1


  f  ( z ) =  e  3 z


  C :  | z | = 1


  ⇒


  = ( 0 , 0 )


  r = 1


  a = ( 0 ,   0 )


   | z | = 1


    ∫ 𝒄     𝒇 ( 𝒛 )    ( 𝒛 − 𝒂 ) 𝒏     𝒅 𝒛 =   𝟐 𝝅 𝒊  ( 𝒏 − 𝟏 ) !  𝒇   ( 𝒏 − 𝟏 ) ( 𝒂 )


    ∫ C      e  3 z   z 2 d z =   2 𝜋 i   ( 2 − 1 ) !  f   ( 2 − 1 ) ( 0 )


  ( S i n c e   f  ( z ) =  e  3 z   ,   a = 0 ,     n = 2 )


    ∫ C      e  3 z   z 2 d z =   2 𝜋 i 1  f  ( 1 ) ( 0 )


  (  f   ( 1 )  ( z ) =  f ′  ( z ) = 3 .  e  3 z )


    ∫ C      e  3 z   z 2 d z = 2 𝜋 i  [ 3 .  e  3 . 0 ]


  (    e  3 . 0 =  e 0 = 1 )


    ∫ 𝑪      𝒆  𝟑 𝒛   𝒛 𝟐 𝒅 𝒛 = 𝟔 𝝅 𝒊


    ∫ C      z 2 + z + 1    ( z − 2 ) 3 d z


  C  


   | z | = 3


  f  ( z ) =  z 2 + z + 1


  C :  | z | = 3


  ⇒


  = ( 0 , 0 )


  r = 3


  a = ( 2 ,   0 )


   | z | = 3


    ∫ 𝒄     𝒇 ( 𝒛 )    ( 𝒛 − 𝒂 ) 𝒏     𝒅 𝒛 =   𝟐 𝝅 𝒊  ( 𝒏 − 𝟏 ) !  𝒇   ( 𝒏 − 𝟏 ) ( 𝒂 )


    ∫ C      z 2 + z + 1    ( z − 2 ) 3 d z =   2 𝜋 i   ( 3 − 1 ) !  f   ( 3 − 1 ) ( 2 )


  ( S i n c e   f  ( z ) =  z 2 + z + 1   ,   a = 2 ,     n = 3 )


    ∫ C      z 2 + z + 1    ( z − 2 ) 3 d z =   2 𝜋 i 2  f  ( 2 ) ( 2 )


  (  f   ( 2 )  ( z ) =  f  ′ ′  ( z ) = 2 )


    ∫ C      z 2 + z + 1    ( z − 2 ) 3 d z = 𝜋 i  [ 2 ]


    ∫ 𝑪      𝒛 𝟐 + 𝒛 + 𝟏    ( 𝒛 − 𝟐 ) 𝟑 𝒅 𝒛 = 𝟐 𝝅 𝒊


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z


  C  


   | z | = 1


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z


    ∫ C      e  𝜋 z     2 3 ( z −  i 2 ) 3 d z


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z


   1 8   ∫ C      e  𝜋 z      ( z −  i 2 ) 3 d z


  f  ( z ) =  e  𝜋 z


  C :  | z | = 1


  ⇒


  = ( 0 , 0 )


  r = 1


  a =  i 2 = ( 0 ,    1 2 )


   | z | = 1


    ∫ 𝒄     𝒇 ( 𝒛 )    ( 𝒛 − 𝒂 ) 𝒏     𝒅 𝒛 =   𝟐 𝝅 𝒊  ( 𝒏 − 𝟏 ) !  𝒇   ( 𝒏 − 𝟏 ) ( 𝒂 )


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z =  1 8 .   2 𝜋 i   ( 3 − 1 ) !  f   ( 3 − 1 ) (  i 2 )


  ( S i n c e   f  ( z ) =  e  𝜋 z   ,   a =  i 2 ,     n = 3 )


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z =  1 8 .   2 𝜋 i 2  f  ( 2 ) (  i 2 )


  (  f   ( 2 )  ( z ) =  f  ′ ′  ( z ) =  𝜋 2 .  e  𝜋 z )


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z =   𝜋 i 8  [  𝜋 2  e    i 𝜋 2 ]


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z =    𝜋 3 i 8  [ c o s  𝜋 2 + i s i n  𝜋 2 ]


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z =    𝜋 3 i 8  [ 0 + i . 1 ]


    ∫ C      e  𝜋 z    ( 2 z − i ) 3 d z =    𝜋 3  i 2 8


    ∫ 𝑪      𝒆  𝝅 𝒛    ( 𝟐 𝒛 − 𝒊 ) 𝟑 𝒅 𝒛 = −         𝝅 𝟑 𝟖


    ∫ c      e  2 z    ( z + 1 ) 2 ( z − 2 ) d z  


   | z | = 3 .


  f  ( z ) =  e  2 z


   1    ( z + 1 ) 2 ( z − 2 ) =  A  ( z + 1 ) +  B    ( z + 1 ) 2 +  C  ( z − 2 )


  1 = A  ( z − 2 )  ( z + 1 ) + B  ( z − 2 ) + C   ( z + 1 ) 2


  z = 2  


  1 = A  ( 0 ) + B  ( 0 ) + C   ( 2 + 1 ) 2


  ⇒ 1 = 9


    ⇒ 𝑪 =  𝟏 𝟗


  z = − 1  


    1 = A  ( 0 ) + B  ( − 1 − 2 ) + C ( 0 )


  ⇒ 1 = − 3 B


    ⇒ 𝑩 = −  𝟏 𝟑


  z = 0  


    1 = A  ( − 2 )  ( 1 ) + B  ( 0 − 2 ) + C    ( 0 + 1 ) 2 ⇒ 1 = − 2 A − 2 B + C


    ⇒ − 2 A = 1 −  2 3 −  1 9


  ⇒ − 2 A =  2 9


  ⇒ 𝑨 = −  𝟏 𝟗


  ⇒  1    ( z + 1 ) 2 ( z − 2 ) =  A  ( z + 1 ) +  B    ( z + 1 ) 2 +  C  ( z − 2 ) = −  1  9 ( z + 1 ) −  1    3 ( z + 1 ) 2 +  1  9 ( z − 2 )


    ∫ c      e  2 z    ( z + 1 ) 2   ( z − 2 ) d z =  1 9   ∫ c      e  2 z    ( z − 2 ) d z −  1 3   ∫ c      e  2 z      ( z + 1 ) 2 d z −  1 9   ∫ c      e  2 z    ( z + 1 ) d z      


  C :  | z | = 3


  ⇒


  = ( 0 , 0 )


  r = 3


  a = ( 2 ,   0 )


  a = ( − 1 , 0 )


   | z | = 3


  ⇒     ∫ c      e  2 z    ( z + 1 ) 2   ( z − 2 ) d z =  1 9  ( 2 𝜋 i f  ( 2 ) ) −  1 3   2 𝜋 i   ( 2 − 1 ) !  f   ( 2 − 1 ) ( − 1 ) −  1 9 ( 2 𝜋 i f  ( − 1 ) )


  ⇒     ∫ c      e  2 z    ( z + 1 ) 2   ( z − 2 ) d z =  1 9  ( 2 𝜋 i .  e  2 . 2 ) −  1 3   2 𝜋 i 1  f ′ ( − 1 ) −  1 9 ( 2 𝜋 i .  e  2 ( − 1 ) )


    ∫ 𝒄      𝒆  𝟐 𝒛    ( 𝒛 + 𝟏 ) 𝟐   ( 𝒛 − 𝟐 ) 𝒅 𝒛 =   𝟐 𝝅 𝒊  𝒆 𝟒 𝟗 −   𝟒 𝝅 𝒊  𝒆  − 𝟐 𝟑 −   𝟐 𝝅 𝒊  𝒆  − 𝟐 𝟗


    ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2  ( z − 1 ) ( z − 2 ) d z  


   | z | = 3 .


  f  ( z ) =   s i n 𝜋 z 2 + c o s 𝜋  z 2


   1  ( z − 1 ) ( z − 2 ) =  A  ( z − 1 ) +  B  ( z − 2 )


  1 = A  ( z − 2 ) + B ( z − 1 )


  z = 2  


  1 = A  ( 0 ) + B ( 1 )


  ⇒ 1 = B


    ⇒ 𝑩 =


  z = 1  


    1 = A  ( − 1 ) + B ( 0 )


  ⇒ 1 = − A


    ⇒ 𝑨 = −


  ⇒


   1  ( z − 1 ) ( z − 2 ) =   − 1  ( z − 1 ) +  1  ( z − 2 ) =  1  ( z − 2 ) −  1  ( z − 1 )


    ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2   ( z − 1 ) ( z − 2 ) d z =   ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2    ( z − 2 ) d z −   ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2    ( z − 1 ) d z


  C :  | z | = 3


  ⇒


  = ( 0 , 0 )


  r = 3


  a = ( 2 ,   0 )


  a = ( 1 , 0 )


   | z | = 3


  ⇒


    ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2   ( z − 1 ) ( z − 2 ) d z = 2 𝜋 i f  ( 2 ) − 2 𝜋 i f ( 1 )


    ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2   ( z − 1 ) ( z − 2 ) d z = 2 𝜋 i  [ s i n 4 𝜋 + c o s 4 𝜋 ] − 2 𝜋 i  [ s i n 𝜋 + c o s 𝜋 ]


    ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2   ( z − 1 ) ( z − 2 ) d z = 2 𝜋 i  [ 0 + 1 ] − 2 𝜋 i  [ 0 − 1 ]


    ∫ c     s i n 𝜋  z 2 + c o s 𝜋  z 2   ( z − 1 ) ( z − 2 ) d z = 4 𝜋 i


  P  ( A ) =  m n


  P  ( A ) + P (   A ) - = 1


   A -


  A ,   B


  𝑷  ( 𝑨   𝒐 𝒓   𝑩 ) = 𝑷  ( 𝑨 ) + 𝑷 ( 𝑩 )


  A ,   B


  𝑷  ( 𝑨   𝒂 𝒏 𝒅     𝑩 ) = 𝑷  ( 𝑨 ) . 𝑷 ( 𝑩 )


  X , Y , Z …


  S


  X  


  X .


  S =  { H , T }


  X


  X  ( H ) = 1


  X  ( T ) = 0


  X =  { 0 , 1 }


  X , Y


  S =  { H H , H T ,   T H ,   T T }


  X =


  S


  X


  X =  { 0 , 1 , 2 }


  Y =


  Y =  { 0 , 1 , 2 }


   x i


  X


  p (  x i )


  i )   p (  x i ) ≥ 0


  i i )     ∑ i  p  (  x i ) = 1


  p ( x )


  X


   x i


   p i


  P  ( X =  x i ) =  p i


  p (  x i )


   [  x i   ,   p (  x i ) ]


  X


  P  ( X )


  f ( x )


  f  ( x ) = P  ( X ≤ x ) =   ∑  i = 1 n  P (  x i )


  x


  𝜇 =   ∑ i   x i . p  (  x i )


  V =   ∑ i     (  x i − 𝜇 ) 2 . p  (  x i )


  V =   ∑ i   x i 2 . p  (  x i ) −    [   ∑ i   x i . p  (  x i ) ] 2


  V =  ∑   x i 2 . p  (  x i ) −  𝜇 2


  𝜎 =  V


  X    


  X


  S =  { H H , H T ,   T H ,   T T }


  X =  { 0 , 1 , 2 }


  P  ( H H ) =  1 4


  P  ( H T ) =  1 4


  P  ( T H ) =  1 4


  P  ( T T ) =  1 4


  P  ( X = 0 ,   i . e . ,   n o   h e a d   t u r n i n g   u p ) = P ( T T ) =  1 4


  P  ( X = 1 ,   i . e . ,   o n e   h e a d   t u r n i n g   u p ) = P  ( H T ∪ T H ) = P  ( H T ) + P  ( T H ) =  1 4 +  1 4 =  1 2


  P  ( X = 2 ,   i . e . ,   t w o   h e a d s   t u r n i n g   u p ) = P ( H H ) =  1 4


  X


  p  (  x i ) > 0


    ∑ i  p  (  x i ) = 1


  𝜇 =   ∑ i   x i . p  (  x i ) =  ( 0 ) .  (  1 4 ) +  ( 1 ) .  (  1 2 ) +  ( 2 ) .  (  1 4 ) =  1 2 +  1 2


  𝝁 = 𝟏


  V =   ∑ i     (  x i − 𝜇 ) 2 . p  (  x i )


  V =   ( 0 − 1 ) 2 .  1 4 +   ( 1 − 1 ) 2 .  1 2 +   ( 2 − 1 ) 2 .  1 4


                                 


   𝒙 𝒊


  p (  x i )


   1 4


   1 2


   1 4


  V =  1 4 + 0 +  1 4


  𝑽 =  𝟏 𝟐


  X


  X


  S =  {  ( x , y )   w h e r e   x = 1 , 2 , … , 6     ; y = 1 , 2 , … , 6 }


  S =  {  ( 1 , 1 ) ,  ( 1 , 2 ) ,  ( 1 , 3 ) ,  ( 1 , 4 ) ,  ( 1 , 5 ) ,  ( 1 , 6 ) ,  ( 2 , 1 ) ,  ( 2 , 2 ) ,  ( 2 , 3 ) , … ,  ( 6 , 5 ) ,  ( 6 , 6 ) }


  X


   { 2 , 3 , 4 , 5 , … , 10 , 11 , 12 }


  p  (  x 1 ) =   n ( E )  n ( S ) =  1 36


  p  (  x 2 ) =  2 36


  X


  p  (  x i ) > 0


    ∑ i  p  (  x i ) = 1


  𝜇 =   ∑ i   x i . p  (  x i )


  𝜇 =  ( 2 ) .  (  1 36 ) +  ( 3 ) .  (  2 36 ) + … +  ( 11 ) .  (  2 36 ) +  ( 12 ) .  (  1 36 )


  𝝁 =   𝟐 𝟓 𝟐  𝟑 𝟔 = 𝟕


  𝑿 =  𝒙 𝒊


  p (  x i )


   1 36


   2 36


   3 36


   4 36


   5 36


   6 36


   5 36


   4 36


   3 36


   2 36


   1 36


  V =   ∑ i     (  x i − 𝜇 ) 2 . p  (  x i )


  V =   ( 2 − 7 ) 2 .  1 36 +   ( 3 − 7 ) 2 .  2 36 + … +   ( 12 − 7 ) 2 .  1 36


  𝑽 =   𝟐 𝟏 𝟎  𝟑 𝟔 =   𝟑 𝟓 𝟔


  𝜎 =  V


  𝝈 =    𝟑 𝟓 𝟔 = 𝟐 . 𝟒 𝟐


  𝒙


  p ( x )


   1 8


   3 8


   3 8


   1 8


    p  ( x ) > 0


   ∑  p  ( x ) = 1


  𝜇 =  ∑ x . p  ( x )


  𝜇 =  ( 10 ) .  1 8 +  ( 20 ) .  3 8 +  ( 30 ) .  3 8 +  ( 40 ) .  1 8


  𝜇 =   10 + 60 + 90 + 40 8 =  200 8


  𝝁 = 𝟐 𝟓


  V =  ∑     ( x − 𝜇 ) 2 . p  ( x )


  V =   ( 10 − 25 ) 2 .  1 8 +   ( 20 − 25 ) 2 .  3 8 +   ( 30 − 25 ) 2 .  3 8 +   ( 40 − 25 ) 2 .  1 8


  𝑽 =   𝟔 𝟎 𝟎 𝟖 = 𝟕 𝟓


  k


  p ( x ≤ 1 )


  p ( x > 1 )


  p ( − 1 < x ≤ 2 )


  p  ( x ) ≥ 0


  x


   ∑  p  ( x ) = 1


  k ≥ 0


   ∑  p  ( x ) = 1


  k + 2 k + 3 k + 4 k + 3 k + 2 k + k = 1


  16 k = 1


  ∴


  𝒌 =  𝟏  𝟏 𝟔


  𝒙


  p ( x )


  k


  k


  k


  k


  k


  2 k


  k


  𝜇 =  ∑ x . p  ( x )


  𝜇 =  ( − 3 ) .  1 16 +  ( − 2 ) .  2 16 +  ( − 1 ) .  3 16 +  ( 0 ) .  4 16 +  ( 1 ) .  3 16 +  ( 2 ) .  2 16 +  ( 3 ) .  1 16


  𝝁 = 𝟎


  V =  ∑     ( x − 𝜇 ) 2 . p  ( x )


  V =   ( − 3 − 0 ) 2 .  1 16 +   ( − 2 − 0 ) 2 .  2 16 +   ( − 1 − 0 ) 2 .  3 16 +   ( 0 − 0 ) 2 .  4 16 +   ( 1 − 0 ) 2 .  3 16 +   ( 2 − 0 ) 2 .  2 16 +   ( 3 − 0 ) 2 .  1 16


  𝑽 =  𝟏  𝟏 𝟔  ( 𝟗 + 𝟖 + 𝟑 + 𝟎 + 𝟑 + 𝟖 + 𝟗 ) =   𝟒 𝟎  𝟏 𝟔 =  𝟓 𝟐


  𝒙


  p ( x )


   1 16


   2 16


   3 16


   4 16


   3 16


   2 16


   1 16


  𝜎 =  V


  𝝈 =   𝟓 𝟐 = 𝟏 . 𝟓 𝟖


  p  ( x ≤ 1 ) = p  ( − 3 ) + p  ( − 2 ) + p ( − 1 ) + p  ( 0 ) + p ( 1 )


  =  1 16 +  2 16 +  3 16 +  4 16 +  3 16


  𝒑  ( 𝒙 ≤ 𝟏 ) =   𝟏 𝟑  𝟏 𝟔


  p  ( x > 1 ) = p  ( 2 ) + p ( 3 )


  p  ( − 1 < x ≤ 2 ) = p  ( 0 ) + p  ( 1 ) + p ( 2 )


  =  2 16 +  1 16


        =  4 16 +  3 16 +  2 16


  𝒑  ( 𝒙 > 𝟏 ) =  𝟑  𝟏 𝟔


  𝒑  ( − 𝟏 < 𝒙 ≤ 𝟐 ) =  𝟗  𝟏 𝟔


  X


  x .


  i )   F i n d   k


  i i )   E v a l u a t e   P  ( x < 6 ) ,       P  ( x ≥ 6 )   a n d   P  ( 3 < x ≤ 6 )


  X


  P ( x ) ≥ 0


   ∑  P  ( x ) = 1 .


  k ≥ 0


  k


   ∑  P  ( x ) = 1


  0 + k + 2 k + 2 k + 3 k +  k 2 + 2  k 2


   k 2 + k ) = 1


                                            10  k 2 + 9 k − 1 = 0


   ( 10 k − 1 )  ( k + 1 ) = 0


  𝒌 =  𝟏  𝟏 𝟎


  𝒌 = − 𝟏


  𝒙


  P ( x )


  k


  k


  k


  k


   k 2


  2  k 2


   k 2 + k


  P  ( x < 6 ) = P  ( 0 ) + P  ( 1 ) + P  ( 2 ) + P  ( 3 ) + P  ( 4 ) + P  ( 5 )


  = 0 +  1 10 +  1 5 +  1 5 +  3 10 +  1 100 =  81 100


  𝑷  ( 𝒙 < 𝟔 ) = 𝟎 . 𝟖 𝟏


  P  ( x ≥ 6 ) = P  ( 6 ) + P ( 7 )


    P  ( x ≥ 6 ) =  1 50 +  17 100 =  19 100


  𝑷  ( 𝒙 ≥ 𝟔 ) = 𝟎 . 𝟏 𝟗


  𝒙


  P ( x )


   1 10


   1 5


   1 5


   3 10


   1 100


   1 50


   17 100


  P  ( 3 < x ≤ 6 ) = P  ( 4 ) + P  ( 5 ) + P ( 6 )


  =  3 10 +  1 100 +  1 50 =  33 100


  𝑷  ( 𝟑 < 𝒙 ≤ 𝟔 ) = 𝟎 . 𝟑 𝟑


  X


  f  ( x ) = P  ( X ≤ x ) =   ∑  i = 1 n  p (  x i )  


  𝒙


  f ( x )


  𝒙


  P ( x )


  X


  − 3 , − 2 , − 1 , 0 , 1 , 2 , 3


  P  ( X = 0 ) = P ( X < 0 )


  P  ( X = − 3 ) = P  ( X = − 2 ) = P  ( X = − 1 ) = P  ( X = 1 ) = P  ( X = 2 ) = P ( X = 3 )


  P  ( X = 0 ) = P ( X < 0 )


  ⇒


  P  ( X = 0 ) = P  ( X = − 1 ) + P  ( X = − 2 ) + P ( X = − 3 )


   p 4 =  p 3 +  p 2 +  p 1


  P  ( X = − 3 ) = P  ( X = − 2 ) = P  ( X = − 1 ) = P  ( X = 1 ) = P  ( X = 2 ) = P ( X = 3 )


   p 1 =  p 2 =  p 3 =  p 5 =  p 6 =  p 7


  𝑿


  P ( X )


   p 1


   p 2


   p 3


   p 4


   p 5


   p 6


   p 7


   p 1 +  p 2 +  p 3 +  p 4 +  p 5 +  p 6 +  p 7 = 1


   p 4 =  p 1 +  p 1 +  p 1


   𝒑 𝟒 = 𝟑  𝒑 𝟏


   p 1 +  p 1 +  p 1 +  p 4 +  p 1 +  p 1 +  p 1 = 1


  6  p 1 +  p 4 = 1


  6  p 1 +   3 p 1 = 1


  ( s i n c e    p 4 = 3  p 1


  9  p 1 = 1


   𝒑 𝟏 =  𝟏 𝟗


   𝒑 𝟒 =  𝟑 𝟗


   p 2 =  p 3 =  p 5 =  p 6 =  p 7 =  1 9


  X


  K


  P ( x ≥ 5 )


  P  ( 3 < x ≤ 6 ) .


  P ( x ) ≥ 0


   ∑  P  ( x ) = 1


  K ≥ 0


  K + 3 K + 5 K + 7 K + 9 K + 11 K + 13 K = 1


  𝑿


  P ( X )


   1 9


   1 9


   1 9


   3 9


   1 9


   1 9


   1 9


  𝒙


  P ( x )


  K


  K


  K


  K


  K


  11 K


  13 K


  49 K = 1


  𝑲 =  𝟏  𝟒 𝟗


  P  ( x ≥ 5 ) = P  ( 5 ) + P ( 6 )


  P  ( x ≥ 5 ) = 11 K + 13 K = 24 K


  𝑷  ( 𝒙 ≥ 𝟓 ) =   𝟐 𝟒  𝟒 𝟗


  P  ( 3 < x ≤ 6 ) = P  ( 4 ) + P  ( 5 ) + P ( 6 )


  P  ( 3 < x ≤ 6 ) = 9 K + 11 K + 13 K


  P  ( 3 < x ≤ 6 ) = 33 K


                      𝑷  ( 𝟑 < 𝒙 ≤ 𝟔 ) =   𝟑 𝟑  𝟒 𝟗


  𝒑


  𝒒


  𝒙


  𝒏


  𝑷 ( 𝒙 ) =    𝑪 𝒙  𝒑 𝒙  𝒒  𝒏 − 𝒙   𝒏


  𝝁 = 𝒏 𝒑


  𝑽 = 𝒏 𝒑 𝒒


  𝝈 =  𝒏 𝒑 𝒒


   4 3


  𝜇 = 2


  V =  4 3


  𝜇 = n p


  n p = 2


  n p q = V


  2 q =  4 3


  𝒒 =  𝟐 𝟑


  p = 1 − q = 1 −  2 3


  𝒑 =  𝟏 𝟑


  n p = 2


   n 3 = 2


  𝒏 = 𝟔


    𝑷 ( 𝒙 ) =    𝑪 𝒙  𝒑 𝒙  𝒒  𝒏 − 𝒙   𝒏


  𝑷 ( 𝒙 ) =    𝑪 𝒙    (  𝟏 𝟑 ) 𝒙    (  𝟐 𝟑 )  𝟔 − 𝒙   𝟔


  𝒙


  P ( x )


     (  𝟐 𝟑 ) 𝟔


     𝑪 𝟏    (  𝟏 𝟑 ) 𝟏    (  𝟐 𝟑 ) 𝟓   𝟔


     𝑪 𝟐    (  𝟏 𝟑 ) 𝟐    (  𝟐 𝟑 ) 𝟒   𝟔


     𝑪 𝟑    (  𝟏 𝟑 ) 𝟑    (  𝟐 𝟑 ) 𝟑   𝟔


     𝑪 𝟒    (  𝟏 𝟑 ) 𝟒    (  𝟐 𝟑 ) 𝟐   𝟔


     𝑪 𝟓    (  𝟏 𝟑 ) 𝟓    (  𝟐 𝟑 ) 𝟏   𝟔


     (  𝟏 𝟑 ) 𝟔


  𝒏 = 𝟒


  𝒑 = 𝑷 ( 𝑯 ) =  𝟏 𝟐


  𝒒 = 𝑷 ( 𝑻 ) =  𝟏 𝟐


  ( s i n c e   p + q = 1 )


    𝑷  ( 𝒙 ) =    𝑪 𝒙  𝒑 𝒙  𝒒  𝒏 − 𝒙   𝒏


  P ( x ) =    C x    (  1 2 ) x    (  1 2 )  4 − x   4


  P ( x ) =    C x    (  1 2 ) 4   4


  𝑷  ( 𝒙 ) =  𝟏  𝟏 𝟔 .  𝑪 𝒙    𝟒


  P  ( 1   h e a d ) = P  ( x = 1 ) =  1 16 .    C 1 =  1 16  ( 4 )   4


  𝑷  ( 𝒙 = 𝟏 ) =  𝟏 𝟒


  𝑷  ( 𝒙 = 𝟏 ) = 𝟎 . 𝟐 𝟓


  P  ( a t m o s t   3   h e a d s ) = P ( x ≤ 3 )


    P  ( x ≤ 3 ) = P  ( x = 0 ) + P  ( x = 1 ) + P  ( x = 2 ) + P ( x = 3 )


  P  ( x ≤ 3 ) =  1 16 .    C 0 +  1 16 .    C 1 +   4  1 16 .    C 2 +   4  1 16 .  C 3    4   4


  P  ( x ≤ 3 ) =  1 16  [ 1 + 4 + 6 + 4 ]


  P  ( x ≤ 3 ) =  15 16


  𝑷  ( 𝒙 ≤ 𝟑 ) = 𝟎 . 𝟗 𝟑 𝟕 𝟓


  P  ( a t l e a s t   2   h e a d s ) = P ( x ≥ 2 )


    P  ( x ≥ 2 ) = 1 − P  ( x < 3 )


  P  ( x ≥ 2 ) = 1 − [ P  ( x = 0 ) + P  ( x = 1 )


  P  ( x ≥ 2 ) = 1 −  [  1 16 .    C 0 +  1 16 .  C 1    4     4 ]


  P  ( x ≥ 2 ) = 1 −  1 16 [ 1 + 4


  P  ( x ≥ 2 ) = 1 −  5 16


  P  ( x ≥ 2 ) =  11 16


  𝑷  ( 𝒙 ≥ 𝟐 ) = 𝟎 . 𝟔 𝟖 𝟕 𝟓


  𝒑 = 𝟓 % =  𝟓  𝟏 𝟎 𝟎 = 𝟎 . 𝟎 𝟓


  ∴


  q = 1 − p = 1 − 0 . 05


  𝒒 = 𝟎 . 𝟗 𝟓


  P  ( x ) =   n  c x  p x  q  n − x


  P  ( x ) =   8  c x (   0 . 05 ) x (   0 . 95 )  8 − x


  P  ( x ≥ 1 ) = 1 − P  ( x < 1 )


  P  ( x ≥ 1 ) = 1 − P  ( x = 0 )


  P  ( x ≥ 1 ) = 1 −   8  c 0    ( 0 . 05 ) 0    ( 0 . 95 )  8 − 0


  𝑷  ( 𝒙 ≥ 𝟏 ) = 𝟎 . 𝟑 𝟑 𝟔 𝟔


  𝒑 = 𝟎 . 𝟔 𝟓


  ∴


  q = 1 − p = 1 − 0 . 65


  𝒒 = 𝟎 . 𝟑 𝟓


  P  ( x ) =   n  c x  p x  q  n − x


  P  ( x ) = 10  c x   ( 0 . 65 ) x (   0 . 35 )  10 − x


   ( x ≥ 7 ) = P  ( 7 ) + P  ( 8 ) + P  ( 9 ) + P  ( 10 )


   ( x ≥ 7 ) = 10  c 7    ( 0 . 65 ) 7 (   0 . 35 ) 3 + 10  c 8    ( 0 . 65 ) 8 (   0 . 35 ) 2 + 10  c 9    ( 0 . 65 ) 9 (   0 . 35 ) 1 + 10  c 10   ( 0 . 65 ) 10 (   0 . 35 ) 0


   ( 𝒙 ≥ 𝟕 ) = 𝟎 . 𝟓 𝟏 𝟑 𝟖


  𝒑 = 𝟎 . 𝟏


  ∴


  q = 1 − p = 1 − 0 . 1


  𝒒 = 𝟎 . 𝟗


  P  ( x ) =   n  c x  p x  q  n − x


  𝑷  ( 𝒙 ) = 𝟏 𝟎  𝒄 𝒙   ( 𝟎 . 𝟏 ) 𝒙 (   𝟎 . 𝟗 )  𝟏 𝟎 − 𝒙


   ( x = 0 ) = 10  c 0    ( 0 . 1 ) 0 (   0 . 9 )  10 − 0 =   ( 0 . 9 ) 10 = 𝟎 . 𝟑 𝟒 𝟖 𝟕


   ( x = 10 ) = 10  c 10    ( 0 . 1 ) 10 (   0 . 9 ) 0 =   ( 𝟎 . 𝟏 )  𝟏 𝟎


   ( x ≥ 1 ) = 1 − P  ( x < 1 )


   ( x ≥ 1 ) = 1 − P  ( x = 0 )


   ( x ≥ 1 ) = 1 − 10  c 0    ( 0 . 1 ) 0 (   0 . 9 ) 10


   ( x ≥ 1 ) = 1 − 0 . 3487


   ( 𝒙 ≥ 𝟏 ) = 𝟎 . 𝟔 𝟓 𝟏 𝟑


   ( x ≤ 2 ) = P  ( x = 0 ) + P  ( x = 1 ) + P  ( x = 2 )


   ( x ≤ 2 ) =   ( 0 . 9 ) 10 + 10  c 1   ( 0 . 1 ) 1 (   0 . 9 ) 2 + 10  c 2 (   0 . 1 ) 2 (   0 . 9 ) 8


   ( 𝒙 ≤ 𝟐 ) = 𝟎 . 𝟗 𝟐 𝟗 𝟖


  𝒑 =  𝟏 𝟐 = 𝟎 . 𝟓


  ∴


  q = 1 − p = 1 − 0 . 5


  𝒒 = 𝟎 . 𝟓


  P  ( x ) =   n  c x  p x  q  n − x


  P  ( x ) = 10  c x   ( 0 . 5 ) x (   0 . 5 )  10 − x


  𝑷  ( 𝒙 ) = 𝟏 𝟎  𝒄 𝒙   ( 𝟎 . 𝟓 )  𝟏 𝟎


   ( x ≥ 6 ) = P  ( x = 6 ) +P  ( x = 7 ) + P  ( x = 8 ) + P  ( x = 9 ) + P ( x = 10 )


   ( x ≥ 6 ) = 10  c 6   ( 0 . 5 ) 10 + 10  c 7   ( 0 . 5 ) 10 + 10  c 8   ( 0 . 5 ) 10 + 10  c 9   ( 0 . 5 ) 10 + 10  c 10   ( 0 . 5 ) 10


   ( x ≥ 6 ) =   ( 0 . 5 ) 10  [ 10  c 6 + 10  c 7 + 10  c 8 + 10  c 9 + 10  c 10 ]


   ( x ≥ 6 ) =   ( 0 . 5 ) 10  [ 210 + 120 + 45 + 10 + 1 ]


   ( 𝒙 ≥ 𝟔 ) = 𝟎 . 𝟑 𝟕 𝟕 𝟎


  𝒑 =  𝟏 𝟒


  ∴


  q = 1 − p = 1 −  1 4


  𝒒 =  𝟑 𝟒


  P  ( x ) =   n  c x  p x  q  n − x


  P  ( x ) = 10  c x    (  1 4 ) x    (  3 4 )  10 − x


  P  ( x ) = 10  c x    3  10 − x   4  x + 10 − x


  P  ( x ) = 10  c x    3  10 − x   4 10


  𝑷  ( 𝒙 ) =  𝟏   𝟒  𝟏 𝟎  [  𝟑  𝟏 𝟎 − 𝒙 . 𝟏 𝟎  𝒄 𝒙 ]


   ( x ≥ 6 ) = P  ( x = 6 ) +P  ( x = 7 ) + P  ( x = 8 ) + P  ( x = 9 ) + P ( x = 10 )


   ( x ≥ 6 ) =  1   4 10  [  3 4 . 10  c 6 +  3 3 . 10  c 7 +  3 2 . 10  c 8 + 3 . 10  c 9 + 10  c 10 ]


   ( x ≥ 6 ) =  1   4 10  [ 81 . 210 + 27 . 120 + 9 . 45 + 3 . 10 + 1 ]


   ( 𝒙 ≥ 𝟔 ) = 𝟎 . 𝟎 𝟏 𝟗 𝟕


  𝜇 = 2


  n = 20


  n p = 2


  20 p = 2


  𝒑 =  𝟏  𝟏 𝟎 = 𝟎 . 𝟏


  q = 1 − p


  q = 1 −  1 10


  𝒒 =  𝟗  𝟏 𝟎 = 𝟎 . 𝟗


  P  ( x ) =   n  c x  p x  q  n − x


  𝑷  ( 𝒙 ) = 𝟐 𝟎  𝒄 𝒙   ( 𝟎 . 𝟏 ) 𝒙 (   𝟎 . 𝟗 )  𝟐 𝟎 − 𝒙


   ( x ≥ 3 ) = 1 − P ( x < 3 )


   ( x ≥ 3 ) = 1 −  [ P  ( 0 ) + P  ( 1 ) + P ( 2 ) ]


   ( x ≥ 3 ) = 1 −  [ 20  c 0   ( 0 . 1 ) 0 (   0 . 9 ) 20 + 20  c 1   ( 0 . 1 ) 1 (   0 . 9 ) 19 + 20  c 2   ( 0 . 1 ) 2 (   0 . 9 ) 18 ]


   ( x ≥ 3 ) = 1 − 0 . 6769


   ( 𝒙 ≥ 𝟑 ) = 𝟎 . 𝟑 𝟐 𝟑 𝟏


  ≅


   1 . 875


  𝜎 =  1 . 875


  𝜇 = n p


  𝜎 =  V


  n p = 2 . 5


    V = n p q = 1 . 875


    n p q  n p =   1 . 875  2 . 5


  P ( x ) = n  c x  p x  q  n − x = 10  c x   ( 0 . 25 ) x (   0 . 75 )  10 − x


  P  ( x = 5 ) = 10  c 5   ( 0 . 25 ) 5 (   0 . 75 )  10 − 5


  𝑷  ( 𝒙 = 𝟓 ) = 𝟎 . 𝟎 𝟓 𝟖 𝟒


  ≅ 𝟐 𝟑 𝟗


  P  ( x ≤ 2 ) = P  ( x = 0 ) + P  ( x = 1 ) + P  ( x = 2 )


  = 10  c 0   ( 0 . 25 ) 0   ( 0 . 75 ) 10 + 10  c 1   ( 0 . 25 ) 1   ( 0 . 75 ) 9 + 10  c 2 (   0 . 25 ) 2 (   0 . 75 ) 8


  𝑷  ( 𝒙 ≤ 𝟐 ) = 𝟎 . 𝟓 𝟐 𝟓 𝟔


  ≅ 𝟐 𝟏 𝟓 𝟑


  P  ( x ≥ 8 ) = P  ( x = 8 ) + P  ( x = 9 ) + P  ( x = 10 )


  = 10  c 8   ( 0 . 25 ) 8   ( 0 . 75 ) 2 + 10  c 9   ( 0 . 25 ) 9   ( 0 . 75 ) 1 + 10  c 10 (   0 . 25 ) 10 (   0 . 75 ) 0


  𝑷  ( 𝒙 ≥ 𝟖 ) = 𝟎 . 𝟎 𝟎 𝟎 𝟓


  ≅


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 5 ) +  ( 1 )  ( 29 ) +  ( 2 )  ( 36 ) +  ( 3 )  ( 25 ) + ( 4 ) ( 5 )  5 + 29 + 36 + 25 + 5 =  196 100 = 1 . 96


  𝜇 = n p


  4 p = 1 . 96


  𝒑 = 𝟎 . 𝟒 𝟗


  𝒒 = 𝟎 . 𝟓 𝟏


  P  ( x ) =   n  c x  p x  q  n − x


  𝑷  ( 𝒙 ) = 𝟒  𝒄 𝒙   ( 𝟎 . 𝟒 𝟗 ) 𝒙 (   𝟎 . 𝟓 𝟏 )  𝟒 − 𝒙


  F  ( x ) = 100 P ( x )


  F  ( x ) = 100 . 4  c x   ( 0 . 49 ) x (   0 . 51 )  4 − x


  x = 0 , 1 , 2 , 3 , 4 .


  F  ( 0 ) = 100 . 4  c 0    ( 0 . 49 ) 0 (   0 . 51 ) 4 = 6 . 765 ≅


  F  ( 1 ) = 100 . 4  c 1    ( 0 . 49 ) 1 (   0 . 51 ) 3 = 25 . 999 ≅ 26


  F  ( 2 ) = 100 . 4  c 2    ( 0 . 49 ) 2 (   0 . 51 ) 2 = 37 . 47 ≅ 37


  F  ( 3 ) = 100 . 4  c 3   ( 0 . 49 ) 3 (   0 . 51 ) 1 = 24 . 0004 ≅ 24


  F  ( 4 ) = 100 . 4  c 4   ( 0 . 49 ) 4 (   0 . 51 ) 0 = 5 . 765 ≅ 6


  𝒏


  ( n → ∞ )


  𝐩


  ( p → 0 )


  𝒏 𝒑


  𝒎


  x


   ( 𝒙 ) =    𝒎 𝒙  𝒙 !  𝒆  − 𝒎


  𝝁 = 𝒎


  𝑽 = 𝒎


  𝝈 =  𝒎


  P  ( x = 3 ) = P  ( x = 4 )


     m 3  3 !  e  − m =    m 4  4 !  e  − m


    4 !  3 ! =    m 4   m 3


  ∴


  𝒎 = 𝟒 .


  P  ( x ) =    m x  x !  e  − m =    4 x  x !  e  − 4


  P  ( x = 0 ) =    4 0  0 !  e  − 4 = 𝟎 . 𝟎 𝟏 𝟖 𝟑                                       P  ( x = 1 ) =    4 1  1 !  e  − 4 = 𝟎 . 𝟎 𝟕 𝟑 𝟑


   1 500


  = p =  1 500 = 0 . 002


  m = n p


  m = 10 ( 0 . 002 )


  𝒎 = 𝟎 . 𝟎 𝟐


  P  ( x ) =    m x  x !  e  − m


  P ( x ) =     ( 0 . 02 ) x  x !  e  − ( 0 . 02 )


  P ( x ) = ( 0 . 9802 )     ( 0 . 02 ) x  x !


  (   Since    e  − 0 . 02 = 0 . 9802 )


  P  ( x = 0 ) =  ( 0 . 9802 )      ( 0 . 02 ) 0  0 ! = 0 . 9802


  = 𝟏 𝟎 , 𝟎 𝟎 𝟎 ∗ 𝟎 . 𝟗 𝟖 𝟎 𝟐 = 𝟗 𝟖 𝟎 𝟐


  P  ( x = 1 ) =  ( 0 . 9802 )      ( 0 . 02 ) 1  1 ! = 0 . 0196


  = 𝟏 𝟎 , 𝟎 𝟎 𝟎 ∗ 𝟎 . 𝟎 𝟏 𝟗 𝟔 = 𝟏 𝟗 𝟔


  P  ( x = 2 ) =  ( 0 . 9802 )      ( 0 . 02 ) 2  2 ! = 0 . 0002


  = 𝟏 𝟎 , 𝟎 𝟎 𝟎 ∗ 𝟎 . 𝟎 𝟎 𝟎 𝟐 =


  𝜇 = m


  𝒎 = 𝟑


  P  ( x ) =    m x  x !  e  − m


  P ( x ) =     ( 3 ) x  x !  e  − 3


  P ( x ) = ( 0 . 05 )     ( 3 ) x  x !


  (   Since    e  − 3 = 0 . 05 )


  P  ( x = 0 ) =  ( 0 . 05 )      ( 3 ) 0  0 ! = 0 . 05


  𝟎 𝟎 𝟎   with no accident in a year = 𝟏 , 𝟎 𝟎 𝟎 ∗ 𝟎 . 𝟎 𝟓 = 𝟓 𝟎


  P  ( x > 3 ) = 1 − P ( x ≤ 3 )


  P  ( x > 3 ) = 1 −  [ P  ( 0 ) + P  ( 1 ) + P  ( 2 ) + P ( 3 ) ]


  P  ( x > 3 ) = 1 −  [  ( 0 . 05 )      ( 3 ) 0  0 ! +  ( 0 . 05 )      ( 3 ) 1  1 ! +  ( 0 . 05 )      ( 3 ) 2  2 ! +  ( 0 . 05 )      ( 3 ) 3  3 ! ]


  P  ( x > 3 ) = 1 − ( 0 . 05 )  [ 1 + 3 + 4 . 5 + 4 . 5 ]


  P  ( x > 3 ) = 0 . 35


  𝟎 𝟎 𝟎   with more than 3 accidents in a year = 𝟏 , 𝟎 𝟎 𝟎 ∗ 𝟎 . 𝟑 𝟓 = 𝟑 𝟓 𝟎


  p


  𝜇 = n p = 200 ∗ 0 . 02


  𝐦 = 𝟒


  P  ( x ) =    m x  x !  e  − m


    P ( x ) =    4 x  x !  e  − 4


  P  ( x = 0 ) =      4 0  0 !  e  − 4 = 𝟎 . 𝟎 𝟏 𝟖 𝟑


  ( x ≥ 1 ) = 1 − P ( x < 1 )


  = 1 − P  ( x = 0 )


      = 1 − 0 . 013


  𝑷 ( 𝒙 ≥ 𝟏 ) = 𝟎 . 𝟗 𝟖 𝟏 𝟕


  P  ( x = 3 ) =    4 3  3 !  e  − 4


  𝑷 ( 𝒙 = 𝟑 ) = 𝟎 . 𝟏 𝟗 𝟓 𝟐


  P  ( x ≥ 3 ) = 1 − P  ( x < 3 )


                  P  ( x ≥ 3 ) = 1 −  [      4 0  0 !  e  − 4 +      4 1  1 !  e  − 4 +      4 2  2 !  e  − 4 ]


  𝑷  ( 𝒙 ≥ 𝟑 ) = 𝟎 . 𝟕 𝟔 𝟐 𝟏


  𝒎 = 𝟎 . 𝟐


  P  ( x ) =    m x  x !  e  − m


    P  ( x ) =     ( 0 . 2 ) x  x !  e  − 0 . 2


  𝑷  ( 𝒙 = 𝟎 ) =     𝟎 . 𝟐 𝟎  𝟎 !  𝒆  − 𝟎 . 𝟐 = 𝟎 . 𝟖 𝟏 𝟖 𝟕


  P  ( x = 1 ) =       ( 0 . 2 ) 1  1 !  e  − 0 . 2


  = 0 . 2 X 0 . 8187


  𝑷 ( 𝒙 = 𝟏 ) = 𝟎 . 𝟏 𝟔 𝟑 𝟕


  P  ( x = 2 ) =       ( 0 . 2 ) 2  2 !  e  − 0 . 2


  = 0 . 02 X 0 . 8187


  𝑷 ( 𝒙 = 𝟐 ) = 𝟎 . 𝟎 𝟏 𝟔 𝟑


  n = 12


  p = 0 . 001


  𝜇 = n p


  m = 12 ∗ 0 . 001


  ( S i n c e   𝜇 = m ,   f r o m   p o i s s o n   d i s t r i b u t i o n )


  𝒎 = 𝟎 . 𝟎 𝟏 𝟐


  P  ( x ) =    m x  x ! .  e  − m =     ( 0 . 012 ) x  x ! .  e  − ( 0 . 012 )


  P  ( x ) = ( 0 . 9880 )     ( 0 . 012 ) x  x !


  ( S i n c e  e  −  ( 0 . 012 ) = 0 . 9880 )


  P  ( x = 0 ) = ( 0 . 9880 )     ( 0 . 012 ) 0  0 !


  𝑷  ( 𝒙 = 𝟎 ) = 𝟎 . 𝟗 𝟖 𝟖 𝟎


  P  ( x = 1 ) = ( 0 . 9880 )     ( 0 . 012 ) 1  1 !


  𝑷  ( 𝒙 = 𝟏 ) = 𝟎 . 𝟎 𝟏 𝟏 𝟗


  P  ( x ≥ 1 ) = 1 − P ( x < 1 )


                P  ( x ≥ 1 ) = 1 − P ( x = 0 )


  P  ( x ≥ 1 ) = 1 − P ( x = 0 )


  P  ( x ≥ 1 ) = 1 − 0 . 9880


  𝑷  ( 𝒙 ≥ 𝟏 ) = 𝟎 . 𝟎 𝟏 𝟐


  P  ( x = 2 ) = ( 0 . 9880 )     ( 0 . 012 ) 2  2 !


  𝑷  ( 𝒙 = 𝟐 ) = 𝟎 . 𝟎


  P  ( x ≤ 2 ) = P  ( x = 0 ) + P  ( x = 1 ) + P ( x = 2 )


  P  ( x ≤ 2 ) = 0 . 9880 + 0 . 0119 + 0 . 00007


  𝑷  ( 𝒙 ≤ 𝟐 ) = 𝟎 .


  𝒙


  𝑿


  f ( x )


  f ( x ) ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


  f ( x )


  𝑿


  f ( x )


  F ( x )


  F  ( x ) = P  ( X ≤ x ) =   ∫  − ∞ x  f  ( x ) d x


  X


  𝒓


  P  ( x ≥ r ) =   ∫ r ∞  f  ( x ) d x


  P  ( x < r ) = 1 − P  ( x ≥ r ) = 1 −   ∫ r ∞  f  ( x ) d x


  X  


  f  ( x )  


  − ∞ < x < ∞


  ( 𝜇 )


  E ( X )


  (  𝜎 2 )


  X


  𝜇 =   ∫  − ∞ ∞  x .   f  ( x ) d x


   𝜎 2 =   ∫  − ∞ ∞     ( x − 𝜇 ) 2 . f  ( x )   d x    


  V =   ∫  − ∞ ∞   x 2 . f  ( x )   d x −  𝜇 2


   f 1  ( x ) =  {    2 x ,       0 < x < 1   0 ,           o t h e r w i s e


   f 2  ( x ) =  {     | x | ,       0 <  | x | ≤ 1   0 ,           o t h e r w i s e


   f 3  ( x ) =  {            2 x           ,   0 < x ≤ 1   4 − 4 x     ,   1 < x < 2                 0     ,           o t h e r w i s e


  f ( x ) ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


   f 1  ( x ) ≥ 0


    ∫  − ∞ ∞   f 1  ( x ) d x =   ∫ 0 1   f 1  ( x )   d x =   ∫ 0 1  2 x   d x = 2 .    [    x 2 2 ] 0 1 =  [ 1 − 0 ] = 1


  ∴    f 1  ( x )


   f 2  ( x ) =  | x | ≥ 0


    ∫  − ∞ ∞   f 2  ( x ) d x =   ∫  − 1 1   f 2  ( x )   d x =   ∫  − 1 1   | x |   d x


   | x | =  {    − x ,       − 1 < x < 0   + x ,             0 < x < 1


  ∴


    ∫  − ∞ ∞   f 2  ( x ) d x =   ∫  − 1 0   ( − x )   d x +   ∫ 0 1  x   d x


    ∫  − ∞ ∞   f 2  ( x ) d x = −    [    x 2 2 ]  − 1 0 +    [    x 2 2 ] 0 1


    ∫  − ∞ ∞   f 2  ( x ) d x = −  [ 0 −  1 2 ] +  [  1 2 − 0 ] =  1 2 +  1 2 = 1


  ∴    f 2  ( x )


   f 3  ( x ) = 2 x > 0


  0 < x ≤ 1


   f 3  ( x ) = 4 − 4 x


  1 < x < 2


  ∴    f 3  ( x )


  c   such


  f  ( x ) =  {     x 6 + c ,       0 ≤ x ≤ 3                 0 ,           e l s e w h e r e


  P  ( 1 ≤ x ≤ 2 ) .


  f ( x ) ≥ 0


  c ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


    ∫ 0 3   (  x 6 + c ) d x = 1


     [    x 2 12 + c x ] 0 3 = 1


   1 12  ( 9 − 0 ) + c  ( 3 − 0 ) = 1


   9 12 + 3 c = 1


  3 c = 1 −  9 12


  3 c =  3 12


  ∴


  𝒄 =  𝟏  𝟏 𝟐


  P  ( 1 ≤ x ≤ 2 ) =   ∫ 1 2  f  ( x ) d x


  =   ∫ 1 2   (  x 6 +  1 12 ) d x


    =  [    x 2 12 +  x 12 ] 1 2


  =  1 12  ( 4 − 1 ) +  1 12  ( 2 − 1 )


  =  3 12 +  1 12 =  4 12


  𝑷  ( 𝟏 ≤ 𝒙 ≤ 𝟐 ) =  𝟏 𝟑


  k   such


  f  ( x ) =  {    k  x 2 ,       0 < x < 3                 0 ,           o t h e r w i s e


  P  ( 1 < x < 2 )


  P  ( x ≤ 1 )


  P  ( x > 1 )


  f ( x ) ≥ 0


  k ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


    ∫ 0 3  k  x 2   d x = 1


     [     k x 3 3 ] 0 3 = 1


   k 3  ( 27 − 0 ) = 1


  9 k = 1


  𝒌 =  𝟏 𝟗


  ∴


  f  ( x ) =  {       x 2 9 ,       0 < x < 3           0 ,       o t h e r w i s e


  P  ( 1 < x < 2 ) =   ∫ 1 2  f  ( x ) d x


  =   ∫ 1 2     x 2 9   d x


    =  [    x 3 27 ] 1 2


  =  1 27  ( 8 − 1 )


  𝑷  ( 𝟏 < 𝒙 < 𝟐 ) =  𝟕  𝟐 𝟕


  P  ( x ≤ 1 ) =   ∫ 0 1  f  ( x ) d x


  P  ( x ≤ 1 ) =   ∫ 0 1     x 2 9   d x


    =  [    x 3 27 ] 0 1


  =  1 27  ( 1 − 0 )


  𝑷  ( 𝒙 ≤ 𝟐 ) =  𝟏  𝟐 𝟕


  P  ( x > 1 ) =   ∫ 1 3  f  ( x ) d x


  =   ∫ 1 3     x 2 9   d x


    P  ( x > 1 ) =  [    x 3 27 ] 1 3


  =  1 27  ( 27 − 1 )


  𝑷  ( 𝒙 > 𝟏 ) =   𝟐 𝟔  𝟐 𝟕


  𝜇 =   ∫  − ∞ ∞  x .   f  ( x ) d x


  =   ∫ 0 3  x .    x 2 9 d x


  =   ∫ 0 3     x 3 9 d x


  𝜇   =  [    x 4 36 ] 0 3


  μ =  1 36  ( 81 − 0 )


  𝜇 =  81 36


  𝝁 =  𝟗 𝟒


  V =   ∫  − ∞ ∞   x 2 . f  ( x )   d x −  𝜇 2


  =   ∫ 0 3   x 2 .    x 2 9 d x −    (  9 4 ) 2


  =   ∫ 0 3     x 4 9 d x −  81 16


    =  [    x 5 45 ] 0 3 −  81 16


  V =  1 45  [  3 5 − 0 ] −  81 16


  V =  243 45 −  81 16


  V =  81 240


  𝑽 =   𝟐 𝟕  𝟖 𝟎


  f  ( x ) =  {      𝛼  e  − 𝛼 x ,     f o r       x > 0   0 ,           o t h e r w i s e  


  𝛼 > 0


  f  ( x ) ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


  f  ( x )


  𝝁 =  𝟏 𝜶


  𝝈 =  𝟏 𝜶


  x


  i )   P  ( x > 1 )  


  i i )   P ( x < 3 )


  f  ( x ) =  {    𝛼  e  − 𝛼 x ,     f o r   0 < x < ∞   0 ,     o t h e r w i s e


   1 𝛼


  𝜇 =  1 𝛼 = 3


  ∴


  𝜶 =  𝟏 𝟑


  f  ( x ) =  {     1 3  e  −  x 3 ,     f o r   0 < x < ∞   0 ,     o t h e r w i s e


  i )   P  ( x > 1 ) = 1 − P ( x ≤ 1 )


  P  ( x > 1 ) = 1 − P ( x ≤ 1 )


  = 1 −   ∫ 0 1  f  ( x ) d x


  = 1 −   ∫ 0 1   1 3  e  −  x 3   d x


  = 1 −  1 3   ∫ 0 1   e  −  x 3   d x


  = 1 −  1 3    [    e  −  x 3  −  1 3 ] 0 1


  = 1 +  [  e  −  1 3 −  e  − 0 ]


  = 1 +  e  −  1 3 − 1


  =  e  −  1 3


  𝑷  ( 𝒙 > 𝟏 ) =


  i i )   P  ( x < 3 ) =   ∫ 0 3  f  ( x ) d x


  =   ∫ 0 3   1 3  e  −  x 3   d x


  =  1 3   ∫ 0 3   e  −  x 3   d x


  =  1 3    [    e  −  x 3  −  1 3 ] 0 3


  = −  [  e  − 1 −  e  − 0 ]


  = −  e  − 1 + 1 = 1 −  1 e


  𝑷  ( 𝒙 < 𝟑 ) = 𝟎 . 𝟔 𝟑 𝟐 𝟏


  f  ( x ) = 𝛼  e  − 𝛼 x ,       0 < x < ∞


  𝜇 =  1 𝛼 = 5


  ∴


  𝜶 =  𝟏 𝟓


  f  ( x ) =  1 5  e  −  x 5 ,       0 < x < ∞


  i )   P  ( x < 5 ) =   ∫ 0 5  f  ( x ) d x


  =   ∫ 0 5   1 5  e  −  x 5   d x


  =  1 5   ∫ 0 5   e  −  x 5   d x


  P  ( x < 5 ) =  1 5    [    e  −  x 5  −  1 5 ] 0 5


                                        = −  [  e  − 1 −  e  − 0 ]


  = −  e  − 1 + 1 = 1 −  1 e


  𝑷  ( 𝒙 < 𝟓 ) = 𝟎 . 𝟔 𝟑 𝟐 𝟏


  i i )   P  ( 5 < x < 10 ) =   ∫ 5 10  f  ( x ) d x


  =   ∫ 5 10   1 5  e  −  x 5   d x


  =  1 5   ∫ 5 10   e  −  x 5   d x


  P  ( 5 < x < 10 ) =  1 5    [    e  −  x 5  −  1 5 ] 5 10


  = −  [  e  − 2 −  e  − 1 ]


  = −  e  − 2 +  e  − 1 =  1 e −  1   e 2


  𝑷  ( 𝟓 < 𝒙 < 𝟏 𝟎 ) = 𝟎 . 𝟐 𝟑 𝟐 𝟓


  f  ( x ) = 𝛼  e  − 𝛼 x ,       0 < x < ∞


  𝜇 =  1 𝛼 = 5


  ∴


  𝜶 =  𝟏 𝟓


  f  ( x ) =  1 5  e  −  x 5 ,       0 < x < ∞


  i )   P  ( x ≥ 10 ) =   ∫ 10 ∞  f  ( x ) d x


  =   ∫ 10 ∞   1 5  e  −  x 5   d x


  =  1 5   ∫ 10 ∞   e  −  x 5   d x


  =  1 5    [    e  −  x 5  −  1 5 ] 10 ∞


  = −  [  e  − ∞ −  e  − 2 ]


  = −  e  − ∞ +  e  − 2 = − 0 +  e  − 2


  𝑷  ( 𝒙 ≥ 𝟏 𝟎 ) = 𝟎 . 𝟏 𝟑 𝟓 𝟑


  i i )   P  ( x < 10 ) = 1 − P ( x ≥ 10 )


          P  ( x < 10 ) = 1 − 0 . 1353


  𝑷  ( 𝒙 < 𝟏 𝟎 ) = 𝟎 . 𝟖 𝟔 𝟒 𝟕


  i i i )   P  ( 10 < x < 12 ) =   ∫ 10 12  f  ( x ) d x


  =   ∫ 10 12   1 5  e  −  x 5   d x


  =  1 5   ∫ 10 12   e  −  x 5   d x


  =  1 5    [    e  −  x 5  −  1 5 ] 10 12


  = −  [  e  − 2 . 4 −  e  − 2 ]


  P  ( 10 < x < 12 ) =  e  − 2 −  e  − 2 . 4


  𝑷  ( 𝟏 𝟎 < 𝒙 < 𝟏 𝟐 ) = 𝟎 . 𝟎 𝟒 𝟒 𝟔


  f  ( x ) = 𝛼  e  − 𝛼 x ,       0 < x < ∞


  𝜇 =  1 𝛼 = 200


  ∴


  𝜶 =  𝟏  𝟐 𝟎 𝟎


  f  ( x ) =  1 200  e  −  x 200   ,       0 < x < ∞


  i )   P  ( x < 200 ) =   ∫ 0 200  f  ( x ) d x


  =   ∫ 0 200   1 200  e  −  x 200 d x


  =  1 200   ∫ 0 200   e  −  x 200   d x


  =  1 200    [    e  −  x 200  −  1 200 ] 0 200


  = −  [  e  − 1 −  e  − 0 ]


  = −  e  − 1 + 1 = 1 −  1 e


  𝑷  ( 𝒙 < 𝟐 𝟎 𝟎 ) = 𝟎 . 𝟔 𝟑 𝟐 𝟏


  i i )   P  ( 100 < x < 300 ) =   ∫ 100 300  f  ( x ) d x


  =   ∫ 100 300   1 200  e  −  x 200 d x


  =  1 200   ∫ 100 300   e  −  x 200 d x


    =  1 200    [    e  −  x 200  −  1 200 ] 100 300


  = −  [  e  − 1 . 5 −  e  − 2 ]


  𝑷  ( 𝟏 𝟎 𝟎 < 𝒙 < 𝟑 𝟎 𝟎 ) = 𝟎 . 𝟑 𝟖 𝟑 𝟒


  k


  x


  f  ( x ) =  k  1 +  x 2 ,   − ∞ < x < ∞


  i ) P  ( x ≥ 0 )       i i )   P  ( 0 < x < 1 )     i i i )   c . d . f


  f  ( x )


  ∴     f ( x ) ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


    ∫  − ∞ ∞   k  1 +  x 2 d x = 1


  2 k   ∫ 0 ∞   1  1 +  x 2 d x = 1


  2 k    [   t a n  − 1 x ] 0 ∞ = 1        


                                ;             2 k  [   t a n  − 1  ( ∞ ) −   t a n  − 1  ( 0 ) ] = 1


  2 k  [  𝜋 2 − 0 ] = 1


  k . 𝜋 = 1


  𝒌 =  𝟏 𝝅


  f  ( x ) =    1 𝜋  1 +  x 2


  i ) P  ( x ≥ 0 ) =   ∫ 0 ∞  f  ( x ) d x


        =   ∫ 0 ∞     1 𝜋  1 +  x 2 d x


  =  1 𝜋   ∫ 0 ∞   1  1 +  x 2 d x


    =  1 𝜋  [   t a n  − 1 x ] 0 ∞


  P  ( x ≥ 0 ) =  1 𝜋  [   t a n  − 1  ( ∞ ) −   t a n  − 1  ( 0 ) ]


  P  ( x ≥ 0 ) =  1 𝜋  [  𝜋 2 − 0 ]


  𝑷  ( 𝒙 ≥ 𝟎 ) =  𝟏 𝟐


  i i ) P  ( 0 < x < 1 ) =   ∫ 0 1  f  ( x ) d x


        =   ∫ 0 1     1 𝜋  1 +  x 2 d x


  =  1 𝜋   ∫ 0 1   1  1 +  x 2 d x


  P  ( 0 < x < 1 ) =    1 𝜋  [   t a n  − 1 x ] 0 1


  =  1 𝜋  [   t a n  − 1  ( 1 ) −   t a n  − 1  ( 0 ) ]


  =  1 𝜋  [  𝜋 4 − 0 ]


  𝑷  ( 𝟎 < 𝒙 < 𝟏 ) =  𝟏 𝟒


  i i i ) c . d . f =   ∫  − ∞ x  f  ( x ) d x


        =   ∫  − ∞ x     1 𝜋  1 +  x 2 d x


  =  1 𝜋   ∫  − ∞ x   1  1 +  x 2 d x


  c . d . f =    1 𝜋  [   t a n  − 1 x ]  − ∞ x


  =  1 𝜋  [   t a n  − 1  ( x ) −   t a n  − 1  ( − ∞ ) ]


  =  1 𝜋  [   t a n  − 1 x −  ( −  𝜋 2 ) ]


  𝒄 . 𝒅 . 𝒇   =  𝟏 𝝅  [   𝒕 𝒂 𝒏  − 𝟏 𝒙 +  𝝅 𝟐 ]


  − ∞ < 𝒙 < ∞


  ∴


  f  ( x ) = 𝛼  e  − 𝛼 x


  x > 0 .


  𝜇 =  1 𝛼 = 6000


  ∴


  𝜶 =  𝟏  𝟔 𝟎 𝟎 𝟎


  f  ( x ) =  1 6000  e  −  x 6000   ,       0 < x < ∞


  A ∗  8 100 = 500


  ⇒     𝑨 = 𝟔 𝟐 𝟓 𝟎


  ∴


  P  ( x > 6250 ) =   ∫ 6250 ∞  f  ( x ) d x


  P  ( x > 6250 ) =   ∫ 6250 ∞   1 6000  e  −    x 6000 d x


  =  1 6000   ∫ 6250 ∞   e  −  x 6000 d x


    =  1 6000    [    e  −  x 6000  −  1 6000 ] 6250 ∞


  = −  [  e  − ∞ −  e  −  6250 6000 ]


  =  e  −    6250 6000


  𝑷  ( 𝒙 > 𝟔 𝟐 𝟓 𝟎 ) = 𝟎 . 𝟑 𝟓 𝟐 𝟗


  f ( x )


  f  ( x ) =  1  𝜎  2 𝜋  e  −        ( x − 𝜇 ) 2  2  𝜎 2


  − ∞ < x < ∞   ,     − ∞ < 𝜇 < ∞       a n d     𝜎 > 0


  f  ( x ) ≥ 0


    ∫  − ∞ ∞  f  ( x ) d x = 1


  f  ( x )


  𝑴 𝒆 𝒂 𝒏 = 𝝁


  𝑽 𝒂 𝒓 𝒊 𝒂 𝒏 𝒄 𝒆 =  𝝈 𝟐


  𝒊 )     ∫  − ∞ ∞  ϕ  ( 𝒛 ) 𝒅 𝒛 = 𝟏


  𝒊 𝒊 )     ∫  − ∞ 𝟎  ϕ  ( 𝒛 ) 𝒅 𝒛 =   ∫ 𝟎 ∞  ϕ  ( 𝒛 ) 𝒅 𝒛 =  𝟏 𝟐


  P  ( − ∞ ≤ z ≤ ∞ ) = 1


  P  ( − ∞ ≤ z ≤ 0 ) =  1 2


  P  ( 0 ≤ z ≤ ∞ )     𝒐 𝒓       P  ( z ≥ 0 ) =  1 2


  P  ( − ∞ < z <  z 1 ) = P  ( − ∞ < z ≤ 0 ) + P  ( 0 ≤ z <  z 1 )


  𝑷  ( 𝒛 <  𝒛 𝟏 ) = 𝟎 . 𝟓 + 𝝓  (  𝒛 𝟏 )


  P  ( z >  z 2 ) = P  ( z ≥ 0 ) − P  ( 0 ≤ z <  z 2 )


  𝑷  ( 𝒛 >  𝒛 𝟐 ) = 𝟎 . 𝟓 − 𝝓  (  𝒛 𝟐 )


  i )   P  ( z ≥ 0 . 85 )


  i i )   P  ( − 1 . 64 ≤ z ≤ − 0 . 88 )


  i i i )   P  ( z ≤ − 2 . 43 )


  i v )   P  (  | z | ≤ 1 . 94 )


  i )   P  ( z ≥ 0 . 85 ) =   P  ( z ≥ 0 ) −   P  ( 0 ≤ z ≤ 0 . 85 )


  = 0 . 5 − 𝜙  ( 0 . 85 )


  = 0 . 5 − 0 . 3023


  𝑷  ( 𝒛 ≥ 𝟎 . 𝟖 𝟓 ) = 𝟎 . 𝟏 𝟗 𝟕 𝟕


  i i )   P  ( − 1 . 64 ≤ z ≤ − 0 . 88 )


  P  ( − 1 . 64 ≤ z ≤ − 0 . 88 ) = P  ( 0 . 88 ≤ z ≤ 1 . 64 )


  = P  ( 0 ≤ z ≤ 1 . 64 ) − P  ( 0 ≤ z ≤ 0 . 88 )


  = 𝜙  ( 1 . 64 ) − 𝜙  ( 0 . 88 )


  = 0 . 4495 − 0 . 3106


            𝑷  ( − 𝟏 . 𝟔 𝟒 ≤ 𝒛 ≤ − 𝟎 . 𝟖 𝟖 ) = 𝟎 . 𝟏 𝟑 𝟖 𝟗


  i i i )   P  ( z ≤ − 2 . 43 ) = P  ( z ≥ 2 . 43 )


  P  ( z ≤ − 2 . 43 ) = P  ( z ≥ 0 ) −   P  ( 0 ≤ z ≤ 2 . 43 )


  = 0 . 5 − 𝜙  ( 2 . 43 )


  = 0 . 5 − 0 . 4925


  𝑷  ( 𝒛 ≥ − 𝟐 . 𝟒 𝟑 ) = 𝟎 . 𝟎 𝟎 𝟕 𝟓


  i v )   P  (  | z | ≤ 1 . 94 ) = P  ( − 1 . 94 ≤ z ≤ 1 . 94 )


  = 2   P  ( 0 ≤ z ≤ 1 . 94 )


    = 2 . 𝜙  ( 1 . 94 )


  = 2 . ( 0 . 4738 )


    𝑷  (  | 𝒛 | ≤ 𝟏 . 𝟗 𝟒 ) = 𝟎 . 𝟗 𝟒 𝟕 𝟔


  x  


  26 ≤ x ≤ 40


  x ≥ 45


  z =   x − 𝜇 𝜎 =   x − 30 5


   [ B y   d a t a   𝜇 = 30 ,   𝜎 = 5   ]


  𝐏 ( 𝟐 𝟔 ≤ 𝒙 ≤ 𝟒 𝟎 )


  x = 26  


  z =   26 − 30 5 = − 0 . 8


  x = 40  


  z =   40 − 30 5 = 2


  𝐏 ( − 𝟎 . 𝟖 ≤ 𝒛 ≤ 𝟐 )


  P  ( − 0 . 8 ≤ z ≤ 2 ) = P  ( − 0 . 8 ≤ z ≤ 0 ) + P ( 0 ≤ z ≤ 2 )


  = P  ( 0 ≤ z ≤ 0 . 8 ) + P ( 0 ≤ z ≤ 2 )


  = 𝜙  ( 0 . 8 ) + 𝜙  ( 2 )


  = 0 . 2881 + 0 . 4772


  𝑷  ( − 𝟎 . 𝟖 ≤ 𝒛 ≤ 𝟐 ) = 𝟎 . 𝟕 𝟔 𝟓 𝟑


  𝐏 ( 𝒙 ≥ 𝟒 𝟓 )


  x = 45  


  z =   45 − 30 5 = 3


  𝐏 ( 𝒛 ≥ 𝟑 )


  P  ( z ≥ 3 ) = P  ( z ≥ 0 ) − P  ( 0 ≤ z ≤ 3 )


  = 0 . 5 − 𝜙  ( 3 )


  = 0 . 5 − 0 . 4987


  𝑷  ( 𝒛 ≥ 𝟑 ) = 𝟎 . 𝟎 𝟎 𝟏 𝟑


  x


  z =   x − 𝜇 𝜎 =   x − 70 5


   [ B y   d a t a   𝜇 = 70 ,   𝜎 = 5   ]


  𝐏 ( 𝒙 < 𝟔 𝟓 )


  x = 65  


  z =   65 − 70 5 = − 1


  𝐏 ( 𝒛 < − 𝟏 )


  P  ( z < − 1 ) = P ( z > 1 )


  = P  ( z ≥ 0 ) − P ( 0 ≤ z ≤ 1 )


  = 0 . 5 − 𝜙  ( 1 )


  = 0 . 5 − 0 . 3413


  𝑷  ( 𝒛 < − 𝟏 ) = 𝟎 . 𝟏 𝟓 𝟖 𝟕


  = 𝟏 𝟓 𝟖 . 𝟕 ≅ 𝟏 𝟓 𝟗


  𝐏 ( 𝒙 > 𝟕 𝟓 )


  x = 75  


  z =   75 − 70 5 = 1


  𝑷 ( 𝒛 > 𝟏 )


  P ( z > 1 ) = P  ( z ≥ 0 ) − P ( 0 ≤ z ≤ 1 )


  = 0 . 5 − 𝜙  ( 1 )


  = 0 . 5 − 0 . 3413


  𝑷  ( 𝒛 > 𝟏 ) = 𝟎 . 𝟏 𝟓 𝟖 𝟕


  = 𝟏 𝟓 𝟖 . 𝟕 ≅ 𝟏 𝟓 𝟗


  𝐏  ( 𝟔 𝟓 < 𝒙 < 𝟕 𝟓 )


  𝑷 ( − 𝟏 < 𝒛 < 𝟏 )


  𝑷  ( − 𝟏 < 𝒛 < 𝟏 ) = 𝟐 𝑷 ( 𝟎 < 𝒛 < 𝟏 )


  = 2 𝜙  ( 1 )


  = 2 ( 0 . 3413 )


  𝑷  ( − 𝟏 < 𝒛 < 𝟏 ) = 𝟎 . 𝟔 𝟖 𝟐 𝟔


  = 𝟔 𝟖 𝟐 . 𝟔 ≅ 𝟔 𝟖 𝟑


  𝜇 = 2000 ,             𝜎 = 60  


  𝒛 =   𝒙 − 𝝁 𝝈 =   𝒙 − 𝟐 𝟎 𝟎 𝟎  𝟔 𝟎


  𝐏 ( 𝒙 > 𝟐 𝟏 𝟎 𝟎 )


  x = 2100  


  z =   2100 − 2000 60 = 1 . 67


  𝐏 ( 𝒛 > 𝟏 . 𝟔 𝟕 )


  P  ( z > 1 . 67 ) = P  ( z ≥ 0 ) − P  ( 0 < z < 1 . 67 )


  = 0 . 5 − 𝜙  ( 1 . 67 )


  = 0 . 5 − 0 . 4525


  𝑷  ( 𝒛 > 𝟏 . 𝟔 𝟕 ) = 𝟎 . 𝟎 𝟒 𝟕 𝟓


  ∴


  𝟐 𝟓 𝟎 𝟎 ∗ 𝟎 . 𝟎 𝟒 𝟕 𝟓


  = 𝟏 𝟏 𝟖 . 𝟕 𝟓 ≅ 𝟏 𝟏 𝟗


  𝐏 ( 𝒙 < 𝟏 𝟗 𝟓 𝟎 )


  x = 1950  


  z =   1950 − 2000 60 = − 0 . 83


  𝐏 ( 𝒛 < − 𝟎 . 𝟖 𝟑 )


  P  ( z < − 0 . 83 ) = P  ( z > 0 . 83 )


  = P  ( z ≥ 0 ) − P  ( 0 < z < 0 . 83 )


  = 0 . 5 − 𝜙  ( 0 . 83 )


  = 0 . 5 − 0 . 2967


  𝑷  ( 𝒛 < − 𝟎 . 𝟖 𝟑 ) = 𝟎 . 𝟐 𝟎 𝟑 𝟑


  ∴


  𝟐 𝟓 𝟎 𝟎 ∗ 𝟎 . 𝟐 𝟎 𝟑 𝟑


  = 𝟓 𝟎 𝟖 . 𝟐 𝟓 ≅ 𝟓 𝟎 𝟖


  𝐏 ( 𝟏 𝟗 𝟎 𝟎 < 𝒙 < 𝟐 𝟏 𝟎 𝟎 )


  x = 1900  


  z =   1900 − 2000 60 = − 1 . 67


  x = 2100  


  z =   2100 − 2000 60 = 1 . 67


  𝐏 ( − 𝟏 . 𝟔 𝟕 < 𝒛 < 𝟏 . 𝟔 𝟕 )


  P  ( − 1 . 67 < z < 1 . 67 ) = 2 P  ( 0 < z < 1 . 67 )


  = 2 ∗ 𝜙  ( 1 . 67 )


  = 2 ∗ 0 . 4525


  𝑷  ( − 𝟏 . 𝟔 𝟕 < 𝒛 < 𝟏 . 𝟔 𝟕 ) = 𝟎 . 𝟗 𝟎 𝟓


  ∴


  𝟐 𝟓 𝟎 𝟎 ∗ 𝟎 . 𝟐 𝟎 𝟑 𝟑


  = 𝟐 𝟐 𝟔 𝟐 . 𝟓 ≅ 𝟐 𝟐 𝟔 𝟑


  𝜇


  𝜎


  P  ( x < 45 ) = 0 . 31


  P  ( x > 64 ) = 0 . 08


  𝒛 =   𝒙 − 𝝁 𝝈


  x = 45


  z =   45 − 𝜇 𝜎 =  z 1   ( S a y )


  x = 64


  z =   64 − 𝜇 𝜎 =  z 2   ( S a y )


  P  ( z <  z 1 ) = 0 . 31


  P  ( z >  z 2 ) = 0 . 08


  0 . 5 + 𝜑  (  z 1 ) = 0 . 31


  0 . 5 − 𝜑  (  z 2 ) = 0 . 08


  𝜑  (  z 1 ) = 0 . 31 − 0 . 5


  𝜑  (  z 2 ) = 0 . 5 − 0 . 08


  𝜑  (  z 1 ) = − 0 . 19


  𝜑  (  z 2 ) = 0 . 42


  0 . 1915  ( ≅ 0 . 19 ) = 𝜑 ( 0 . 5 )


  0 . 4192  ( ≅ 0 . 42 ) = 𝜑 ( 1 . 4 )


  𝜑  (  z 1 ) = − φ  ( 0 . 5 )


  𝜑  (  z 2 ) = φ  ( 1 . 4 )


  ⇒


   𝒛 𝟏 = − 𝟎 . 𝟓


   𝒛 𝟐 = 𝟏 . 𝟒


    45 − 𝜇 𝜎 = − 0 . 5


    64 − 𝜇 𝜎 = 1 . 4


  45 − 𝜇 = − 0 . 5 𝜎


  64 − 𝜇 = 1 . 4 𝜎


  𝜇 − 0 . 5 𝜎 = 45


  𝜇 + 1 . 4 𝜎 = 64


  𝝁 = 𝟓 𝟎


  𝝈 = 𝟏 𝟎  


   [ 𝜑  ( 1 . 67 ) = 0 . 4525 ]


  𝜇 = 50 ,             𝜎 = 6  


  𝒛 =   𝒙 − 𝝁 𝝈 =   𝒙 − 𝟓 𝟎 𝟔


  𝐏 ( 𝟒 𝟎 < 𝒙 < 𝟓 𝟎 )


  x = 40  


  z =   40 − 50 6 = − 1 . 67


  x = 50  


  z =   50 − 50 6 = 0


  𝐏 ( − 𝟏 . 𝟔 𝟕 < 𝒛 < 𝟎 )


  P  ( − 1 . 67 < z < 0 ) = P  ( 0 < z < 1 . 67 )


  = 𝜙  ( 1 . 67 )


    𝑷  ( − 𝟏 . 𝟔 𝟕 < 𝒛 < 𝟎 ) = 0 . 4525


  ∴


  𝟓 𝟎 𝟎 ∗ 𝟎 . 𝟒 𝟓 𝟐 𝟓


  = 𝟐 𝟐 𝟔 . 𝟐 𝟓


  ≅ 𝟐 𝟐 𝟔


  𝐏 ( 𝒙 > 𝟔 𝟎 )


  x = 60  


  z =   60 − 50 6 = 1 . 67


  𝐏 ( 𝒛 > 𝟏 . 𝟔 𝟕 )


  P  ( z > 1 . 67 ) = P  ( z ≥ 0 ) − P  ( 0 < z < 1 . 67 )


  = 0 . 5 − 𝜙  ( 1 . 67 )


  = 0 . 5 − 0 . 4525


  𝑷  ( 𝒛 > 𝟏 . 𝟔 𝟕 ) = 𝟎 . 𝟎 𝟒 𝟕 𝟓


  ∴


  𝟓 𝟎 𝟎 ∗ 𝟎 . 𝟎 𝟒 𝟕 𝟓


  = 𝟐 𝟑 . 𝟕 𝟓 ≅ 𝟐 𝟒


  𝜇


  𝜎


  P  ( x < 35 ) = 0 . 07


  P  ( x < 60 ) = 0 . 89


  𝒛 =   𝒙 − 𝝁 𝝈


  x = 35


  z =   35 − 𝜇 𝜎 =  z 1   ( S a y )


  x = 60


  z =   60 − 𝜇 𝜎 =  z 2   ( S a y )


  P  ( z <  z 1 ) = 0 . 07


  P  ( z <  z 2 ) = 0 . 89


  0 . 5 + 𝜑  (  z 1 ) = 0 . 07


  0 . 5 + 𝜑  (  z 2 ) = 0 . 89


  𝜑  (  z 1 ) = 0 . 07 − 0 . 5


  𝜑  (  z 2 ) = 0 . 89 − 0 . 5


  𝜑  (  z 1 ) = − 0 . 43


  𝜑  (  z 2 ) = 0 . 39


  𝜑  (  z 1 ) = − φ  ( 1 . 4757 )


  𝜑  (  z 2 ) = φ  ( 1 . 2263 )


  ⇒


   𝒛 𝟏 = − 𝟏 . 𝟒 𝟕 𝟓 𝟕


   𝒛 𝟐 = 𝟏 . 𝟐 𝟐 𝟔 𝟑


    35 − 𝜇 𝜎 = − 1 . 4757


    60 − 𝜇 𝜎 = 1 . 2263


  35 − 𝜇 = − 1 . 4757 𝜎


  60 − 𝜇 = 1 . 2263 𝜎


  𝜇 − 1 . 4757 𝜎 = 35


  𝜇 + 1 . 2263 𝜎 = 60


  𝝁 = 𝟒 𝟖 . 𝟔 𝟓


  𝝈 = 𝟗 . 𝟐 𝟓  


  = 𝟒 𝟖 . 𝟔 𝟓


  = 𝟗 . 𝟐 𝟓  


  n ≤ 30


  ( 𝜇 )


  ( 𝜎 )


  ( 𝜌 )


  (  x - )


  ( s )


  ( r )


   H 0 .


   H 1


  𝜇


  𝜎


   x -


  n


  z


  z =    x - − 𝜇   (  𝜎   n )


  z = − 1 . 96


  z = + 1 . 96


  − 1 . 96


  + 1 . 96


   z  0 . 05


  − 1 . 96 ≤    x - − 𝜇   (  𝜎   n ) ≤ 1 . 96


  −  𝜎   n ( 1 . 96 ) ≤  x - − 𝜇 ≤ ( 1 . 96 )  𝜎   n


  𝜇 ≤  x - +  𝜎   n ( 1 . 96 )


   x - −  𝜎   n ( 1 . 96 ) ≤ 𝜇


   x - − 1 . 96  (  𝜎   n ) ≤ 𝜇 ≤  x - + 1 . 96  (  𝜎   n )


   x - − 2 . 58  (  𝜎   n ) ≤ 𝜇 ≤  x - + 2 . 58  (  𝜎   n )


  z


  𝒛


  x


  n


  μ = n p


  Z


  z =   x − 𝜇 𝜎 =   x − n p   n p q


   | Z |


  = p ± 2 . 58    p q n


   𝜇 1


   𝜇 2


   (    x - 1 ,  𝜎 1 )


   (    x - 2 ,  𝜎 2 )


   n 1


   n 2  


   H 0


   H 0 :  𝜇 1 =  𝜇 2


  𝒁 =    (    𝒙 - 𝟏 −    𝒙 - 𝟐 )      𝝈 𝟏 𝟐   𝒏 𝟏 +    𝝈 𝟐 𝟐   𝒏 𝟐


  x


  x


  z =   x − 𝜇   n p q =   x − n p   n p q =   540 − 500   1000 X 0 . 5 X 0 . 5


    z =


  p =  100 900 =  1 9


  ∴     q =  8 9


  n = 900


  = p ± ( 2 . 58 )    p q n


  =  1 9 ±  ( 2 . 58 )   1 9 .  8 9 .  1 900


  = 0 . 111 ± 0 . 027


  = 0 . 084     a n d     0 . 138


  p =  60 100 = 0 . 6


  ∴     q = 1 − p = 0 . 4


  n = 500


  = p ± ( 2 . 58 )    p q n


  = 0 . 6 ±  ( 2 . 58 )    ( 0 . 6 ) ( 0 . 4 ) 500


  = 0 . 6 ± 0 . 0565


  = 0 .   5435   a n d     0 . 6565


  p =  180 800 = 0 . 225


  ∴     q = 1 − p = 0 . 775


  n = 800


  = p ± ( 2 . 58 )    p q n


  = 0 . 225 ±  ( 2 . 58 )    ( 0 . 225 ) ( 0 . 775 ) 800


  = 0 . 225 ± 0 . 038


  = 0 .   187   a n d     0 . 263


  = 0 .   187 ∗ 2000   a n d     0 . 263 ∗ 2000


  = 374   a n d     526


  x


  x


  z =   x − 𝜇   n p q =   x − n p   n p q =  19   324 X 0 . 5 X 0 . 5 =  19 9


  z =


  p =  10 100 = 0 . 1


  ∴     q = 1 − p = 0 . 9


  n = 100


  = p ± ( 2 . 58 )    p q n


  = 0 . 1 ±  ( 2 . 58 )    ( 0 . 1 ) ( 0 . 9 ) 100


  = 0 . 1 ± 0 . 0774


  = 0 .   0226   a n d     0 . 1774


  p =  65 500 = 0 . 13


  ∴     q = 1 − p = 0 . 87


  n = 500


  =    p q n =    ( 0 . 13 ) ( 0 . 87 ) 500 = 0 . 015


  = p ± ( 2 . 58 )    p q n


  = 0 . 13 ±  ( 2 . 58 )  ( 0 . 015 )


      = 0 . 13 ± 0 . 0387


  = 0 . 0913   a n d   0 . 1687


  = 9 . 13 %   a n d   16 . 87 %


   x - = 11 . 09


  𝜎 = 0 . 73


  n = 60


   x - ± 1 . 96  (  𝜎   n ) = 11 . 09 ± ( 1 . 96 )  (   0 . 73   60 )


  = 11 . 09 ± 0 . 18


      = 10 . 91   a n d   11 . 27


   x - ± 2 . 58  (  𝜎   n ) = 11 . 09 ± ( 2 . 58 )  (   0 . 73   60 )


  = 11 . 09 ± 0 .


      = 10 . 85   a n d   11 . 33


  p =  1 2


  q =  1 2


  =    p q n


  =     1 2 .  1 2 n =  1  2  n


  p ± ( 1 . 96 )    p q n


    p ±  ( 1 . 96 )    p q n = 0 . 51   o r   0 . 49


      0 . 5 ±  ( 1 . 96 )  1  2  n = 0 . 51   o r   0 . 49


  0 . 5 ±   1 . 96  2  n = 0 . 51   o r   0 . 49


  0 . 5 +   1 . 96  2  n = 0 . 51  


  0 . 5 −   1 . 96  2  n = 0 . 49


    1 . 96  2  n = 0 . 51 − 0 . 5  


    1 . 96  2  n = 0 . 5 − 0 . 49


    1 . 96  2  n = 0 . 01


    1 . 96  2  n = 0 . 01


   n =   1 . 96  0 . 02


   n = 98


  𝐧 = 𝟗 𝟔 𝟎 𝟒


    1 . 645  2  n = 0 . 01


   n =   1 . 645  0 . 02


   n = 82 . 25


  𝒏 = 𝟔 𝟕 𝟔 𝟓


  p  


  ∴


  p = 0 . 95


  q = 0 . 05


   H 0 : p = 0 . 95


   H 1 : p < 0 . 95


  𝜇 = n p = 200 ∗ 0 . 95 = 190


  𝜎 =  n p q =  200 ∗ 0 . 95 ∗ 0 . 05 = 3 . 082


  Z =   x − n p 𝜎


  Z =   190 − 182  3 . 082


    𝒁 = 𝟐 . 𝟔


  Z


   H 0 : 𝜇 = 275 . 6   g m s


   H 1 : p < 275 . 6   g m s


  ∴


  n = 36


  Z =   D i f f e r e n c e   (  𝜎   n )


  Z =   22 . 4   (   39 . 7   36 )


  Z = 3 . 38


   H 1


     x - B = 72


   𝜎 B = 8


   n B = 32


     x - G = 75


   𝜎 G = 6


   n G = 36


  Z =      x - G −    x - B      𝝈 𝑮 𝟐   𝒏 𝑮 +    𝝈 𝑩 𝟐   𝒏 𝑩


  Z =   75 − 72     𝟑 𝟔  𝟑 𝟔 +   𝟔 𝟒  𝟑 𝟐


  Z =  3


  Z = 1 . 73


  Z = 1 . 73  {    >  Z  0 . 05 = 1 . 645   ( o n e   t a i l e d   t e s t )     <  Z  0 . 01 = 2 . 33   ( o n e   t a i l e d   t e s t )


     x - A = 1190


   𝜎 A = 90


   n A = 100


     x - B = 1230


   𝜎 B = 120


   n B = 75


  Z =      x - B −    x - A      𝝈 𝑩 𝟐   𝒏 𝑩 +    𝝈 𝑨 𝟐   𝒏 𝑨


  Z =   1230 − 1190       ( 𝟏 𝟐 𝟎 ) 𝟐  𝟕 𝟓 +     ( 𝟗 𝟎 ) 𝟐  𝟏 𝟎 𝟎


  Z = 2 . 42


  Z = 2 . 42  {    >  Z  0 . 05 = 1 . 96   ( T w o   t a i l e d   t e s t )     <  Z  0 . 01 = 2 . 58   ( T w o   t a i l e d   t e s t )


     x - 1 = 168 . 75


   n 1 = 1000


     x - 2 = 170  


   n 2 = 2000


  𝝈 = 6 . 25


  Z =      x - 2 −    x - 1  𝝈   𝟏   𝒏 𝟏 +  𝟏   𝒏 𝟐


  Z =   170 − 168 . 75  6 . 25   𝟏  𝟏 𝟎 𝟎 𝟎 +  𝟏  𝟐 𝟎 𝟎 𝟎


  Z = 5 . 16


  Z = 5 . 16


   Z  0 . 05 = 1 . 96


   Z  0 . 01 = 2 . 58


     x - 1 = 50


   𝜎 1 = 15


   n 1 = 1000


     x - 2 = 45


   𝜎 2 = 20


   n 2 = 1500


  Z =      x - 1 −    x - 2      𝝈 𝟏 𝟐   𝒏 𝟏 +    𝝈 𝟐 𝟐   𝒏 𝟐


  Z =   50 − 45       𝟏 𝟓 𝟐  𝟏 𝟎 𝟎 𝟎 +     𝟐 𝟎 𝟐  𝟏 𝟓 𝟎 𝟎


  Z = 7 . 1307


  Z = 7 . 1307


   Z  0 . 05 = 1 . 96


   Z  0 . 01 = 2 . 58


    (  x - 1 −    x - 2 ) ± 1 . 96     𝜎 1 2   n 1 +    𝜎 2 2   n 2 = 5 ± 1 . 96 ( 0 . 7012 )


    = 5 ± 1 . 374


  = 3 . 626   a n d   6 . 374


   x -  


  t =    x - − 𝜇 s  n


   | t |


   x - =    ∑ x n


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


  v = n − 1


  t


   | t | >  t  0 . 05


   x -


  𝜇


   | t | >  t  0 . 01


   x -


  𝜇


   | t |


  𝜇


  𝜇


   𝒙 - ±  𝒔   𝒏  𝒕  𝟎 . 𝟎 𝟓


  𝜇


   𝒙 - ±  𝒔   𝒏  𝒕  𝟎 . 𝟎 𝟏


  t =    x - −  y -  s .   1   n 1 +  1   n 2


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


  v =  n 1 +  n 2 − 2


  t


  t =    x - − 𝜇 s  n


  𝜇 = 0


  n = 8


   x - =    ∑ x n


   x - =  1 8  ( − 4 − 2 − 2 + 0 + 2 + 2 + 3 + 3 )


   x - =  1 4


   𝒙 - = 𝟎 . 𝟐 𝟓


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


   s 2 =  1  ( 8 − 1 )  {    ( − 4 . 25 ) 2 +    ( − 2 . 25 ) 2 +    ( − 2 . 25 ) 2 +    ( − 0 . 25 ) 2 +    ( 1 . 75 ) 2 +    ( 1 . 75 ) 2 +    ( 2 . 75 ) 2 +    ( 2 . 75 ) 2 }


   s 2 =  1   ( 7 ) ( 49 . 5 )


   s 2 = 7 . 07


  ∴


  𝒔 = 𝟐 . 𝟔 𝟔


  t =   0 . 25 − 0  2 . 66  8


  𝒕 = 𝟎 . 𝟐 𝟔 𝟔


   (  t  0 . 05   f o r   24   d . f   i s   2 . 064 )


  𝜇 = 3


   x - = 3 . 1 ,


  n = 25


  s = 0 . 3


  t =    x - − 𝜇 s  n


  t =   3 . 1 − 3  0 . 3  25


  𝒕 = 𝟏 . 𝟔 𝟕 < 𝟐 . 𝟎 𝟔 𝟒


   (  t  0 . 05 = 2 . 262   f o r   9   d . f )


  𝜇 = 66 ,


  n = 10


   x - =    ∑ x n


   x - =  678 10


   𝒙 - = 𝟔 𝟕 . 𝟖


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


   s 2 =  1 9  [    ( 63 − 67 . 8 ) 2 +    ( 63 − 67 . 8 ) 2 + … +    ( 71 − 67 . 8 ) 2 ]


   s 2 = 9 . 067


  𝒔 = 𝟑 . 𝟎 𝟏 𝟏


  t =    x - − 𝜇 s  n


  t =   ( 67 . 8 − 66 )  3 . 011  10


  𝒕 = 𝟏 . 𝟖 𝟗 < 𝟐 . 𝟐 𝟔 𝟐


  n = 10


   x - = 12


  s = 0 . 15


   t  0 . 05 = 2 . 262   f o r   9   d . f


   𝒙 - ±  [  𝒔   𝒏 ]  𝒕  𝟎 . 𝟎 𝟓


   x - ±  [  s   n ]  t  0 . 05 = 12 +  [   0 . 15   10 ]  ( 2 . 262 ) = 12 ± 0 . 1073


   (  t  0 . 05   f o r   11   d . f   i s   2 . 201 )


   x - =    ∑ x n


   x - =  31 12


   𝒙 - = 𝟐 . 𝟓 𝟖 𝟑 𝟑


   s 2 =  1  ( n − 1 )   ∑  i = 1 n     (  x i −  x - ) 2


   s 2 =  1 11  [    ( 5 − 2 . 58 ) 2 +    ( 2 − 2 . 58 ) 2 + … +    ( 4 − 2 . 58 ) 2 ]


   s 2 = 9 . 538


  𝒔 = 𝟑 . 𝟎 𝟖 𝟖


  t =    x - − 𝜇 s  n


  𝜇 = 0


  t =   ( 2 . 5833 − 0 )  3 . 088  12


  𝒕 = 𝟐 . 𝟖 𝟗 𝟕 𝟗 > 𝟐 . 𝟐 𝟎 𝟏


   (  t  0 . 05   f o r   20   d . f   i s   2 . 086 )


   x - = 74 ,


   s 1 = 8 ,


   n 1 = 12


   y - = 70 ,


   s 2 = 10 ,


   n 2 = 10


  t =    x - −  y -  s .   1   n 1 +  1   n 2


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


   s 2 =    n 1  s 1 2 +  n 2  s 1 2   n 1 +  n 2 − 2


   s 2 =   12  ( 64 ) + 10 ( 100 )  12 + 10 − 2


   s 2 =  1768 20


   s 2 = 88 . 4


  s = 9 . 402


  t =   74 − 70  ( 9 . 402 )   1 12 +  1 10


  𝒕 = 𝟎 . 𝟗 𝟗 𝟑 𝟔 < 𝟐 . 𝟎 𝟖 𝟔


  𝜇 ,


   (  t  0 . 05 = 2 . 228   f o r   10   d . f )


   x - = 3 . 92 ,


  s = 0 . 61 ,


   n 1 = 11


  μ =  𝒙 - ±  [  𝒔   𝒏 ]  𝒕  𝟎 . 𝟎 𝟓


   x - ±  [  s   n ]  t  0 . 05 = 3 . 92 ±  [   0 . 61   11 ] ( 2 . 228 )


  = 3 . 92 ± 0 . 41


  = 3 . 51     a n d     4 . 33


  𝜇


  3 . 51     a n d     4 . 33 .


   n 1 = 10 ,


     x - 1 = 500   h r s ,


   s 1 2 = 100


   n 2 = 10 ,


     x - 2 = 500   h r s ,


   s 1 2 = 121


   n 1 = 10 ,


     x - 1 = 500   h r s ,


   s 1 2 = 100


   n 2 = 10 ,


     x - 2 = 560   h r s ,


   s 1 2 = 121


   s 2 =    n 1  s 1 2 +  n 2  s 1 2   n 1 +  n 2 − 2


   s 2 =   ( 10 ∗ 100 )   + ( 10 ∗ 121 )  10 + 10 − 2


   s 2 = 122 . 78


  𝒔 = 𝟏 𝟏 . 𝟎 𝟖 𝟎 𝟔


  t =      x - 2 −    x - 1  s .   1   n 1 +  1   n 2


  t =  60  ( 11 . 0806 )   1 10 +  1 10


  t = 12 . 1081 > 2 . 101  


   (  t  0 . 05 = 2 . 101   f o r   18   d . f )


  x


  y


   x - =    ∑ x   n 1


   y - =    ∑ y   n 2


   x - =  64 10


   y - =  40 8


   𝒙 - = 𝟔 . 𝟒


   𝒚 - = 𝟓


    ∑  i = 1   n 1     (  x i −  x - ) 2 = 102 . 4


    ∑  j = 1   n 2     (  y j −  y - ) 2 = 82


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


   s 2 =  1 16  { 102 . 4 + 82 }


   s 2 =   184 . 4 16 = 11 . 525


  𝒔 = 𝟑 . 𝟑 𝟗 𝟓


  t =    x - −  y -  s .   1   n 1 +  1   n 2


  t =   1 . 4  ( 3 . 395 )   1 10 +  1 8


  t = 0 . 869 < 2 . 12


  x


  y


   x - =    ∑ x   n 1 =  219 7 = 31 . 3


   y - =    ∑ y   n 2 =  169 6 = 28 . 2


      ∑  i = 1   n 1     (  x i −  x - ) 2 = 31 . 43


    ∑  j = 1   n 2     (  y j −  y - ) 2 = 26 . 84


   s 2 =  1   n 1 +  n 2 − 2  {   ∑  i = 1   n 1     (  x i −  x - ) 2 +   ∑  j = 1   n 2     (  y j −  y - ) 2 }


   s 2 =  1 11  ( 31 . 43 + 26 . 84 )


   s 2 = 5 . 2973


  ∴     𝒔 = 𝟐 . 𝟑 𝟎 𝟏 𝟔


  t =    x -   −    y -  s .   1   n 1 +  1   n 2


  t =   31 . 3 − 28 . 2  ( 2 . 3016 )   1 7 +  1 6


  t = 2 . 42 =  {    >  t  0 . 05 = 2 . 2   <  t  0 . 02 = 2 . 72


   O i ( i = 1 , 2 , … , n )


   E i ( i = 1 , 2 , … , n )


   𝛘 2


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏       (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊    


  = n − 1


   𝝌 𝟐


   𝝌 𝟐


  𝒙


   𝝌 𝟐


   264 6 = 44   e a c h


  𝒙


  f


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =      ( 40 − 44 ) 2 44 +      ( 32 − 44 ) 2 44 + … +      ( 60 − 44 ) 2 44


   𝜒 2 =  1 44  [ 16 + 144 + 256 + 196 + 100 + 256 ]


   𝑶 𝒊


   𝑬 𝒊


   𝝌 𝟐 = 𝟐 𝟐


  (  𝝌  0 . 05 2 = 11 . 07     f o r   5   d . f )


  p =  3 6 =  1 2


  ∴


  q = 1 − p =  1 2


  P  ( x ) =    C x  p x  q  ( n − x )   n


  96 ∗    C 0 ∗   5  1   2 5 ,


  96 ∗    C 1 ∗   5  1   2 5 ,


  96 ∗    C 2 ∗   5  1   2 5


  96 ∗    C 3 ∗   5  1   2 5


  96 ∗    C 4 ∗   5  1   2 5


    96 ∗    C 5 ∗   5  1   2 5  


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   O i


   E i


   𝜒 2 =  16 3 +  16 15 +  25 30 +  36 30 +  49 15 +  0 3


   𝜒 2 = 11 . 7 >  𝛘  0 . 05 2 = 11 . 07


  (  𝝌  0 . 05 2 = 7 . 81     f o r   3   d . f )


   4 10 ∗ 500 ,


   3 10 ∗ 500 ,


   2 10 ∗ 500 ,


   1 10 ∗ 500


  200 ,   150 ,   100 ,   50


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  400 200 +  400 150 +  100 100 +  900 50


   𝜒 2 = 23 . 67 >  𝛘  0 . 05 2 = 7 . 81


   O i


   E i


  (  𝝌  0 . 05 2 = 9 . 49     f o r   4   d . f )


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 5 ) +  ( 1 )  ( 29 ) +  ( 2 )  ( 36 ) +  ( 3 )  ( 25 ) + ( 4 ) ( 5 )  5 + 29 + 36 + 25 + 5 =  196 100 = 1 . 96


  𝜇 = n p


  4 p = 1 . 96


  𝒑 = 𝟎 . 𝟒 𝟗


  𝒒 = 𝟎 . 𝟓 𝟏


  P  ( x ) =   n  c x  p x  q  n − x


  𝑷  ( 𝒙 ) = 𝟒  𝒄 𝒙   ( 𝟎 . 𝟒 𝟗 ) 𝒙 (   𝟎 . 𝟓 𝟏 )  𝟒 − 𝒙


  F  ( x ) = 100 P ( x )


  F  ( x ) = 100 . 4  c x   ( 0 . 49 ) x (   0 . 51 )  4 − x


  x = 0 , 1 , 2 , 3 , 4 .


  F  ( 0 ) = 100 . 4  c 0    ( 0 . 49 ) 0 (   0 . 51 ) 4 = 6 . 765 ≅


  F  ( 1 ) = 100 . 4  c 1    ( 0 . 49 ) 1 (   0 . 51 ) 3 = 25 . 999 ≅ 26


  F  ( 2 ) = 100 . 4  c 2    ( 0 . 49 ) 2 (   0 . 51 ) 2 = 37 . 47 ≅ 37


  F  ( 3 ) = 100 . 4  c 3   ( 0 . 49 ) 3 (   0 . 51 ) 1 = 24 . 0004 ≅ 24


  F  ( 4 ) = 100 . 4  c 4   ( 0 . 49 ) 4 (   0 . 51 ) 0 = 5 . 765 ≅ 6


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  4 7 +  9 26 +  1 37 +  1 24 +  1 6


   𝜒 2 = 1 . 15 <  𝛘  0 . 05 2 = 9 . 49


   O i


   E i


   𝝌  0 . 05 2 = 7 . 815     f o r   3   d . f


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 122 ) +  ( 1 )  ( 60 ) +  ( 2 )  ( 15 ) +  ( 3 )  ( 2 ) + ( 4 ) ( 1 )  122 + 60 + 15 + 2 + 1 =  100 200 = 0 . 2


  𝜇 = m


  ∴   𝒎 = 𝟎 . 𝟐


  P  ( x ) =    m x  e  − m  x !


  x


  f


  F  ( x ) = 200 ∗ P  ( x )


  F  ( x ) = 200 ∗


     m x  e  − m  x !


  F  ( x ) = 200 ∗     ( 0 . 5 ) x  e  − ( 0 . 5 )  x !


   e  − ( 0 . 5 ) = 0 . 6065


  F  ( x ) = 121 . 3


      ( 0 . 5 ) x  x !


  F  ( 0 ) = 121


  F  ( 1 ) = 61 ,


  F  ( 2 ) = 15 ,


  F  ( 3 ) = 3 ,


  F  ( 4 ) = 0


   O i


   E i


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  1 121 +  1 61 + 0 + 0


   𝜒 2 = 0 . 025 <  𝛘  0 . 05 2 = 7 . 815


  x


  (  𝝌  0 . 05 2 = 9 . 49     f o r   4   d . f ) .


  x


  f


  x


  f


  𝜇 =    ∑  f x   ∑ f =    ( 0 )  ( 173 ) +  ( 1 )  ( 168 ) +  ( 2 )  ( 37 ) +  ( 3 )  ( 18 ) +  ( 4 )  ( 3 ) +  ( 5 )  ( 1 )  173 + 168 + 37 + 18 + 3 + 1 =  313 400 = 0 . 7825


  𝜇 = m


  ∴   𝒎 = 𝟎 . 𝟕 𝟖 𝟐 𝟓


  P  ( x ) =    m x  e  − m  x !


  F  ( x ) = 400 ∗ P  ( x )


  F  ( x ) = 400 ∗


     m x  e  − m  x !


  F  ( x ) = 400 ∗     ( 0 . 7825 ) x  e  − ( 0 . 7825 )  x !


   e  − ( 0 . 7825 ) = 0 . 4573


  F  ( x ) = 182 . 92


      ( 0 . 7825 ) x  x !


  F  ( 0 ) = 183


  F  ( 1 ) = 143 ,


  F  ( 2 ) = 56 ,


  F  ( 3 ) = 15 ,


  F  ( 4 ) = 3 ,


  F  ( 5 ) = 0  


   𝝌 𝟐 =   ∑  𝒊 = 𝟏 𝒏          (  𝑶 𝒊 −  𝑬 𝒊 ) 𝟐   𝑬 𝒊      


   𝜒 2 =  100 183 +  625 143 +  361 56 +  9 15 +  1 3


   𝜒 2 = 12 . 297 >  𝛘  0 . 05 2 = 9 . 49


   O i


   E i


  3+0=3

