Chapter 1

FOURIER SERIES

1.1 Introduction

Fourier series introduced by a French physicist Joseph Fourier (1768-1830), is a
mathematical tool that converts some specific periodic signals into everlasting sinusoidal
waveforms, which is of utmost importance in scientific and engineering applications.

The Fourier series allows us to model any arbitrary periodic signal or function f(x) in the
form % + (a,cosx + a,cos2x + ---) + (bysinx + b,sin2x + ---) the interval [C, C + 21]

under some conditions called Dirichlet's conditions as given below:

(1)  f(x) is periodic with a period 21

(i)  f(x) and its integrals are finite and single valued in [C, C + 2]
(i)  f(x) is piecewise continuous™ in the interval [C, C + 21]

(iv)  f(x) has a finite no of maxima & minimain [C, C + 2]

* A function f(x) is said to be piecewise y
continuous in an interval [a, b], if the interval can
be subdivided into a finite number of intervals in
each of which the function is continuous and has y = f(x)
finite left and right hand limits i.e. it is bounded. \/ E—
In other words, a piecewise continuous function is

a function that has a finite number of
discontinuities and doesn’t blow up to infinity X
anywhere in the given interval. ° b

Thus any function f(x) defined in [C;,C,] and satisfying Dirichlet's conditions can be
expressed in Fourier series given by f(x) = %+ Yoy Apcosnx + Y»_, b,sinnx where

ay, a, bpare constants called the Fourier coefficients of f(x), required to determine any
function into Fourier series.

Periodic Functions

A function f(x) is said to be periodic if there exists a positive number T such that
fx+T)= f(x)Vx€ER.

Here T is the smallest positive real number such that f(x + T) = f(x) V x € R and is called
the fundamental period of f(x).

We know that sinx, cosx, secx, cosecx are periodic functions with period 2w whereas
tan x and cotx are periodic with a period m. The functions sin nx and cosnx are periodic

with period 27” , While fundamental period of tan nx is %

Examplel Determine the period of the following functions:
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i. sin(5x + 3) ii. sin®x iii. |cosx| iv.sinx + cosx
v. K , where K is a constant Vi. cos x + é cos 2x+ % cosg
Solution: i. f(x) = sin(5x + 3)

sin 5x is a periodic function with a period 2?”

= f(x) is periodic with a period 2?”

1-cos2x _ 1 COS 2x

ii. f(x) =sin?x = , - -
cos 2x is a periodic function with a period 27” =1

= f(x) is periodic with a period

iii. f(x) =|cosx|= VcosZx = |x| = Vx2

__ [1+4cos2x
2

Now cos 2x is a periodic function with

. 21
a period S =T

=~ f(x) is periodic with a period
Note: From the graph of |cos x|, period is 7

1

: : _ : 1
iv. f(x) = (sinx + cosx) = V2 (ﬁsmx + ﬁcosx)
. s . T
=42 (sm X cos -+ cos x sin Z)
. T[
= V2 sin (x + Z)
Now sin x is a periodic function with a period 2
= f(x) is periodic with a period 27
Or

Periods of sin x is 2m and period of cos x is also 2x
.~ f(x) is periodic with a period which is lowest common multiple (l.c.m) of
(2m,2m) =21
v. f(x) = K , where K is a constant
=>f(x+T)=K=f(x)Vx€ER
~ f(x) is periodic function, but fundamental period of f(x) i.e.T can not be defined
since it is the smallest positive real number.

Vi. f(x) = cosx + § cos 2x+ % cos;—c

Page | 2



Periods of cos x , cos 2x and Cosz are 2m,  and 67 respectively.
~ f(x) is periodic with a period which is lowest common multiple i.e.

(l.c.m) of 2mt, w,6m) = 6TC

Example 2 Determine a sinusoidal periodic function whose period is given by:

=18

i, £ ii. 2 — k
2
Solution: The function sin nx is periodic with period 27”

. T 2T
. -==—>n=2k
k n

= The required periodic function is sin 2kx

.. k 2T 41T
In.-=— =sn=—
2 n k

~ The required periodic function is sin‘%x

2T 2T
m.2—-k=— =osn=—
n 2—-k

~ The required periodic function is sinj%
Example 3 Draw the graph of the following functions which are assumed to be periodic
with a period ‘4’, such that f(x + 4) = f(x)
L f(x)=x, —2<x<2 i f(x) =|x], -2<x<2

Solution: i. Potting graph of f(x) = x in the interval (—2,2) and repeating periodically in
the intervals (—6,—2) , (—10,—6) on the left and (2,6), (6,10) on the right, since period of

f(x) is given to be ‘4 units
O O 42 < (@ 'S
// 4 - //
4 o // 2 pd
A /-/ s - - /

e | e - e i e v e i e

10 "8 6 4 - 2. 2 4 6 8 10
o o e e e

ii. Potting graph of f(x) = [x| in the interval (—2,2) and repeating periodically in the
intervals (—6,—2) , (—10,—6) on the left and (2,6), (6,10) on the right, since period of

f(x) is given to be ‘4 units
= 2 // P Q
e ) / \‘\ o A N
| % | JI.// A4 ‘ \\\ ’// 1 JI'/ | % / J
-10 -8 -6 -4 -2 2 4 6 8 10




Example 4 Draw the graph of the following functions which are assumed to be periodic
with a period ‘T’, such that f(x + T) = f(x)

i F(x) ={—3,—5 <x<0

3, 0<x<5 flr+10) = f(x)

i F(x) ={53“xn(;i’;sz§ e +2m) = f(x)
0, 0<x<?2

il f(x)={1, 2<x<4 flx+6) = f(x)
0, 4<x<6

Solution: .

Plotting graph of f(x) in the interval (—5,5) and repeating periodically
taking period of 10 units

f(x)
«— Period —»

———— - — - ’ D —— - - .- .- —— — —

s

75 -0

-15 ~-10 =5 0f 3

ii. Plotting graph of f(x) in the interval (0,27) and repeating periodically taking period

of 21 units
J0) e Period ——
4 e N / ol
\ / \ / \\ /
\ / \ / \ /
s IR, / U A / it VR | v
- ht -1 0 1 phi n i '

iii. Plotting graph of f(x) in the interval (0,6) and repeating periodically taking period of 6
units

<— Period —
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If m, n are non - zero integers then:

ct+2m
(i) f;”7r sinnx dx = — [Coinx] =0
c
I 2T cosnx dx = 0,n+0
c
. . 0, m#+*n
(i) [EF27 sinmax. sinnx dx = {
c T, m-=n
. 2 00 m#n
(iv) fCC+ " cosmx. cosnx dx = {n m=n
v *2T sinmx. cosnx dx = 0
(V) J,
ax
(vi) [ %% sin bx dx = H (a sin bx — b cos bx)
eax

(vii)  [e™cosbxdx =
(viii)  sinnm =0
(ix) cosnm = (—1)"

7 (a cos bx + b sin bx)

(X) Integration by parts when first function vanishes after a finite number of
differentiations:

If u and v are functions of x
fu.vdx = uv; —uVv, + uPv; —uB®vy, + -
Here u™is derivative of u™-V and v,, is integral of v,,_4
For example

[ x%.sinnx dx = (x?) (— Coinx) - (2x) (— Si""x) +(2) (COSnx)

n? n3

= —x%cosx +2xsinx+ 2cosx

xzcosnx_l_ szinnx_l_ 2cosnx

n n2 n3

1.2 Euler's Formulae (To find Fourier coefficients a,, a,, , b,, when interval
length is 2m)
If a function f(x) satisfies Dirichlet's conditions, it can be expanded into Fourier series given

by f(x) = % + Yr_, aycosnx + Yo_q bysinnx ...... @
To find ag
Integrating both sides of O with respect to x within the limits C to C+2n

[T F o) dx = % [ dx+ [T (agc0sx + apcos2x + - )dx +

fcc+2n(blsinx + b,sin2x + -+ )dx
JEPT F()dx = %2 [x]EF2 + 0 + 0 using results (i) and (ii)
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=2[C+2m~C] = apn

To find a,,

Multiplying both sides of O by cosnx and integrating respect to x within the limits C to
C+2m

fC‘l'ZT[

C+21
c =,

c cosnx dx +

f(x)cosnxdx = ”
C+2m
f (a,;cosx cosnx + -+ a, cosnx cosnx + ---)dx +

fc+2 (bysinx cosnx + -+ b, sinnx cosnx + -+ )dx

= fCJ’an(x) cosnx dx =0+ anf " cos?nx dx + 0 using results (i), (ii), (iv), (v)

= ﬂfﬁzn(l + cos 2nx) dx

C+2m

a sin 2nx
=2l 22
2 2n c

=%[C+2n—C]=ann

> a, = % f”znf(x) cosnx dx
To find b,

Multiplying both sides of O by sinnx and integrating respect to x within the limits C to
C+2m

Crar (x) sinnxdx == CFT sinnx dx +
c 2
C+2m . .
fC (a,cosx sinnx + -+ a,cosnx sinnx + -+ )dx +
C+2m
f (b; sinx sinnx + -+ +b, sinnx sinnx + -+ )dx
[T f() sinnxdx =0+ 0+ by [ sin?nx dox using results (i), (ii), (iii), (v)
= b—"fc+2n(1 — cos 2nx) dx
by, __ﬂnan]C+2”
T2 2n ¢

by
=?[C+2n—C]=bnn

l fC+2n

= b, = f(x) sinnx dx

Example 5 State giving reasons whether the following functions can be expanded into
Fourier series in the interval [—m, ]
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. .1 .. 1
l. SIn-— Il. cosecx . —
x 2—x
Graph of Function: £(x)=sin(1/x)

Solution: i. f(x) = sini is not single valued at x = 0.
1 I~

Also graph of Sini oscillates infinite number |

|
of times in vicinity of x =0 as shown in I'L'l’ :"
adjoining figure. - f(x) is having infinite | M

Il

|
number of maxima and minima in [—m, 7]. -1 -0

r’
Hence f(x)=sini violates  Dirichlet's ,.-'-0{1 \f
/ |

conditions and cannot be expanded into Fourier .
series.

Lk

ii. f(x) = cosecx is not piecewise continuous in the interval [—m, 7] as
lim,,_,o- f(x) = —oco and lim,_, 5+ f(x) = +

Hence f(x) = cosec x violates Dirichlet's conditions and cannot be expanded into
Fourier series.

1 . . . . . .
iii. f(x) =——s not piecewise continuous in the interval [—m, 7] as
2—x

lim,_,,- f(x) = 4o and lim,_,+ f(x) = —o0
Hence f(x) = ﬁ violates Dirichlet's conditions and cannot be expanded into
Fourier series.

Example 6 If f(x + 2m) = f(x) , find the Fourier expansion f(x) = x in the interval
[0, 27]

Hence or otherwise prove that Tolpi 4 =T
1 3 5 7 4
Solution: f(x) = x is integrable and piecewise continuous in the interval [0, 27].
= f(x) can be expanded into Fourier series given by:

fx) = % + 3% _ja,cosnx + Yo_, b,sinnx ...... )

1 (C+2 12 1 [x2]%7
ap = ;fCJrnf(x)dx =;f0nxdx =;[x?]0 = 2m

1 C+2m 1 21
an = — [ 7 f(x)cosnxdx =~ [ x cosnx dx
, 2T
1 sinnx —cosnx
=2 (55) - o =7,
. 2T
1 sinnx cosnx
T [x n + n? ]0
2T
1 .
== [Cos;x] w sinnx = 0whenx =00rx =27
T n 0
111 1
=—[—2——2]=0 wecos2nm =1
wln n
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b, =

1

T

fC‘I‘ZTL'

1 r2m .
=—J, xsinnxdx

1

s

>
-

) ( cosnx

xcosnx

sinnx

n

2T

+

n2

|

f(x) sinnx dx

) (-

2T

0

sinnx

1N

wsinnx =0whenx =0o0rx =2 and cos 2nt = 1

-

n

n

Substituting values of a, , a,,, b,, in @

sin 2x

sin 3x

f(X) ~T[_2[smx

Putting x = ; on both sides

Z=m-2[1+0-

1

1 1 1 1
:}———+———+...=_
3 5 7

T
4

3

+o]

l+0+§+---]

Example 7 If f(x + 2m) = f(x) , find the Fourier series expansion of

0, m<x<0
ﬂ@_{xOSxSn

. 1 1 1 1
Hence or otherwise prove that Tttt = %

Solution: f(x) is integrable and piecewise continuous in the interval [—m, 7].

= f(x) can be expanded into Fourier series given by:

fO) ==+

Y _iazcosnx + Yr_; bysinnx......DO

1 (C+2 1[0 Lx”

l fC+2TL'

a, = f(x) cosnx dx

= _f_OHO cosnxdx+f0”xcosnxdx]

:% ( )(smnx) _ (1)( cosnx)]o

_1 [ x sinnx cosnx]”
T on n n? 1y
=" .

==—=-= wsinnx =0whenx=0o0orx=mn

ml n n

1 =2 nisodd

= L) -1] = { '

n 0 ,niseven
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fC+2T[

b, = % f(x) sinnx dx

[ 0 smnxdx+f xsmnxdx]
(x

- 2o (222 - oo ()

T

+

1 [ xcosnx . sin nx]
14 n n2

0

1 [rc(—l)n] .. sinnx
T n " n2

,nisodd

=L =

1 .
—'; ,N1S even

Substituting values of a, , a,,, b,, in O

=0whenx=0o0orx=m

T 2 | cosx cos 3x Ccos 5x sinx sin 2x sin 3x
f(x)zz——[ + + +---]+[ - +

12 32 52 1 2 3

Putting x = gon both sides

L +.[1._ 0 _1_ 0 +.l._ n.]
2 4 1 3 5
i1 1 1.

1 3 5 7 4

Example 8 If f(x + 2m) = f(x), find the Fourier series expansion of

cosx,—m<x<0
f(x)_{sinx, 0<x<m

Solution: f(x) is integrable and piecewise continuous in the interval [—m, 7].

= f(x) can be expanded into Fourier series given by:

fx) = @ + ¥ _,a,cosnx + Yo_, b,sinnx ...... @

fC+217:

ap = f(x)dx

1 0 T .
—;[f_ncosx dx + smxdx]
_ Llr.s 0 1 /3
= [sinx]?, — - [cos x|}
=O—l[cosn—c050]= =

1 fC+2TL'

a, = f(x) cosnx dx

n
1|0 T .

=—|[" cosx cosnxdx + [ sinx cosnxdx
s -1 0

_]

=L [f_on [cos(n + 1)x + cos(n — 1)x]dx + fon[sin(n + 1)x — sin(n — 1)x]dx]

2T
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1 [sin(n+1)x+sin(n—1)x]0 1 [ cos(n+1)x+cos(n 1x
n+1 n—-1 -1 n+1 n-1

] n#+1

2T 2T

-0 +i[_ cos(n+1)n+cos(n—1)n L_L]
n+1 n-1 n+1 n-1

i [_ (_1)n+1 + (_1)11—1 + L 1 ]

2T n+1 n—-1 n+1 n—-1
(1 1 1 .
———+—+——— ,nisodd(n #1) 0, nisodd(n=+1)
= 21T n+1 n—1 n+1 — 2
11 1 1 1 [
1 ___+___] , n is even ey Miseven
\ 27 Ln+1 n—1 n+1 n—1

fO cosxcosxdx+fnsinxcosxdx]

|V -1 0

= l[fo coszxdx+lfnsin2xdx]
LT 270

1[1 (0 (7
= ;[Ef—n(l + cos 2x) dx +Efo sin 2x dx]

1 sin2x0 1 cos2x]™
L SR
2T - 21 2 0
1 1
=_—[m]l-—[1-1]==

C+2 .
b, = %fCJ’ " £(x) sin nx dx
1[0 . T .
=—[f cosx sinnx dx + [ smxsmnxdx]
Tl|lY-T 0

= i [f_on [sin(n + 1)x + sin(n — 1)x]dx + foﬂ[cos(n — 1)x — cos(n + 1)x]dx]

_ _ 1 [cos(n+1)x n cos(n—l)x]o n i[sin(n—l)x _ sin(n+1)x]”’ n+1
2r n+1 n-1 - 21 n-1 n+1 0
1 1 1 +1 1
=———+——Cos(n Jm _ costn- )ﬂ]+0 ssinnx =0whenx=0o0rx=m
21 Lln+1 n—-1 n+1
S I S S o s <—1>"‘1]
- 21 Lln+1 n-1 n+1 n-1
( 1 1 1 .
———+—————] ,nisodd(n #1) 0, nisodd(n=+1)
= 21 In+1 n—-1 n+1 — —on
1 1 1 1 1 - 1
—— =+t —=+—=—+—], n is even nm2-1 ' Liseven

\ 2 In+1 n—-1 n+1 n—-1

b, = %:f_oncosxsinxdx+f0nsinxsinxdx]
= —[lfo sin2xdx+fnsin2xdx]
mTL2°—T 0
1|1 .0 . 1 1
= ;[Ef_nsm2xdx+5f0 (1—c052x)dx]

1 |cos2x sin 2x
S Pl )
21 - 21 0

:——[1—1]+ —[r-0-0+0]=
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Substituting values of a,,a, b, in @

1 1 2 | cos2x cos 4x 1 2 | 2sin2x 4sin 4x
f(x)z_+___[ +...].|____[ _|_]
T 2 22-1 421 2 mwl 221 421

1 2 | cos 2x cos 4x 2sin 2x 4sm 4x
:>f(x)z_+1__[ 2 2_ __[ 2 2, T ]
T Tl 2-1 44—-1 b4 24—1 44—-1

Example 9 If f(x + 2m) = f(x), find the Fourier expansion f(x) = e® in the interval
[—m, 7]

Solution: f(x) = e® is integrable and piecewise continuous in the interval [—m, 7].

~ f(x) can be expanded into Fourier series given by:

flx) ~ ? + ¥ _a,cosnx + Xo_, b,sinnx ...... )

a= = [ f)dx =" e dx

1 2 . ,ef—e*

_Yr axitr _ Yy anr _ _-an — = — i
—an[e ™, =—]e e 4] ansmhan sinh x

1 fc+2nf(x) cos nx dx

1 m
== e%cosnxdx
TY—T

= m [e** (acosnx + nsinnx)]|",

= —n(a21+n2) [e4" (acosnm + nsinnw) — e™ " (acosnw — nsinnm)]

_ _aE=n" [ am _e—an] — 2a(-1)"

= sinh an
m(a?+n?) m(a?2+n?)

l J-C+27T

b, = f(x) sinnx dx

1 ,m .
== e%sinnxdx
TY—T

= m [e® (asinnx —ncosnx)]|",

= —[e97 (asinnm — ncosnw) — e~ (asinnm — n cosnm)]

m(a2+n?)
_ D" ran L -an] _ M :
" n(a?+n?) [ € ] " n(a?+n?) sinh am

Substituting values of a, , a,, , b, in O

+...]_|_2[ sinx . 2sin 2x

(a2+12)  (a?+22)

flx) =
Isin3xal+32—...

sinh an 1_|_2 [ cosXx CcoSs 2x cos 3x
(a?+12) * (a%+22) (a?+32)

1.2.1 Determination of Function Values at the Points of Discontinuity
A function satisfying Dirichlet's conditions may be expanded into Fourier series if it is
discontinuous at a finite number of points.
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Let the function be defined in (a, b) as
_(fil), a<x<x,
fe) = {fz(x), X, <x<bh
1. Tofind f(x) at x = a or x = b (End points discontinuity)
Since f(a) and f(b) are not defined in the interval (a, b)

+f(a) = f(b) = Z[(RHL at x = a) + (LHL at x = b)]
= LJim fG) + Jim G0
2. Tofind f(x) atx = x, (Mid point discontinuity)
Since f(x,) is not defined in the interval (a, b)
s~ f(x,) = %[(LHL at x = x,) + (RHL at x = x,)]

_ 1[ lim () + lim f(x)]
2 |x-xo~ x—-xot
Example 10 If f(x + 2m) = f(x) , find the Fourier series expansion of

f(x)={

—m,—n<x<0
x, 0<x<m
TL'Z

Hence or otherwise prove that —+ + + te =7

Solution: f(x) is integrable and piecewise continuous in the interval (—m, 7).

= f(x) can be expanded into Fourier series given by:

flx) = % + ¥ _,a,cosnx + X%_, b,sinnx ...... @

T
a = 27 Godx = 2[[0 —mdr+ fxdx ] = HE] = -]
=1 fc+2nf(x) cos nx dx
:%[f_o (4 cosnxdx+fnxcosnxdx]

— % [smnx] [( ) (smnx) . (1) ( cosnx)]:

x sinnx cosnx]
0

-0+

n n2

-1 ﬂ_i] wsinnx =0whenx =0o0orx=m

ml n2 n2

-2
,nis odd

7'L'n2 [( 1)” - 1] { 2 .
0 ,nis even

l fC+2T[

b, = f(x) sinnx dx

1
T

s
[ —nsmnxdx+f xsmnxdx]
=

= 42w - (2]

T
s
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_ [cosnx]0 + 1[_ X cosSnx + sinznx]"
n Il = n n 0
=[i—ﬂ]—l[ﬂ] ‘-‘Sin2x=OWhenx=Oorx=7T
n n b1 n n
1 % ,nisodd
=s-2¢-pM=4 "
—; ,nis even

Substituting values of a, , a,,, b,, in @

T 2| cosx cos 3x cos 5x 3sinx sin 2x sin 3x sin 4x
f(x)z____[ + + 5 .|_...]+[ — — _|_]
4 wl 12 32 5 1 2 3 4

Putting x = 0 on both sides

T 21 1 1 1 1
f(0)=—z—; 1—2+3—2+5—2+7—2+"']+0...®

Since £(0) is not defined in the interval (—m, )
+ £(0) == [(LHL at x = 0) + (RHL at x = 0)]
=2 Jim £ GO + lim )
- iy @+ g0+ )
= [-m+0]=-2 .. O

Using ®in @), we get
T 2 1 1 1
gt

_r_
=
1 1 1 1 2
:>1—2+3—2+5—2+7—2+"' =5
Example 11 If f(x + 2m) = f(x) , find the Fourier series expansion of f(x) = x + x? in
the interval (—m, )
. 1 1 1 1 2
Hence or otherwise provethat 1+ S+ S+ + 5+ =—
2 3 4 5

Solution: f(x) = x + x? is integrable and piecewise continuous in the interval (—m, )
= f(x) can be expanded into Fourier series given by:

f(x) = % +¥r_,a,cosnx + Yo , bysinnx ......

ag= 7 ;T fdx = 1) (x+x?) da

1 [xz x3]” 1 [27‘[3
-1

] 272
2 3 Tl 3

T

c+2
a, = %fCJr " £(x) cos nx dx

== [" (x + x?) cosnxdx
TY—T
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[(x + 2) (smnx) . (1 4 2x )( cosnx) + (2)( smnx)]:T

= % [(1 + 2x) cosnx]|®, - sinnx =0whenx =—-m orx =m
= # [(1 + 2m) cosnt — (1 — 2m) cosnm] = cos(—nm) = cosnm
.y (= nisodd
= —[4m cosnm] = 2L )
i " — ,niseven
n
b, = % 77T F(x) sinnac dx

- %f_"n(x + x2) sinnx dx
- e () - 20 () + oy (229
= %[(x + x?) ( Cosnx) +(2) (Cosnx)]:r vsinnx =0whenx =-m orx =7

%[(TL’ n 7'[2) ( C(;STLTL’) + (2 c:;nn) _(-m+ 7_[2) (— C(;snn) _ (2 cosnn)]

n3

+ cos(—nm) = cosnm

2 .
-1 —2(=1)" 2(=1)n+1 - ,nis odd
= — |21 cosnmt] = D7 _ 2607 s
m n n — ,niseven
n
Substituting values of a, , a,, , b,, in @O
w2 Cos X COS 2x cos 3x cos4x smx sin 2x sin 3x
fO) xS a|-Srpcokn_codr oty ]y E 4
3 12 22 32 2 3

Putting x = m on both sides

f(T[) ~_+4[_cosn cosZn_cos3n+cos47r+ ]+0 @

22 32

Now since f () is not defined in the interval (—m, )

s f(m) = Z[(LHL at x = ) + (RHL at x = —)]
=3 [im s+ tim £Go]
=2 limfGr — ) + limf (~m + )]
=§mgﬂn—h)+ﬁp—m2+cﬁr+m+{—n+hyﬂ
éf@)=%h+n2—n+nq=n2 . ®
Using @in @), we get

2_7'[2 1
=44l Sttt
3 2 5
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1 1 1 1 w2
:>1+2—2+3—2+4—2+5—2+"'—?

1.3 Fourier Series for Arbitrary Period Length
Let f(x) be a periodic function defined in the interval [C, C + 21] , then

fx) ~ %+Zﬁ=1 a, Cos$+ Y1 by sin# ...... @
0y = % fcc+21f(x)dx

a, = % f;“lf(x) cos#dx

b, = % f;“lf(x) sin#dx

Note: If the interval length is 2m, putting 21 = 2 i.e. = , then O may be rewritten as
fx) = % + Y7, azcosnx + Y-, b,sinnx, which is Fourier series expansion in the
interval [C, C + 2m].

Also a, = %fcﬁznf(x)dx

a, = %fcﬁznf(x) cos nx dx

b, = %fcﬁznf(x) sinnx dx

Example 12 If f(x + 10) = f(x) , find the Fourier series expansion of the function

0,0 —5<x<0
f(x)_{& 0<x<5
nmx

Solution: Let f(x) = % + Y1 an cos# + Yo 1 by sin——
Here interval is [-5,5], -2l =10 =1=5
Putting I = 5in D
f(x)z%+2ancos%+2bnsin% ...... @)
ap =1 [T fe0dx =15 F)dx =2 [, 0dx +1 [F3dx =2[x]§ =3

1 rc+21 nmx
a, = ch f(x) cos —=dx

1 05 nmnx
= gf_sf(x) cos —=dx

5
=0

100 nmx 1,05 nmx 315 . nmx
==[_0cos—dx+-/ 3cos—dx=0+—[—sm—]
5J-5 ! 5J0 5 5 Lnn 0

5
21 .
b, = % (e sin == dx

— 15 . X
—Sf_sf(x) sin = dx
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1,00 . NIX 1,05 . NmX
== _0 sin—dx+= [’ 3sin—dx
5J-5 ! 50 5

nmx 5 3
O——[— —]0 = —E[COSTLTL'—COSO]

6
3 _)—,nisodd
= —E[(—l)n —1] = {"”

0 ,niseven

Substituting values of a, , a,,, b,, in @

.. 31X . 5TTX
f(x) E % [Sll’l + smT + SII’IT + .“]

2 1 3 5
3 6 . TIX 1 . 3mx 1 .
= f(x) = S+ ;[sm? +2sin— + _sinmx + ]
Example 13 If f(x + 2) = f(x), find the Fourier series expansion of the function

X, 0<x<1
f(x)_{n(z—x) 1<x<?2

Solution: Let f(x) = +Zn 10y COST=+ Y*_ b, sm—
Here interval is[0,2], ~2l=2 =1=1
Puttingl = 1in D

fx) = % + Y. a,cosnmx + Y. b,sinnmx ...... @)
!
Now a, = % fCC+2 fx)dx = fozf(x)dx = fol mxdx + flzn(Z — x)dx

T T
2

=nf] +nfox-2] =Zem[a-2-24Y=Z+%=n

a, = %fcﬁﬂf(x) osﬁdx fzf(x) cos nmx dx

= fol X cos nmx dx + f1 (2 — x) cos nmx dx

=TT ( )(Slnnnx) _ (1)( cosnrtx)](l) g [(2 x (smnrtx) _( 1)( cosnrcx)]j

n2m? n2m?

2

o 1 .
X sinnmx cosnmx SIn nmcx cosnmx

=1 + ] +7r[(2—x)( - )— ]
| 0 T

nm n2m?2 n?n? 14
_ 1)" 1 ="
—n0+ 2]+n[0—n2n2—0+n2n2]
= (- - ]:{ w1115 00
nen 0, nis even

= % fcc+21f(x) sin#dx
= 02 f(x) sinnmx dx

= fol mtx sin nmwx dx + flz (2 — x) sin nmx dx
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< o0 (- 22) - ()] o (-2 - o ()

n2m?

_ . 1 . 2
X cosnmx sin nmx cosnmx SIn nmwx
= |- + 22]—n[(Z—x)( )+ 22]
L nm nem 0 nm nem 1

=n[- L+ 0+0+0|-n[o+0-L 40

= Z[-(-D" + (D" = 0
Substituting values of a, , a,,, b,, in @

f)~5—+

T

+ +

COoSTTX Ccos 31X cos 5mx
12 32 52

n2m?

Example 14 Find the Fourier series expansion of the periodic function shown by the graph

given below in the interval (—2,2)

/4

(S

|
|
|
|

AR AN,

0, 2<x<0
x, 0<x<?2

I 2

Solution: From the graph f(x) = {

Clearly f(x) is integrable and piecewise continuous in the interval (—2,2)

= f(x) can be expanded into Fourier series given by:

nmnx

Let f(x) ~—+Zn 1ancos—+ Y1 by smT
Here interval is (—=2,2), ~2l=4 =>1=2
Puttingl = 2in @
f(x) z@+2ancosnzﬂ+2bnsin% ...... )

a0 =2 [ FGodx =27 Feddx =220 dx+2 [ xdx = 1[2)3 =
an = ;fccmf(x) cos =~ dx = lf_zzf(x) cos — dx
1 00 nix
=-J,0 cos—=dx +- fxcos—dx

=0+- [(x) (— sin ﬁ) - (D ( snnx)]z

nis odd

-4
2 nmx 2 B
= n2m2 [COS T]O - n27-[2 [( l)n - 1] { 2m?

0, niseven
l ) .
b, = %fcﬁz f(x) smnlixdx = %f_zzf(x) smn—zxdx

1.0 .. NITX 1,2 .. MITX
== 0 sin—dx +=> [ xsin—dx
272 ! 270 2
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2
=0+- [(x) (——cosﬂ)—( )( nnx)]
2 /1o
2
B —, nisodd
=—[x cosﬂ =—[2( 4 > g o
2 n —, niseven
Substituting values of a, , a,,, b,, in O
1 4 cos%; cos—gE SEEE 2 sin%% singgE inégE igf
f(x) 2 w2| 1 32 52 o +; 1 2 3 4 o
1 4 T Snx 3ntx
:f(x)zz——z[os?+—c + —+- ]+ [m———smnx+ sin—~. ]

1.4 Fourier Series Expansion of Even Odd Functions
Computational procedure of Fourier series can be reduced to great extent, once a function is

identified to be even or odd in an interval (-1,1) Characteristics of even/odd functions are

given below:

Even Function

Odd Function

A function f(x) is said to be even if

A function f(x) is said to be odd if

f(=x) = f(x) f(=x) = =f(x)
Graph of an even function is symmetrical | Graph of an odd function is symmetrical
about y -axis about origin

For an even function

[ f()dx =2 [ f(x)dx

For an odd function

f_ccf(x)dx =0

Product of two even functions is even.
Product of two odd functions is even

Product of an even and an odd function is
odd.

Fourier coefficients of an even function are:

%f_ccf(x)dx =%focf(x)dx

%f_ccf(x) cos#dx
2 rC nmx
Ifo f(x) cos —=dx

as f(x) and cos# both are even.

c+21

=—f f()sm—dx—O
as f(x) is even and smT is odd

nmx

o f(x) = 22+ oy @y cos

Fourier coefficients of an odd function
are:

a, = % f_ccf(x)dx =0

%f_ccf(x) Cosn—?xdx =0
as f(x) is odd and cos# is even.

%f;“lf(x) sin#dx
%focf(x) sin#dx

as f(x) and sin# both are odd

nmx

 f() Ty by sin T

Note: Properties of Even or Odd Function comply only if interval is (— L l) and any

function in (0, 21) does not follow the properties of even/odd functions. For example for

the function f(x) = x2 in (0,2m), Fourier coefficients a, , a,, , b,, do not follow above

given rules of even/odd functions.
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Example 15 Obtain Fourier series expansion for the function f(x) =x3 in the
interval (—m, ), if f(x + 2m) = f(x)

Solution: f(x) = x3 is integrable and piecewise continuous in the interval (—m, ) and
also f(x) is an odd function of x.
~ag = a, =0, f(x) can be expanded into Fourier series given by:
f(x) = Y2 _ b,sinnx ...... @

b, = % focf(x) sinnx dx = % fonx?’sinnx dx

oo ) o) (2]

( Cosnx) + (6x) (COS nx)] : sinnx = 0 when x = mor 0
(7_[3)( cosnn) n (67‘[) (cosnn)]
(7_[3) ( (= 1)”) + (6m) (( nr )]

=21 [- 5+

Sl

Sl

Sl

o flx) = 2[ ( )] smx+( )sian— (_Tnz+3%) sin3x + ---
Example 16 If f(x + 2m) = f(x), obtain Fourier series expansion for the function given by
1+Z , T <x<0

f(x)={ 2x

1——, 0<x<m
T

Hence or otherwise prove that = + + >+ - %
_ 1—%,—n£—x§0 1—f,n2x20
Solution: f(=x) ={ 1+=,0<—x<m ={1+2;x, 0>x> —nzf(x)
f(—=x) = f(x) ~ f(x) is even function of x
Note: f(—m) = —1, f(0) = 1, f(n) = —1
Plotting graph of f(x), we observe that it is i =

symmetrical about y-axis as shown in given figure.
Therefore the function is even.

Hence b, = 0, f(x) = % + Yr_,a,cosnx ...... )
ag = Efonf(x)dx

=2 7T(l—z;x)dxzz[x—x—]: =2lr-nml=0

a, = % fonf(x) cos nx dx
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= f (1 - —) cos nx dx
-2 - @ e

8
=—— [cosnm]} = 4 [(—)" = 1] = {72 g2 is odd
o v 0,nis even

Substituting values of a, and a,, in D

cosx cos3x cos5x
fo) = G5+ 2+ 2]

Putting x = 0 on both sides
_ 81 1 1
=g lEtatat]
2

1 1 1 b3
=>4+ =—4+=4 ==
12~ 32 52 8

Example 17 If f(x + 2¢) = f(x), find the Fourier series expansion of the function given by

(x) =
/ sinn?x, 0<x<c
sin’%", —c<—x<0 sin”—c’“,czxzo
Solution: f(—x) = = = f(x
/ —sin%,os—xSc —sin%,OZxZ—c f @)
f(=x) = f(x) ~ f(x)isaneven functionof x = b, =0
Also2l=2c =1l=c
f(x) = %+Zﬁ=1 ancos% ...... @
c
a, = % Jy f)dx = %focsin%dx = —%%[cos%]o = —%[—1 —1]=-
a, = % focsin% Cos%dx
1 pcC . TX . wx
= Efo [smT(n +1) —sin—(n - 1)] dx
i
—;_—n(n+1)cos—(n+1)+ )cos—(n—l)]o n#l
_1[_ 1 ]
3 ( ( (n +1) (n-1)
_ l '_ (_1)n+1 (_1)11.—1 1 _ 1 ]
Tl (m+y) (n-1)  (m+1) (n-1)
l—L+L+———] ,nisodd(n #1) {O, nisodd(n # 1)
— Ll n+1 n-—1 n+1 —
£ R I S —— nis even —n(n2—1) nis even
T Lln+1 n-—1 n+1 n-—1
a, = %focsinn—cx cos%dxz%focsi 2ﬂdx— [—— Zﬂ
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1 1
——E[COSZTE—COSO] ——5[1—1] =0

Substituting values of a4 , a,, in O

2mx 4Tx 6TTx
2 4|cos—=—= cos—= )

flo)~2-12 + + 2

n mw| 22-1 421 62—1

Example 18 If f(x + 2m) = f(x), obtain Fourier series expansion for the function given by
f(x) = |x] intheinterval (—m, n)

2

Hence or otherwise prove that = + + + %
Solution: f(—x) = |—x| = |x|] = f(x)
f(=x) = f(x) ~ f(x) is even function of x.

< x<0

- . _x’
Rewriting f(x) as |x| ={ x, 0<x<m

Being even function of , b, =
f(x) = ? + Y71 ApCOSNX ...... @

ap = %fonf(x)dx =%f0nxdx [ ] —[n

a, = %fonf(x) Cosnxdx=%f0 x cos nx dx

[( ) (smnx) . (1) ( cosnx)]:

2 2 —,
=— [cosnr]f = — (D" —-1] = {,mz

0,nis even

nis odd

Substituting values of a, and a,, in D

T 4 |cosx cos3x cos5x
f =~ -7+ +
2 ml 12 32 52

Putting x = 0 on both sides

Example 19 Obtain Fourier series expansion for the function given by f(x) = [sin x|
the interval (—m, )

Solution: f(x) = |sinx| is even function of x

~b, =0, f(x)= % + ¥r_,a,cosnx ...... )

—sinx, — < x<0

Rewriting f(x) as |sinx| = { sin x 0< x<T

Ao = % fonf(x)dx
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— T
:Efnsinxdx= ~2 [cosx] =2
w0 T 0 T

a, = % fonf(x) cosnx dx = % fon sin x cos nx dx

= %f:(sin(n + 1) x — sin(n — 1)xdx)

_1 [_ cos (n+1)x N cos (n—l)x]"

T n+1 n—-1

0

_|_

n+1 n-1 n+1 n—-1

_ 1 [ cos (n+1)m + cos(n—-1)m  cos0 cos 0]
T

_ l [_ (_1)n+1 + (_1)71—1 L 1 ]
s

n+1 n-1 n+1 n-—1
1 1 1 1 1 . .
—[——+—+———],nzsodd(n¢1) 0, nisodd(n# 1)
— b1 n+1 n-—1 n+1 n-—1 — _4
1[ 1 1 1 1 . '
_[____|____] ’ nis even wonn . Miseven
T ln+1 n—1 n+1 n-—1
a; = = ["sinxcosxdx == [ sin2x dx
1 T Y0 w0
-1 . 1 1
= —[cos2x]|f = ——[cos2m —cos0] = ——[1—-1] =0
21 21 21

Substituting values of a4, a,, in O

2 4 |cos2x cos4x cos6x
f =2

22-1 t 421 + 62—-1 + ]

T m
= f(x) = %— % Ecost + %cosélx + %cos6x + ]
Example 20 Obtain Fourier series expansion for the function given by f(x) = |cosx]| in
the interval (—m, m)
Solution: f(x) = |cosx| iseven function of x
~b, =0, f(x)= % + Y7 _1a,CoSnX ...... @
(—cosx, —T<x< —%
Rewriting f(x) as|cosx| =< cosx, — g <x< g
—COSX, g <x<m
ap, = %fonf(x)dx
= %f{? cosx dx + %fg —cosx dx = % [sin x]? — % [sin x]g
= %[sing —sin0 —sinm + sin%] = %

2

T
Ay =~ fonf(x) cosnx dx = %foz cos x cos nx dx + %ff —Cos x cos nx dx
2

- %fg(cos(n +1)x + cos(n — 1)xdx) — %fgn(cos(n + 1) x + cos(n — 1)xdx)
2
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s
1 [sin (n+1)x + sin (n—l)x]E 1 [sin (n+1)x + sin (n—1)x]"
T n+1 n-1 0 n+1 n-1 T

T

sin (n+1)£ sin (n—l)E sin (n+1)— sin (n— 1)
- l[ 2 4 2 4+ ] (n+1)
T n+1 n-1 n+1

_2 [sin (n+1)§ + sin (n—1)72—t] | (n ~ 1)
T n-1

n+1
0 ,nisodd (n#1) ( 0, nisoddn+#1)
2 1 1 4 _
-+t n=2610.. 2] 5. n=2610.
2[ 1 1 —4 _
-l n=es2e i, n=ssize

T
a, =§f0nf(x)cosxdx= %fOZCOSXCOSde+%fER—COSXCOSde
2
T
=2 Zcos?xdx — = [z cos? x dx
770 [y

=lf05(1+COSZde—lff(1+c052x)dx
s T E

Vs
1 sin2x]z2 1 sin 2x]™
=—[x+ ] ——[x+ ]
2 0 T T
2

T 2

—lE+Si;n—0—0—T[—5m2n+ +51nn] 0

Substituting values of a,, a,, in O

2 coS2x cos4x cos6x
fG) = T _[22 1 42-1 @ e2-1 ]
= f(x) = % [ cos2x — —cos4x + —cos6x + - ]

Exercise 1A

1. If f(x+ 2m) = f(x), find the Fourier series expansion of the function

0, —nt<x<0
fG) = ”Tx 0<x<Tm

Hence or otherwise prove that 1+ + Sy %

If f(x + 2m) = f(x), find the Fourier series expansion of the function

— X, T<x<0
f(x)—{ T+x, O0<x<m

2

Hence or otherwise prove that 1 t5 + + =5

3. Find the Fourier series expan5|on of the functlon f(x) =x—x%in (— T, n).
7'[2

Hence deduce that 1 — = + = ——= + =_
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(m— x)

4. Find the Fourier series expansion of the function f(x) = in (0, 2m).

5 If f(x + 2m) = f(x), find the Fourier series expansion of the function

1, —-1<x<0
1

f(x)= 5, x=0
X, 0<x<l1

6. Assuming f(x) = x to be periodic with a period 27, find Fourier series expansion of
£ (x) in the interval (-, ).
7. If f(x+2m) = f(x), find the Fourier series expansion of the function
_(—k, —t<x<0
f(x)_{k, 0<x<m

T

Hence deduce that 1 — ~ + 1.1 + ==
3 5 7 4

8. If f(x + 1) = f(x), find Fourier series expansion of f(x) = x in the interval (0,1).

9. If f(x+4)=f(x), find Fourier series expansion of f(x)=|[x| in the
interval (—2,2).

10.1f f(x + 2) = f(x), find the Fourier series expansion of the function

-2, -1<x<0
f(x)_{z, 0<x<1
11.If f(x + 2m) = f(x), find the Fourier series expansion of the function
T
(n +x, —nm<x< -3
T T T
fG) =173 —SSxs7
—x c<xsm
12.find the Fourier series expansion of the function
X, 0<x<l1
flx) = { 0, x=1
n(x—2), 1<x<2
Hence deducethat 1 — =+~ —24...=Z
3 5 7 4
Answers
2 1 [cosx cos 3x cos5x [ sinx sin 2x sin 3x
1.f(x)zz—5[ e T T +...]+_[ T2 3 _]
T 4 |cosx cos 3x COS 5x smx sin 2x sin 3x
2f(x)~———[12 +t— o+ ]+4[ : . . _|_]
cosx  cos 2x cos 3x sin x sin 2x sin 3x
e e I
4 f(X) ~ _+ [cosx cos 2x n co;23x n ]
cosnx cos 31x cos 5mx 1| sinntx sin 2mx sin 3mx
5f(x)~———[ 32 + 52 _|_...]__[ 1 + 2 + 3 +]
6. f(X) ~ 2[smx 51r122x sir;3x_.”]
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4k | sinx sin 3x sin 5x
Tf)~—|—/+—+— +]

1 1| sin2mx sin4mx sin 6mx
8.f(x)~5—;[ 1 2 3 ]

X 3Tx
COS— COS—— COS——

8
9.f(x)z1—;[ 2 4 202 4 %

12 32 52

10. f(X) ~ %[sinnx n sin 3mx n sin 57x n ]

1 3 5
31 1|2cosx COS 2x 2c0s 3x CoSs 6x 2C0Ss 5x cos 10x
10, f(x) » g 2[Rer oy _osex - + o]
f( ) 8 ml 12 12 32 32 52 52
sinmx sin 2mx sin 3mx
12.f(x)z2[ 1 2 3 ]

1.6 Half Range Fourier Series in the Interval (0,1)
Sometimes it is required to expand a function f(x) in the range (0, ) or more generally in
(0, 1) into a sine series or cosine series.

If it is required to expand f(x) in (0, 1), it is immaterial what the function may be outside the
range 0 < x < [, we are free to choose the function in (=1, 0).

1.6.1 Half Range Cosine Series
To develop into Cosine series, we extend f(x) in (—1,0) by reflecting it in y — axis as

shown in adjoining figure, so that f(—x) = f(x), function ~
becomes even function and b,, = 0 AN V\
CF@) A 2 T, 4 cos™E ~1 ‘0 z

1.6.2 Half Range Sine Series

To develop into Sine series, we extend f(x) in (—1,0),by reflecting it in origin, so
that f(—x) = —f(x), function becomes odd function and

a,=a, =0

>N IO
FG) = By bysin P

Example 21 Obtain half range Fourier Cosine series for
f(x) = 2x —1 intheinterval (0,1).

Solution: To develop f(x) =2x —1 into Cosine series, extending f(x) in(—1,0) by
reflecting it in y — axis, so that f(—x) = f(x), function becomes even function and b,, = 0

~ f(x) z%+22‘i=1ancos# ...... ®
Here2l=2 -~ [=1
2l 1
a, = Tfof(x)dx =2[/2x—1Ddx= 0

a, =2 f01(2x — 1) cos nmx dx
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n2m?

[(Zx . 1) (smnnx) . (2) (—cosnnx)]:

= n24n2 [cosnm — cos 0]

nis odd

n2n2

-8
(COLESIE { i
0

,nis even

Substituting values of a, , a,, in O

8 | cosmx COS 31X Ccos 5mx
f(x)~—§[ 2z T T +]
Example 22 Obtain half range Fourier Cosine series for f(x) = x sin x in the interval (0, )
and showthat———+—— L= 22
1.3 3.5 5.7 4

Solution: To develop f(x) = xsinx into Cosine series, extending f(x) in (—m,0) by
reflecting it in y — axis, so that f(—x) = f(x), function becomes even function and b,, =

L f(x) = % +¥r_,a,cosnx ...... @
a, = % fonf(x)dx
= %fonx sinxdx = % [(x)(—cosx) — (1) (—sinx)]§
= _72 [xcosx]y = 2
a, = %fonxsinx.cosnx dx
= %fonx [sin(n + 1) x — sin (n — 1)x]dx

_1 —cos (n+1)x |, cos (n—l)x) _ (—sin (n+1) . sin (n—l))]’r
T on [(x) ( (n+1) t (n-1) (1) (n+1)2 + (n—1)2 0

_1 [ xcos (n+)x , x cos(n—l)x]ﬂ
T

(n+1) n-1 0

_z [_ G L (—1)n-1]
T om (n+1) (n-1)

— (_1)n+1 [ nt+i-n+1 ] (_1)n—1 — (_1)n+1

(n-1)(n+1)

(n-1)(n+1)’ n#l

2 T . 1,1 .
a; =~ J; xsinxcosxdx = — [ xsin2x dx

=@ (5 - o),

=_—1[xc052x]§ =_—1[7T] ——%

CoS 2x cos 3x Ccos 4x Ccos 5x COSs 6x
f(x)—l——cosx+2[— + — + - ]
2.4 3.5 4.6 5.7
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Putting x = gon both sides

T=142| 40—+ 04+
2 1.3 3.5 5.7

1 1 1 __nm—2
4

1.3 3.5 5.7
Example 23 Obtain half range Fourier Sine and Cosine series for the function given by
X, 0<x< %
f(x) = s
n—x,ESxSn
Solution: Fourier Sine series
To develop f(x) into Sine series, extending f(x) in (—m, 0) by reflecting in origin, so
that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

W f(x) = Ya_ bysinnx ...... @
b, = %fonf(x) sin nx dx

T
= % [foz x sinnx dx + [z (m — x) sin nx dx]
2

—cosnx) _ (1) (— sinnx)]% + % [(TL’ — x) (_ C(;Snx) _ (_1) (_ Srilr;nx)]E

2
- ; [(x) ( n n2
2
) cosnx sinnx

Vs
2 xcosnx _ sinnx]z | 2 T
i
n nz2 lgp =« n n2 ¢

2 T nm 1 . nmw T nm . nm
= —[——cos—+—251n—+—cos—+—251n—]
T 2n 2 n 2 2n 2 n 2

0, whennis even

4
212 . nm 4 . nm —_— =
:—[—Sln— = —SIN—= n_nzl n 1!5!9;-"
n2 2 mn? 2 —4
m, Tl=3,7,11,...

Substituting b,,in @O
af . 1. 1. 1,
flx) = ;[smx — 5sin 3x + 52 sin 5x — 5 5in 7x ]

Fourier Cosine series
To develop f(x) into Cosine series, extending f(x) in (—m, 0) by reflecting it in y — axis,

so that f(—x) = f(x), function becomes even function and b,, = 0

ff(x) = % + ¥ a,CcoSnx ...... &)

ay = %fonf(x)dx = % JZ xdx + fgn(n —x)dx | = %

a, = %fonf(x) cos nx dx
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2
= %[foﬁx cosnx dx + [ (T — x) cosnx dx]
2

-2 (52) - @ (52 2 (5) - o (52

Vs
2 [xsinnx cosnx]z 2 sinnx cosnx|™
- e 2
T n T n

N

n 0 n? g
= %[;ls n—+— osﬂ—ﬁ——cosnn —2—sm—+—cosE
2 "4 (1)
nz[Zcosz 1—( 1)]
0, nis odd 0, nis odd
2 12(-1)-1-1, n=2610,.. = n‘—; n=2610,..
2(1)—1—1 n=4,812,.. 0, n=42812,..
Substituting a,, a,, in @
T 8 |cos2x Ccos 6x cos 10x
f(x)‘Z"[ s 36 T 100 +]
_T_ E[cost + COS 6x + cos 10x + ]
4 ml 1 9 25
Bx o<x<i
Example 24 Obtain half range Fourier Sine series for f(x) = Zk‘ : 2
T(l—x), ESXSZ

Solution: To develop f(x) into Sine series, extending f(x) in (—(,0) by reflecting in origin,
so that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

L () =¥, b, sin# ...... )
b, =%folf(x) sin#dx

12k

l
=2 (22 g mtxdx+ z—(l—x) sm—dx

l

[ (- o) - 0 (=i

l

a0 (—ggeos) = 1) (s ™),
2

l
4 x nix 12 nmx 4k 2 nm
= [ cos ™+ g sin T 4+ [ =20 - eos T — gsin T,
2
4k 2 nrw 2 12 2 nm
=—[——cos—+ SsiIn— + —cos— + sm—
12 2nm 2 2q2 2 2nm 2
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8k

m, n=1,5,9,...
_ 8k [sin nn] _ ) sk
- nzn'z 2 - n27'[2 ) n= 3, 7, 11, aen
0, nis even

Substituting values of b,, in @

1 3mx 1 . b5mux 1 . 77Tx
fx) = — 2[ n——— sin— + —sin— — —sin— + - ]
9 l 25 l 49

1.7 Practical Harmonic Analysis

In many engineering and scientific problems, f(x) is not given directly, rather set of discrete
values of function are given in the form (x;,y;),i = 1,2,3, ..., m where x;’s are equispaced.
The process of obtaining f(x) in terms of Fourier series from given set of values (x;, y;), is
known as practical harmonic analysis.

In a given interval (0,20), f(x) is represented in terms of harmonics as shown below:
fx) = +Zn 1(an cos—+bn 1n$)
Where n = 1,2,3 give 1%, 2" and 3" harmonics respectively.

(al cos= + b, sin ) Is the first harmonic
(a2 cos 2? + b, sin 2?) is the second harmonic

(a3 Cos— + b5 sin ) is the third harmonic

(an cos n—’;x + b, sin #) is the n™ harmonic
Fourier coefficient a, is computed using the relation

2 [Mean value of y in the interval (0,20) ]

“ Qo = — ™. ¥ » where m denotes number of observations

Similarly a,, and b,, can be found out using the relations

= 2 [Mean value of ycos— in the interval (0,2D) ] == X%, v

b, = 2 [Mean value of y sin# in the interval (0,21) ] = % moyi sme
Also when interval length is 2w, putting 2l = 2mie. l=mn
fx) = % + Ym=1(a, cosnx + b, sin nx)

—_ 2 ym _ 2 ym _ m
aO_; i=1Yi» an_; i=1Yi COSNX; by == Xiz1Yisinnx;
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e The amplitude of first harmonic is given by /a? + b? and similarly amplitudes of

second and third harmonics are given by /a5 + b% and /a3 + b3 respectively.

e For f(x) in discrete form, values of Fourier coefficients a,, a,and b, have been
computed using trapezoidal rule for definite integration.

Example 25 The following values of ‘y’ give the displacement of a machine part for the
rotation x of a flywheel. Express ‘y’ in Fourier series up to third harmonic.

x| 0° | 60° | 120° | 180° | 240° | 300° | 360°
y|198215|277 |-0.22|-031] 1.43 | 1.98

Solution: Here number of observations (m) are 6, period length is 21 = [y]go = [y]3600

Let f(x) = % + Yr-,(a, cosnx + b, sin nx)

y = ? + (a, cosx + by sinx) + (a, cos 2x + b, sin 2x) + (as cos 3x + b; sin 3x) ... D

_ 2 yvm

Qo = Li=1Yi» Gn =% i=1Yicosnx;, by =% i=1Y; sinnx;
X; Y; |cosx; | sinx; | cos2x; | sin2x; | cos 3x; | sin 3x;
0° | 198 | 1.0 0 1.0 0 1.0 0

60° | 215 | 05 | 0.866 | -0.5 0.866 -1.0 0

120°| 2.77 | -05 | 0.866 | -0.5 | -0.866 1.0 0

180° | -0.22 | -1 0 1.0 0 -1.0 0

240°|-0.31| -05 |-0.866| -0.5 0.866 1.0 0

300°| 143 | 05 |-0.866| -05 |-0.866| -1.0 0

a, = gz?zlyi = %[1.98 +215+4 277 — 022 — 031+ 1.4] = 2.6

o N

a; = =38, yrcosx; = =[(1.98)(1) + (2.15)(0.5) + - + (1.43)(0.5)] = 0.92

b, = EZ?zlyi sinx; = %[(1.98)(0) + (2.15)(0.866) + - + (1.43)(—0.866)] = 1.097

a, = = %8, y; cos 2x; = =[(1.98)(1) + (2.15)(=0.5) + -+ + (1.43)(—0.5)] = —0.42

b, = EZ?zlyi sin 2x; = %[(1.98)(0) + (2.15)(0.866) + - + (1.43)(—0.866)] = —0.681
a3 = = %8, y; cos 3x; = =[(1.98)(1) + (215)(=1) + - + (143)(—1)] = 0.36

by = Z¥¢, yisin3x; = 2[(1.98)(0) + (2.15)(0) + - + (1.43)(0)] = 0

Substituting values of a, , a,,, b,, in O wheren = 1,2,3
y =~ 1.3+ (0.92cosx + 1.097 sinx) — (0.42 cos 2x + 0.681 sin 2x) + 0.36 cos 3x + -+

Example 26 Experimental values of y corresponding to x are tabulated below:

m | 2m | 3w | 4w | 51 7m |87 |9 | 10w | 117
x| o | = |ZE| 2 R S IE E 2O o
6 6 6 6 6 6 1 6|6 6 6
y 298 | 356 | 373 | 337 | 254 | 155 | 80| 51 | 60 | 93 | 147 | 221 | 298

Express y in Fourier series up to second harmonic.




Solution: Here number of observations (m) are 12, period length is 27 ** [y], = [y]on

Let

2%

a . .
y = ?0+ (a, cosx + by sinx) + (a, cos 2x + b, sin 2x) + -+ D
- m i= 1yl 1 an - m L:lyl CosS nxl ) m 1yl Slnnxl

Yy; | cosx; | sinx; | cos2x; | sin 2x;

298 1 0 1 0

356 | 0.866 | 0.5 0.5 0.866

373| 05 | 0866 | -0.5 | 0.866

337 0 1 -1 0

254 | -0.5 | 0866 | -0.5 | -0.866

155 |-0.866 | 0.5 0.5 | -0.866

80 -1 0 1 1

51 |-0.866 | -0.5 0.5 0.866

60 | -05 |-0.866| -0.5 | 0.866

93 0 -1 -1 0

147 05 |-0.866| -0.5 | -0.866

o|5o| 50 S0 Ep 32 Bl SRl §0| $0| B =0

221 | 0.866 | -0.5 0.5 | -0.866

2
12‘

= 2y
b, = 2312

3
= 2yu

aO_

[298 + 356 + -+ + 221] = 404.17

o=

13’1 =

Lyicosx; = =[(298)(1) + (356)(0.866) + - + (221)(0.866)] = 107.048
Ly sinx; = =[(298)(0) + (356)(0.5) + -+ + (221)(—0.5)] = 121.203
[(298)(1) + (356)(0.5) + - + (221)(0.5)] = —

1Y COS2x; =

L y; sin 2x; = %[(298)(0) + (356)(0.866) + -+ + (221)(—0.866)] = 9.093

Substituting values of a, , a, , by, a,, b, in @O

y ~ 202.09 + (107.048 cos x + 121.203 sinx) + (—13 cos 2x + 9.093 sin 2x) + --

Example 27 The following table connects values of x and y for a statistical input:

Ex

x|0]1]2|3|4]5
y19]18]24|28]|26 |20

press y in Fourier series up to first harmonic. Also find amplitude of the

first harmonic.
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Solution: Herem = 6 , Also putting 2l = 6 = [ =3 = [y],=0 = [yl,=¢ , if y is periodic

LY R + Y (an cos == + b,, sin ﬂ)

:yz@+(a1cos%+blsin%)+--- @
TTX{ 2 . TX§
= Zl 1Yi» A1 =7 Z?:ﬁ’i COSTx, b, = P >o v SlnTx
TX; TX;
Xi Vi COS? sin—
0 9 1 0
1 18 0.5 0.866
2 24 -0.5 0.866
3 28 -1 0
4 26 -0.5 -0.866
5 20 0.5 -0.866
= Zl 1Vi = §[9+18+24+28+26+20] = 41.67

=2%¢, yicosZh= ~[(9)(1) + (18)(0.5) + - + (20)(0.5)] = —8.33

= Zl Vi sm”—x‘ = § [(9)(0) + (18)(0.866) + -+ + (20)(—0.866)] = —1.15
Substituting values of ay,a,, b, in @

=y ~ 20835 — (8.33 cos =+ 1.15sin ) + -+

The amplitude of first harmonic is given by \/(—8.33)2 + (—1.15)% = 8.41

Example 28 The following table gives the variation of a periodic current over a period ‘T~

T'é“ei(t) 0 | T/6| T3 | T/2| 2Ti3 | 5T6 | T
current(A) | 1 9g | 1.30 | 1.05 | 1.3 | -0.88 | -0.25 | 1.98
Amp

Show that there is a direct current part of 0.75 amp in the variable current. Also obtain the
amplitude of the first harmonic.

Solution: Let A = %+Zn L@, cosZE 4+ Y2 b, smT

Herem =6, Also 2I=T = l:—

2nmt

LA a°+2°° 10y cos 22 4 Y1 by, sinT

> A= 7°+ a, cos%+b1 sin % for the first harmonic...®

@ ==%A a,==YAcosZ= by ==Y Asin -
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Time(t) Current(A) 2mt . 2mt
sec amp COoS T Sin T
0 1.98 1 0
T/6 1.3 0.5 0.866
T/3 1.05 -0.5 0.866
T/2 1.3 -1 0
2T/3 -0.88 -0.5 -0.866
5T/6 -0.25 0.5 -0.866

a,=2YA=2[198+13+1.05+1.3—0.88—0.25] = 1.5
6 3

27t

a, = ng cos == = ~[(1.98)(1) + (1.3)(0.5) + -+ + (—0.25)(0.5)] = 0.373

T
by =23 Asin== = 2[(1.98)(0) + (1.3)(0.866) + -+ + (—0.25)(=0.866)] = 1.005
Substituting values of a,, a; , b; in O
+ A~ 0.75 +0.373 cos 2= + 1.005 sin =

Here % represents the direct current part and the amplitude of the first harmonic is given by

~ A has a direct current part of 0.75 amp

The amplitude of first harmonic is given by /(0.373)2 + (1.005)2 = v/1.1491 = 1.072

1.7.1 Harmonic Analysis for Half Range Series

If it is required to express f(x) given in discrete form (x;,y;),i = 1, 2,3, ..., m, taken in the
interval (0, 1) into half range sine or cosine series, we extend f(x) in (—1,0) to make it odd
or even respectively.

Sine Series

To develop f(x) into sine series, extend f(x) in the interval (—1, 0 ) by reflecting in origin,
so that f(—x) = —f(x), function becomes odd function and a, = a,, = 0

o f(x) = Trzy bysin——

m . NIXj
i=1Yi SIn

b, =2 [Mean value of y sin? in the interval (0, 1) ] = %
Note: To express f(x) into sine series, y; must be zero, otherwise it cannot be reflected
in origin.

Cosine Series

To develop f(x) into cosine series, extend f(x) in the interval (—1,0 ) by reflecting in y-
axis, so that f(—x) = f(x), function becomes even function and b,, = 0

s flx) = ? + Y10y cos#
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a, = 2 [Mean value of y in the interval (0, 1) ]

= % [le;ym ty, +ys+ -+ J’m—1] ...... using trapezoidal rule

a, = 2 [Mean value of y cos # in the interval (0, 1) ]

nmx nmx
2 [y1 COS—=+Ym COS— =

2

nmwx nmx nmx
m +y2COST+}/3COST+"'+ym_1COST

n=123..

Example 29 The turning moment ‘M’ units of a crank shaft of a steam engine are given for a
series of values of the crank angle ‘6° in degrees. Obtain first three terms of sine series to
represent M. Also verify the value M from obtained function at 8 = 60°

6 10°] 30° | 60° | 90° |120° | 150°
M | 0 | 5224|8097 | 7850 | 5499 | 2656
Solution: Assuming M periodic, to represent into sine series (half range series), extending
M in the interval (—180°0) by reflecting in origin, so that M(—8) = —M(8), function
becomes odd functionand ay, = a, =0

“M= Y7 b, sin#
Herem =6 ,Also2l=2r=> l=nmn

> M= Y7_,b,sinnb

= M = b; sinf + b, sin 20 + b3 sin 30 + ---

b, = %ZMsinnG ,n=1273..

0 M sin 60 sin 260 sin 36

0° 0 0 0 0
30° 5224 0.5 0.866 1
60° 8097 0.866 0.866 0
90° 7850 1 0 -1
120° 5499 0.866 -0.866 0
150° 2656 0.5 -0.866 1

by =23 Msin® = 2[(0)(0) + (5224)(0.5) + - + (2656)(0.5)] = 7850
b, =§ZMSin29 =

b4 =§ZMsin39=

Wk W]k

~ M=~ 7850sin8 + 1500sin26 +0 + ---
When 6 = 60°, M =~ 7850 sin 60° + 1500sin 120° +0 + ---

~ 7850(0.866) + 1500(0.866) + -+

~ 8097.1

[(0)(0) + (5224)(1) + - + (2656)(1)] = 0

[(0)(0) + (5224)(0.866) + -+ (2656)(—0.866)] = 1500
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Example 30 Obtain half range Fourier cosine series for the data given below:

x|0]1]2]3]4]|5
y|4[8|11]15[12 |7

Also check value of y at x = 2 from the obtained cosine series.

Solution: Assuming y periodic, to represent it into half range cosine series, extending y in
the interval (—6,0 ) by reflecting it in y-axis, so that y(—x) = y(x), function becomes even
functionand b,, = 0
LY R —+Zn 1ancosﬂ
Herem =6 ,Also2l=12= 1=6
Sy —+Zn 1ancosﬂ
=>yz7°+a1cos%+a2cosz%x+a3cos3%x+--

a, = 2 [Y1+Ym
m

Y2+ Y3+ Y

2 y1COS +ym OS
[ r +y2cos—+y3cos—+ 4 Y,_q COS = l

an

m 2
n=123..
cosﬂ 2mx 3mx cosE 2mx 3mx
Xi | Yi 6 COST COST y 6 YCOST YCOST
04| 1 1 1 4 4 4
180866 | 05 0 0.6928 4 0
2 [11] 05 05 1 55 55 11
3[15] 0 -1 0 0 15 0
412 -05 | -05 1 6 6 12
5|7 [-0866| 05 0 -6.062 35 0
a0=3‘”7+8+11+15+12] 2[51.5] =172
6
a, = 2 226062 4 1.6928 + 5.5 + 0 — 6] %[—0.8382] = —0.2794
a2=3‘”35+4 5.5 — 15 — 6] 2[-18.75] = —6.25
6
a3=§ﬂ+0—11+0+1z] “[31=1

~y =~ 8.6—0.2794 cos% —6.25 cosz% + cos?’% + .-
Whenx =2,y = 8.6 —-0.2794 cos%ﬂ —6.25 cos%ﬂ + cos%ﬂ + -

~ 8.6 — 0.2794(0.5) — 6.25(—0.5) — 1 + -
~ 10.5853
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1.

2.

Exercise 1B

. Find half range Fourier cosine series expansion of the function

f(x) = (m — x) in the interval (0, )

Find half range Fourier cosine series expansion of the function
fx) = sin”Tx in the interval (0,1)

. Find half range Fourier sine series expansion of the function

f(x) = e* intheinterval (0,1)

Find the Fourier sine series expansion of the function
= x, 0<x< %
X =7 % <x<l1

The following values of ‘y’ give the displacement of a machine part for the rotation x
of a flywheel. Express ‘y’ in Fourier series.

x [0°]30%°] 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330°

y | 70 | 886 | 1293 | 1400 | 1307 | 814 | -70 | -886 | -1293 | -1400 | -1307 | -814

Express y in Fourier series up to third harmonics.

v is a discrete function of x, given as below:

x| 0°60°]120° | 180° | 240° | 300° | 360°
y|08]06 |04 |07 09 | 1.1 | 038
Express y in Fourier series up to first harmonic.

. Obtain Fourier sine series of y for the data given below:

x|[0| 1|2 |3|4/5(|6
y|0]10]15|8|5]|3|0

Following values of y give the displacement of a certain machine part for the
movement x of another part:

nm | 2m | 3r | 4w | 5m
x|0| = | — | — | — | —
6 6 6 6 6

y[0]92]144/178|173|11.7|0
Express y in Fourier series up to second harmonic.

T

Answers

cosx = cos3x cos5x n ]
2

T 4
f(x)~;+;[12 + 32 t 5

2TTX 4TTX 6TTX
COS—— COS—— COS——

~2_ 4 I 1 1
fl) ~2 n[ + + +

1.3 3.5 5.7

Page | 36




L N oo A~ W

- 1(1+e) . 2(1-e) .
f(x) = 2m [—an sinzx +———sin 2mx +

3(1+e)
14972

$n3nx+~~]

11 4\ . 1 4\ . 1 4\ .
f(x)z;[;(l—;)smnx+§(1+§)sm3nx+g(1—5)sm5nx+---]
y =~ 42 cosx + 1501 sinx + 28 cos 3x + 100 sin 3x + -

y =~ 0.75+0.1cosx —0.29sinx + ---

y ~ 10.607 sin = + 4907 sin%" +1.667 sin%" T
y = 11.73 — 7.73 cos 2x — 1.56 sin 2x — 2.83 cos 4x + 0.115sin 4x + ---
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Chapter 2

FOURIER TRANSFORMS

2.1 Introduction

The Fourier series expresses any periodic function into a sum of sinusoids. The Fourier
transform is the extension of this idea to non-periodic functions by taking the limiting
form of Fourier series when the fundamental period is made very large (infinite).
Fourier transform finds its applications in astronomy, signal processing, linear time
invariant (LTI) systems etc.

Some useful results in computation of the Fourier transforms:

1. fooo e” % sin Ax dx =

2. fooo e” % cos Ax dx =

a?+a2?
a

a?+a2?
o sin A.
8. Jy = dx=7,4>0

0
When 1 = 1, foos%dx=§

0
—iax

elax

. —e
4. sinax =

2i
elax o—iax

5. cosax = .

6. fooo e~ gy = g

Whena = 1, foooe‘xzdx = g
0, whent< 0

7. Heaviside Step Function or Unit step function H(t)or U(t) = {1 when t > 0

At t = 0, H(t) is sometimes taken as 0.5 or it may not have any specific value.
Shiftingat t = a

0, whent < a

H(t—a)orU(t—a) = {1whent>a

8. Dirac Delta Function or Unit Impulse Function is defined as 6(t — a) = 0, t+#a
such that f0°° 6(t —a)dt =1, a = 0. It is zero everywhere except one point 'a'.

Delta function in sometimes thought of having infinite value at t = a. The delta
function can be viewed as the derivative of the Heaviside step function
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Dirichlet’s Conditions for Existence of Fourier Transform
Fourier transform can be applied to any function f(x) if it satisfies the following
conditions:
1. f(x) is absolutely integrable i.e. ffooolf(x) |dx is convergent.
2. The function f(x) has a finite number of maxima and minima.
3. f(x) has only a finite number of discontinuities in any finite

2.2 Fourier Transform, Inverse Fourier Transform and Fourier Integral

f(x)—> Fourier Transform —,]F()\)

The Fourier transform of f(x), —o0 < x < o, denoted by f(A) where A € N , is given by

1

FF@}=f0) == [ e™f(xdx ..O

Also inverse Fourier transform of £(A) gives f(x) as:

1

fG) =+ J- eT* f)dA ... @

Rewriting @ as f(A) = \/%_n ffoooe“tf(t)dt and using in @, Fourier integral
representation of f(x) is given by:
fG) = - 5, [0, e f(t)de da

2.2.1 Fourier Sine Transform (F.S.T.)

Fourier Sine transform of f(x),0 < x < oo, denoted by f,(A), is given by
FE{f()}= i) = \/% J, fG) sinAx dx...®

Also inverse Fourier Sine transform of £;(A) gives f(x) as:

flx) = \Efomfs(x) sinAxdi ... @

Rewriting @ as f,(A) = \/% fomf(t) sinAtdt and using in @, Fourier sine integral
representation of f(x) is given by:

fG) == f;° f;7 () sin At sin Ax dtdA
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2.2.2 Fourier Cosine Transform (F.C.T.)

Fourier Cosine transform of f(x),0 < x < oo, denoted by £.(1), is given by

F{f(x)}=f = \/% fooof(x) cosAx dx...®

Also inverse Fourier Cosine transform of f£.(A) gives f(x) as:
flx) = \Efooofc(l) cosAxdA ... ®

Rewriting ® as £.(A) = \E fomf(t) cos At dt and using in ®, Fourier cosine integral
representation of f(x) is given by:
flx) = % fooo fooo f(t) cos At cos Ax dtdA

Remark:
e Parameter A may be taken as p, s or w as per usual notations.

(o]

e Fourier transform of £ (x) may be given by f(}) = \/%_n C e M f(x)dx

0

«%—n [7 e f()da

(o]

e Sometimes Fourier transform of £ (x) is takenas f(A) = J__ e f(x)dx,

then Inverse Fourier transform of £(A)is given by f(x) =

thereby Inverse Fourier transform is given by f(x) = i I em™ f(A)da
Similarly if Fourier Sine transform is taken as f,(A) = fooof(x) sin Ax dx,

then Inverse Sine transform is given by f(x) = %fooof;(?\) sin Ax dA

Similar is the case with Fourier Cosine transform.
Example 1 State giving reasons whether the Fourier transforms of the following
functions exist: . Sin% ii.e* iii. f(x) = {é ifli)icslfrizfcligrrlli
Solution: i. The graph of sini oscillates infinite number of times at x = nm,n € Z
o f(x) sini is having infinite number of maxima and minima in the interval
(—o0, ). Hence Fourier transform of f(x) = sini does not exist.

ii. For f(x) = e*, ffmlexldx is not convergent. Hence Fourier transform of
e” does not exist.

Page | 3



1, ifxisrational . . e .
. f(x) —{0’ if x is irrational 'S having infinite number of maxima and

minima in the interval (—oo, o). Hence Fourier transform of f(x) does not exist.
Example 2 Find Fourier Sine transform of

RIr

ii. 2e73% + 372
Solution: i. By definition, we have F,{f(x)} = f.(A) = \/% fooof(x) sin Ax dx
2
fs()\)—ff —smlxdx—\/; == f
ii. By definition, F{f(x)}=f.(A) = \/%fooof(x) sin Ax dx
~ Q) = \/%fooo(Ze‘&‘ + 3e7%*) sin Ax dx
2 oo - . 2 roo - .
= \/;fo 2e73% sin Ax dx +\/;f0 3e~%* sin Ax dx
—-3x o —2x (o]
= \/% [29:12 (=3 sinAx — A cos )Lx]o + \/% [34€+AZ (—2sinAx — A cos Ax]o

_ E [ ] [ ] [ 5A3+351
- n 9+/12 4422 9+A2 4+/12 (9+12)(4+12)

Example 3 Find Fourier transform of Delta function §(x — a)
. _ 1 ™ i _
Solution: F{§(x —a)} e Jo e™.8(x —a)dx

— 1 iia

T Vm

ffooo f() 6(t —a)dt = f(a) by virtue of fundamental property of Delta function
where f(t) is any differentiable function.

Example 4 Show that Fourier sine and cosine transforms of x™~! are /{—:sin? and
[n nm .
—cos— respectively.
An 2
Solution: By definition, f0°° e tt"1dt = [n
Putting t = idx so that dt = iddx
= fooo e M (Ax)" liddx = [n
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® n-1,-ilx _ i
= fy xM e dx = —
[n

(cos % _ isin "")
AN 2 2

= fooo x"1(cos Ax — i sin Ax) dx =

. nrm
i = (cos——lsm )

[n [n nm

®  n-1 ;P n—1 g - n =2 =
:>f0 x""tcosAxdx — i fo x"" " sin Ax dx Ancos [ sin=

Equating real and imaginary parts, we get

®  n-1 _In E “ xn—1gj —[— —n
Jo x" ' cosAx dx = cos— and [ x""" sin Ax dx = 7 sin

= £) = —cos— and f,(A) = —s n—

x, 0<x<1
Example 5 Find Fourier Cosine transform of f(x) = {2 —x, 1<x<?2
0, x> 2

Solution: By definition, we have F.{f (x)} = f.(A) = \/% fooof(x) cos Ax dx
NANE \/%fooof(x) cos Ax dx

= \/% [folxcos Ax dx + f12(2 —x)cosAx dx + fzoo 0.cos Ax dx]

I[ (x ) smAx _ (1)( cos/lx)](l) n [(2 — %) (sn;/lx) — (- 1) cos/lx ] ]

. E[sinﬂ_l_cos/l 1 cosZ/l sml cosl] [Zcosl CcoSs 21— 1]
T Aml o2 2 A2 22

Example 6 Find Fourier Sine and Cosine transform of f(x) = e~ and hence show that

00 COS MX T _ 00 x sinmx
Jy i dx = T =
0 1+x2 0  1+x2

Solution: To find Fourier Sine transform

B = A0 = [2[° F()sindx dx

= L) = \Efoooe‘x sin Ax dx = \/%(1312) ...... @®

Taking inverse Fourier Sine transform of O

f(x) = \/%fooost\) sin Ax dA
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= f(x) == ——sinixdA..... @)
Substituting f(x) = e ™ in @

[ /’lsmlx

N _f 1422

Replacing x by m on both sides

2 J-oo Asmlm
1412

Now by property of definite integrals ff f(x)dx = ff fdy

.M gy o xsinmx
Lo—e M= dx ....
2 Jb 1+x2 (D

Similarly taking Fourier Cosine transform of f(x) =e™*
FifY= M) = \/%fooof(x) cos Ax dx

= f.() = \/%foooe_x cos Ax dx = \/%(1:/12) ...... @

Taking inverse Fourier Cosine transform of @

f) = \F [ Fi ) cos Ax dA

= fx) ==, 1”2 cosAxdA....®
Substituting fx)=e™in ®
2 oocos)lx
0 1+/12

Replacing x by m on both sides

2 foo cos /lm
1+A2

Again by property of definite integrals f; f(x)dx = ff fO)dy
mw  _ o cosmx
A ;e m=f0 T4x? dx @

From @and ®, we get

foo cosmx ne_m _ foo x sinmx
0 14x2 0  14x2

1—x2% x| <1

Example 7 Find Fourier transform of f(x) = {0 x| > 1
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and hence evaluate [ ° (w) cos> dx

Solution: Fourier transform of f(x) is given by
FIFO)} = FO) == [, e f(x)dx
=—f (1 =x?) e ¥ dx

V2m V-1
1

= &[0 - () - 20 (52) + 2 (55)]
[2ei4 20l e eI
1222 323 T 222 i3,13]

eityeid ei’l—e“’l] .2 .3 .
— vi“=—-1landi’ = —i
A2 t i13

Il
m TS §||"‘

2cosA . 2sin /1]

A2 + A3

sinA—Acos A
2 fQ) = (T) @
Taking inverse Fourier transform of O

fO) === 7, e f(yda

_i sinA—-AcosA
e L/'lx(

= )d/l

= f)==["
= flx) = —f _(cos Ax — i sin Ax) (M) dA = e~ = cos 1x — i sin dx
:>f(x)——f [co Ax (M)_isinm(w)]da @

1—x% x| <1.
n
0, |xl>1n@

N {10,— x2,||;c||><11 _f [ (sm/l jcos/l) i sin Ax (sm/'L /’Lcosll)] di

Equating real parts on both sides, we get

T 2
f_oooo cos dx (sml Acosl) dl = {2 (1 X ), |X| <1
A3 0, x| > 1

Substituting f(x) = {

Putting x = 1 on both sides

f_ooOo COS%(SIHAAACOSA) dl = g(l _ _)

(sm A—Acos A
A3

A (sinA—Acos A

=2 [ cos® )d)t == vcos? (T) is an even function of 1
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Now by property of definite integrals ff f(x)dx = f: fOdy
o (xcosx—sinx X 3
fo (x—3) cos;dx =-T

1
1+x2

Example 8 Find the Fourier cosine transform of f(x) =

Solution: To find Fourier cosine transform

RUFGI= L0 = [2[° £(:) cos dx dx
:>fc(7\)=\/%fooo L cosixdx ....QD

1+x2

To evaluate the integral given by
Letg(x) =e ™ ...... ®

Filg(x)}=g.) = \/%fooog(x) cos Ax dx

= g.A) = \/%foooe‘x cos Ax dx

2[e™* . *©
= \/; [1”2 (—cosAx + Asin Ax)]o

— 2 1
ﬁgCO\):\EHAZ

Again taking Inverse Fourier cosine transform

gx) = %fooo L ~cos Ax dA

1+4

1
1+x2

=>gQ) = %fooo cos Ax dx

:>f0°° L cosAxdx=§g(/1) )

1+x2

Using @ in @), we get

:>f0OO . cos)Lxdnge"1 ...... )

1+x2

Using @ in D, we get

a 2 po0 1 2T T
f) = iy cosandn = e [Eem
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Example 9 Find the Fourier sine transform of f(x) = ? and use it to evaluate
fooo tan™! (Z) sinxdx
Solution: To find Fourier sine transform
E{f(x)}=f£Q) = \/%fooof(x) sin Ax dx
_ 2 Q)e—ax .
= f.(0) = \Efo ——sinAx dx
To evaluate the integral, differentiating both sides with respect to 1

%f;(?\) = \/% fooo % (cos Ax)xdx

— |2 % _gx _ 12 a
—\/;fo e cos‘/lxdx—\/;ahﬂ,12

Now integrating both sides with respect to 4

) = \/gf A

= () = \Etan‘1 (g) +c
when1=0,f,(0)=0,=2c=0
= 1 (2
s Q) = \/%tan L (E)
Again taking Inverse Fourier Sine transform

2 oo —_1 {1\ .
f(x) =;f0 tan 1(;) sin Ax dA

Substituting f(x) = ? on both sides

e—ax

= %fooo tan™! (g) sin Ax dA

X

Putting x =1 on both sides
ge‘a = fooo tan‘lg sinAdA

0o 14 . T
= [ tan '=sinxdx =-e™®
0 a 2

0 cosAt T

Example 10 If t > 0 Show thati. [ di= —e %,a>0

0 224 q2 2a
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.. oo Asin At T _at
= - <
ii. [y S dd=e%a<0

Solution: i. Let f(t) = %e‘at,a >0,t>0

Taking Fourier cosine transform of f(t), we get
FfO} =0 = \/% J,” £ () cos At dt
— T |2 (*® ,-at
_Za\/;fo e~ cos At dt
1 | a

- a\/;a2+/12

Also inverse Fourier cosine transform of £,.() gives f(t) as:

F© = 217 R0 cosacar

1 |m [2 (o a
—;\/;\/;fo — 5z Cos At dA

:f(t) =foo cos At di

0 A2+a2
. (% cosAt T _at
fO mdl = ;e ,a>0

ii. Again let g(t) = ge“t,a <0, t>0

Taking Fourier sine transform of g(t), we get

Rl@} =50 = [2 [ g@sinacdr
_ T |2 (® at
—2\/;f0 e*sinAtdt,a <0

= \Efoooe‘“t sinAtdt,a >0

_ m_A
T\l 2 a2+22

Also inverse Fourier sine transform of g,(A) gives g(t) as:

g(®) = \/% Jy” gs() sin At dA
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Ffca

sm/ltd/l
oo Asin At
=g =, 5d4
oo Asin At T at
= — <
fO A2+ g2 A 28 a=0

—x2
Example 11 Prove that Fourier transform of e 2 is self reciprocal

Solution: Fourier transform of f(x) is given by

FU%O}Ef@)=%:f”¢“f@ﬁh
wFle }fu)J_f et dx
A + ilx (xz— 2 lAX)
= w e b=l
- L7 Rt @t @) g
- \/%_n fjooo e_Tl(x_i’UZJrg dx
__12
- evzz_n [2 ez ™IV gy
22

By putting z = (x — i)

22
_ 2e 2

212
= foooe_(\/_f) dz

Putézt =dz= 2 dt

22

FF) =R (e

dt

fooo et dt

being even function of z

~ 5
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2 _12
Hence we see that Fourier transform of e 2 is given by e 2 . Variable x is transformed
2

to A. .. We can say that Fourier transform of eT is self reciprocal.
Example 12 Find Fourier Cosine transform of e™*

Solution: By definition, F.{f(x)} = f.(A) = \/%fooof(x) cos Ax dx

=) = \/%fooo e~ cos Ax dx

ff mx+e mx) dx

= Efo (e e 4 o=xgilx gy

- L fooo(e—x2+i/'lx + e—xz—i/'lx) dx

BN (e_(xz_z (@) + (2~ (2)) L (2 (2)e+(2)'- (%)2)> "

i i in? 222
:\/%fooo (e_(x_;) 2 + e_(x+7l) + : >dx

- (=) (=)
e oo _ %) +
mfoexz dx+ [, e\ dx]
—2.2 _12
N R B
“Veml2 U217 vom
_ 1 A%
=>fc(7\)_\/—56 4

Or

Fourier Cosine transform of e~*"can also be found using the method given below:

.0 = \/%fom e cosdxdx ...D

Differentiating both sides with respect to A

= ;—Afc()\) - —\/%fom xe™** sin Ax dx
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_x21® . —x2
=\/E[sin/1x. : ] —\/Ef Acos Ax.—dx
T 2 1, w0 2
_ _& E © 2
=0 2\/;f0 e ™ cosixdx ...©@
> S ==-2£® using® in®@

%f <) _ A

ey 2
Integrating both sides with respect to A

= log f.(A) = —; + log k , where log k is the constant of integration

_ 22
S Q) =Ke 5 ...®

2 fo .2 _E
= ;fo e ™ cos Axdx = ke =

Putting A = 0 on both sides

\/%foooe_xzdx =k

_ 2w _ 1
:>k—\/;.2 —ﬁ.....@

Using @ in 3, we get

AZ

fel) =%e7w

Example 13 Find Fourier transform of xe 9 ,a>0

Solution: By definition, F{ xe=*"}=f(1) = \/% [7 xe—@ oM gy
= \/% f_oooo xe—ax2+ilx dx
i i 2 i 2
B G RCI
27 V=
i 2 i222
= \/% f_oooo xe_a(x_ﬁ) + 4/}1 dx
_4_/}12 i i1\? 1 i1\ 2
- i/ﬁ fjow( B ZL_a) “lz) dx+ ;_af_oooo e (%) dx
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e 4a

= [ff"oo te™% dt + %ff"w et dt] , Putting (x - %) =t

N

22
e 4a

== [0 + %f:’ g—at? dt]

—at2. . 2. . .
 te”"is odd function and e ~*"is even function in t

-2
e4a ) poo0 2
- — _(\/Et)
7= ado € dt
-2
iA %} .
:i/:—i'ai/zfo e ?" dz ,Putting vat =z
—22
_eaa il ﬁ L(® g2 _ﬁ
s 2 Jy €77 dz =2
—22
ile4a
=>f(/1)—2am

2
Example 14 Find Fourier cosine integral representation of f(x) = {x 0<x<a

0 , x>a
2
Solution: Taking Fourier Cosine transform of f(x) = {)6 0 < ;C i Z

R = L0 = [2f7 FG) cos ixax
= L) = \/%foaxz cos Ax dx
f [( 2) sm/lx _ (2 )( cosAx) n (2)( sm/'lx)]:

=> ) = \/7[ — — — smla + —cosla]

Now taking Inverse Fourier Cosine transform

flx) = f [(— — —) sinda + = cosla] cosAx dA

2
This is the required Fourier cosine integral representation of f(x) = {J(; 0 < z ; Z

Example 15 If f(x) = {f’)mx’ gt;efwi_; , prove that
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f(x) _ _foo 2cos Ax + cos(m+x)A+cos(mt—x)A

dA . Hence evaluate
1-A2

sinx, 0<x<m

Solution: Given f(x) = {0 otherwise

To find Fourier cosine integral representation of f(x), taking Fourier Cosine
transform of f(x)

JANE \/% fooo f(x)cosAxdx = \/% fon sin x cosAxdx

fon (sin(A + 1)x —sin(4 — 1)x) dx

2

m N[=] S[=] §[=] §[- ?I

_cos(A+1)x |, cos(A- 1)x] T
0

(A+1) 1-1)
_ _cos(/1+1)7t cos(A-1m 1
- (A+1) 1-1) A+1)  (A-1)
[cosAm  cosAm 1

| a+1) (-1 t A+1) (A-1)

[(A-1) cos At — (A+1) cos A A-1-1-1
A+1)(a-1) A+1)(1-1)

[—2 cos Amr— 2] [1+cos/11t
R EES 1-22

Taking Inverse Fourier Cosine transform, f(x) = \E f0°° f-() cos Ax dA

= fe) =

= f(x) = —f [Hcosm] cos Ax dA

00 2c0SAx + 2 cos A cos Ax
-, da
1-22

_ foo 2cos Ax + cos(m+x)A+cos(m—x)A di
- 1-22

0 2cos Ax + cos(m+x)A+cos(m—x)A dl

:f(x)__f 1-22

sinx, 0<x<m
0, otherwise

Putting f(x) = {

o0 2cos Ax + cos(m+x)A+cos(m—x)A sinx, 0<x<m
=2 dr = { .
1-22 0, otherwise

Putting x = g on both sides
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o 2cos Uz + cos(n+ )/1+cos(7r—2)/1

=2J; 2 22 g1=1
- [P =T = [
Example 16 Solve the integral equation fooof(x)cosaxdx _ {1 E,/LO i i? 1
Hence deduce thatf sin tdt = %

o o (1-20<1<1
Solution: Given that fo f(x)cosAxdx —{ 0 1> )

:‘\ff f(x)cosAxdx = \f(l A),0<1<1
0, A>1.

2
= f.() = \/;(1—70,03/131
0, 1>1.

Taking Inverse Fourier Cosine transform

FG) = [2[7 £ cos Axda

= f(x) = % fol(l — ) cos Ax dA

[(1 /1) (sm/'lx) . ( 1) ( cos)Lx)]:

=2 [_ﬂ 11_2 [1—Cosx] _ 2 25in2§
= 2 x2 - T %2 - T x2
4
> () =—52...0
Using @in @, we get
o0 4 = _ < <
Jy j,l: 2 cosAxdx = {1 0 4,0 71’;—1 1

Putting A = 0 on both sides

4 ooSlTl
== 2dx—l
T Y0
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Putting §= t, dx = 2dt

oo sin?t T

dt=1=
2

fooSinthdt =% = [

0 4¢t2 0 ¢2

Example 17 Find the function f (x) if its Cosine transform is given by:

: (2
(i) Sne? m{m@ ), 1< 2a
A 0 . 1>2a

sinal

Solution: (i) Given that f.(A) = ~

Taking Inverse Fourier Cosine transform
flx) = %fooof_c(A) cos Ax dA

= f(x) = %fooo Sir;al cos Ax dA

1 2 poo2sinalcosAx
=-.-) ———dA

T 2o A
_1 o sin(a+x)A o sin (a—x) A
== [+ - [0

Now 0<x< oo =~ a+x>0

- E+E] ,a—x>0iex<a
= f(x) =
IE—E], a—x<0iex>a

1[7‘[ T

0

1 )
(ii) Given that £.(A) = {E (a B E)’ A< 2a
0o , A= 2a

Taking Inverse Fourier Cosine transform

ﬂ@=£fﬁ®mﬂwﬁ

= fx) = I 2 L a—— cos/lxd/l

=1k (a - E) cos Ax dA

) - (=)

oo sin Ax
) dx =
x

Z1>0
2
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sin? ax

2x2 2x2

[1 —cos2ax] =

_ 1[ cos2ax 1 ] _
2mx? x2

T

Example 18 Find the function f (x) if its Sine transform is given by:
(i) et (ii)

Solution: (i) Given that f,(A) = e~ %
Taking Inverse Fourier Sine transform

fG) =27 £ () sin Ax dA

> f(x) ==, e sin Axdd = =

T a?+x?

1+A2

X

(ii) Given that f,(0) = —

Taking Inverse Fourier Sine transform

fG) =2 [ £ sin Ax dA

= f(x) = f +/12 sin Ax d
_ 2w X (1413)-1
=20 samsinAxdd = fo s Sindx da

oo sin Ax o sinAx
= —f /'l — _f
0 A(1+A2)

=>f(x)—1——f°° SIAY G4 ©

A(1+42)

. J-oo sin Ax

s
N dl—;,x>0

Differentiating with respect to x

o AcosAx

ﬁf(X)_O__fO l(1+lz) 2’

> () =—2["225dl....@

(1+22)

oo A sinAx

Also f'(x) = 2} S dA = £ ()

= f"(x)— f(x)=0....3

This is a linear differential equation with constant coefficients

(®may be writtenas (D? — 1)f(x) =0

Auxiliary equationis m? —1 =10
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>m==*1
Solution of @ is given by
fx) =ce*+ce™.....@
= f'(x) = ce* —ce™ ....®
Now from @O, f(x) =1,atx =0

Using in @, wegetc, +¢c, =1...0

2 oo 1
m70 (1+A2)

Again from @, f'(x) = — dl,atx =0

= f'(x) = —%[tan‘1 Aly=—-1latx=0
Usingin ®, wegetc, —c,=—1....D
Solving ® and @, wegetc; =0, ¢, = 1
Using in @, we get f(x) = e~
Note: Solution of the differential equation £ (x) — f(x) = 0 may be written directly
asf(x)=e™™

Example 19 Find the Fourier transform of the function f(x) = e ®*l, —0 < x < o0

e x<0
e ¥x>0

Fourier transform of £(x) is given by F{f(x)} = f(0) = [ e™f(x)dx

Solution: f(x) = {

= f) = f_ooo e e dx + fooo e~ X dyx
- J‘O eX(@+id) gy 4 fowe—x(a—il)dx

[ex(a+i21)] 0 [e —x(a—il)] ©
—00 O

(a+in) (a—id)
= 1 1 2a
=>f) = a+il t+ a—il  a2+A2
_ 2a
F{e alxl} = a2+12
Result: F{e‘“|x|} _ 2a e [ 2a ] _ —alx
a? + A2 a? + A2
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Example 20 Find F~1 [W]

. g 1 S 1
Solution: F [(9+/12)(4+,12)]_5F [ 9+,12+4+,12]

L

32422 22422

N e
30F 9+12 +20F 4+22

= — 3l +—e‘2|"| < F~ [
30

] = e—alxl

az+12
Example 21 Find the Fourier transform of the function f(x) = e *U(x), a > 0
where U(x) represents unit step function

0, x<0 _{0, x<0
1, x>0 e x>0

Fourier transform of f(x) is givenby F{f(x)} = f(A) = ffooo e f(x)dx

Solution: f(x) = e‘“"{

= f) = foooe‘“"eux dx

- f0°° e—x(@=id) gy

_ e—x(a-in)1®
- [ (a—i%) ]0
= 1
= f(}\) T a-ia
fF{f(0)} = —
—ax —_ -
or Fle™*U(x)} = —
Result: 1
Fle™U(x)) = —— = F1 [ _| = ey = e H()
—iA a—il
Note: If Fourier transform of f(x) =e *U(x) is taken as

© __ilx ,—ax 1| 1] _ -ax — ,—ax
J_. e e *U(x)dx, then F [a+m] =e *U(x) = e *H(x)

Example 22 Find the inverse transform of the following functions:

S S i i, ————

1 2-3i1- 22 " 8+6i1— A2 " 6-5i1— A2
L L]
Solution: i. F [2—31'/1—,12] N [(1 i) (2- LA)] (1- l/'l) (2-i2)
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= Rl
F [(1—i,1) (2-id)

e *H(x) —e ?*H(x) ~F! [ ! ] = e “H(x)

a—il

N F‘l[ 1 ] _((e*—e™),x=>0
2-3ir—22] 0, x<0
. F~ [ ] = [—] = P 1. ]
8+6i1— A2 (4+iA)(2+i1) (4+id)  (2+4id)

=F [(4:1',1)] —F [(z:m)]
=e *H(x) — e ?*H(x) w F~ [ ] = e “H(x)

- ]={<e—x—e—2xxxzo

8+6i1— A2 0, x<0

I F~ [6—51'/1— /12] = 5F" [m] =5F (2-id) (3‘1"’1)]

= 5F7 [(z—m)] — ok [(3—01)

=5e 2*H(x) —5e3*H(x) ~F1 [ﬁ] =e *H(x)

- p-1 [ 5 ] _ {S(e‘zx —e3),x=>0

6—5i1— A2 0, x<O0

Example 23 Find the Fourier transform of f(x) = - !

—ix

Solution: We know F~! [ﬁ] = e “H(x)

- F1 [ﬁ] — e 2%H(x)

=4 [* et g) = e 2*H(x)

2w Y =0 2—id
Interchanging x and A, we get

1

lx

~ix dx = e 2 H(Q)

ool

_{0, 1<0
e 1=>0

)

0 ; idlx _ 0 y A < 0
= f“’OZ—ixe dx = {2ne‘2’1, A>0
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- F{ ! }_{0, 1<0

2-ix ) 2me™%4, 1 >0

2.3 Properties of Fourier Transforms
Linearity: If £(1) and g(A) are Fourier transforms of f(x) and g(x) respectively, then

Flaf (x) + bg(x)} = af () + bg(Q)

Proof: F{af(x) +bg(x)} = \/L_ JZ laf (x) + bg(x)] e**dx

= a\/% 1= e dx + b— I= ge*dx
= af (1) + bg(A)

Change of scale: If f(1) is Fourier transforms of f(x), then F{f(ax)} =

Qr

7(2)
Proof: F{f(ax)}= \/%_n 1= flax).e?

Putting ax =t = adx = dt

1

CFIf@0) = 2= [ F©.e% %=1 L % p(o).e @i
=27 (3)
Shifting Property: If f(1) is Fourier transforms of f(x), then F{f(x — a)} = e*® f(1)
Proof: F{f(x—a)} === [ f(x—a).e™
Putting (x —a) =t =dx =dt
SF(f(c— @)} = 2= [ f(©).eM+D dt

= el — [7 f(6).eMdt = e F(2)

Modulation Theorem: If f(1) is Fourier transforms of f(x), then

i.  F{f(x)cosax}= % {]_C(A +a)+ ]_C(A — a)}
ii.  Ff(x)cosax]= z {]_” A+a)+ (- a)}
iii.  Fc[f(x) sin ax] —{f A+a)— (- a)}
iv. Ff(x)cosax]= E {fc(/l +a)+f.(1— a)}
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v. F[f(x)sinax] = % {]_CC(A —a) — ]TC(A + a)}

Proof: i. F{f(x)cosax}= \/% ffooof(x) cos ax . e*

iax . ,—iax
== [0 fG) e dx

1

1 o) i 1 00 i(A—
= 5[\/? J_ o f)ett+axdy + 2o (e @ a)"dx]

=-{fO+a) +f - a)}
ii. Fs[f(x) cosax] = \/%fooof(x) cos ax sin Ax dx

= % %fooof(x) [sin(A + a)x + sin(A — a)x ]dx

= %[\/%fooof(x) sin(A + a)x dx + \/%fooof(x) sin(A — a)x dx
= .0+ a) + 0 - o)
i, Flf () sinax] = [2[° f()sinax cos dx dx

= % %fooof(x) [sin(A + a)x — sin(1 — a)x ]dx

= %[\E fooo f(x) sin(A + a)x dx — \/%fooof(x) sin(A — a)x dx

1

== {]_CS(A +a)— ]TS(A — a)}

iv. Fe[f(x) cosax] = \/%fooo f(x) cosax cos Ax dx

= % %fooof(x) [cos(A + a)x + cos(A — a)x ]dx

= %[\E fooo f(x)cos(A + a)xdx + \/%fooof(x) cos(A — a)x dx
=~ {f.0+ 0 +£0-a)

V. Fs[f (x) sinax] = \/%fomf(x) sin ax sin Ax dx
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= % %fooof(x) [cos(A — a)x — cos(A + a)x ]dx

= %[\E fooo f(x) cos(A — a)x dx — \/%fooo f(x) cos(A + a)x dx

= {f.0-0-£(+a)
Convolution theorem: Convolution of two functions f(x) and g(x) is defined as
f@)* gt = [2, fWglx —wdu

If (1) and g(A) are Fourier transforms of f(x) and g(x) respectively, then
Convolution theorem for Fourier transforms states that

F{f(x)  g()} = F{f ()} F{fg(x)} = f(1). g(A)
Proof: By definition f(A) = \/%_n I= e flx)dxand gA) = [ e g(x)dx
Now f(x)+* g(x) = [7, f(wg(x — wdu

[0¢]

S F{f(0)x g} = [0 e™[[° f)g(x — wdu]dx

Changing the order of integration, we get

~F{fxgy= [T f|f e*g(x —wydx]|du

Putting x —u =t = dx = dt in the inner integral, we get
Fif »g} = [ f[J2, e*®Dg(t)dt]du
= [ e ff, e*g®)dt]du

= [ e f(w)gh) du

=g [, e™ f(wdu
= f(2).9(%)
Example 24 Find the Fourier transform of e~*”. Hence find Fourier transforms of
i.e"%" g >0 ii. e_sz iii. e2=3% jy. e~ cos 2x
Solution: F{e™**}=F(1)= J%_n [Z e et dx
— % f_°°oo o~ X2HIAX ]y
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i N2 [in?
1 O @)
2 Y —®
- inZ | i2a2
:\/%f_ooe_(x_7) 4 dx
=22 2
:i/Zi fjoooe_(x_;) dx
-2
_ e 4 j,o0 .2 . _ il
== J e dz By putting z = (x—;)
A2
= ij_: e dz e~* being even function of z
=22 32
_2e 4 T _ -
F =2t Tl L

- We have F{f ()} = f(1) = e if f(x) =™

Now F{e~*’} = F(2) = %e—%.

V2
Now Fle='} = F{e(V@)’}

= \/ia f (\/%) By change of scale property.... @

1 1)2 1 22

. —ax?) -1 1 __(_a =——e¢ i '
L Flem == —e iV = —eT Using Din @

Putting a = % ini.

_x2 1 _T' _ﬁ
File 2 t=—.e 2 =¢e 2

Tofind F{e72*=°} Puta =2 ini.

2 1 _ﬁ
F{e=2*"} =-e’s

2 , _2? - -
o F{e 206-97) = ¢3i4, %e s - By shifting property F{f (x — k)} = e**f(1)

To find Fourier transform of F{ e~**cos2x}

F{f(x) cosax} = % f(A+a)+ f(1—a) By modulation theorem

2
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(/1+z) (1-2)2
. -x? — 1 -
. F{e™ cos2x} = [\F t5e ]

Example 25 Using Convolution theorem, find F~* [ﬁ]

o [ = [t g
Solution: F~* [ —— (a-IHG-iD) D 5

Now by Convolution theorem

F{f(x) *g(®)} = f(1). gA) = F[f(D).3) | = f(x) * g(x)
« F7 [(4—1i,1) ' (3—11',1)] =F [(4—11',1)] *F [(3—1i,1)]

= e~ H(x) * e 3*H(x) v 1 [ﬁ] = e~ H(x)

= [7 e H(u)e 3¢ WH(x — u)du
f)* g = [0, fWg(x —w)du
=3 f_oo e *HwH(x —u)du

u=>0x—u=20, iel0<u<x

Now H(WH(x —w) = {0u<0x—u<0 i,eu<Oandu>x

1|1 | = p-3x -u — =3x[,-ulx — _ ,=3x[,—X __
[12 7id— ,12] € fe du = [e7"]§ = —e™¥[e 1],x =0

- e—3x _ e—4x’x > 0

o p-1 [ 1 ] _ {6‘3" —e™ x>0

12—-7iA— A2 0, x<0
311
2—ild

Example 26 Find the inverse Fourier transforms of
Solution: i. We know that F~! [L] = e “H(x)
a—il
S FT ] = e H ()
Now By shifting property F{f (x — k)} = e"'”‘]_C(A)
= F e f(D)] = f(x — k)

] = e 263 (x — 3)

3id

~F [2 ir
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2.4 Fourier Transforms of Derivatives
Let u(x,t)be a function of two independent variables x and t, such that Fourier
transform of u(x, t) is denoted by u(4,t) i.eu(A,t) = ffooo e u(x, t)dx

ou 9%u

15z 0 asx - Foo,

Again let u, -~

2
Then Fourier transforms of — a— with respect to x are given by:

' ox2’
1P = I e‘“"a—”dx = [e*u]”_ —iA[* eFrudx = —iA T, ©)

)= e Sax = [ 8] —af7 en Sar= i aay

F{22) = (—iymu(at)
2. Fourier sine transform of 62_u IS given by:

9%u o 92u oul® 00 du
F. {—} = —sinAx dx = [sin Ax —] -1 cos Ax —dx
S Lox2 fo dx2 axlg fo dx

=0 —Alcos Ax.u(x, )]y — A2 fooo sin Ax ZZTZ dx
a2 —
 Fo {5} = 2u(0,0) - 2%u,(a,0)

. . 0%u . .
3. Fourier cosine transform of —u IS given by:

E {(’iz_u} = foooicoslxdx = [coslx‘;—z]w +/1f°°sinlxa—udx

¢ (9x2 x>

= —[Z—z] + Alsin Ax . u(x, )19 —/12f cosAx—dx

{axz} [ax x=0 o }‘zﬁc()*: t)

4. Fourier transforms of 7’; with respect to x are given by:

2 i 0 -
F {a—?} = ffooo "1"6—1: x = %ffoooe"lxu(x, t)dx

{"“} = 24, t)

at
similarly F, {3} = S,(2,0)

at

{a"} tizf(a”t)

at
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2.5 Applications of Fourier Transforms to boundary value problems

Partial differential equation together with boundary and initial conditions can be easily
solved using Fourier transforms. In one dimensional boundary value problems, the partial
differential equations can easily be transformed into an ordinary differential equation by
applying a suitable transform and solution to boundary value problem is obtained by
applying inverse transform. In two dimensional problems, it is sometimes required to
apply the transforms twice and the desired solution is obtained by double inversion.

Algorithm to solve partial differential equations with boundary values:
1. Apply the suitable transform to given partial differential equation. For this check
the range of x
I. If —oo < x < oo, then apply Fourier transform.
ii. 1f0 < x < oo, then check initial value conditions
a) If value of u(0, t) is given, then apply Fourier sine transform

b) If value of [Z—’;] Is given, then apply Fourier cosine transform
x=0

An ordinary differential equation will be formed after applying the transform.
2. Solve the differential equation using usual methods.
3. Apply Boundary value conditions to evaluate arbitrary constants.
4. Apply inverse transform to get the required expression for u(x, t).
Example 27 The temperature u(x, t) at any point of an infinite bar satisfies the equation

ou  0%u

. = gnz TP <X <™ t> 0 and the initial temperature along the length
1for|x| <1

0 for|x| >1

Determine the expression for u(x, t).

of the bar is given by u(x, 0) = {

Solution: As range of x is (—oo, ), applying Fourier transform to both sides of the
given equation :

P =r 5
Ju

= 20(1,0) = —22A(, 1)+ F{3} = Zu@,t) and F {37”} = (=iD?ux, 1)

Rearranging the ordinary differential equation in variable separable form:
=%~ 24t @) whereu =~ u(a,t)

Solving @ using usual methods of variable separable differential equations

logu = —2%t +log A
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= logg = —1%t
suLt)=Ae ¥t @
Putting t = 0 on both sides

11,0 =4.. ®

1for|x| <1

Now given that u(x, 0) = {0 for|x| > 1

Taking Fourier transform on both sides, we get

=% (1,0) = %_n I u(x,0) e M dx

1 1[ i1 e_u]_ 1 Zi[ei’l—e_i’l]
T Vzm oA B [

= u(1,0) = \/i_n% @

From and @), we get

Using ® in @), we get

2 smA —22t

Nl
Taking Inverse Fourier transform

ulx, ) = =/ e ™ u(1,0)dA

uA,t) =

= u(x,t) = foo S o APt g-itrg)
= u(x,t) = foo sind e~**t(cos Ax — i sin Ax)dA
= u(x,t) = %fome"’lzt (w) dA (M) is odd function of A

Example 28 Using Fourier transform, solve the equation —t = ka_Z’ 0<x<oo, t>0

subject to conditions:
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i. u(0,t)=0 t>0
. u(x,0)=e™* x>0
ili. wuand Z—Z both tend to zero as x —» +o

Solution: As range of x is (0, ), and also value of u(0,t)is given in initial value
conditions, applying Fourier sine transform to both sides of the given equation:

{5 = ke {5

=S4, (4,1) = kiu(0,t) — kA% (4, 1)
R = 25,0,0 and R {24} = Au(0,0) - 27,4, 1)
> S0 = —kAZm (L) v u(0,6) =0
Rearranging the ordinary differential equation in variable separable form:
N ‘%ﬁ = —kA%dt..D  wheren ~u,(1t)
Solving @ using usual methods of variable separable differential equations
logu = —kA*t + log A
= log* = —kA%t
S>ut)=Ae ™t ©
Putting t = 0 on both sides
>u;2,0)=4.. ®
Now given that u(x,0) = e™*

Taking Fourier sine transform on both sides, we get

= U (1,0) = \E f0°° u(x, 0) sin Ax dx
= \/%fom e ¥ sinAx dx

_ 2 A
= Uus(4,0) :\/; — . @

From @and @, we get
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2 A
A_\Emz...@

Using ® in @), we get

_ 2 A _p
us(/l,t)=\/;—1+/12 e ~kA°t

Taking Inverse Fourier sine transform

u(x, t) = \E f0°° u,(A,t) sin Ax dA

o A

= u(x,t) =2 e ~k*t gin Ax dA

w70 1422
Example 29 The temperature u(x, t) in a semi-infinite rod 0 < x < oo is determined

2
by the differential equation Z—L: =2 ZTZ subject to conditions:

. u=0,whent=0, x>0

ii. Z—z = —k (a costant), whenx =0,t > 0

Solution: As range of x is (0, ), and also value of [2—2] is given in initial value
x=0

conditions, applying Fourier cosine transform to both sides of the equation:

R () = 2n {5

d — _ du 27—
> Lu 0= 2|7 —207(,0)

" F, {6—”} = iﬂc (4, t) and F, {ZZTZ} = - [6_u — Puc(A,t)

at) T at axly=o

= %ac(a, t) = 2k — 222U, (A, t)

= % +22%u=2k.. ® where u =~ u.(A,t)
This is a linear differential equation of the form Z—i’ + Py =4Q
where P = 212, Q = 2k

Integrating Factor (IF) = e/ Pdt = gJ 22%dt = 522%t

Solution of (D is given by

u.e?t= [ 2k.e2M°tdt 4+ A
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A%t
—  232;_ 2ke?
= u.e -

222

s>u.(t) = % + Ae 2t | (®

+A

Putting t = 0 on both sides
S% (L0 =5+4 .. ©
Now given that u(x,0) = 0
Taking Fourier cosine transform on both sides, we get
= u.(4,0) = fooo u(x,0) cosAx dx = 0
= %,(1,0) =0.. @
From and @), we get
A=-£.06

/12
Using ® in @), we get
— k _272
u.(4,t) = /1—2(1 — e72%)
Taking Inverse Fourier cosine transform

u(x, t) = %fooo u.(A,t) cosAx da

2k oo <1—e—2'12f

= u(x, t) ==, = )cos/lxd/l

2
Example 30 Using Fourier transforms, solve the equation % = kZTJZ’,x >0,t>0
subject to conditions:

. y=a whenx=0,t>0
. y=0,whent=0, x>0

Solution: As range of x is (0,0), and also value of y(0,t)is given in initial value
conditions, applying Fourier sine transform to both sides of the given equation:

i o = e {53

d— _ _
= —¥,(4,1) = kAy(0,t) — kA%y (4, 1)

) - ) _ y
B {5} = w7 @0 and B {Z3 = 2y(0,0 - 7,0
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- %?S(A, ) =kad—kA?y (Lt)  =y(0,)=a
=2 4 k2%y = kad .. © wherey ~ ¥ (4,t)
This is a linear differential equation of the form Z—z + Py =Q
where P = kA%, Q = kal
Integrating Factor (IF) = e/ Pdt = g kA%dt = gka®t
Solution of (D is given by
y.ekt= [ kad. e*’tdt + A

kA%t
— kA2t_ kalde
=Yv.e =

y kA?

+ A
=Y, 0) =5+ de7 @
Putting t = 0 on both sides
>y, 20 =2+4.. O
Now given that y(x,0) = 0
Taking Fourier sine transform on both sides, we get
=y.(4,0)= fooo y(x,0)sinAxdx = 0
=y (4,0) =0.. @
From ®and @), we get
A=-2.0

2
Using ® in @), we get

¥4, 0) =5 (1)

Taking Inverse Fourier sine transform

y(x,t) =2 [ (4, t) sin Ax d2

oo [1—p—kA%t
=>y(x,t)=2;“ (1 > )sin,lxd,l

0

Example 31 An infinite string is initially at rest and its initial displacement is given
by f(x),—o < x < co. Determine the displacement y(x, t) of the string.
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Solution: The equation of the vibrating string is given by

0%y 0%
ot? dx?

Initial conditions are

d
oy =0
i, y(x,0)=f(x)

Taking Fourier transform on both sides
i =er 5
> LJA 0= —c22F(2,0) where F{y(x,0)} = (4, 0)
>4 25 =0..0 where ¥ ~ J(4,¢)
Solution of @ is given by
y(A,t) = Acoscpt + Bsincpt .2
Putting t = 0 on both sides
y(A4,0)=A.. ®
Given that y(x,0) = f(x)
>5(,0)= f(1)..@
From 3 and @
A=f).. ®
Using ® in @
y(A,t) = f(A)cos cpt + B sin cpt ...0)

= ?3_3; = —cpf(A)sin cpt + cpB cos cpt

- =cpB.. @

dtle=o

Also given that a_y] =0..
otli=g

From @ and ®,weget B =0.. ©
Using @ in ®, we get
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y(4,t) = j_f(l) cos cpt
Taking inverse Fourier transform

v 6) = == [ T (A, e *da

= y(x,t) = \/% I= (%) cos cpt e"#*dA
Exercise 2A

, |xl <a

1. Find the Fourier transform of f(x) = {a(; lxl"‘l =a

oo sin?
Hence prove that f,"=5=d

x2

2. Solve the integral equation fO°° f(x)cosdxdx =e*,1>0

x, 0<x<1
3. Obtain Fourier sine integral of the function f(x) = {2 —x, 1<x<2
0, x>2
4. Prove that Fourier integral of the function f(x) = {1’ Xl =1 IS given by
' 0, otherwise

5. Find the Fourier sine and cosine transforms of xe~¢*

sinx T
dx =—

X 2

fl) = %fOOOWd)L Hence show that J*

6. The temperature u(x, t) at any point of a semi infinite bar satisfies the equation

2
u_0% <x<oo t>0,subject to conditions
ot dx2
i. u(0,t) =0,t>0
.. 1, 0<x<1 . .
. . u(x,0) = {0’ > 1 Determine the expression for u(x, t)

7. Determine the distribution of temperature in the semi infinite medium, x > 0, when the
end at x = 0 is maintained at zero temperature and initial distribution of temperature is

f(x).

Answers
2(1—cosar) _ 2 _ 2 (o (2sind-sin24) .
1. = 2. f(x) = o 3. f(x) = ,Tfo —————sinAxdA
2al a?-12

© 1-cosA _ .
6. u(x,t) =§f0 1%6 2% gin Ax dA

(@2442)2 " (a%+12)?

7.u(x, t) = %foooﬁ(l)e‘cz’lzt sin Ax dA
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Chapter 4

Z-TRANSFORMS

4.1 Introduction

Z— Transform plays an important role in discrete analysis and may be seen as discrete
analogue of Laplace transform. Role of Z— Transforms in discrete analysis is the same as that
of Laplace and Fourier transforms in continuous systems.

Definition: The Z-Transform of a sequence u,, defined for discrete valuesn = 0,1,2,3, ...
and (u,, = 0 for n < 0) is defined as Z{u,,} = Ym=oun,z ". Z- Transform of the sequence
u, i.e. Z{u,} is a function of z and may be denoted by U(z)

Remark:

e Z— Transform exists only when the infinite series .., u,z~" is convergent.
o Z{u,} =Yy ou,z™™ is termed as one sided transform and for two sided Z —
transform Z{u,} = Yoo Upz™"

Results on Z— Transforms of standard sequences

1.
Z{a"} =
zZ—a
Z{a"} =Yy ,a"z™"
2 3 n
= 1+E+a_2+a_3+...+a_n+...
VA zZ VA zZ
=—a, |f<1
SR
. ny — _%_ a
czlay ==, |9 <1
2.
VA
Z{l} = ——
{1} p—]
Z{1} = ;—1 Putting @ = 1 in Result 1
VA
Z{(-1)" = —
3 {—-D"} p
Z{(-D"} = i Putting a = —1 in Result 1
4, K
Z
Z{k} =
{k} 1

Z{k} = Xnmokz™ = k¥nLoz7"

1 1 1 1
_kE+;+;+;+m+;+m]
- d
5. Recurrence formula for n?: Z{nP} = _Zaz{np_l}
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6.

Z{nP} =Y _,nPz™™  pisa positive integer
Z{nP~} = Y onP iz
Differentiating @ w.r.t. z, we get
= Z{n71} = T onP L (—n)z !
=—z ' Yo nPz™"

= %Z{n?"l} = —z"1Z{n?} using®

®6

= Z{n?} = —z=-Z{n*"1)

Multiplication by n: Z{nu,} = —zdiz{un}
Z

Z{nu,} = Yy onu,z "
= —Z Z?lo=0 Un (_n)z—n
d _
— —ZZ;‘;OunEz n
d _
= 250 L (2™

d -
= _Z Z (Z;.lc;o unZ n)

-1

Z{n} = —z%Z{nO} using Recurrence Result 5 or 6
d
= —ZEZ{].}

=—z% 2L using result 2
dz z-1
z
=2} =0y

722 +z

Z{n?} = TR

Z{n?} = —z%Z{n} using Recurrence Result 5 or 6
d z .
=z s using Result 7
z%+z
(z-1)3

= Z{n?} =

_(0n<0_ 2 _(0,n<0. .
Z{u(n) = {1,11 > 0} =,-1 u(n) = {l,n >0 Unit step sequence

Z{u(m)} = Lnzou(m)z™ = Xnlo 127"
= 1+1+i2+i3+...+in+...
z z z z z
= Z{u(n)} = —

zZ—
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1,n=0 —
10. Z{a(") = {O,n " 0} =1 |s(n) = {(1)2 N g is Unit impulse sequence

Z{6(n)} = X2, 6(n)z™
=14+0+0+ -
= z{6(n)} =1

4.2 Properties of Z-Transforms
1. Linearity: Z{au, + bv,;} = aZ{u,} + bZ{v,}
Proof: Z{au, + bv,} = Yo-,(au, + bv,)z™"
=aYp—oUnZ "+ bYg oz "
= aZ{u,} + bZ{v,}
2. Change of scale (or Damping rule):
If Z{u,} = U(2), then Z{a™"u,,} = U(az) and Z{a"u,} = U (E)
Proof: Z{a™™u,} = Yp-oa "u,z "
= Y=o Un(az)™ = U(az)
Similarly Z{a"u,} = U (2)

Results from application of Damping rule

az

| e =

Proof: Z{n} =

) Z

o Z{am n} =U (;) = (5_51)2 = (Zizl)z

- 2 2
1. az-+a‘z
7 n,,2 —
{a"n*} —(z mp
Proof: Z{n?} = (Z 2 = U(2) say

2ty = () = B -

z(z—cos 9)
z2-2zcos0+1’

zsin 6
z2-2zcos0+1

iil. | z{ cosn@} = Z{sinn0@} =

Proof: We have Z{e‘i”‘g} = Z{(eie)_n} =Z {(e“’)_n. 1}

Now Z{1} = —1
elf
{(6’19) } 919 - w Z{a "u,} = U(az)
_ z
T z-ei®
z(z—eig)

- (z—e‘ie)(z—eie)
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__ z(z-cosf—isinf)
z2-z (e +e~i0)+1

e = cos@ + isind

z (z—cosB-isinf et 40
=  cosl =
z2-2zcosf+1 2
Z{e_ing} — z(z—cosf) . zsin@
z2-2zcosO+1 z2-2zcosO+1
.. z(z—cos6 . zsinf
= Z{cosnh — isinnb} = ( ) _
z2-2zcosB+1 z2-2zcosB+1
z(z—cos0)
~Z{cosnf} = ————
z2-2zcosO+1
. zsin 0
and Z{sinnf} = ——
{ } z2-27zcosO+1 @
Iv. z(z—acos 0) . azsin B
Z{a"cosn@} = ————, Z{a"sinnB@} =

z2-2azcos0+a?’ z2-2zcos 0+a?

By Damping rule, replacing z byi in @and @, we get

z(z—acos 0) . azsin @
Z{a"cosnb} = and Z{a"sinnf} = ——
{ } z2-2az cos 0+a? { } z2-2z cos 8+a?

3. Right Shifting Property
For n >k, Z{u,_;} = z *Z{u,}, k is positive integer

Proof: Z{un—k} = 21010=0 un—kz_n
- u_kZO + ul_kZ_l + .- +u_1Z_k+1 + uOZ_k + ulz_(k+1) + uzz_(k"'Z) + ..
=0+ upz ® +u;z7*+D gy, z7*+2) 4 ... wu, =0forn<0
= Yn-k=0Un-kZ "
= Z?;)l=0 umz_k_m
= Z_k Z?)(’)L=O umz_m
=z kYy® ju,z7"

=z *7{u,}
4. Left Shifting Property
If k is a positive integer Z{u, .} = z* [Z{un} —uy — % — % ----- :’,‘fj;]

Proof: Z{up 41} = Xno Unsrz ™"
_ k
=z Z??:O UpykZ
= zMwz7F + w270 +uy 27 @0 4]

—(n+k)

= zMug + wz7t Fupz 2+ gz ®D f gz

_Zk [uo + ulz_l + uZZ_Z + b + uk_lz_(k_l)]

= Zk [Z%o=0 unz_n - ﬁ;%) unz_n]
= 2" [ unz ™" — XRZoUupz "]
— k Uz Uy Uk—-1
= 220w} o =2 =B =l

In particular for k = 1,2,3
Z{un+1} = Z[Z{un} - uO]
Ztyyz) = 22 | Z{uy} — uo — 2
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U, Uy

Z{tna} = 2° |2y} — up — 2 = 22
5. Initial Value theorem:
If Z{u,} = U(2), then uy = lim U(2)
u, = lim z[U(z) —u,]

o =i 2[00 )

Proof: By definition U(z) = Z{u,} = Yoo un,z™"
u u u
=>U(2) =upg+—_+_ 2+ 5+ .®
. . u u u
g = limUG) = Jim fug + 52424 534
=u0+0+0+0+"'=u0
Again from®), we get
— Yy ¥ U,
U(z)—uo = — + Zi+ Zi+
= z[U@)—ul =ug +~+ S+
i — 1 Y2 W] =
= ;I_,IEOZ[U(Z)_L‘O] = ;1_)1210 [ul +—+—+ ] = U,
Similarly u, = lim z2 [U(z)—u0 — %]
Z—>00
Note: Initial value theorem may be used to determine the sequence u,, from the given
function U(z)
6. Final Value theorem:
If Z{u,} = U(2), then lim u,, = lirr} (z—-1)U(z)
n—oo zZ—
Proof: Z{u,+1 — Uy} = Xoco(Unsr — up)z™"
= Z{un+1} - Z{un} = Z?zo=0(un+1 - un)Z_n
= Z[Z{un} - uO] - Z{un} = Z§=O(un+1 - un)z_n
By using left shifting property for k = 1
= (Z - 1)Z{un} — Uy = Z?;)=O(un+1 - un)Z_n
or (z—1DU(2) —up = Xpzo(Unsr —ux)z™" = Z{u,} = U(2)
Taking limits z — 1 on both sides
121£n1 (z—1DU2) —up = Xp=o(Upi1 — Uy)
or lirri (z—1DU2) —uy =lim [(uy —uy) + (uy —uy) + -+ (Upyq — uy)]
Z> n—>oo
= }liggo[unﬂ] —Up
= li{n (z—1U(2) = ue
VAd
or lim (z — 1)U(2) = lim u,
z-1 n—-oo
Note: Initial value and final value theorems determine the value of u, forn = 0 and
for n — oo from the given function U(z).

7. Convolution theorem
Convolution of two sequences u,, and v, is defined as u,, * v,, = Y=o UmVn-m
Convolution theorem for Z-transforms states that
If U(z) = Z{u,} and V(2) = Z{v, }, then Z{u, * v,.} = U(2).V(2)

Proof: U(z).V(z) = Z{u,}. Z{v,}
= [21010=0 unz_n]' [21010=0 vnz_n]
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[u0+ + 2 4. +””+ ][v0+ + 2 4. + s ]

= (ugvy) + (uovl + ulvo)z + (upv, + u1v1 + uzvo)z

= Yoo(UoUy + U Vpq + UV + o+ UVg)Z ™"
= Yn=oXm=o UmVn-m)z ™"
= U(2).V(z) = Z{m=0 UmVn-m} ¥ LneoUnz " = Z{u,}
= U(2).V(z) = Z{uy, * v,} Y Up ¥ VUp = Y=o UinVn-m

Examplel Find the Z—transform of 2n + 3 sin% — 5q*
Solution: By linearity property
A {Zn +3sin 2" — 5a4} = 27{n} + 37 {sin %} — 57{a%)
=2Z{n}+ 3Z {sin 2—”} —5a*z{1}
27 37 Sin 5atz
- (z 1)2 t z2— chos§+1 R

Z{sinnf} = _zsinb Z{1} = :—1

z2-2zcosfO+1"’

)2 ’
3z
2z N _ 5a'z
(z—1)2 z2—\2z+1  z-1

Z{2n+351n——5a}

Example2 Find the Z-transform of the sequence {4, 8,16,32, ...}
Solution: u, = 2"*?, n=0,123...
Z{2n+2} — Z{222n}

a

— n n —_ =
= 4 7{2"} = ||<1 Zfa == | <1
Example3 Find the Z—transform of (n + 1)2
Solution: Z{(n + 1)?} = Z{n? + 2n + 1}
=7Z{n*}+ 2Z{n} + Z{1}
_ z%+z 2z Z
T (z-1)3 (z 12 z-1
2 Z +z _ _ _Z_
Z{n }_ 1)3JZ{n}_( 1)21Z{1} -1
Example4 Find the Z—-transform of
i.ncosnfd ii.sin (E+E) iii. e 2" iv. al™!
2 4

z (z—cos8)
z2-2zcos0+1

. _ d [ z(z-cos8)
» Z{ncosnf} = —z dz [22—22c059+1

d
v Z{nu,} = —zd—Z{un}
z
. —chose+22—cose]
(z2-2zc0s6+1)2

Solution: i. Z{cosnf} =

z3c0s0—-2z%+ zcosO
(z2-2zcos0+1)2

i. Z{sin (E +

. nm s nmw . s
. )} = Z{sm—cos— + cos—sm —}

= Ccos— Z {sm } + sin-— Z {cos —n}

L
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zsinZ z(z cosE)
_ 1 2 2

V2 zz—ZZcosg+1 22—22c052+1]

z(z—cos0)
z2-2zcosO+1

zsin 6

z2-2zcos6+1

w Z{sinnf} = , Z{ cosnB} =

zZ zZ

_1[ n 2]_1[z+22]
T V2 lz241 o z241] T vz lz241

iii. Z{e "} = Z{(e7?)"}
= S Z{a =
_ ze?
T ze2—1

iv. gl = {a_n» n<0

' “lay,n=>0

Taking two sided Z— transform: Z{a™} = %2 _, alz~"
wZ{a™} =yl a Tz + ¥ a2z

2 3
= [...+a3z3+a222+az]+[1+3+“—2+a_3+...]
zZ zZ VA

az 1 a
:1—aZ+1_—g ) |ClZ|<1and |;|<1
_az z 1
= 1—a2+; ) |Z| < la] and |a| < |Z|
_ z(1—-az) 1
T (1-az)(z-a) ' |a| < |Z| < |(;|
n} — _% =
= Z{a }_ o lal < |z| < ol
i 2" n<0
Example5 Find the Z—transform of u,, = {3", n>0

Taking two sided Z— transform: Z{u,} = Yoo U,z "
W Z{u,} =YL 2nz 4 Y 3nz "

3 2 2 3
= [...+Z—3+Z—2+5] + [1+3+3—2+3—3+---]
2 2 2 z z Z
3 1 z 3
_1_%+1_§, |2|<1and|z|<1
VA z
:2_—(Z+)ZT3(’ ) |Z|<|2|and|3|<|2|
z(z-3)+z(2-z
= e 13] <lz| < 2]
z
ﬁZ{un}Zm, 3<]z| <2
. 2, n<0 .. )
~ Z—transform does not exist for u,, = an >0 as the set 3 < |z| < 2 is infeasible.
Example6 Find the Z—transform of
. n s n4r 1 . 1
. "C,0<r<n I. C. . " Iv. ——

Solution: i. Z{"C,} = X', "C, z7"
=1+ "C,z '+ "Coz7 2+ + "Cpz"
=1+zH"
ii. Z{ n+rCT} — Z;ozo n+rCT P
=1+ n+1C1 72714 n+2€2 772 + n+3C3 773 4 ...

(n+21('n+1) Z_2 n (n+3)(n;2)(n+1) Z_3

=1+Mm+1z 1+ + e
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=1+ (-n-1D(—zH+ —(_”_1)2(!‘"‘2) (—z1)~2

+ (—n—l)(—zl—z)(—n‘@ (_Z—l)—3 + .-

=(1- Z—l)—n—l
Example 7 Find the Z—transform of
=i — ii
ol T (n+r)! " (n-1)!
- (1) v 1 o—pm 1 1,1 _5 1 _3
I.Z{E}—eroazn—lﬁ—iz +zZ +;Z + -
1
=1+il+ii ii.{....:eg
1z 21z2  31z3
1 1
= 2{ )= e
- 1 _ 0 1 -n
.z {(n+r)!} = Xn=o (n+7)! z
1
Now Z{%} = ez
Also from left shifting property Z{u,,,,} = z* [Z{un} —uy — % — :—j ----- %]
. 1 1 r %__ _i_r _
~Z {(n+r)!} =~z [e 1 z 21z2 (r—l)!zr‘l]

In particular {(n-il-l)!} =z! [e% - 1]

() -1

(n+2)!

1 o 1 _
. z {(n—r)!} o Zn=0 (n-r)! z™"
1
Now Z {%} = ez
Also from right shifting property, Z{u,,_,} = z7*Z{u,}, k is positive integer

Z{ ! }zz‘reE

(n—-r)!

In particular {ﬁ} =z ‘ez

1 _ -2,
{(n+2)!}_z €

Example8 Find Z{u, ..} if Z{u,} = ;_1 + z22+1
Solution: Given Z{u,} = U(z) = ﬁ + zZZ+1
From left shifting property Z{u,,,} = z* [Z{un} — Uy — %]

Now from initial value theorem u, = lim U(z)
Z—>00

D

. z z
=lim |—+ — ]
z—oo Lz—1 z+1
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1
=hm[ir+—Ll=1+0

1
—oo |1—-= +—
z z z2

SUy =1 )

Also from initial value theorem u; = lim z[U (z)—u,]
Z—00

. z z
=limz|—+ — 1]
Z—00 z—-1 z2+41

. 2z2-z+1 | _
= llm Z [m] =2

Z—00
LU =2 NE)
. . _ 2|z z _q1_2
Using @and @ in @, we get Z{u,,,} = 2° |-+ S ——1 Z]
z(z%-z+2)

= 2t} = 50

Example9 Verify convolution theorem for u,, = nand v, = 1
Solution: Convolution theorem states that Z{u,, * v,} = U(2).V(z)
We know that w,, * v, = X0 UmVn-m
=Ym=om.1

=0+1+2+3++n="2000

2

oo (n+1) _ 1 [oe) - [oe) —
:Z{un*vn}=2n=0nn2 z "=E[Zn=0nzz 4y o nz "
1
= 1z{n?)} + Z{n}]
_ 1[z(z+D) z ] _ l[z(z+1)+z(z—1) _1 2z2 ]
T 2lez-103 T @z-02] T 2 (z-1)3 " 2l@z-13
ZZ
“ Z{un * v} = )
z zZ
Also U(z) = Z{n} = =T and V(z) = Z{1} = —
2
= U(2).V(z) = = . ©

(z-1)3
From Dand @ Z{u, *v,} = U(2).V(2)
Examplel0 If u, =6(n) —6(n—1), v, =26(n) + §(n — 1), Find the Z-transform of
their convolution.
Solution: U(z) = Z{6(n) —6(n — 1)}, V(2) = Z{26(n) + §(n — 1)}
Now Z{§(n)} =1and Z{6(n — 1)} =z v Z{u, i} = z7%Z{u,}
~U@Z)=1—-z1andV(z) =2+ 2z
Also Z{u, xv,} = U(2).V(2)
=>Z{u, xv,}=1—-zY2+z1Y)=2-2z"1-272

4.3 Inverse Z-Transform
Given a function U(z), we can find the sequence u,, by one of the following methods
e Inspection (Direct inversion)
e Direct division
o Partial fractions

Page | 9



e Residues (Inverse integral)
e Power-Series
e Convolution theorem

4.3.1 Inspection (Direct inversion) method
Sometimes by observing the coefficients in the given series U(z), it is possible to find
the sequence u,, as illustrated in the given examples.

Example 11 Find u,, if U(z) = 1 + %z‘l + iz‘z + 22‘3 + -

Solution: Given that U(z) = Yo, (%)n z ™" )
Also by the definition of Z-transform U(z) = Y5 u,z™" D
.Comparing Mand @), we get u,, = (%)n

Examplel2 Find u,, if U(z) = 1)3

e (?) (1)
U(z)=1+ T P

v(1l-x)"= 1+nx+$x2 + Waﬁ + -

Solution: U(z) =

N U(Z) _ Z%’:o (n+1)2(n+2) 4N

Comparing with U(2) = Ym—ou,z™ ™, We get u,

z

_ (n+1)(n+2)
o 2

Examplel3 Find inverse Z-transform of 3 + —1 ~ 51

z

Solution: Given that U(z) = 3 + — —
-1 2z-1

" w, =32 1] + 221 [— -z —il]

z—=
2

+1

= u, = 36(n) + 2u(m) 2 ()" = 36(n) + 2u(m) - (2)"
1] =6(n), Z71 [ﬁ =u(n), Z71 [ﬁ] = a™ where 6(n) and

u(n) are unit impulse and unit step sequences respectively.

- -5
Examplel4 Find inverse Z-transform of 2z72 — j—l + Z_l
-3 -5
Solution: Given that U(z) = 2272 —~—+ 2z
z— 2z-1
J — - —2 -6 Z
sou, = 2771 ] [ ]-|-Z [ Z__]

=, = 26(n—2) —u(n—4) + (;)" u(n—6)
- From Right shifting property Z~ [z *U(Z)] = u,_

4.3.2 Direct division method

Direct division is one of the simplest methods for finding inverse Z -transform and can
be used for almost every type of expression given in fractional form.

Examplel5 Find the inverse Z-transform of ———
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z
z2-3z+2

Solution: Given that U(z) =

By actual division, we get
z 1 +3z27%2+7273

22—3z+2)z
z—342z71

3—-2z71
3—9z7 1+ 6272
7271 — 6272
7271 —21z7%2 + 14773
15272 — 14273

=>U@z)=2z"1432724+7273 + -

=Yr(2"-1)z"
su,=2"-1

) ) 47242z
Examplel6 Find the inverse Z -transform of ———
240y 2z<-3z+1
Solution: Given that U(z) = 422—+ , by actual division, we get
2z4-3z+1

2+ 4z 1 45272
222 — 3z + 1)422 + 2z

47°2 — 6z + 2
8z—-2
8z —12 +4z1
10 — 4z71
10 — 15771 4+ 52772

11z71 — 5272

>U(@z)=2+4z"14+5z72+ -
= Yn=o(6 =227z
un — 6 _ 22—n
1 n
=6t}
4.3.3 Partial fractions method
Partial fractions method can be used only if order of expression in the numerator is less
than or equal to that in the denominator. If order of expression in the numerator is
greater, then the fraction may be brought to desired form by direct division. Partial
fractions are formed of the expression Y® as demonstrated in the examples below.

zZ

Examplel7 Find the inverse Z -transform of

Solution: Given that U(z) = ——

6z2-5z+1

6z2-5z+1
. U(2) _ 1 _ 1
"z 6z2-5z+41  (2z-1) (3z-1)
U(z) 2 3
= = —
z 2z—-1 3z-1
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e, u,= 27"-3™"

. . 47242z
Examplel8 Find the inverse Z -transform of ———
2z%-3z+1
4z%-2z _ 2z(2z-1)

Solution: Given that U(z) = 3241 = @-D-D)

LU= o 2(2z+1)
z (2z-1)(z-1)
By partial fractions, we get

Uiz) _ -8 6
z - 2z-1 z—-1
-8z 6z
=>U(z) = —
-1 z—-1

" u, = —4771 [f;] +6z71 |2
> u, = —4 (%)n +o()" vz ] =an
e u,= —4 (%)n +6

Examplel9 Find the inverse Z -transform of

-t
(1-z7H)(2-z7Y)

-t
(1-z7H)(2-z7Y

Solution: Given that U(z) =

Multiplying and dividing by z?2, we get

z? z?
U(Z) T z(1-z7V)z(2-z71)  (z-1)(2z-1)
LU z
z (z-1)(2z-1)

By partial fractions, we get

Ui _ 1 _ 1
z (Z—1) (2z-1)
=>U(z) = z

(z 1) (2z-1)

z [(z 1)] __Z :]

R

e, u,= 1— G)nﬂ

. . 472-2
Example20 Find the inverse Z -transform of —————
z3-5z2+8z—-4

4z2-2z  _ 2z(2z-1)

Solution: Given that U(z) =

z3-5z248z-4  (z—1)(z-2)2
U@ 0 2(2z-1)
z  (z-1)(z-2)2
By partial fractions, we get
Uiz) _ 2 2 6
Tz z-1 z-2 ' (z-2)2
2z 2z 6z
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=271 :]—zz- [ ]+3z- = 2)2]

n

= Uy =2(D"-2@)" + 30" ¢ 27 [ K| = arand 77 [

(z—a)z] - na
ie. u,= 2-2"*1 4+ 3n.2"
4.3.4 Method of residues (Inverse integral)
By using the theory of complex variables, it can be shown that the inverse Z-transform
is given by u,, = zim,gﬁc U(z)z™1dz = sum of residues of U(z)

where c is the closed contour which contains all the insolated singularities of U(z)in
the region of convergence.
Method of residues is one of the most efficient methods and can be used to find the

inverse Z- transform where partial fractions are tedious to find.

Example21 Find the inverse z-transform of ———
2 z“+7z+10

Solution:  U(z) = ——

Now u, = Zimgﬁc U(z)z"1dz

1 z

= U, = i P Z—Zn_le
i z“+7z+10
_ 1 zn
T 2mi Yo z247z+10
1 zn

2_7'L'i C (z+2)(z+5) z
There are two simple polesat z = —2 and z = -5

_ _ ("

Residue at z = —2 is given by hm (z +2) (Z+2)(Z+5) .
~ _ )"

Residue at z = —5 is given by hm (z +5) (Z+2)(Z+5) >

* U, = sum of residues = ('? (5) {( 2)"-(-5) }
Z +z

Example22 Find the inverse z-transform of —————
(z-1)(z%2+1)

z%+z
(z-1)(z?%+1)

Now u, = ﬁgﬁc U(z)z"1dz

z2+z _
—¢ ——————z"1dz
2mi Ve (z—-1)(z2%2+1)

Solution: U(z) =

= u, =

1 z"(z+1)

2mi V¢ (z—1)(z+i)(z-0)

There are three simple polesatz =1, z=—iandz =i

Residue at z = 1 is given by lzlifll(z D (z-1)(z+i) (z-0)
. e . . & _1l/ n
Residue at z = —i is given by ZlLryi(Z + l) 7-1)(24+0)(z—1) 2( £)
) L . . zn(z+1) S )
Residue at z = i is given by lim(z — i) =" = — i

" Uu,=sum of residues =1 — i (=)™ — %i” =1- i {(=D)"+i"}
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Z(z+1)
-1)3

Example23 Find the inverse z-transform of

Solution: U(z) = Z(Zj)li

Now u, = —45 U(z)z"1dz
_¢ Zn(z+1)d

2mi v (z-1)3

> U, =
Here z = 1 is a pole of order 3

_ 1 d? [(z—-1)3z"(z+1)
Residue at z = 1 is given by lzl_rf} a2 | s

—lllmd— [z"(z + 1)]
——hm— [(n + 1)z" + nz"1]

21 z»1dz

;lin} [(n+ Dnz" ! +nn—1)z""?]
'z

= [n?+n+n?—n]=n
u,, = Sum of residues = n?

4.3.5 Power series method
In this method, we find the inverse Z - transform by expanding U(z) in power series.

Example 24 Find w, if U(z) = 1ogi

-1
Solution: Given U(z) = logﬁ = log (%) = — log% = —log (1 + é)
~U(z) =—-log(1+y) Putting i =y

y2 y3 4
2 3 4

"log(1+x)=x—%+%—x:+"'

SU@) =24 -t — cy=1

2z%2  3z3  4z4
=>U(z) =0+ Z;‘f;l—_n)n z "
Comparing with U(z) = Yo-ou,z™ ", we get

0 forn=20
{(—Dn
n

,0therwise

4.3.6 Convolution theorem method
Convolution theorem for Z-transforms states that:

If U(z) = Z{u,}and V(z) = Z{v,}, then Z{u,, x v,} = U(z).V(z)
U@).V(2)] = uy, * vy

2

z . .
————— using convolution theorem.
(z—-1)(2z-1)

Example25 Find the inverse z-transform of
. . _ _ z _ _ z 1 i
Solution: Let U(z) = Z{u,} = = and V(z) = Z{v,} = D =2 (Z_%>
Clearly u, = (1)" and u,, = ( ) [— =a"
Now by convolution theorem Z71[U(2).V (2)] = u,, * v,
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A

> LN oe

sl =ro= RO O

We know that u,, * v, = X h—0 UmVn-m

_ Z;‘n=0(1)m (%)n+1—m
SORRIORIORETEE

et @ e ]

i G)nﬂ

Exercise 4A
: (2", n<O0
Find the Z—transform of w, = {3”, >0
Find the Z—transform of u, = —
(n—p)!

2z
Solve the difference equation y, ,, + 4y,+1 + 3y, =3,y =0,y; =1
using Z—transforms

Find the inverse Z—transform of u, =

Answers
2Z
e 0 l2I<3

1
z Pez
nm .. nm
1—cos— —isin—
2 2
1

_Yox 5 ax 3 1\
ye =235 =S (3 42 1)

T 24
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MODULE-3
PARTIAL DIFFERENTIAL EQUATIONS
Definition

An equation involving one or more partial derivatives of a function of two or more variables
is called a Partial differential equation/PDE].

The order of a PDE is the order of the highest derivative and the degree of highest order
derivative after clearing the equation of fractional powers.

A PDE is said to be linear if it is of first first degree in the dependent variable and its
partial derivatives.

If each term of the PDE contains either the dependent variable or one of its partial
derivatives, the PDE is said to be homogeneous. Otherwise it is said to be a
nonhomogeneous PDE.

Examples
1. Z—i + Z—; =0 [Order — 1, Degree — 1, Homogeneous PDE]
2
2. a(jcazy = xy [Order — 2, Degree — 1, NonHomogeneous PDE]
0%z 0z
3. Fyrie % + 2z [Order — 2, Degree — 1, Homogeneous PDE]
4, 22,92 _ [Order — 2, D ~1, H PDE]
T = rder — 2, Degree — 1, Homogeneous
Ixay cos(2x + 3y) [Order — 3, Degree — 1, NonHomogeneous PDE]
2
6.% =x+y [Order — 2, Degree — 1, NonHomogeneous PDE]
2
7.% —16z=0 [Order — 2, Degree — 1, Homogeneous PDE]
0%u ou

8.

%3y + 45 =0 [Order — 2, Degree — 1, NonHomogeneous PDE]

Formation of PDE by eliminating arbitrary constants and arbitrary functions

Note:



Ifz=f(x,y) ,then

T ox P

Zy, = 3y =q
0%z

Zyx = W =r
0%z

Dxy = oxdy S
0%z

Zyy = a—yz =t

Problems

Form the PDE by eliminating the arbitrary constant in the following
1. z=((x+a)(y +b)
Sol: Given z = (x + a)(y + b) - (1)
Differentiate (1) w.r.t ‘x” and ‘y’ partially

0

—=(+h)1 > p=(y+h)
Also,2—§=(x+a).1 = q=(x+a)
(H)=z=q.p

Z = pq , is the required PDE

2 2

x y
2. 22=;+b—2

2 2
Sol: Given 2z = = +2- - (1)

Differentiate (1) w.r.t ‘X’ and ‘y’ partially

0z _ 2x
ox a2
X
Multiply by ‘x’
2

x
PX =0z



0z 2y
Also, 2 3y b7

> q=2
Multiply by ‘y’

yZ

Qy =z

(1)=> 2z = px + qy, is the required PDE.
3.ax*+by* +z%* =1
Sol: Given  ax?+by?+z2=1

zZ=1—ax?—-by? - (1)
Differentiate (1) w.r.t ‘x” and ‘y’ partially
ZZZ—i =0—2ax—0

= 2zp = —2ax
ax = —zp
Multiply by ‘x’

-

ax® = —zpx

0z
Also, 225 =0-0-2by
= 2zq = —2by

by = —zq
Multiply by ‘y’

?=—zqy
()= z? =1— (—zpx) — (—zqYy)

z%> — 1= zpx + zqy

by

z?2 — 1 = z(px + qy) , is the required PDE.
4.z = alog(x* +y*)+b
Sol: Given z = alog(x* +y*)+b - (1)
Differentiate (1) w.r.t ‘x’ and ‘y’ partially

0z a 1
ax (x2+y?)’




= _ 2xa
P =z

p__2a  __
= x (x2+y2) @)
0z 1
AlSO, @ = a.m. Zy
q__2a¢  ___
MR )
From (2) and (3) , we get
P_1
x Yy
py = qx

Py — qx = 0, is the required PDE.
5.z=xy+yVx?—a?+b
Sol: Givenz = xy + yVx? —a?+b - (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially

0z 1

o =Y T Y o X

ax

q—-x=Vx*-a?> - (3)
Using (3) in (2), we get

Xy
(g—x)

@)=p-y=

(p—y)g—x)=xy
pq —px —qy +xy =Xxy
pPq = px + qy , is the required PDE.

. Find the PDE of the family of spheres whose centre lie on the plane z = 0 and have a
constant radius ‘r’.

Sol: The co-ordinates of the centre of the sphere can be taken as (a, b, 0) where a and b

are arbitrary. r is the constant radius.



The equation of the sphere is given by
(x—a) +(y—->b)?+(z—-0)?2=1r?
(x—a) +(y—hb)>+2z2=1r?
Z2=r’—(x-a)?-@-b? - (1)
Differentiate (1) w.r.t ‘x” and ‘y’ partially
22 =0-2(x—a)— 0

= 2zp=-2(x—a)

= (x—a)=-2zp
AlsoZzZ—;: 0—0—2(y—b)

= 2zq =-2(y—Db)

= (y—b)=-2zq

()= z? =12 = (=zp)* — (—zq)*
22 = 12 — z2p? _ 7242
7z +z%p* + z%q¢* =7

z*(1 + p? + q*) = r?, is the required PDE.

2

x2 yZ ZZ
7.;+b—2+c—2—1
) x2 y?2 72
Sol: Given §+ﬁ+c_2:1
y

2 2 2

VA X

z=1-—57 —@O
c a b
Differentiate (1) w.r.t ‘x” and ‘y’ partially
220z 2x 0
c2ox a?
2z 2x
aP= @
zp X
@ a 0
220z _ 02y
Also, = 3 = 0-0 2
2z 2y



zq y
@~ 0

Differentiate (2) w.r.t ‘x’ partially

101,22 ——ii[ ] Since p = =
c2ox " oxl azox P =%
Ao os 0] _ 1,

Zloxox TE ol T T @

1 1

S +zr]=-

Multiply by ‘x’

X b

C—Z[P2+ZT]=—?

x zZp

C—Z[p2 tazr] == From (2)

x[p?+zr]=zp
xp? + xzr = zp
xp? +xzr—zp =0

xp? + z(xr —p) = 0, is the required PDE.

8.Form the PDE of the family of spheres whose centre lies on x — axis with constant
radius 3.

Sol: Equation of sphere with centre on x — axis i.e., C = (a, 0,0) and radius r = 3.
The equation of the sphere is given by
(x—a)’+(y—0)2+(z—0)2 =32
(x—a)’+y*+2z>=9
z2=9 — (x —a)? —y? — (1)
Differentiate (1) w.r.t ‘x” and ‘y’ partially
222—i=0—2(x—a)—0
= 2zp=-2(x—a)
= (x—a)=-2zp

0z
AlsoZza—O—O—Z(y—b)

= 2zq =-2(y—D>b)



= (y—b)=-zq

()= 22 =9 — (—zp)* — (—zq)*

22 =9 — 72p? — z2¢2

z%2 4+ z%p? + z%q* =9

z*(1 + p% + q*) = 9, is the required PDE.
Form the PDE by eliminating arbitrary functions in the following
1. z=f(x?+y?)
Sol: Given z = f(x?2 +y?) --—-(1)

Differentiating (1) partially w.r.t ‘x’ and “y’ , we have

9z _ _ _ rr.2 2 9Z _ o — f£1(x2 2
=P =" +y%).2x 5y = 4= (x"+y).2y
c=2'(P 4y @ S=2'(P 4y - 0)
From (2) and (3) , we have

p_1

x Yy

py = qx

py — qx = 0 , is the required PDE.

2. z=y2+2f(i+logy)

Sol: Given z = y? + 2f (S + logy) (1)

Differentiating (1) partially w.r.t ‘x” and %y’ , we have
Z=p=0+2f(;+logy).(3) g—;: q =2y +2f (§+logy).(§)
p==.2f (S +logy) q—2y=3.2f (3 +logy)

x*p = =2f" G + logy) —@2) (g=2y)y=2f' G + logy) - (3)
From (2) and (3) , we have

x’p=—(q—2y)y

x*p = —qy + 2y*

x?p + qy = 2y* , is the required PDE.



3.z=eYf(x+y)
Sol: Given z=¢eYf(x +y) ---(1)

Differentiating (1) partially w.r.t ‘x” and ‘y’ , we have

%=p=eWTX+w §§=q=@ﬁﬂx+w+f@+ylﬂ
p=e’f'x+y) --(2) q=e”.f'(x+y)+z

q-z=e’.fx+y) -—-0)
From (2) and (3) , we have
p=q—z
p +z=q ,is the required PDE.

4.7 = e™*DY f(ax — by)
Sol: Given z = e™*PY f(ax — by) --- (1)

Differentiating (1) partially w.r.t ‘x’, we have
0z
ax
p = eV f'(ax — by).a + az

p —az = ae**PY f'(ax — by)

= e™tbY f'(ax — by).a + f(ax — by).e***PY q

Multiply by ‘b’
pb — abz = abe®™*YY f'(ax — by) --- (2)

Differentiating (1) partially w.r.t “y’, we have

Z_)Z, = etV f'(ax — by).(=b) + f(ax — by).e®**bY p
q = —be®™*PY f'(ax — by) + bz
q — bz = —be***PY f'(ax — by)
Multiply by ‘a’
qa — abz = —abe®™*YY f'(ax — by) ---(3)
From (2) and (3) , we get

pb —abz = —(qa — abz)



pb —abz = —qa + abz
pb + qa = abz + abz
pb + qa = 2abz , is the required PDE.

3. z = eV f(ax — by)
Sol: Given z = e™*PY f(ax — by) --- (1)

Differentiating (1) partially w.r.t ‘x’, we have

g—i = etV f'(ax — by).a + f(ax — by).e®**PY q

p = e™*bY f'(ax — by).a + az
p —az = ae™*PY f'(ax — by)
Multiply by ‘b’
pb — abz = abe®™*?Y f'(ax — by) --- (2)
Differentiating (1) partially w.r.t ‘y’, we have

Z—; = etV £'(ax — by).(—=b) + f(ax — by).e®*bY p

q = —be™* Y f'(ax — by) + bz
q — bz = —be™**PY f'(ax — by)
Multiply by ‘a'
qa — abz = —abe®™*YY f'(ax — by) ---(3)
From (2) and (3) , we get
pb —abz = —(qa — abz)
pb —abz = —qa + abz
pb + qa = abz + abz
pb + qa = 2abz , is the required PDE.

5.lx + my +nz = o(x% + y? + z%)
Sol: Given Ix + my + nz = (x? + y?> +z2) - (1)
Differentiating (1) partially w.r.t ‘x’, we have
0z _ 1.2 2 2 0z
L1+0+n52=¢'(x? +y? +22).(2x + 0 + 2257)

l+np =20 (x*+y?+z2).(x + zp)

(l+np)

— I'(n2 2 2
oy = 29Ty +ZY) - (2)

Differentiating (1) partially w.r.t “y’, we have
9z _ . 2 2 2 0z
0+ml+n=9 (x> +y*+z ).(0+2y+226y)

m+nqg =2¢' (x* +y?+2z%).(y + zq)



(m+nq) _
(y+zq)

From (2) and (3), we get

20'(x* +y*+2z%) - (3)

(I+np) _ (m+nq)
(x+zp)  (y+zq)

(L +np)(y + zq) = (x + zp)(m + nq)
ly + lzq + npy + npzq = mx + nqx + mzp + zpnq

ly — mx = ngx + mzp — lzq — npy

ly —mx = p(mz — ny) + q(nx — lz) , is the required PDE.
6.p(x+y+z x>?+y*—22)=0

Sol: Given p(x + y+ z, x2 +y?> —2z%) =0

Letu=x+y+z v=2x%+y?—2z2
ou 0z ov 0z
a—1+0+a £—2X+0—2Za
du v
a—1+p a—Zx—Zzp
Ju 0z ov 0z
5—0+1+5 E—O-I-Zy—ZZ@
du v
a—y—1+q a—Zy—qu

ou ou
ax a

Now ¢@(u, v) = ai ai

ax ay

ou, v)y=0
(1+p) 1+q) |_

(2x —2zp) (2y —2zq)

1+p)2y—2zq) —(1+q)(2x—2zp) =0

2y —2zq + 2py — 2zpq — 2x + 2zp — 2qx + 2zpq = 0 +~ by 2

y—zq+py—x+zp—qx =20
—Zqtpyt+zp—qx=x—Yy
p(y+2z)—q(x+2) =x—1y,is the required PDE.
T.o(xy+2z%, x+y+2)=0

Sol: Given (xy +z%, x +y+z) =0



Let u = xy + z2 v=x+y+z

ou 0z ov 9z
9 v
x =Y t2zp —=1+p
ou 0z v dz
du v
5—x+22q 5—1+q
ou o
__|ox oy
NOW(p(u,U)— a_v a_v
dox Ody
¢(u, v) =0

(y+2zp) (x+2zq)| _
(1+p) (A+q |

(y+2zp)(1+q)— (x+2zq9)(1+p) =0
y+yq+2zp+2zpq —x —2zq —px — 2pzq =0

0

y+yq+2zp—x—2zq—px =0
yq+2zp—2z2q—px =x-—Yy

p(2z —x) + q(y — 2z) = x — y, is the required PDE.
8. f(x*+y?% z—xy) =0

Sol: Given f(x?+7y?% z—xy) =0

Let u=x2+ y? v=2z-—XxYy
g—z=2x+0 Z_Z=Z—i—y-1
oy =2x Z=p-y
= =0+2y %y
5= 2 =q-x

du  du

dox dy
Now f (u’ U) ~lov av

dx Jdy



fu,v) =0

(2x) 2y) | _
-y (@—x)

2x)(g—x) - 2y)P-y)=0

2xq — 2x% = 2yp +2y* =0 =+ by 2
xq — yp = x* — y* , is the required PDE.

9. f(x? 4 2yz,y* + 2zx) =0

Sol: Given f(x?+ 2yz,y?+2zx) =0

Let u=x2+ 2yz v=y%+42zx
ou 0z v 0z
a—ZX‘FZ}Ia a—0+zx.a+22.1
du av
a—2x+2yp a—pr+2z
ou 0z v 0z
E—O+2y.£+22.1 E—Zy-i'ZXE
du v
5 = 24 +2z a9y~ 2Y t2xq

ou ou
a i)

Now f(u, v) = ai ai

ox ay
fu,v) =0

(2x + 2yp) (2yq+2z)| _
(2z+ 2xp) 2y +2xq)|

(2x + 2yp)(2y + 2xq) — 2yq + 2z)(2z + 2xp) =0

4xy + 4x%q + 4y*p + 4xypq — 4zyq — 4xypq — 4z* — 4xzp = 0
xy +x3q+y*p—zyq—z2—xzp =0

x%q + y*p — zyq — xzp = z* — xy

p(y? — xz) + q(x* — yz) = z* — xy, is the required PDE.
10.f(2,2z)=0

Sol: Given f (%,Z) =0

~ by 4



X
Let u=2=
z
a
ou . (Z 1—X£)
ox 72
ou y(z—xp)
ax  z2
0z
ou _ (z 1—y.$)
dy - 72
ou __ x(z—yq)
ay  z2
du Jdu
__|ox oy
Now f(u, v) =|;, a0
dox Ody
fw, v) =0
y(z—xp) x(z-yq)
z2 z2 =0
p q
y(z—xp) x(z-yq) _ _
72 4~ z2 0
yalz—xp) _ xpz-ya) _

z2 z2

yq(z—xp)—xp(z—yq) —0

ZZ
yqz—xppq—xzq+xypq __

z2 -
yqz —xzq =0
z(yq—xq) =0

yq — xp = 0, is the required PDE.

0

11.z=yf(x) + xp(y)

Sol: Given z = yf(x) + xo(y) ---(1)
Differentiate (1) partially

Z =y ')+ 0.

p=yf(x)+ o)

1

~ @)

0z ,
p =fx).1+x.¢'(y)

q=fx+xe'(y)

V=727
ov _ 0z
ax  ox
617_
ax
dv __ 0z
ay_ay
617_
ay_



0%z

=y f @) +0
r=yf'(x) — @)
Z(E)=F @ 1+0'O)
0%z

ayax — )+’ ()

s=fx)+e' () —O)

9%z

2= 0+20" ()

t=x¢"(y) - (6)

(D* x+H2)* y

px +qy = xyf'(x) + xp(y) + yf (%) + xy@'(y)

px +qy = [xe(y) + yf ()] + xy[f'(x) + ' (¥) ]

px +qy = z + xys From (1) and (5)
px + qy — xys = z , 1s the required PDE.
12.z=f(y+x) + g(y + 2x)

Sol: Given z=f(y+x)+g(y+2x) --(1)
Differentiate (1) partially

a ! !
—=f'y+x)+29'(y +2x)

p=f+2g — )

Z—i =fy+x)+g'(y+2x)
qa=f+g —3)

Z—Z =f"+x)+49"(y + 2x)
r=f"+4g" - (4)

L= [y + ) + 49" (y + 20)
s=f'+29" (5

0%z

37 = ff"y+x)+g"(y + 2x)

t = f” + grr o (6)



@ -0)
r_S:fII+4gII_fII_ZgII

r—s=2g" -—(7)
(5)-(6)
S_t=fll+2gll_fll_gll
s—t=g" —@®

N=>r—s=2(s—t) From (8)
r—s=2s—-2t
r—s—2s+2t=0
r—3s + 2t = 0, is the required PDE.
13.2=fi(y — 2x) + f,(2y — x)
Sol: Givenz = fi(y — 2x) + ,(2y — x) --- (1)

Differentiate (1) partially
0z

= 2fiy-20 - iy —x)
p=-2fi~f; —@
= iy - 20+ 2f;(2y — %)
q=fi+2fy Q)
T2 = 4f'(y — 20 + 52y — %)
r=afi+f; @
) (o2

+(52) = —2f'r = 20) = 27’ @y = %)

s=-2f{—-2f; —(5

0%z " "

3 = (v —2x) +4f,' 2y — x)
t=f1+4f; -—(6)

Now

r+2s = Af I -Af - Afy
r+2s=-3f;, -—(7)



Also
s+ 2t ==2f]" = 2f,"+2f]" + 8f;’

s+2t=6f;, --—-(8)
&)+ (7)

s+2t _ 6fy

r+2s  —3f}

s+2t _

r+2s

s+ 2t =-2(r +2s)

S+ 2t =—-2r—4s
Ss+2t+2r+4s=0

5s + 2t + 2r = 0, is the required PDE.
14.z = f(x) + eV g(x)

Sol: Givenz = f(x)+eYg(x) ---(1)
Differentiate (1) partially

Z=f(0)+e7g ()

p=f(x)+e’g'(x) -2
0z

3, = ¢ 9(x)

q=e’g(x) - Q)

2—: =f"(x)+e’g"(x)
r=f'0+eg'® —@
%(Z—i) =0+eYg' (x)

s=e’g'(x) — ()

0%z

37 = e’ g(x)

t=e’g(x) — (6)

From (3) and (6)

q=t

t — q = 0 , is the required the PDE.



15.z=f(x+ct) + g(x —ct)

Sol: Given z = f(x + ct) + g(x —ct) --- (1)
0z

Fi f'(x+ct)+ g (x—ct)
p=f+g - (2)

% =cf'(x+ct) —cg'(x —ct)
q=cf' —cg’ - (3)

Z—Z =f"(x+ct) + g"(x —ct)
r=f'+g"  —@

%(Z—i) =cf""(x+ct)—cg"(x — ct)
s=cf'—cg’ ()

% =c2f"(x + ct) + c?g" (x — ct)
t=c*f"+c*g" ---(6)

Consider

t=c*f" +c*g"
t=cf" 4 g"]

t =c%r

t — cr = 0 , is the required PDE.

Solution of Non Homogeneous PDE by Direct Integration

2

I.Solvea—u=x+y

0x?2

2
Sol: Given 2% = x + y

0x?2
d [ou
() =2ty

Integrate w.r.t 'x’

a—u—fxdx+yf1dx

ax



ou  x?
w5 Tyxtf)

Again integrating w.r.t ‘x’
u=%fx2dx+yfxdx+f(y)f1dx

1 [x3

w=[5]+y[5]+ o+

3 2
u= % + xz—y + xf(y) + g(y) , is the required solution.

0%z x
2. Solve =-4a
d0x0y y

9%z

x
-Ta
0xdy y-+

d [0z X
2) -3+
dx \dy y

Sol: Given

Integrate w.r.t 'x’

0z 1
a—;fxdx+af1dx
0z  x2
5—5+ax+f(y)

Integrate w.r.t 'y’
2
z=7 [~ dy+ax[ldy+[f()dy

2
z = x; logy + axy + F(y) + g(x) , is the required solution.

03z
0x20y

3. Solve = cos(2x + 3y)

03z
0x20y

Sol: Given = cos(2x + 3y)

0 [ 9%z
pw (axay) = cos(2x + 3y)

Integrate w.r.t 'x’

92 _ [ cos(2x +3y) d
oxoy cos(2x + 3y) dx

0%z sin(2x+3y)

oy~ 2z H/O)

d (0z sin(2x+3y)

(%) ="E2 4 50)



Integrating w.r.t 'x’

Jz 1 .

i Efsm(Zx +3y)dx+ f(y) [1dx
0z _ —cos(2x+3y)

- 2z HOx+gO)

Integrating w.r.t 'y’

z == cosQx +3y)dy +x [ f()dy + [ g)dy

1 sin(2x+3y)

z=—-. 3 +xF(y) + G(y) + h(x)

7 =— w + xF(y) + G(y) + h(x), is the required solution.

2

0z
4. Sol
Solve e

= sinx siny for which Z—JZI = —2siny when x =0 and z = 0 if y 1s an odd

multiple of g.{or z=0ify=02n+1) g}

2

. 0z
Sol: Given = sinx Sin
dxdy y

9 (a_z) = Sinx sin
d0x \0y - y

Integrate w.r.t 'x’

0z . .
— = siny | sinx dx
5, = siny [

Z—; = siny(—cosx) + f(y) --(1)
Integrate w.r.t 'y’
z = —cosx [ sinydy + [ f(y)dy
z = —cosx(—cosy) + F(y) + g(x)
z = cosx.cosy + F(y) + g(x) ---(2)
By data Z—JZ/ = —2siny when x =0
(1) > —2siny = siny(—cos0) + f(y) Since cos0 =1
—2siny = —siny + f(y)
f(y) = —2siny + siny
f(y) = —siny

Now



Fy) = [ f(y)dy

F(y) = — [siny dy

F(y) = =(—cosy)

F(y) = cosy

(2) > z = cosx.cosy + cosy + g(x)
Againbydata z=0if y=(2n+ 1)%

0 = cosx.cos [(Zn + 1) %] + cos [(Zn +1) %] +g(x) cos [(Zn + 1)%] =0

gx)=0
Thus,
(2) > z = cosx.cosy + cosy + 0
Z = C0SX.C0oSy + cosy

z = cosy(cosx + 1) , is the solution.

9%u
5. Solve
0xdt

that u —» sinx as t —» oo.

= e 'cosx giventhatu = 0 whent = 0 and 66—1: = 0atx = 0. Also show

2

. u —
Sol: Given = e tcosx
d0xot
i(a—u) = e tcosx
ax \ot)

Integrate w.r.t 'x’

ou _ -t
— = e " [ cosxdx
Z—: =e7tsinx +f(t) (1)

Integrate w.r.t 't’

u = sinx [e~tdt + [ f(t)dt + g(x)

. et

u = sinx [_—1] + F(t) + g(x)

u=—-etsinx+F(t)+gx) --—-(Q)
ou
By data - = Oatx =0
(1)=> 0 =e~*(sin0) + f(t) Since sin0 =0
f=0



Now
F() = [ f(D)dt
F(t)=0
2)=>u=—e"tsinx + 0+ g(x)
u = —e tsinx + g(x)
Also givenu =0 whent =0
0 = —e %inx + g(x) Sincee ® =1
0 = —sinx + g(x)
g(x) = sinx
Thus,
2Q)=>u = —e tsinx + 0 + sinx
u = sinx(1—e™t) , is the solution.
Ast — o
u =sinx(1l—e~%)
u = sinx(1 - 0)
u = sinx

~ Uu->sinx as t > o

0%z x ) 0z
6. Solve —— = S subject to z = 0 when x = 1 and P logx when y = 1.

dxdy
. 0%z x
Sol: Given = -
dxdy y
9%z _ x
dyodx _-y

5} (az) X
dy \0x _-y

Integrate w.r.t 'y’

0z _ 1

= XS5 dy

0z

o, = Xlogy +f(x) (D)

Integrate w.r.t 'x’

z=logy [xdx+ [ f(x) dx



z=logy[L] 4+ F@) +90)  — @)

By data ﬁ = logx when y =1

(1)= logx = xlog1 + f(x) Since logl =0
f(x) = logx
Now

F(x) = [ f(x) dx
F(x) = [logx.1dx

F(x) =xlogx—fi.xdx

F(x) = xlogx — x

2)=>z =z logy + xlogx — x + g(y)

Also given z = 0 whenx = 1

0="2211.10og1-1+g(y) Since log1 = 0

0="2—1+g(y)

!
gy)=1- ogy
Thus,
=1 logy + xlogx —x +1— togy
zZ= lo% (x2 —1) + x(logx — 1) + 1 , is the required solution.

2
7. Solve a—z = xy subject to the conditions that g—i =log(l1+y)when x=1andz =0

when x = 0.
2

0°z
Sol: Given —— = xy

o) =

Integrate w.r.t 'x’

aZ—yfxdx



R AR (O ()

Integrate w.r.t 'x’
z=2[x*dx+f(y)[1 dx
z=2[Z] +xf ) + g
2="2ixf()+g»)  —Q)
By data 2 = log(1 + ) when x = 1
()= log(1+y) =2+ f(¥)
f(y) =log(1+y) -7
@ =z="2+x[log +y) — L + g

Also by dataz = 0 when x = 0
0=0+0+g)

giy)=0
Thus,
3
z=%+x[log(1+y)—§] + 0
x3y

z=—7+x [log(l +y) — g] , is the required solution.

Lagrange’s Method of Undetermined Multipliers

Suppose we require to find the maximum and minimum values of f(x, y) where
X,y,z are subject to a constraint equation
9(x,y,2z) =0
We define a function
Fx,y,z,A)=f(x,y,2) + 1 g(x,y,2) ...(1)
Where 4 is called Lagrange Multiplier which is independent of x, y, and z.

The necessary conditions for a maximum or minimum are

oF oF oF



Solving the four equations for four unknowns 2 ,x, y, z, we obtain the point (x, y, z). The point
may be a maxima, minima or neither which is decided by the physical consideration.
This method is also applicable when we have more than one constraint equation connecting

the variables.

Example:
O
Find the minimum value of x? + y? + z? subject to the condition + _ -
X Y z
Solution:
Let the auxiliary function ‘F’ be
FxyzA)=(x2 +y2 +22) +1 (1 +14l- 1
x y z
Where 4 is Lagrange Multiplier
oF -1 oF -1 JoF -1
a:2x+ A(xj} a—y:2y+/1(y7} E:ZZ+/1(ZT)
1 1 A
=2x- _ =2y - =2z- _
x2 Zy ? 72
For a minimum at (x, y, z) we have
JoF JF JoF
a =0 E =0 E =0
A A A
2x 2 2y_317=0 ZZ—ZT=0
A 1 A
2x=x2 2y=yT 22=Z2




B = A ) = A 5 = A
2 2 2
o Lk o
X = (_) (1 y =03 ...Q) z= (_) 3)
2 2 2
From (1), (2) and (3), we get
X=y=2z
1 1
Given: ~+ + =1
x y z
31=1
x
3=x

~=>y=3andz=3

=~ (3, 3, 3) is the point where minimum values occur.

The minimum value is 32+ 32+ 32 =9+ 9 + 9 =27.

Example:
A rectangular box open at the top, is to have a volume of 32cc. find the dimensions

of the box that requires the least material for its construction.

Solution:

Let x, y, z be the length, breadth and height of the box.

Surface area=xy + 2yz + 2zx

Volume = xyz =32

Let the auxiliary function F be

F(x,y,z,A) =(xy + 2yz + 2zx ) + A(xyz — 32)

Where A is Lagrange Multiplier
oF F = x + 27+ Ax OF = 2x + 2y + Ax
a=y+22+)1yz dy xrez z 9z Y Y
When F is extremum
JF JF JdF
ox 0 3y =0 3z~ 0
y+2z+ Ayz=0 xX+2z+ Azx =0 2x+2y+ Axy =0

=2x+2y = - Axy

> y+2z

=>x+2z=-Ayz




<N

=-21..(1) > _+2=-1...2) =

From (1) and (2), we get From (2) and (3), we get
1 2 1 2 1 2 2 2
— +— =4 — _ - = 4+ —
zZ'y zZ X zZ X y x
2 1 2
y o x z y
x =y ..(4) y = 2z ..(5)
From (4) and (5), we get
x =y =2z
Volume =xyz = 32 = (2z) (2z)z=32 =427 =32
£ = 33 = 8 =2>z=2 ile.x = 4, y=4,z=2

4

~ Cost minimum whenx =4,y =4,z =2

Example:

A rectangular box open at the top is to have a given capacity K. Find the

dimensions of the box requiring least material for its construction.

Solution:
Let x,y,zbethe dimensions ofthe box.
Surfacearea=xy + 2yz + 2zx
Volume=xyz = K
Let the auxiliary function F be
F(x,y,2,A) =(xy + 2yz + 2zx ) + Axyz — k)
Where 1 is Lagrange  Multiplier

JF oF — OF =
a:y+22+/1yz o X+2z+ Azx " 2x + 2y + Axy
When F is extremum.
oF oF oF
—= —_—= O —=
d0x 0 dy 0z 0




y+2z+ Ayz=0 x+2z+ Azx =0 2x+2y+ Axy =0
oy+2z = -Ayz =>x+2z=-Azx =22x+2y = - Axy
> il ) > 1+2=221.02) = 2+%=221.0)
z y z X y X
From (1) and (2), we get From (2) and (3), we get
1 2 1 2 1 2 2 2
—_ +— = _4+ —_ +— = 4 —
Z'y Z X zZ x y x
2 2 1 2
y o x z y
xX =y ..(5) y = 2z ..(6)
From (4) and (5), we get
xX =y =2z
~ Volume=xyz=k = (2z)(2z)z= k =>43=k
473 =k :»z3=k_
4
! 1 1
k3 k3 k3
z=C) . x= -
Poox=2(y 5 y=2(

xy + 2yz + 2zx

1 1 1

=4 (P +ayra O
4 4 4

~ Value of minimum =

2

12 ("%3

=32k )3

Example:




Find the point on the plane ax+by+cz =p at which f= x?+y?+2% has a
stationary value and find the stationary value of f, using Lagrange’s method of

multipliers

Solution:

Let the auxiliary function F be
F(xy,zA) =x2+ y2+ 22 + Alax + by + cz — p)
Where A is Lagrange  Multiplier

oF oF oF

a=2x+/1a @:2y+/1b Z=Zz+/1c

When F is extremum.

oF JoF JoF

a:() @:0 E:Q
2x+ Aa=0 2y+ Ab=0 2z+ la=0
=>2x=-Aa =22y=-15b =2z = -da
s =1 ==, @ >2="1.0@3)

a 2 b 2 c 2

From (1), (2) & (3), we get

a2 b2 —
c2
ax by ¢z ax+by+cz p
= el e =
a? b? c? a? + b? + ¢? a? + b + (2
ap bp cp
a? + b? + 2 y a? + b? + c? a2 t p2 t+ 2
Stationary value of f = xZ2+ y2+ z2
= ( ap 2 bp 2 cp

- )+ S — )
2+ b2+ 2 (a2+ b2 + c? (a2+b

a 2:c2

@ p2+b2p2c? p?



(a?2+ b2+ ¢?)?
2
_ (a?+b?+c?)p? = P

(a%+b%+c?)? a?+ b? +c?

Example:

Find the dimensions of the rectangular box without top of maximum capacity with
surface area 432 square metre
Solution:
Let x, y, z be the length, breadth and height of the box.
Surface area = xy + 2yz + 2zx = 432
Volume = xyz

Let the auxiliary function F be



F(,y,z,A)= xyz+ A (xy+ 2yz+ 2zx — 432)

a=yz+/1(y+22) @=XZ+/1(x+Zz) 5=Xy+/1(2y+2x)
To find the stationary value.
Fy =0 F,=0

y+2z -1
T Tz T
1 2 1
= —Z+}:—/1—...(1)

xZ+A(x+2z)=0

xy+A(R2y+2x)=0

> xz= -A(x+22) = xy=-1(2y+2x)
X+ 2z -1 2y +2x -1
= = > — = —
XZ A xy A
1 2 1 2 2 1
= —Z+;:—/1—...(2) = _x+}:_l_'"(3)

From (1) & (2),we get From (2) & (3),we get

1 2 1 2 1 2 2 2

— 4 —= — — —_t —= —-

zZ'y zZ x zZ X y x

2 2 1 2

> —= = >—= —

y X z Yy
>x=y .(4) =>y=2z -(5)

From (4) & (5),weget x=y =2z

Surface area = xy + 2yz + 2zx = 432

(22)(22) + 2 (22)z+ 2z (2z) =432 422

+ 472+ 472 =432

1222 = 432
72 =36 ~z =6
~x =12,y =12, z=6

by (6)

Thus, the dimension of the box is 12, 12, 6. Maximum

volume =12 x 12 x 6 = 864 cubic metres.



Example:

The temperature u( x,y, z ) at any point in space is u = 400xyz? .Find the highest

temperature on surface of the sphere x? + y?>+ z2 =1 .

Solution:
u=f= 400xyz2 .. (4)
O=x24+ y24+ 22—-1=0 ..(B)
Let the auxiliary function F be

F(x,y,z,1) =

400xyz2 + A1 (x2+ y2+ 22— 1)

To aF aF
— =400yz2 + A (2x) — = 400xz2 + 1 (2y)

0x dy

JF
— = 800xyz + A(22)

0z

find the stationary value.

Fx=0 Fy=0

Fz:()

400yz2 +A1(2x) =0 400xz2 +1(2y) =0

400yz2 = -1 (2x) 400xz%2 = -1 (2y)

800xyz + A(2z) =0

800xyz = - A(22)

200yz2 200xz2 400xy = -1 ...(3)
= - = -1 ..(2
— =1 .0 . 2)
From (1) & (2), we get y2 = x2 ....(4)
From (2) & (3), we get z2 = 2y2 .... (5)
From (4) & (5), we get
X2 =y2 = 1_22 ..(6)
2
(B) > "2+l trz-1=0
7 7
= 272 =
:ZZ=1_=> z= il_
2 2
© =x="(O=" Sx=%'
7z 3 z
© =yp="0='" =sy=t'
2 z 3 z

. u = 400xyz2 , we select x, y, z to be positive
1 1 1
=>u=400 ) (=
=400 €) ) ()

=>u=>50




~ Maximum temperature is 50

Example:

Find the maximum volume of the largest rectangular parallelepiped that can be

. . . . 2 g2 g2
inscribed in an ellipsoid * +°~ +° =1

Solution:

Let a vertex of such parallelepiped be (x, y, z)
Then all the vertices will be (+x,+y,+z)
Then, the sides of the solid be 2x, 2y, 2z (lengths)
Hence, the volume V = (2x) (2y) (2z) = 8xyz
Let f = 8xyz
¢ = xz_+ y2_+ “ =
a? b2 c?

Let the auxiliary function F be

xz yz ZZ
Flx,y,z,1)=8xyz +A (" +° +  -1)

a? b2 c?
J0F 2x JF 2y JoF 2z
a=8y2 +Aa2— E=8XZ +/1b— £= 8xy +ACZ_
To find the stationary value.
Fx=0 Fy =0 Fz=0
2x 2y 2z
8yz +/1§=O 8xz +/1ﬁ= 8xy +/1€7=0
2x 2y 2z
=>8yz=—AaT :8xz——AbT =>8xy=—/1€2—
Xbx 57 =X () | xvy s 2) Ixvzas® 2P (3)
2 <A @ 2 -2 b2 2 -A c

From (1), (2) & (3), we get

P R o)

a2 b2 c2
. 2 22
Given ¥ + ¥ + 7% =1
2 b 2
3x2
= =1 by4)




Similarly, = b



s b
The extremum point is (a , o, )

VFE VE VF
. abc
Maximum volume V=8(" ")
EVES

Example:

Find the minimum values of x>yz3 subject to the condition 2x+y+3z = a.

Solution:
Let f = x2yz3
p=2x+y+3z—a=0

Let the auxiliary function F be

F(x,y,z,1) = x2yz3 +A(2x+y+3z—a)

oF oF
— = 2xyz3 + A2 — = xz3+ A — = 3x%z2 +3A
0x dy 0z
To find the stationary value.
Fx=0 Fy =0 Fz=0
2xyz3+ A2 =0 x2z3+ A =0 3x2yz2 +3A =0
xyz3 =-A ...(1) X273 = - .. (2) x%yz2 = -\ ...(3)

From (1) & (2),we get
xyz3 = x273

x=y ..(4)

From (2) & (3),we get

X223 = XZyzz

z=y ..(5)

From (4) & (5), we get
x=y=2z..(6)
Given: 2x+y+3z=a
=>2z+z+3z=a

>6z=0a

~. The stationary point is (-,
6

Hence, Minimum value of f= x2yz3




a, 2

=3

6

(3 CL7 =

6 6

Example:

a, 6

-)

6

Find the maximum value ofx™y"zP, when X +y + Z = a. Solution:

Let f = xmynzp
P=x+y+z—a=0

Let the auxiliary function F be

F(x,y,z,A) = xmynzp +A(x+y+2z—a)

JOF JoF JoF
— =mxm-lynzp + A — = nxMyn-lzp + A — = pxmynzp-l 4}
ox dy 0z
To find the stationary value.
Fx=0 Fy =0 Fz=0

mxm-lynzp + A =0

nxmyn-izp + A =0

pxmynzP-1 + A =0

= mxm-lynzp = - A = nxmyn-1zp = - A = pxmynzp-1 = - A
mxmynzp nxmynzp pxmynzp
= -A...(1 = -A...(2 = -1..(3
X (1) y @ - 3)
From (1), (2) & (3), we get
mxMy"zP  nxMyPzP  pxMy"zP
X y z
+xMy"zZP = ="=P (4)
X y z
x="2..(5) y = nz...(6)
12 P
Given: x+y+z=a
n — m ap
:EZ+_Z+Z—3 (5):)(:_
P P P mM+n+p
= " + = am
[; 1+1]z=a e
p
m+n+p n ap
= [ lz=a P B)=>y=




p M+n+p

an

m+n+p



. The stationary pointis ( an o

_
m+n+p
m+n+p m+n+p

m
. The Maximum value of f= (—"—) (— ) (%

m+n+p m+n+p m+n+p



MAD+p My RGP

Max. Value of f="°

(m+n+p)M+n+p

NUMERICAL SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

Introduction:

Partial differential equations arise in the study of many branches o applied mathematics, e.g.,
in fluid dynamics, heat transfer,boundary layer flow, elasticity, quantum mechanics, and electro-
magnetic theory. Only a few of these equations can be solved by analytical methods which are also
complicated by requiring use of advanced mathematical techniques. In most of the cases, it is easier to
develop approximate solutions by numerical methods. Of all the numerical methods available for the
solution of partial differential equations, the method of finite differences is most commonly used. In
this method, the derivatives appearing in the equation and the boundary conditions are re- placed by their
finite difference approximations. Then the given equationis changed to a system of linear equations
which are solved by iterative procoendures. This process is slow but produces good results in many
boundary value problems. An added advantage of this method is that the computationcan be carried by
electronic computers. To accelerate the solution, some- times the method of relaxation proves quite
effective.

Classification of Second Order Equations

The general linear partial differential equation of the second order in two independent
variables is of the form

0%u oU AU
4 [RER——— =
Ir2 (XY,U, 9%’ ox ) =0

0%u

0Xay +C(X.Y)

2
AXY) S5 + B (XY)

Such a partial differential equation is said to be
(i) elliptic if B2—44C< 0, (1) parabolic if B>— 44C = 0, and
(iii)hyperbolic if B2 - 44AC > 0

Now let us examine the nature of three PDEs which are under our discussion.

Sl.no | P.D.E A B C B% — 4AC | Nature of the
PDE
1 One dimensional c? 0 -1 4c? >0 | Hyperbolic

wave equation:
Uy — Uy =0

2 One dimensional c 0 0 0 Parabolic

heat equation:

38



AUy —u, =0

3 Two dimensional 1 0 1 -4<0 Elliptic

Laplace’s equation:
Uyy +Uyy =0

Finite difference approximation to ordinary and partial derivatives

Let y =y(x) and its derivatives be single valued continuous functions of x. we have Taylors
expansion,

Y+ h) =y + 2y @+ 2y ) + Ly o+, ()

Y —h) =y -2y @ + 2y ) - Ly o+, @

Assuming h to be small we shall neglect terms containing h?, h3, ... ... in (1) and (2) so
that we have

y'(x) = y—(Hh,z_y(x) from (1)

y(x)—y(x—h)

. from (2)

y (x) =

y(x+h)—y(x—h)

Also we have by (1) + (2) we have y'(x) = o

These three expressions for y’(x) are the finite difference approximation in terms of forward ,
backward and central difference respectively.

Also (1) + (2) by neglecting terms containing h®, h* ... ...will give us,

y(x+h) —y(x—h) =2y(x) + h*y" (x)

Or yu(x) — }’(x+h)_23;l(2x)+ y(x—h)

This is the finite difference approximation for y'' (x)

Extension to the Partial derivatives

Let u = u(x, y) be a function of two independent variables. The finite difference approximation for
the first order partial derivatives: u, , u,, and second order partial derivatives : Uy, U, are as

follows.
_ ou _ u(x+hy)-u(xy)
= 2= ey (1)
— Ou_ ulxy)-u@x-hy)
= 2= Wby 2)
g, = o Mt ueehy) 3)

ox 2h
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= oo HEESEN 4)
U, = g—; = w ........ 5)
= o MEMOSEYD ©6)
Uy = 0%ufOx? = LRI G (7)
Uy = 9%u/0y? = WEXHOTMOYMEYT) ®)

NUMERICAL SOLUTION OF A PDE

Consider a rectangular region R in the x, y plane. Let us divide this region into a network of
rectangular network of sides / and & as shown in Figure. In other words, we draw lines x=ih,
y=jk; 1,j=1,2,3.....being parallel to the Y —axis and X-axis respectively resulting into a
network of rectangles.

The points of intersection of the dividing lines are called mesh points,nodal points, or grid

points
AY
R
(x.y+h)
(ij+1) o
(xh,, y) xy) | Gthy
® (i-1/)@® GNe (i+t1)) e
(x.y—k)
(Gj-1) ¢

X

We write u(x, y) = u(ih, jk) and finite difference approximation for the partial derivatives given by
(1) to (8) are put in the following modified form.

ou 1
Uy = 52 = 3 [ui+1,j - ui,j]
Uy = z—z = %[ 0~ Ui-1,j]
du 1
Uy = 52 = 21 [ui+1,j - ui—l,j]
du 1
Uy =% "% [wijn — il
d
Uy = ﬁ = %[ 0~ Uij-]
du 1
Uy =%~ 2% [ui,j+1 - ui,j—l]
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0%u 1
Une = 5 = 7 [Uirnj — 20 + Uimy 5]

0%u 1
Uy = 552 " 12 [wijer = 2w + g 4]

The substitution of these finite difference approximations into the given PDE converts the

PDE into finite difference equations. we can solve this equation under given set of conditions.

This will enable us to determine u; ; explicitly at all the interior mesh points. These values
constitute a numerical solution to the given PDE.

NUMERICAL SOLUTION OF THE LAPLACE EQUATION IN TWO DIMENSIONS

.. . . . 0%u |, 9%u
Laplace equation in two dimensions is Fyci 37 = o D

We consider a rectangular region R for which u(x, y) is known at the boundary. Let us suppose
that the region is such that it can be divided into network of square mesh of side h.

i1, j+1 Ui+, j+1
.. o]
ul,]+1
BN »
\\’:’
Ui1,j u; j Uj+1, j T . Ui, j
A "
Ui1,j1 Ui+, j1
Ui j—1

Now we will substitute the finite difference approximation for the partial derivatives present
in equation (I)

Hence we have
1 1 _
= [wien; = 2wy + i ] + 5 [y — 205 +ugjoa] =0
Thatis, w;—qj + Ujpqj + Wi jo14 T Ui jr1 =alUij
1
Or ui‘j = Z [uH_L]- + ui_l‘j + ui,j_,_l + ui‘j_l] .......... (2)
This is called the Standard five-point formula

Since the Laplace equation remains invariant when the coordinates are rotated through an
angle 45° we can also have the formula in the form

1
ul-‘j = Z [ul’+1’]’_1 + ui_l‘j+1 + ui+1lj+1 + ui_l‘j_l] .......... (3)

It is observed that the value of u; ; is the average of its values at the four neighbouring
diagonal mesh points. It is also called diagonal five-point formula.
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The accuracy of the values of u; j can be improved by successive application of the formula

(2). We regard the obtained values of u; ; as the initial approximation denoted by u(o)i, j» then

the first iteration is carried out by using the latest iterative values available on hand where we
have,

1
u®; ;=2 [u(")m,j +u®,_,+ u(O)iJ+1 n u(o)i,j—l]

The procedure will be repeated till we get the values to the desired degree of accuracy, this
process is called liebmann’s iteration process

Example :1 Solve Laplace’s equation uy, + u,,, = 0 for the following square mesh with
boundary values as shown in the fig.

o 500 1000 500 o
C
L 7 u
1000 1 & 2 1000
4 g ug U B
2000 2000
uz ug lig
1000 1000
D
0 500 1000 500 0

Here ug is located at the center of the region and hence by the standard five point formula,

[2000 + 2000 + 1000 + 1000] = 1500

NI

Us =
Next we shall compute uy, uz, u;, ug by the diagonal five point formula

[0 + 1500 + 1000 + 2000] = 1125

u, =

N

uz = -~ [1000 + 2000 + 1500 + 0] = 1125
Also u; = 1125 = uq

Further we compute u,, u,, ug, ug by standard five point formula

RS

u2=

[, + us + us + 1000] = i [1125 + 1125 + 1500 + 1000] = 1187.5

RS

U, == [2000 + us +u; +uy| =

[2000 + 1500 + 1125 + 1125] = 1437.5

&R
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[2000 + ug + uz + us] == [2000 + 1125 + 1125 + 1500] = 1437.5

u6=

[uo + uy + us +1000] == [1125 + 1125 + 1500 + 1000] = 1187.5

u8=

N N
o S

These are considered as initial approximation values for Liebmanns iteration. We compute u;
(i=1 to 9) in the serial order by using the latest iterative values on hand by applying S. F.

First iteration

[1000 + u, 4+ 500 + u,] == [1000 + 1187.5 + 500 + 1437.5] = 1031.25

Ll

[1000 +us +ult + u3] =1 11000 + 1500 + 1031.25 + 1125] = 1164.0625

L
4
ul” = 2[1000 + ul” + 500 + ug| =5 [1000 + 1164.0625 + 500 + 1437..5] = 1025.3906

ul® =2 [ul® +u, + 2000 + u5] =111031.25 + 1125 + 2000 + 1500] = 1414.0625

ul” =2 [uf? + ug + uf + ug| = [1414.0625 + 1437.5 + 1164.0625 + 1187.5]
41 4
= 1300.7813

ul” =2 [uf? + 2000 + u” + | =
4 L

-PIH

[1300.7813 + 2000 + 1025.3906 + 1125]

=1362.7930

ul® = 2 [uf? + 500 + 1000 + g | =
4 |

-Plr-\

[1414.0625 + 500 + 1000 + 1187.5]
= 1025.3906
ul® =2 [ul” + 1000 + u + ug| =2 [1300.7813 + 1000 + 1025.3906 + 1125]
=1112.7930
ul =2 [uf” + 1000 + 500 + u’| =2 [1112.7930 + 1000 + 500 + 1362.7930]

=993.8965
Thus the required first iterative values to the nearest integer are as follows
u; = 1031 u, = 1164 uz = 1025 u, = 1414 ug =1301 ug = 1363
U, =1025 ug=1113  uy = 994

Example :2 Solve Laplace’s equation Uy, + Uy, = 0 for the following square mesh with
boundary values as shown in the fig

43



100 100 =0

500

uy Uz
20 0
i U
30 . 4 0
o o ] 0

u; == [20+u, + 100 + u3] ; upy == [u; + 0+ 100 + uy]

Uz = [30+U4+u1+0] , Uy = [u3+0+u2+0]

N
N

Now we have a system of equations to be solved

4quy —u, —uz3 =120 (D
—uy +4u, —u, =100 2)
—uy +4uz;—u, =30 3)
—u; —uz+4u, =0 4)

Let us eliminate u; from (1) and (2); (2) and (3)
15u2 - u3 - 4‘u4_ = 520 ............. (5)
4'u2 - 4u3 = 70 ............. (6)

Now we will eliminate u, from (4) and (5)

14u, — 2uz; =520 @)
Now solve (6) and (7)
Zuz - 2u3 = 35

14u, — 2uz = 520
S U, =404 ,uz =229
Hence from (1) uy = 45.825 and from (4) u, = 15.825

Thus these are the required values at the interior mesh points.

Example :3 Solve Laplace’s equation uy, + u,,, = 0 for the following square mesh with

boundary values as shown in the fig.
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a 11.1 17 19.7 18.6

uq uq g

0 21.9
g g lig

0 21
ug ug g

0 17

0 8.7 121 12.8 ?

Here u; is located at the center of the region and hence by the standard five point formula,

us =7 [0+21+17 +12.1] =12.525

Next we shall compute u,, us;, u;, uq by the diagonal five point formula

u; =7 [0+12.525+ 0+ 12.1] = 6.15625

ug = 7 [12.1+ 21+ 12525 + 9] = 13.65625
w =7 [0417 40+ 12.525] = 7.38125

uz = 7 [12.525+18.6 + 17 + 21] = 17.28125

Further we compute u,, uy, ug, ug by standard five point formula

Uy == [ug +us +ug +17] = & [7.38125 + 17.28125 + 12.525 + 17] = 13.546875
4 4

Uy == [0+us +uy +u;] == [0+ 12.525 + 7.38125 + 6.15625] = 6.515625
4 4

Ue == [21 + g + us + us] =~[12.525 + 21 + 17.28125 + 13.65625] = 16.115625
4 4

ug == [ug + uy + ug + 12.1] == [6.15625 + 13.65625 + 12.525 + 12.1] = 11.109375
4 4

Thus the required mesh points corrected to two decimal points are

w, =616 ug=1111  uy = 13.66

Example :4 Solve V?2u = 0 in the square region bounded by the coordinate axes and the
lines x = 4,y = 4 with the boundary conditions given by the analytical expressions,

(1) u(0,y)=0 for 0<y<4
(i1) u(4,y)=12+y for 0<y<4
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(1)  u(x,0) =3x for 0<x<4
(iv)  u(x,4) = x? for 0<x<4

Also employ Liebmann’s iteration process to compute the second iterative of u(x,y) correct to two
decimal places.

o%u | 9%u . . .
We have V2u = 0 represented by o 57 = 0 in two dimensions.

We shall divide the square region in to 16 squares of side one unit.
We shall derive the values of u(x, y) on the boundary from the given expressions.

@) u(0,y) =0  for 0<y<4
= u(0,1) = u(0,2) = u(0,3) = u(0,4) =0
(i1) u(4,y)=12+y for 0<y<4
> u(4,1) =13, u(4,2) =14,u(43) =15, u(4,4) = 16

(ii1)  u(x,0) =3x for 0<x<4
>u(1,0)= 3, u20) = 6,u30) = 9,u(40) = 12

(iv) u(x,4)=x? for 0<x<4
> u(1l4)=1,u4)=4 ,u(34)=9,u(44) =16

We shall represent these values on the square region and let uy, u,, us, u, ....be the interior mesh
points of the region

o 1 4 E 16
C
g us g
0 15
4 by ug 4g E
o 14
uz ug ug
o 13
0
o 3
5 9 12

Here us is located at the center of the region and hence by the standard five point formula,
us=7 [0+14+4+6]=6
Next we shall compute u;, uz, u;, ug by the diagonal five point formula

u; =7 [0+6+0+6]=3
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ug= 7 [6+14+6+12] =95
w =1 [0+4+0+6]=25
u; = [6+16+4+14] =10

Further we compute u,, uy, ug, ug by standard five point formula

[u; +us +us +4]=- [25+ 10+ 4+ 6] =5.625

<
N
I
i

[0+ us +u; +uy]=

I

[0+ 6+ 25+ 3] =2.875

u4=

[14+UQ+U3+U5]=

|

[6+ 14+ 10 + 9.5] =9.875

u6=

<
o)
I
N N N N L N

s+ 1y + 5 + 6] =7 [3+ 9.5 + 6 + 6] = 6.125
FIRST ITERATION

uf =2 [0+u+1+u]=; [0+5.625+1+2875]=2375

ul” =2 [4+us +ul +ug| =2 [2375+ 10 + 4+ 6] =5.59375

:9 +u? + 15+ u6] =2[5.59375 + 15 + 9 + 9.875] = 9.8671875

ult =§ (1)+u7+0+u5]—— [0 + 6 + 2.375 + 3] = 2.84375

ul? =2 [uf W 4oy +ul + u8] = 2[2.84375 + 9.875 + 559375 + 6.125] = 6.109375
u = i W 41444+ ug] = i [6.109375 + 14 + 9.8671875 + 9.5] = 9.8691406
uf =2 luf (1) +3+O+u8]—— [0 + 6.125 + 2.84375 + 3] = 2.9921875

uY =2 [ul + 6+ ult + up| =2 [2.9921875 + 9.5 + 6.109375 + 6]= 6.1503906
8 4 7 4

ul® =2 [uf” + 13 + 9 + u{?| =3 [6.1503906 + 13 + 9.8691406 + 9] = 9.5048828

Thus the first iterative values corrected to three decimal points are

U, =2375 u, = 5594 u; = 9.867 u,=2844 us=6109 u, =9.869
u; =2.992 ug=6.150 g = 9.505

SECOND ITERATION

u? =

&R

[0+UZ+1+U4]:

&R

[0+ 5.594 + 1 + 2.844] = 2.36
u?® =1 [4 +us +ul? + u3] =1 236 +9.867 + 4 + 6.109] = 5.584
2 4 4
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ul =2[9+ul + 15 + ug| =1 [5.584 + 15 + 9 + 9.869] = 9.863
4 L 4

1@ +u, +0+ u5] =210 + 6.109 + 2.36 + 2.992] = 2.865

1
4

ul® =2 [uf® + ug + uf? + up| = [2.865 + 9.869 + 5.584 + 6.150] = 6.117

1

4

u® =21y (2)+14+u§)+u9]—1 [6.117 + 14 + 9.863 + 9.505] = 9.871
4 L 4

' (2)+3+0+u8]—— [0 + 6.150 + 2.865 + 3] = 3.004

ul =2 [uf® + 6+ uP +u5| =2 [3.004 + 9.505 + 6.117 + 6]= 6.156

|

ul =2 [ul® +13 + 9+ ul’| =2 [6.156 + 13 + 9.871 + 9] = 9.507

Thus the required second iterative values corrected to three decimal points are
u; =236 u, = 558 uz; = 9.86 U, =287 us=612 uz=9.87

u; =3 ug=6.16 ug = 9.51

Numerical Solution of the one dimensional heat equation

1. Find the numerical solution of the parabolic equatlon o = 2— when u(0,t) =0 =

u(4,t) and u(x,0) = x(4 — x) bytaking h = 1. Find the values uptot = 5.

The standard form of the one dimensional heat equation is u; = c?u,, and the given equation

. 1
is of the form u; = ~ Uxx

hZ
Sinceh=1,k=-—5=1
2c

The valuesof xin0 < x < 4 withh =1are 0,1,2,3,4 andthevaluesoftwithk =1 are
0,1,2,3,4,5

We have the following initial table wherein the values in the first and last column are zero since
u(0,t) =0,u(4,t) =0

t X X X, X, X3 X4
0 1 2 3 4
to 0 Upo =0 Us0 Uz Uz Ugp
(51 1 Upy =0 Ui Uz Uz, Uy
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ty 2 Up =0 [L5W) Uz Uz Uy
t3 3 U3 =0 U3 Uz Uz Uy3
ty 4 Ugs =0 U Ug U3, Ugq
ts 5 Ups =0 U5 Ups Uzs Uys

Consider the initial conditions u(x, 0) = x(4 — x)
o ul,o = u(l,O) = 3; uZ,O = 4; u3'0 =3
(First row in the table is completed)

Consider the relation

Ujje1 = %[ui—l,j + Uy |- (1)
1
Ui =5 [ui—1,0 + ui+1,0]

1 1

Uyq = E [u0,0 + uzlo] = E (0 + 4‘) =2
1 1

uz’l = E [ul’o + u3’0] = E (3 + 3) =3

1 1
Uz = E [uz'o + u4'0] = 5(4 + 0) =2

(Second row in the table is completed)

Also from (1)
1
Ujp = > [ui—1,1 + ui+1,1]

1 1

ul’z = E [uo’l + uz'l] = E (0 + 3) = 15
1 1

u2,2 = E [ul,l + u3,1] = E (2 + 2) =2

1 1
u3’2 == E [uz’l + u4_’1] = 5(3 + 0) = 15

(Third row in the table is completed)
I ———————————————
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Also from (1)

1
Uiz = 5 [ui—1,2 + ui+1,2]

1 1
u1,3 = E [uO,Z + uzlz] = E (0 + 2) =1

1 1
u2,3 = E [ul'z + u3,2] = E (1.5 + 1.5) = 1.5

1 1
Uz 3 = E [uz'z + u4'2] = 5(2 + 0) =1

1
Ui =5 [ui—1,3 + ui+1,3]

(Fourth row in the table is completed)
Also from (1)

1 1
U4 = 2 [uo,3 + u2,3] = E(O +1.5) =0.75

1 1
Up 4 = E [u1,3 + U3'3] = E (1 + 1) =1
1 1
Usa =3 [tgs + ugs] = 5 (L5 +0) =075

1
05 = 5 [Uim1a + Uigg,
Uis 2[”1 14+uz+14]

(Fifthrow in the table is completed)

Also from (1)

1 1
u1’5 = E [u0,4- + u2'4] = E (0 + 1) = 05

1 1
u2,5 = E [u1'4, + u3,4,] = E (0.75 + 0.75) = 0.75

1 1
u3’5 == E [u2’4 + u4_’4] == 5(1 + 0) == 05
Thus the required values of u; ; are tabulated
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0 1 2 3 4
X
t
0 0 3 4 3 0
1 0 2 3 2 0
2 0 1.5 2 1.5 0
3 0 1 1.5 1 0
4 0 0.75 1 0.75 0
5 0 0.5 0.75 0.5 0

2. Solve u; = u,, subject to the conditions u(0,t) = 0, u(1,t) = 0 u(x,0,) = sin(nmx) fo
r 0<t<0.1 bytaking h = 0.2 . Write down the following values from the table.
a) u(0.2,0.04) b)u(0.4,0.08) c)u(0.6,0.06)

Comparing the standard form of the heat equation
c?u,, = u, with the given equation u,, = u, we havec? =1

2
k=22 =22 _002
2c 2

Since h = 0.2,
Thevaluesofxin0 <x <1 withh =0.2 are0,0.20.4,0.6,0.8 and 1.
Also the values of t in the givenrange 0 <t < 0.1 are 0,0.020.04,0.06,0.08 and 0.1

We have the following initial table , where in the values in the first and ladt column are zero since
u(0,t) =0 and u(1,t) =0

t X Xq X, ) X3 X4 X
0 0.2 0.4 0.6 0.8 1

to 0 Ugo =0 Uy Uz 0 Uz o Uy Us o
=0

ty 0.02 Up, =0 Ui Uz Uz Uy Usq
=0

%) 0.04 Ugp =0 Uy U2 Uz Uy Us 2
=0

t3 0.06 Upz =0 Uq3 Uz3 U3 3 Uy3 Us 3
=0

ty 0.08 Ups =0 Uq,4 U2 4 U3 4 Uy Us 4
=0

ts 0.1 Ugs =0 Uy s Ups Uzs Uys Us s
=0

Conisder u(x,0,) = sin(mx)

T
uy o = u(0.2,0) = 3 = sin (g) =0.59
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. [2m
Uz o =4 =u(0.4,0) = sin (?) = 0.95
3n
uzo = u(0.6,0) = sin (?) =0.95

4n
uyo = u(0.8,0) = sin (?) = 0.59

(First row in the table is completed)

Consider the relation

Ujjp1 = %[ui—l,j + Uy ] (1)
1
Ui =5 [ui—1,0 + ui+1,o]

1 1

Uy =5 [to0 + U] = = (0+0.95) = 0.475
1 1

Uzp =5 [u10 + usp] = (059 +0.95) = 0.77

1 1
U1 =3 [uz0 + ugp] = > (0.95 + 0.59) = 0.77

1 1
Ugy =3 [uso + usp] = 5(0'95 +0.59) = 0.475

(Second row in the table is completed)

Also from (1)
1
Uiz =5 [ui—l,l + ui+1,1]

1 1
=5 [uo1 + uzs] = 7(0+0.77) = 0.385

1 1
Ugp =5 [ug1 +us,] = 3 (0.475 + 0.77) = 0.6225

1 1
Uzp =3 [z + ugs] = > (0.77 + 0.77) = 0.6225
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1 1
u4,,2 = E [u3'1 + u5'1] = E (0.77 + 0) = 0.385

(Third row in the table is completed)

Also from (1)

1
Uiz =5 [ui—1,2 + ui+1,2]

1 1
Uiz =3 [to2 + uzz] = 7 (0+0.6225) = 0.3113

1 1

Uzs =3 [ug, + us,] = 5 (0.385 + 0.6225) = 0.504
1 1

gz =5 [uz,2 + ug ] = E(0.6225 +0.385) = 0.504

1 1
U4,,3 = E [u3'2 + u5'2] = E (06225 + 0) =0.3113

(Fourth row in the table is completed)

Also from (1)

1
Ui =5 [ui—1,3 + ui+1,3]

1 1
U =7 [uos + uzs] = 5 (0+0.504) = 0.252
1 1
Ups = 5[t +uz5] = 5(0.3113 4 0.504) = 0.408

1 1
Usg =5 [tz + ugz] = 5 (0.504 +0.3113) = 0.408

1 1
Uga =5 [usz + us 3] = 3 (0.504 + 0) = 0.252

(Fifthrow in the table is completed)

Also from (1)
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1
Uis =5 [ui—1,4 + ui+1,4]

1 1
us =3 [toa + Uza] = 7 (0+0.408) = 0.204

1 1

Uzs =3 [uy,q + uss] = 5(0'252 + 0.408) = 033
1 1

Uuzs =3 [ugs + usal = 3 (0.408 + 0.252) = 0.33

1 1
Ugs =5 [z +uss] = 5 (0408 +0) = 0.204

Thus the required values of u; ; are tabulated

X 0 0.2 0.4 0.6 0.8

t

0 0 0.59 0.95 0.95 0.59 0
0.02 0 0.475 0.77 0.77 0.475 0
0.04 0 0.385 0.6225 0.6225 0.385 0
0.06 0 0.3113 0.504 0.504 0.3113 0
0.08 0 0.252 0.408 0.408 0.252 0
0.1 0 0.204 0.33 0.33 0.204 0

Also from the table,

a) u(0.2,0.04) = 0.385 b)u(0.4,0.08) = 0.408

) u(0.6,0.06) = 0.504

Numerical solution of the one dimensional wave equation

We seek numerical solution of the wave equation

2 _
C™Uxy = Ugt

subject to the boundary conditions

and the initial conditions

u(0,t) =0
u(l,t) =0
u(x,0) = f(x)
u(x,0) =0

~ (1)

~ (@)
~(3)

- (4)
~ (5)
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We shall substitute the finite difference approximation for the partial derivatives
present in (1)

2 1 — -1 —
ez lwimay = 2 + i ] = 5 [wijoa — 2wy + g
2 k?
c? 5 [timrj = 2wy + i ] = [wijo1 — 2w + s
.k
Taking - = A, we have
212 —
A uimg,y = 2055 + Ui ] = (w0 — 2045 + ug g
— 212 212
Ujer = 2(1 = 2P ug; + 22 (wimy j + Uy j) = Ugjoy - (6)
For convenience let us choose A such that 1 — ¢24% = 0.
h

2 2
1—c2(%)=0 ork2=’cl—2=>k=c

This is called the explicit formula for the solution of the wave equation.

Further we express the initial condition

us(x,0) =0
% [ui,1 — ui,_l] =0 {Takingj =0inu; = i [ui,]-+1 — ui,j_l]}
or Uiz = Ui - (8)

Putting j = 0 in (7), we get

Ujp = Uj—10 T Uj+1,0 — Uj—1

Ujp = Uj—10 T Ujr10 — Uja {from (8)}
Ujp U = Ui—10 T Uir10

2ui,1 =Uj_1,0 t Uit1,0

1
U =7 [ui—1,0 + ui+1,0] - (9)

Furtheru(0,t) = 0 andu(l,t) = O means u,; = 0and u;; = 0 which implies
that the values along the first and last column are zero.

u(x,0) = f(x) means u; o = f(x) gives the values of u along the first row.
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Finally u,(x,0) = 0 modified into the form (9) giving u; 1,will give us the values
of u along the second row. These values will help us to obtain the rest of the value
of u at the mesh points by the explicit formula (7).

Thus we are able to determine u(x, t) at all interior mesh points.

Working procedure for problems

e Based on the given step sizes h and k, we form the rectangular network
of sides h and k.

e Given h only we can get k = % The points of division of x are

Xg, X1 = X9+ h,x, =xy+ 2h, ..., x, =xy+nh and that of t are t,,
t, =ty +k,t, =ty +2k, ..., t, =ty +nk.
e We form the basic informative table:
X X Xq Xy Xn
t 0 1 2 n
to 0 Up,0 Ui 0 U0 ax Un,o
ty 1 Uo,1 Ui1 Uz1 e Un1
ty 2 Up2 U2 Up 2 ax Un,2
ty n Uon Ui Uz ax Unn

e We instantly write the value of u; ; with reference to the conditions
u(0,t) =0 andu(l,t) =0
[Values along the first and last column are zero]

e The values along the first row are obtained by direct computation using
the condition u(x, 0) = f(x)

e The values along the second row are obtained by the relation u; ; =

% [ui—1,0 + ui+1,0]

e Rest of the values area found from the relation
Upjrr = Ujmg,j + Ujpr,j — Ujjq

Note: If the values of both h and k are small, we use the below
formula

Ui = 2(1 = c?2P)u;; + czlz(ui_l,j + ui+1,j) —u;jo - (10)
Putting j = 0

(10)=>u;, = 2(1- Czlz)ui,o + CZAZ(ui—Lo + ui+1,0) —u;_q -—(11)
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Further we express the initial condition

u(x,0) =0

i [um — ui,_l] =0 {Takingj =0inu; = i [ui,jﬂ — ui,j_l]}
or Uy =U;_4

(1) = uq = 2(1 = 22y + 222 (U1, + Uir10) — Uin

2u;1 = 2(1 — 2A%)u0 + 2 2% (uy_10 + Wip10)

Putting j = 1

(10) = U5 = 2(1 — 22wy + 22%(uy_qq + Uip11) — Uip

Problems

. 0%u 0%u .
1. Solve the wave equation 5z = 4 Fye subject to u(0,t) =0,

u(4,t) =0,u(x,0) =0and u(x,0) = x(4 —x) by takingh =1,
k = 0.5 upto four steps.
Sol: Stepsizeof x :h=1; Stepsizeoft:k =0.5

Since 0 < x < 4, the points of division are 0,1,2,3,4. Since k = 0.5, the
values corresponding to t upto four steps are 0,0.5,1,1.5 and 2.

We have the following initial table. The values in the first and last column are
zero since u(0,t) = 0 = u(4,t)

X Xo Xq X, X3 X4

t 0 1 2 3 4
to 0 Ugo =0 U0 Uz Uz Uy =0
t; 0.5 Ug, =0 Uy 1 Uy Uz, Uy, =0
) 1 Up, =0 U2 Uz Uz Uy, =0
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t3 15 u0_3 == O u1,3 u2,3 u3,3 u4,3 = 0

ty 2 Ugs =0 U4 Up 4 U3 4 Uyy =0

To find first row elements
Consider u(x,0) = x(4 — x)
o uLO = u(l,O) =3 ) uz'o = u(Z,O) = 4, u3,0 = U(B,O) =3
To find second row elements
COHSider u,i,1 = % [ui_l'o + u,:+1’0]
1 1
U =3 [to0 + U] = S10+4] =2
1 1
Uz =3 [uro +uso] = ;13+3]1=3
1
2

1
Uz =3 [tz0 + tao] = 5[4+ 0] = 2

To find remaining row values we use

Ujjr1 = Uj—1,j T Ujp1,j — Ujj-1

Third row elements

Uy =Ugg T Uy —Ug=0+3-3=0 {By takingi =1,j = 1}
Upp =Upq U3 —Upyg=2+2—4=0 {By takingi =2,j =1}
Uzy =Upq + Uy —Uz3p=0+3-3=0 {By taking i = 3,j = 1}
Fourth row elements

Uz =Ugp + Uy —U 1 =0+0—-2=-2 {By takingi =1,j = 2}
Upz =Ugp + U3, — Uy =0+0—-3=-3 {By takingi =2,j = 2}
Uzz = Upp + Uy —U3; =0+0—-2=-2 {By taking i = 3,j = 2}
Fifth row elements

Upg = Ug3 U3~ U, =0—-3—-0=-3 {By takingi =1,j = 3}
Upg =Upgz+ U3z — Uy, =—2—2—0=-4 {Bytakingi=2,j =3}
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Uy =Upz + Uz — Uz, =—3+0—-0=-3 {Bytakingi=3,j =3}

Thus the required values of u; ; are tabulated

x 0 1 2 3 4

t
0 0 3 4 3 0
0.5 0 3 2 0
1 0 0 0 0 0
1.5 0 -2 -3 -2 0
2 0 -3 -4 -3 0

2. Solve numerically u,, = 0.0625u;; , subject to the conditions
u(0,t) =0 = u(5,t) ,u(x,0) = x*(x — 5) and u.(x,0) = 0 by
takingh=1for0 <t < 1.

Sol: The wave equation in the standard form is c?u,, = u;; and

: : : 1
hence the given equation can be written as (0 0625) Uyy = Ut

ie., 16Uy, = u; , where c? =16 orc = 4.

Sinceh=1,wehavek=§=§=o.25

Step size of x: h = 1 where 0 < x <5
Step size of t: k = 0.25 where 0 < t < 1 as required.
~ Values of x are 0,1,2,3,4,5

Values of t are 0,0.25,0.5,0.75,1

We have the following initial table. The values in the first and last column are
zero since u(0,t) = 0 = u(5,t)

X Xo X, X X3 X4 Xs

t 0 1 2 3 4 5
to 0 Ugo =0 Ugo Uz,0 Uz Uyg,0 Uso =0
t; | 025] ug; =0 | wyq | up; | ugg Uy 1 Us; =0
t, 05 | up,=0 Up Uy, U3 ) Uy Us, =0
ts 075 | up3=0 U3 Uy 3 Us 3 Uy 3 Usz =0
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ty 1 Ugg =0 Uq 4 Up 4 U3 4 Uy 4 Usy =0
To find first row elements

Consider u(x,0) = x%(x — 5)

s U o =u(1,0) = —4;uy0 = u(2,0) = -12; uzo = u(3,0) = —18;
Ugo = u(4,0) = —16

To find second row elements

: 1
Consider u; ; = 5 [ui_l,o + ui+1,0]

1 1

Uiq = E[uoo +u20] = 5[0 —12]=-6
1 1

uz'l - E [ul'o + ug‘o] - E [_4‘ - 18] - _11
1 1

u3'1 - E [uz’o + u4’0] ES E [_12 - 16] - _14‘
1 1

u4'1 - E [ug’o + us’o] ES E [_18 + 0] - _9

To find remaining row values we use

Upjrr = Ujmg,j + Ujpr,j — Ujjq

Third row elements

Uiy =Ugq + Uy —Uo=0—11+4=-7 {Bytakingi=1,j =1}
Upp =Upq + Uz —Upyg=—6—14+12 = -8 {Bytakingi=2,j =1}
Uzp =Upq Uy —Uzg = —11—9+ 18 = =2 {By taking i =3,j = 1}
Uyp =U3zq +Usg — Uy =—14+0+16=2 {Bytakingi=4,j =1}
Fourth row elements

U3 =Ugp Uy, — U =0—-8+6=-2 {By takingi =1,j = 2}
Ups =Upp + Uz — Uy =—7—2+11=2  {Bytakingi=2,j =2}
Uzz =Upp +Uypy — Uy = —8+2+14=8  {Bytakingi=3,j =2}
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Ugz =Ugp +Usy — Uy =—2+0+9=7 {By taking i = 4,j = 2}
Fifth row elements

Upg =Ugz U3~ U, =0+2+7=9 {By takingi=1,j = 3}
Upy =Upz+ U3z — Uy, =—2+8+8=14 {Bytakingi=2,j =3}
Uzg = Upz Uz — Uz, =2+7+2=11 {By taking i = 3,j = 3}
Ugg = U3z +Us3— U, =8+0—-2=06 {By taking i = 4,j = 3}

Thus the required values of u; ; are tabulated

X 0 1 2 3 4 5
t

0 0 -4 -12 -18 -16 0
0.25 0 -6 -11 -14 -9 0
0.5 0 -7 -8 -2 0
0.75 0 -2 2 8 7 0

1 0 9 14 11 6 0

3. Solve 25u,,, = u;; , at the pivotal points given u(0,t) =0 = u(5,t),

20x ,0<x<1
5(55—-x),1<x<5

Compute u(x, t) for 0 <t < 1.

us(x,0) = 0and u(x,0) = { by taking h = 1.

Sol: The wave equation in the standard form is c?u,, = u;, and

hence the given equation can be written as 25u,,, = u,; , where ¢? = 25 or
c =5.

Since h = 1, we have k =%=%= 0.2
Step size of x: h = 1 where 0 < x <5
Step size of t: k = 0.2 where 0 < t < 1 as required.
~ Values of x are 0,1,2,3,4,5
Values of t are 0,0.2,0.4,0.6,0.8,1

We have the following initial table. The values in the first and last column are
zero since u(0,t) = 0 = u(5,t)
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X Xo X1 X2 X3 X4 Xs

t 0 1 2 3 4 5
to 0 Upo =0 Ujo Uz0 Uszo Uy Uso =0
ty 02 | up; =0 U Upa Uz Ugq Usy =0
t, | 04 | uy,=0 | w, | uy | us, Usp | Usp =0
ts | 06 | ugs=0 | ws | ups | uss Uz | Us3=0
by 08 | upgs=0 Uy Uz U3 Uy g Usye =0
ts 1 Ups =0 U s Ups Uzs Uy s Uss =0

To find first row elements

20x ,0<x<1
5(5—x),1<x<5

U =u(1,0) = 20;uy9 = u(2,0) =15; uzo = u(3,0) = 10;

We have u(x,0) = {

u4’0 == u(4‘,0) == 5
To find second row elements

. 1
Consider u;; = |10+ Uivio]

1 1

ul’l - E [uo’o + uz’o] - E [O + 15] ES 75
1 1

uz’l - E [ul’o + u3’0] - E [20 + 10] ES 15
1 1

u3’1 - E [uZ’O + u4’0] - E [15 + 5] ES 10
1 1

u4’1 - E [U,g’o + us’o] - E [10 + O] ES 5

To find remaining row values we use

Upjrr = Ujmg,j + Ujpr,j — Ujjq

Third row elements

Uiy = Ugq + Uy — U o =0+15-20=-5 {Bytakingi=1,j =1}
Upp =Upq Uz —Uyg =7.5+10—15= 25 {Bytakingi=2,j =1}
Uzp =Uyq Uy —Uzg=15+5—10=10 {Bytakingi=3,j =1}
Ugp =Uzq +Us; — U =10+0—-5=5 {By taking i = 4,j = 1}

Fourth row elements
1
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Uiz = Ugp + Uy, —U 1 =0+25—-75=-5 {Bytakingi=1,j =2}
Upz = Uy + Uz — Uy = —5+10—15=—-10{By taking i = 2,j = 2}
Uz =Uyp +Uypy — Uy = 2.5+5—10=—2.5 {Bytakingi = 3,j = 2}
Ugz = Ugp +Usy; — Uy = 10+0—-5=5 {By taking i = 4,j = 2}
Fifth row elements

Upg = U3 T U3 — U, =0—10+5=-5  {Bytakingi=1,j = 3}
Upy = Uz +Uzz —Uypy = —5—2.5—25=-10 {Bytakingi=2,j = 3}
Uzq = Upz + Uz — Uz, = —10+5—10=—15 {Bytakingi=3,j = 3}
Ugq = U3z +Us3 —Uyp = —25+0—-5=-7.5 {Bytakingi=4,j =3}
Last row elements

Ups = Ugg T Uy — U3 =0—10+5=-5 {Bytakingi=1,j =4}
Ups = Upq + U3 —Upyz = —5—15+10 = —-10 {Bytaking i =2,j = 4}
Ugs = Upg +Uyg — Uz = —10—7.5+2.5=—15 {Bytakingi =3,j = 4}
Uys = Uz g+ Usg — Uz = —15+0—5=-20 {Bytakingi=4,j =4}

Thus the required values of wu; ; are tabulated

x 0 1 2 3 4 5

t
0 0 20 15 10 5 0
0.2 0 7.5 15 10 5 0
0.4 0 -5 2.5 10 5 0
0.6 0 -5 -10 -2.5 5 0
0.8 0 -5 -10 -15 -7.5 0
1 0 -5 -10 -15 -20 0




2 2
‘;_’2‘ = Z —, at the pivotal points given u(x,0) = 0;u(0,t) = 0;

u;(x,0) = 0and u(1,t) = 100sin(mt) intherange 0 <t < 1 by

4. Solve

: 1
taking h = "

Sol: The wave equation in the standard form is c?u,, = u; and

hence the given equation can be written as u,, = u; , where c? = 1orc = 1.

1

H|-l>|r—\

Bydatah=%,wehavek=%=

, 1.

The points of divisionof x (in0 <x < 1)aswellas tare 0, %

SR
-Mw

The condition u(x, 0) = 0 means that the value of u along the first row are

zero and u(0,t) = 0 means that the value of u along the first column are zero.

The initial table showing the values given and the values to be computed as
below

X Xo Xq X, X3 X4
t 0 1 1 3 1
4 2 4

to 0 Ugo =0 U g=0 Upg =0 Uzo =0 Uy =0

ty 1 Uy, =0 U Uz1 Uz 1 Uy 1
4

to 1 | u,=0 (EW) Uz o Uz Uy, 2
2

t3 3 | uy3=0 Uy 3 Uz 3 Uz3 Uy3
4

by 1 Ugs =0 Uy e U4 U3z ,4 Ug s

We have seen the condition u;(x, 0) = 0 will lead us the formula

To find second row elements

: 1
Consider u; ; = 5 [ui—1,o + ui+1’0]

1 1
Uy g —E[uoo"'uzo] =E[0+0] =0
1 1
Uz —E[u10+u30] =E[0+0] =0
1 1
u3'1—5[u20+u40] EO"‘O]:O
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1
Usy =3 [u3,0 + us,o] and we do not have us o on hand.

Hence uy1 = u(xy,t1) =u (1,%) = 100sin G) =70.7

To find remaining row values we use

Ujjr1 = Ui—1,j T Ujp1,j — Ujj-1

Third row elements

Upp = Uy T Uy — U =0 {By takingi =1,j =1}
Upy = Uyq + Uz — Uy =0 {By taking i =2,j = 1}

u3'2 == uz’l + u4'1 - ug‘o ES 707 {By taklng l - 3,] - 1}

Uyp = Uzq +Usq — Uy {Bytaking i =4,j = 1} is in applicable.
1 . (T

Hence 1y, = u(Xa t;) = u (1,5) = 100sin (5) = 100.

Fourth row elements

Uz = Upz +Uzz —Upg =0

u2’3 - ul’z + U,3’2 - uZ’l - 707

Uz3 = Uz + Uyp — Uz = 100

Ugz = U(Xy, t3) = U (1,%) = 100sin (%n) = 70.7.

Last row elements

Uy g = Ugz +Uyz — Uy, = 70.7

Upg = Up3 + U3z — Uyp = 100

Uzy = Upz tUyz — Uz, =707

Uyq = u(xy, ty) = u(1,1) = 100sin(m) = 0

Thus the required values of u; ; are tabulated

-
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X 0 1 1 3 1
t 4 2 4

0 0 0 0 0 0
1 0 0 0 0 70.7
4
1 0 0 0 70.7 100
2
E 0 0 70.7 100 70.7
4
1 0 70.7 100 70.7 0

. 0°u  0*u .
5. Solve the wave equation 45 = - given u(x,0) =u(5,t) =0,

tZOu(x,O)=x(5—x),%u(x,0)=0,0<x<5.Finduatt=2

given h =1,k = 0.5.
Sol: The wave equation in the standard form is c?u,, = u;; and

hence the given equation can be written as 4u,, = U

HerecZ=4orc=2andk=§

1

Sincehzl,wehavek=%=2=0.5

Step size of x: h =1 where 0 < x <5
Step size of t: k = 0.5 where 0 < t < 2 as required.
~ Values of x are 0,1,2,3,4,5

Values of t are 0,0.5,1,1.5,2

We have the following initial table. The values in the first and last column are
zero since u(0,t) = 0 = u(5, t).

X X Xq X, X3 X4 Xs

t 0 1 2 3 4 5
to 0 Ugo =0 U1,0 Uz0 Uz Ug 0 Uso =0
tq 0.5 Up1 =0 Ui Uz Uz Ug us1 =0
to 1 Uy =0 Uy,2 Uz Uz Uy 2 Us, =0
t3 1.5 U3 =0 U3 Uz3 Uz 3 Uy 3 uss =0
ty 2 Ugs =0 Uq,4 Uz 4 U3 4 Ug 4 Usy =0
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To find first row elements

Consider u(x,0) = x(5 — x)

“ U = u(1,0) = 4; Uz o = u(2,0) =6; Uz o = u(3,0) =6;
Ugo = u(4,0) =4

To find second row elements

Consider u; ; = %[ui_l'o + ui+1,0]

1

U1 =3 [0 + Uz = %[0 +6]=3
Upyq = % lugo + usp| = %[4 +6]=5
U3y = % [tz + tao] = %[6 +4] =5
Ugy = % [us o + uso] = %[6 +0]=3

To find remaining row values we use
Ujjpr = Ujmq,j + Ujgj — U1

Third row elements

Upp =Ugg T Uy —Ug=0+5—-4=1
Upp =Upq U3 —Ug=3+5—-6=2
Uy =Upq t Uy —Uzg=5+3—-6=2

u4—,2:u3,1+u5,1_u4,0=5+0—4‘=1

Fourth row elements

Ujz3 =Ugpt Uy, — U =0+2-3=-1
Upz3 =Ujp Tt U3 — Uy =1+2—-5=-2
U3z =Upp tUyp — Uz =2+1—-5=-2
Uy3 =Uzp t Uy, — Uy =2+0—-3=-1

Fifth row elements
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u1,4=u0,3+u2,3—u1’2=0—2—1=—3

u2,4 =u1’3 +u3’3_u2’2 =—-1-2-2= _5
u3'4_ - u2’3 + u4’3 - u3'2 =-2—-1-2= _5
u4,4_ = U,3,3 + u5’3 - u4'2 == _2 + O - 1 == _3

Thus the required values of t = 2 are —3, —5, —5, —3.

0%u  0%u
. Solve — = —
6. Solve —— = —

, subject to the boundary conditions,
u(0,t) = 0= u(l,t); t = 0 and the initial conditions,
u(x,0) = sin(mx), Z—I:(x, 0) =0,0 < x <1 by taking

taking h = % and k = % Carryout second level solutions in the

time scale.
Sol: The wave equation in the standard form is c?u,, = u; and
hence the given equation can be written as u,, = u;: , where
c?2=1orc=1.

Bydatah=i,wehavek=%.

The points of divisionof x (in0 <x < 1) and tare 0,

ul | =
Ul N

)

We have the following initial table. The values in the first and last column are
zero since u(0,t) = 0 = u(1,t).

X Xo Xq X, X3 X,
t 0 1 1 3 1
4 2 4
to 0 | ugp=0 U0 Uz0 Uz Uy =0
i 1 1 uy;=0 Uy Uz Uz q Uy =0
5
Lo E Uy, =0 Uy,2 Uz Uz Uy =0
5

To find first row elements
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Consider u(x, 0) = sin(mx)

S U e = u(xy, ty) = u G, O) = sin G) = 0.7071
Upyo = U(Xy, tg) = u G, 0) = sin (E) =1
Uz = ulxs, tg) =u G, O) = sin (%”) = 0.7071

Since both h and k are small, we use the below formula

1
k2 o5
Now, c?2? = czﬁ > =12
16
16
c?A? ==
25

To find second row elements

Consider Zui’1 = 2(1 - Czlz)ui‘o + CZAZ (ui_l'o + ui+1'0)

16 16
2u;; =2 (1 - g) Uio + 5 (Uim10 + Uirr0)

18 16
2u;1 = Ui + 5 (Wi10 + Uisa0)

9 8
Uip = o Uio T o5 (ui—1,o + ui+1,0)

9 8 9 8
Upy = 5oUso + 5z (oo +Uzp) = 5:(0.7071) + - (0 + 1) = 0.5746

Upy = Uy + o= (Un + Uz0) = = (1) + 5= (0.7071 + 0.7071) = 0.8125

9 8 9 8
Uz = 5o Uso + 52 (Ugo + Ugo) = 55(0.7071) + (1 +0) = 0.5746
To find third row elements

Consider ui’z = 2(1 — Czlz)ui’l + CZAZ (ui_l,l + ui+1’1) — ui,()

16 16
Uiy =2 (1 - E) Uip + ¢ (ui—l,l + ui+1,1) — Ui

18 16
Uiz =2 Uin T o2 (ui—l,l + ui+1,1) — Ui

Uz = 52ty g + 52 (Uoq + Uz ) — Uy = 5¢ (0.5746) + 22 (0 + 0.8125) — 0.7071 = 0.2266

Upa = 5eUa1 + 52 Uy +Uz1) — Uz = 52 (0.8125) + 22 (0.5746 + 0.5746) — 1 = 0.3205
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Usp = 22Uz + 50 (Ug1 + a1) — Uz = 52 (0.5746) + -2 (0.8125 + 0) — 0.7071 = 0.2266

X X X1 X X3 X4
t 0 1 1 3 1
4 2 4
tO O uO’O == 0 0.7071 1 0.7071 u4_'0 == 0
tl 1 uo’l == 0 0.5746 0.8125 0.5746 u4_'1 == 0
5
ty E Ugp, =0 0.2266 0.3205 0.2266 Uyp, =0
5
o’u  0%u . ..
7.Solve Fye v with the boundary conditions u(x,0) = 0 = u(1,t),

t > 0 and initial conditions u(x,0) = sinmx , 3—1; (x,00)=0,0<x<1
taking h=k =0.2att = 1.
Sol: The wave equation in the standard form is c?u,, = u;; and

hence the given equation can be written as Uy, = Uy

Herecz=1orc=1andk=§

Step size of x: h = 0.2 where 0 < x < 1
Step size of t: k = 0.2 where t = 1 as required.
~ Values of x and t are 0,0.2,0.4,0.6,0.8,1
The values in the first and last column are zero since
u(0,t) =0=u(l,t).
Upo =0 =1Upq = Upp = Upz = Ugq = Ugs

Uso = 0= Usq1 = Uy = Us3 = U5 4 = Us 5

To find first row elements

Consider u(x, 0) = sinmx

“ 0 =u(1,0) = sin (%) = 0.5878;

2w

Uy o = u(2,0) = sin(—) = 0.9511;

70



Uz 0 = u(3,0) = sin (3?”) = 0.9511 ;

U0 = u(4,0) = sin () = 05878,
To find second row elements

: 1
Consider u; ; = 5 [ui_l_o + ui+1’0]

Uy =5 [0 + uz0] =5 [0 +0.9511] = 0.4755
Uz =5 [uro + 3] = 5[0.5878 + 0.9511] = 0.7695
Uy =3 [z +Usg] =5[0.9511 + 0.5878] = 0.7695
g1 =3 [uz0 +use] =>[0.9511 + 0] = 0.4755

To find remaining row values we use

Ujjer = Uj—q,j + Ujpgj — Ujja

Third row elements

Upp = Ugq T Uy — U9 =0+ 0.7695 — 0.5878 = 0.1817

Uppy = U1t Uz —Uyg = 04755+ 0.7695 — 0.9511 = 0.2939
U3y = Upq T Ugq — Uz = 0.7695 + 0.4755 — 0.9511 = 0.2939
Ugp = Uzq T Usq — Uy = 0.7695 — 0.5878 = 0.1817

Fourth row elements

Uz =Ugp t Uy — U =0+ 0.2939 —-0.4755 = —0.1816

Upyz = Upp T U3, — Uy = 0.1817 + 0.2939 — 0.7695 = —0.2939
U3z = Uppy +Uyp —Uzq = 0.2939 + 0.1817 —0.7695 = —0.2939
Ugz = U3y +Usy —Uyq = 0.2939 + 0 — 0.4755 = —0.1816

Fifth row elements

Up g = Ugz T U3 — U, = 0—0.2939 - 0.1817 = —0.4756

Upg = Uzt U3z — Uy, = —0.1816 — 0.2938 — 0.2939 = —0.7693
Uzg = Upz t Uy3 — Uz, = —0.2938 — 0.1816 — 0.2939 = —0.7693
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Ugg = Uzz T Us3 —Uyp, = —0.2939+0—0.1817 = —0.4756
Last row elements

Ups =Ugg tUzg —U 3 =0—0.7693 + 0.1816 = —0.5877

Ups = Upq T U34 — Uz = —0.4756 — 0.7693 + 0.2938 = —0.9511
Uzs = Up g t Uy —Uzz = —0.7693 — 0.4756 + 0.2938 = —0.9511
Uys = Uz g +Usq —Ug3 = —0.7693 + 0 + 0.1816 = —0.5877

Thus the required values of t = 1 are —0.5877, —0.9511, —0.9511, —0.5877.

2
Using Crank-Nicholson Method solve 3712‘ — % = 0 subject to the condition u(0,t) = 0,u(1,t) =
2t,u(x,0) = 0 taking h = 0.25 for two time steps.
u(0,t) =0 x=0,t=0
u(l,t) =2t x=1,t =2t

u(x,0)=0x=x,t=0

. 9%u _  du
By Crank-Nicholson Method, iz 05,
But given that,
0%u _Ou
ax?  at
Therefore, a=1
k = ah?
k = h?
k = (0.25)%2 = 0.0625
T —— x| 0 0.25 0.5 0.75 1
0 0 0 0 0 2(0)=0
0.0625 0 a b c 2(0.625)=0.1250
0.0023 0.0089 0.034
0.125 0 d e f 2(0.125)=0. 250
0.0119 0.0387 0.1068
1
a=_[b] (1)
1
b= " [a+c] —-- (2)
¢ =7[b+0.125] (3
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By Egn (1) 4a—b=0
By Egn (2) —a+4b—-—c=0
By Eqn (3) 0—b+4c=0.125

Solving the above equations, we get,

a = 0.0023
b = 0.0089
c =0.034
sd = %[b + e]
d =-[0.0089 + e]-—(4)
1
ezz[a+c+d+f]
e= i [0.0362 + d + f]-—(5)
f= %(b +0.125 + 0.125 + )
f =7(0.3884 + e)—(6)
By Eqn (4) 4d — e = 0.00893
By Eqn (5) —d + 4e — f = 0.0362
By Eqn (6) —e + 4f = 0.3884
Solving the above equations, we get,
d =0.0119
e = 0.0387
f =0.1068
Solve by Crank-Nicholson Method ‘;ZTZ — % =0,0 < x <1 subjectto the condition u(0,t) =

0,u(1,t) = 0,u(x,0) = 100x(1 — x) taking h = 0.25 for one steps.
u(0,t) =0 x=0,t=0

u(l,t) =0 x=1,t=0

u(x,0) =100x(1—x) x=xt=100x(1—x)

. 9%u _ du
By Crank-Nicholson Method, 3z = A5
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But given that,
0%u _Ou
dx2 ot
Therefore, a=1
k = ah?
k = h?
k = (0.25)% = 0.0625

t 0 0.25 0.5 0.75 1

0 0 18.75 25 18.75 0

0.0625 0 a b c 0

9.8214 14.2851 9.8214
u(x,0) = 100x(1 — x)
=100(0.25)(1 — 0.25)
u(x,0) = 18.75
1

a=Z[O+b+O+25]

4a —b =25 - (1)
b=-[a+c+18.75+ 18.75]
—a—c+4b =375 - (2)
c=2[b+0+0+25]

—b+4c =25 - (3)
Solving the above equations, we get,

a =9.8214
b = 14.2857

¢ =9.8214
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MEASURES OF CENTRAL TENDENCY

An average or measure of central tendency gives a single representative
value for a set of usually unequal values. This value is the point around which all
the values cluster. So, the measure of central tendency is also called a measure of
central location.

Definition
An average is a value which is a representative of a set of data
Various important measures of central tendency are

A. Arithmetic me

B. Geometric mesr} Mathematical Averages
C. Harmonic mean

D. Median and Quartiles

E. Mode } Positional Averages

Objectives or Functions of an average
1. Averages provide a quick understanding of complex data.
1. Averages enable comparison
111. Average facilitate sampling techniques.
iv. Averages pave the way for further statistical analysis.
v. Averages establish the relationship between variables.

A. ARITHMETIC MEAN
Definition

Arithmetic mean is the total (sum) of all values divided by the number of
observations.

Calculation of Arithmetic mean for Raw data

When the observed values are given individually such as xi, X2, X3.... X, the
arithmetic mean is given by

Arithmetic mean X = Total of all values
Number of the observations
=xFExtxst.... X, =X X
n n
Example: Given X=1600 and n=5 find the total.
X xi=n * X=15 *1600 =8000.

Example: Calculate the arithmetic mean for the following
1600, 1590, 1560, 1610, 1640, 10.
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Solution:
1600 + 1590 + 1560 + 1610 + 1640+10
Arithmetic mean, X = -----------cmommmmmmm oo

6
8010
= mmmmmmmmmeee = 1335
6
Example: Calculate Arithmetic mean
S.No. 1 2 3 4 5 6 7 8 9 10

Sales in 1000°s(x) |34 |55 |45 |62 |48 |57 |28 |57 |62 |78

Arithmetic mean, X = 34+ 55 +45 + 62 + 48 +57+28+57+62+78
10

= 526 = 52.6 (average sales)
10
Discrete data

Let x;, X2, X3.... X, be the n values of the variable x with corresponding frequencies
f,, 5, f5.... f,. then the arithmetic mean X= x,.0i +xo. 6 + x3.53+ ... + x,. f,
fi+H+f5+... +1,

=L xf;
T fi
Example: Calculate the arithmetic mean
X f xf
2 4 2x4=38
4 6 24
6 10 60
8 12 96
10 8 80
12 7 84
14 3 42
2 fi- 2 x;
50 |=394
Y xfi 394
Arithmetic mean, X= -------- Semmmmem =78.8

PIB ¢ 50
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Continuous data
Let m;, mp, ms.... m, be the mid values of the class interval of the variable x
with corresponding frequency fi, f2, f3.... f,. then
the arithmetic mean X= m;.fy + my. £ +ms.f5+ ...+ m,. f;
f1+f2+f3+ ....+fn

Xm;f;
zfi
Example: Calculate the arithmetic mean
Class m f mf
interval(x)
20-40 (20+4318)/2 4 120
40-60 50 6 300
60-80 70 10 700
80-100 90 12 1080
100-120 110 8 880
)y fl = )y m; fl
40 = 3080
>m;f 3080
Arithmetic mean, X= -------- = - =77.0
> f; 40

Merits and Demerits of Arithmetic Mean:

Merits:
1) Itisrigidly defined.
1) Itis easy to understand and easy to calculate.
11i1) Ifthe number of items is sufficiently large, it is more accurate and more reliable.
iv) Itis a calculated value and is not based on its position in the series.
v) Itis possible to calculate even if some of the details of the data are lacking.
vi) Of all averages, it is affected least by fluctuations of sampling.
vii) It provides a good basis for comparison.

Demerits:

1) It cannot be obtained by inspection nor located through a frequency graph.

ii) It cannot be in the study of qualitative phenomena not capable of
numerical measurement i.e. Intelligence, beauty, honesty etc.,

ii1) It can ignore any single item only at the risk of losing its accuracy.

iv) Itis affected very much by extreme values.

v) It cannot be calculated for open-end classes.

vi) It may lead to fallacious conclusions, if the details of the data from
which it is computed are not given.



Page: 4

B. MEDIAN
v' It is the value which divides the data into two equal parts.
v" 50% of the observations will be less than median value and 50% of the
values will be more than the median value.

Calculation for Raw data

Median = value of (n+1)/2 th observation after the values are arranged in ascending
order of magnitude.
For example, the median 0f 20,30,35,64,23,46,78,34,20
Arranging the data in ascending order; 20,20,23,30,34,35,46,64,78

Md = value of [(9+1)/2 = 5" observation] = 34

Suppose the given number of observations is even then median will be the average
of two central values
For example, if the data is the median of 20,30,35,64,23,46,78,34,20,56
Arranging the data in ascending order : 20,20,23,30,34,35,46,56,64,78
Md = value of (10+1)/2 =5.5" observation
= (value of 5™ observation + value of 6™ observation)/2
= (34+35)/2 =34.5

Discrete data
Md = value of x corresponding to the cumulative frequency just greater than or
equal to N/2
1) Arrange the data is in ascending order
i1) Find the c.f.; Calculate N/2
1i1) In c.f. column see the value just > N/2
1v) Md= value of x corresponding to this c.f.

Example: Find the median

X f
2 4
4 6
6 10
8 12
10 8
12 7
14 3
> £i-50




Page: 5

Solution:

X f c.f.
2 4 4

4 6 10
6 10 20
8 12 32
10 8 40
12 7 47
14 3 50

> £i-50

N/2=50/2=25.5, Md=8

Continuous data
Md =L + {(N/2 —c.f) x c¢/f}
where
L= lower limit of the median class
¢ =class interval of the median class
f =frequency of the median class
c.f.= cumulative frequency of the class preceding the median class
N=Xf;
Md class is the class corresponding to the c.f. just > N/2.

Example: Find the median

Class f
interval(x)
20-40 4
40-60 6
60-80 10
80-100 12
100-120
> fi-
40
Solution:
Class f c.f
interval(x)
20-40 4 4
40-60 6 10
60-80 10 B
80-100 12 32
100-120 8 40
> 1-40
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o N/2=40/2 =20

¢ Median class is 60-80

¢ [ =60, c=80-60=20, f= 10, c.f=10

eMd=L+ {(N/2—-c.f)xc/f} =60 + {(20 -10)x (20/10)}

=60 + {10x2} =60+20 = 0.
Example: Find the median

Marks No. of c.f.

students
10-25 6 6

25-40 20 26

40-55 44 70

55-70 26 96

70-85 3 99

85-100 1 100
> £-100

N/2=100/2=50
Median class is 40-55
L=40,f=44,c=55-40=15,c.f. =26
Md=L + {(N/2 —c.f) x ¢/f}

=40+ {[ 50 —26] x 15/44}

=40 + {(24 x15)/44}

=40 + [360/44]

=40+8.18 =48.18

Measures of Dispersion

It helps us to study the extent of the variation of the individual observations
from the central value and among themselves
For example, consider the three series

Series A | Series B | Series C

201 200 75

198 200 405

199 200 150

200 200 270

202 200 100
total 1000 1000 1000
AM 200 200 200

Two Broad category of Measures of Dispersion:

- Absolute measures: Absolute measures are given in the same units as the
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individual data

- Relative measures: Relative measures are free from units of measurements
and are called as co-efficients and are used to compare two or more series for
their variability.

Absolute measures & their Relative measures (coefficients)
[1] Range and co-efficient of range
[2] Quartile deviation (Q.D) and co-efficient of Q.D.
[3] Mean deviation (M.D) and co-efficient of M.D.
[4] Standard deviation (S.D) and co-efficient of variation(C.V).

[1]JRANGE & CO-EFFICIENT OF RANGE

Definition:

Range is defined as the difference between the highest and lowest value of x.
Range R = largest value — smallest value =L — S

Co-efficient of Range = (L - S) /(L+S)

Example:

Find the range and its co-efficient: 234, 22, 425, 325, 78, 236, 120, 422



Solution: Largest value L=425; Smallest value S =22; Range

=425-22=403

Co-efficient of Range = (L - S) /(L+S)

— (425-22)/(425 +22)

=403/447=10.90

Example: Find range and its co-efficient

X f
10 -20 4
20-30 12
30-40 25
40-50 16
50-60 6

Solution:
Largest value of X, L = 60
Smallest value of X, S=10
Range=L-S=60-10=50

Co-efficient of range = (L - S) /(L+S) = (60 -10) /(60+10) = 50/70 =0.71

QUARTILES

< S

There are three quartiles.

v Qy, the first quartile or the lower quartile divides the data in such a way that

It is the value which divides the data into FOUR equal parts.
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25 percent of the observations will be less than Q; value and 75% of the
values will be more than the Q; value.

v" Qs, the Third quartile or upper quartile divides the data in such a way that 75
percent of the observations will be less than Q3 value and 25% of the values

will be more than the Q3 value

v" The second quartile is nothing but the median.

v' 50% of the observations will be less than median value and 50% of the
values will be more than the median value.
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Calculation for Raw data

v" Median = value of (n+1)/2 th observation in ascending order data.
v Q; = value of (n+1)/4 th observation in ascending order data.
v Q3 =value of 3(n+1)/4 th observation in ascending order data.

For example, the median of 20,30,35,64,23,46,78,34,20
Arranging the data in ascending order : 20,20,23,30,34,35,46,64,78
Md = value of (9+1)/2 =5 observation
=34

Example: Find Q; and Q;, 20,30,35,64,23,46,78,34,20
Arranging the data in ascending order: 20,20,23,30,34,35,46,64,78
Q; = value of (9+1)/4 =2.5" observation
= value of 2" observation + 0.5(3" value-2"! value)
—20+0.5(23 20) =20 +0.5 x 3 =20+1.5=21.5
Q3 = value of 3(9+1)/4 =7.5th observation
= 7 observation + 0.5 (8™value — 7" value)
= 46 + 0.5 (64-46) =46 +( 0.5 x 18) = 46 + 9 = 55

Suppose the given number of observations is even then median will be the
average of two central values.

Example: Find the median of 20,30,35,64,23,46,78,34,20,56.
Arranging the data in ascending order:
20,20,23,30,34,35,46,56,64,78
Md = value of (10+1)/2 =5.5" observation
= (value of 5™ observation + value of 6" observation)/2
— (34+35)12 =34.5

Example: Find Q,and Qs  20,30,35,64,23,46,78,34,20,56
Solution: Arranging the data in ascending order: 20,20,23,30,34,35,46,56,64,78

Q; = value of (10+1)/4 =2.75" observation
= 2" value + 0.75 (3" value — 2" value)
=20 +0.75 (23-20)
=20+ (0.75 x3) =20 +2.25 =22.25

Qs=value of 3 (n+1\4)th observation

= (3 x2.75 =8.25™) observation

= 8" value + 0.25 (9" value - 8" value)
=56+ 0.25 (64-56)

=56 +0.25 (8) =56+2=>58
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Discrete data
o Md = value of x corresponding to the cumulative frequency just > N/2
o Q;=value of x corresponding to the cumulative frequency just > N/4
o Qs=value of x corresponding to the cumulative frequency just > 3N/4

Arrange the data is in ascending order

Find the c.f.

Calculate N/2

In c.f. column see the value greater than or equal to N/2
Md= value of x corresponding to this c.f.

Example: Find the median and the quartiles

X f
2 4
4 6
6 10
8 12
10 8
12 7
14 3
X fi- 50
Solution:
X f c.f.
2 4 4
4 6 10
6 10 20
8 12 32
10 8 40
12 7 47
14 3 50
X fi- 50

e N/2=50/2=25; Therefore Md=8
e N/4=50/4=12.5

Q= value of x corresponding to the cumulative frequency just greater than or
equal to N/4 = 20.

Qi =6
e 3N/M4=375
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Q;=value of x corresponding to the cumulative frequency just greater than
or equal to 3N/4; Q;= value of x corresponding to the cumulative
frequency just greater than 37.5 1i.e.,40

Q3 =10

Continuous data

Md =L + {(N/2 —c.f) x ¢/f}
where L= lower limit of the median class
= class interval of the median class
f = frequency of the median class
c.f. = c.f. of the class preceding the median class
N=2X f;
Md class is the class corresponding to the c.f. just > N/2.

Q1 = L1 + {(N/4 — C.f]) X Cl/fl}
L, lower limit of the Q; class
ci class interval of the Q; class
f1 frequency of the Q, class
c.f.1cumulative frequency of the class preceding the Q; class
N=Xf;
Qs class is the class corresponding to the c.f. just greater than or
equal to N/4.

Qs =Ls+ {(3N/4 — C.f3) X C3/f3}
L; lower limit of the Q3 class
c; class interval of the Qs class
f3 frequency of the Qs class
c.f.3 cumulative frequency of the class preceding the Qs class
N= X f; Qs class is the class corresponding to the c.f. just greater
than or equal to 3N/4.

Example: Find Median:

Class f
interval(x)
20-40 4
40-60 6
60-80 10
80-100 12
100-120 8
> £i-40




Solution:

Class f cf
interval(x)

20-40 4 4

40-60 6 10

60-80 10 20
80-100 12 32
100-120 8 40

> fi-40

o N/2=40/2 =20

o Median class is 60-80
o L=60, c=80-60=20, f= 10, c.f=10

o Md=L+ {(N/2 —c.f) x ¢/f}
=60+ {(20-10) x (20/10)}

=60 + {10x2}
=60+20=280
marks No. of Ct
students
10-25 6 6
25-40 20
40-55 44
5570 26
70-85 3 99
85-100 1 100
> £i-100

o N/2=100/2=50
Median class is 40-55

o Q=L+ {CN/4 — C.f]) X C1/f1}
Q;class 25-40, L, =25, ¢; =40 — 25 =15, 1= 20, c.f;=6

Q=25+ {(25- 6) (15/20)}
=25+ {19x 15 /20}

=25+ 19x0.75

=25+14.25=39.25

L=40, f=44, c=55-40=15, c.f. =26
Md =L+ {(N/2 — c.f) x ¢/f}
=40 + {[ 50 — 26] x 15/44)}
=40 + {(24 x15)/44}
=40 + [360/44]
= 40+8.18 = 48.18
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o Q3=Lst {(3N/4 — C.f3) X C3/f3}
3N/4 =3x25=175
Qsclass is 55-70
L3 = 55, C3 = 70 -55 :15, f3:26, C.f3 =70
Q3 =[5+ {(3N/4 — C.f3) X C3/f3}
=55+ {(75-70) x 15 /26
=55+ {5x0.57)
=55+2.88 =57.88.

Merits of Median:

i) Median is not influenced by extreme values because it is a positional average.
ii) Median can be calculated in case of distribution with open end intervals.

iii) Median can be located even if the data are incomplete.

iv) Median can be located even for qualitative factors such as ability, honesty etc.

Demerits of Median:

i) A slight change in the series may bring drastic change in median value.

ii) In case of even number of items or continuous series, median is an
estimated value other than any value in the series.

iii) It 1s not suitable for further mathematical treatment except its use in mean
deviation.

iv) It does not consider all the observations.

C. MODE

Mode is the value of x which is repeated more often or more frequently.

Raw data
Mode is found by observation. The number of times each value occurs ids
noted and the value which is repeated maximum number of times is the mode.

Example: Find mode 20,30,35,64,23,46,78,34,20,56
Mode is 20 as it is repeated twice while other values are repeated only once.

Case 1) Unimodal — only one mode
In the series 40, 30, 20, 17, 18, 32,29, 23, 17, 17, 24, 24, 12 mode 1s 17.
Case 11) Bimodal — two modes
In the series 40, 30, 20, 17, 18, 32,29, 23,17, 17, 24, 24, 12, 24, 23
Mode-1 =17, mode-2 is 24,
Case 111) No model:
In the series 40, 34, 45, 45, 34, 40 there 1s no mode or mode is 1ll-defined.




Discrete data

Mode = value of x corresponding to the highest frequency

Case 1) Unimodal — only one mode

X f
2 4
4 6
6 10
8 12
10 8
12 7
14 3
> fi- 50

Mode = value of x corresponding to the highest frequency 12

Mode =8.

Continuous data

Mode =]+ [{(f1-f())/(2f1- fo-fz) }XC]
where fj is the frequency of the modal class
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fo 1s the frequency of the class preceding the modal class
f, 1s the frequency of the class succeeding the modal class

c 1s the class interval of the modal class
| 1s the lower limit of the modal class

Modal class the class corresponding to the highest frequency.

marks No. of
students
10-25 6
25-40 20 f,
40-55 44 1,
55-70 26
70-85 3
85-100 1
> £-100
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Modal class is 40 -55
L= 40, f;= 44, f,= 20, £,= 26, ¢ =55-40 =15.

Mode =1+ [ {(fi-fo)/ (2fi- fo-f2)} xc]
— 40 + [{(44 — 20)/ (2x44 — 20 — 26)}x 15]
=40 + {[ 24/ (88-46)]x15}]
— 40 + [(24/42) x15]
— 40 +[0.5714 x15]
=40+ 8.57
=48.57.

Relationship between mean, median and mode:  Mode = 3median - 2 mean
D. GEOMETRIC MEAN

Definition:

Geometric mean of n observations is the n root of product of n observations.
If X1, X2, X3... X, be the n observations the G.M is (X; . X2. X3.... .X,) /P
For example, the G.M. of 2,4,8 is (2x4x8) "= (64) (/¥ =4,

But in practice we use log to find G.M.

Raw Data
If x1, X2, X3... X, be the n observations
GM. = (Xl* Xz* X3#, .. *Xn) (/)
Taking log on both sides
Log (G.M.) = (1/n) [ log x; + log x,+ log x3+... + log X,]
= (1/n) X [log xi]
G.M. = Antilog { (1/n) X [log xi] }

Example: Find the geometric mean for the following x: 3,6,24,48

X Log x
3 0.4771
6 0.7782
24 1.3802
48 1.6812
Y [log xi]
=4.3167

G.M. = Antilog {(1/n) X [log xi]}
= Antilog {(1/4) x 4.3167}
= Antilog {1.0792} =12.00
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Discrete data:
Let x1, X2, X3.... X, be the n values of the variable x with corresponding frequency fi, 15,
f3.... f,, then

G.M = Antilog (Z [flogx])

Xf

Find the geometric mean for the data given below
X 10 15 25 40 50

f 4 6 10 7 3
Solution
X f log x flog x
10 4 1.0000 4.0000
15 6 1.1761 7.0566
25 10 1. 3979 13.9790
40 7 1.6021 11.2147
50 3 1.6990 5.0970
30 ¥ [flog x]=41.3473
. Y [flog x]
GM. = Antllog( T) =A.L. [41.3473/30] = A.L.(1.3782) =23.89

Continuous data:
Let m;, mp, m3.... m , be the midpoints of the n classes of the variable x
with corresponding frequency fi, f5, f3.... f,.. then

G.M = Antilog <Z[f2l:o}gm]>
Example: Compute the geometric mean
Marks (x) 0-10 10-20 | 20-30 | 30-40 | 40-50
No. of students(f) 5 7 15 25 8
Solution:
X f m log m flogm
0-10 5 5 0.6990 3.4950
10-20 7 15 1.1761 8.2327

20-30 15 25 1.3979 20.9685
30-40 25 35 1.5441 38.6025
40-50 8 45 1.6532 13.2256
Zf =60 84.5243
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Y [flogm]

G.M. = Antilog( =

) =A.L. [84.5243/60] =A.L. [1.4087] = 25.63

E. HARMONIC MEAN (HM)

Definition:
Harmonic mean is the reciprocal of the arithmetic mean of the reciprocal
of observation.
Example: Find HM for the data: 8, 10,40,26:
o Reciprocals: 8 is 1/8, 10is 1/10, 40 is 1/40 ,26 is 1/26
o AM.of1/8,1/10,1/40 and 1/26 1s (1/8 + 1/10+1/40+1/26)/4
o H.M.=4/(1/8 + 1/10+1/40+1/26)

Raw data

If x1, X2, X3... X, be the n observations, then H.M. =

n
S(1/%)

Example: Find the harmonic mean for the following x: 3, 6, 24, 48

X 1/x

3 0.3333

6 0.1667

24 0.0417

48 0.0208
0.5625

n

H.M. = 7.11

T3(1/%)  (05625)

Discrete data:
Let xi, X2, X3.... X5 be the n values of the variable x with corresponding

frequencies fj, 7, f.... f;,, then

_ X
- X(f/x)

Example: Find the harmonic mean for the data given below
X 10 15 25 40 50
f 4 6 10 7 3

HM

Solution:

X f f/x
10 4 0.4000




15 6 10.4000
25 10 |0.4000
40 7 10.1750
50 3 10.0600

| | 30 [1.4350 |

/D ] =30/(1.4350) = 20.91

Continuous data:
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Let m;, my, ms.... m, be the n values of the variable x with corresponding

frequency f, 3, f3.... f,. then

xf

HM=sGm0

Example: Compute the geometric mean

Marks (x) 0-10 10-20 20-30 | 30-40 | 40-50
No. of students(f) 5 7 15 25 8
Solution:
X f m f/m
0-10 5 5 1.0000
10-20 7 15 0.4667
20-30 15 25 0.6000
30-40 25 35 0.7143
40-50 8 45 0.1778
2f=60 2.9588
60
HM 2f = 20.28

~Y(f/m)  2.9588

Weighted averages

The relative importance given to the given to the values is the weights W

Weighted arithmetic mean

I [xw]
Xw =




Find the weighted arithmetic mean for the following data

X is the variable and w is the weights
X |W
8 |2
12 |5
2511
132
453
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Solution:
X |W | XwW
8 |2 |16
1215 |60
2501 |25
1312 |26
4513 | 135
13 | 262
_ X [xw]
Xw= = 262 /13 =20.15;
zw
Weighted G.M. = Antilog( %)

Example: Calculate weighted geometric mean

commodity | A B C D

weight 1 6 3 2

price 5 17 30 42
Solution:

X w Log x w logx

5 1 0.6990 | 0.6990

17 6 1.2304 | 7.3824

30 3 1.4771 4.4313

42 2 1.6232 | 3.2464

12 15.7591
Weighted G.M. = Antilog( > [wlogx] )
. [15.7591]
= Antilog( —————) =A.L. (1.3133) = 20.57

12

) Xw
Weighted HM. = [ Z(w/x)]

Example: An aeroplane flies around a square the sides of which measures 100 km
each, it covers the first side at an average speed of 100 km. /hr. the second side at
200km/hr and the third with 300 kms/hr and the fourth side at 400 kms./hr. Use the
correct mean to find the average speed round the square.
Solution:

The average speed round the entire square is the H.M of 100, 200, 300, 400.
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n ]:1 4

e | 1 1
2(1/x —=
( / ) 100 200 300 400

HM.= [

4
0.0100+0.0050+0.0033+0.0025

HM. =4/0.0208 = 192 kms, /hr
Example: You can take a trip which entails travelling 900 kms, by train at an
average speed of 60km. /hr., 3000 kms by ship at an average speed of 25km./hr.,
400 kms by plane at 350km./hr. and finally 15 kms by taxi at an average speed of
25km./hr, what is the average speed for the entire distance.

Mode of Distance | Speed (x) w/X
travel travelled(w)
Train 900 60 15.0000
Ship 3000 25 120.0000
Plane 400 350 1.1429
taxi 15 25 0.6000
4315 136.7429

Yw

4315

Z(W/x)] = 136.7429]

Weighted H.M. is the best average to find the average speed

Weighted HM. = [ = 31.56

The average speed of the entire distance is 31.56 kms. /hr.

Characteristics or desirable properties of a good average.
A measure is said to be a good average if it possesses the following characteristics:

1) It should be simple to understand and easy to calculate.
1) An average should be rigidly defined.

111) It should be based on all items.

1v) It should not be unduly affected by extreme values.

v) It should lend itself for algebraic manipulation.

vi) It should have sampling stability.

Arithmetic Mean is the best measure among the measures of central tendency,
because it possesses almost all the characteristics of a good average.



MODULE-5
CURVE FITTING,CORRELATION AND REGRESSION

Curve Fitting

This is a method of finding a specific relation connecting the dependent and independent
variables for a given data so as to satisfy the data as accurately as possible.

Curve fitting by the method of least squares

The method of least squares provides a relationship y = f(x) such that the sum of the
squares of the residuals is least. The difference between observed(y;) and expected value (Y;)
i.e., Rj = y; — Y, are called the residuals.

Fitting of a Straight liney = ax+ b

Giveny =ax+b
Normal Equations(N.E’s): a),x+nb =3y
ayx’+bYx=Yxy

Solving the above equations we get the values of a and b, substituting these values in the
given equation leads to the curve of best fit.

Note:
Normal Equations(N.E’s)for the stline y = a + bx:
na+bYx=>y
aYx+bYx*=Yxy

Problems
1. Fit a straight line y = ax + b for the following data

y 1 2 4 4 5 7 8 9

Sol: The normal equations for fitting the Straight line y = ax + b --- (*) are
ax+nb=3Yy
aYx*+bYx=Yxy

Here n=8



1 1 1 1

3 2 6 9

4 4 16 16
6 4 24 36
8 5 40 64
9 7 63 81

11 8 88 121
14 9 126 196

Zx=56 2y=4-0 ny=364 Zx2=524

The N.E’s become
56a + 8b = 40
524a + 56b = 364
On solving , we get
a=0.6363 and b =0.5454
Thus, (*) =y = (0.6363)x + (0.5454) , is the curve of best fit.
2. Find the equation of the best fitting straight line for the following data and hence estimate

the value of dependent variable corresponding to the value 30 of the independent variable.

y 16 19 23 26 30

Sol: Let y =ax+b ---(*) be the equation of the Straight line.

NE’s: a)Yx+nb=}y

aYx’+bYx=Yxy
Here n=5




5 16 80 25

10 19 190 100
15 23 345 225
20 26 520 400
25 30 750 625

Zx=75 Zy=114 ny=1885 sz=1375

The N.E’s become

75a + 5b = 114
1375a + 75b = 1885

On solving , we get
a=07 and b=123
Thus, (*)=>y = (0.7)x+ (12.3) , is the curve of best fit.
When x = 30 =y = (0.7)(30) + (12.3)
y=33.3

3. Fit a straight line in the least square sense for the following data

y 12 15 21 25

Sol: Let y = ax + b --- (*) be the equation of the Straight line.

NEs: aYx+nb=Yy
aYx>*+bYx=Yxy

Here n=4




50 12 600 2500

70 15 1050 4900
100 21 2100 10000
120 25 3000 14400

Zx=340 Zy=73 ny=6750 Zx2=31800

The N.E’s become

340a +4b =173
13800a + 340b = 6750

On solving , we get

a=019 and b=2.28

Thus, (*) =y = (0.19)x + (2.28) , is the curve of best fit.

4. A simply supported beam carries a concentrated load P at its mid point. Corresponding to
various values of P the maximum deflection Y is measured and is given in the following

table.

Y 0.45 0.55 0.60 0.70 0.80 0.85

Find a law of the form Y = a + bP and estimate Y when P is 150.

Sol: Let Y =a+ bP --- (*) be the equation of the Straight line.

NE’s: na+b)P=)Y
aYP+bYP:=YPY
Heren=6



100 0.45 45 10000

120 0.55 66 14400
140 0.60 84 19600
160 0.70 112 25600
180 0.80 144 32400
200 0.85 170 40000

ZP=900 ZY=3.95 ZPY=621 ZP2=14-2000

The N.E’s become

6a +900b = 3.95
900a + 142000b = 621

On solving , we get
a=0.0476 and b =0.0041
Thus, (*)=Y = (0.0476) + (0.0041 )P , is the curve of best fit.
When P =150 =Y = (0.0476) + (0.0041)(150)
Y=0.6626

5. Fit a straight line to the following data.

Production (in
tons)

Also find the expected production in the year 2006.

Sol: Let year and production respectively be represented by the variables x and y.
Let the equation of Straight be y = a + bx

Let X = x — 1981 and the line of fit willbe y = a + bX ---(¥)

N.E’s are na+bYX=>y
aYX+bYX?=YXy .Heren=5
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1961 -20 -160 400
1971 -10 10 -100 100
1981 0 12 0 0
1991 10 10 100 100
2001 20 16 320 400
ZX=0 Zy=56 ZXy ZXZ
=160 = 1000

N.E’s becomes 5a+0.b =56
0.a+ 1000b = 160

On solving , we get
a=11.2 and b=0.16
Thus, (*) =y = 11.2 + (0.16)X
y =112 4+ (0.16)(x — 1981)
y = —305.76 + (0.16)x , is the curve of best fit.
When x = 2006
y =—305.76 + (0.16)(2006) = 15.2 tons

Expected production in the year 2006 is 15.2 tons.

Fitting of a Second degree parabolay = ax* + bx + ¢

Given y = ax?+ bx +c

Normal Equations(N.E’s): aYx*+bYx+nc=Yy
aYx3+bYx*+cYx=Yxy
aYx*+bYx3+cYx?=3Yx%y

Solving the above equations we get the values of a, b and c, substituting these vales in
the given equation leads to the curve of best fit.



Note: If y = a + bx + cx?
Normal Equations(N.E’s): na+bYx+cyx?=3y
aYx+bYx*+cYx3=Yxy
aYx*+bYx3+cYxt=3Yx%y
Problems

1.Fit a second degree parabola y = ax? + bx + c in the least square sense for the following
y 10 12 13 16 19
data and hence estimate y at x = 6.
Sol: Given y = ax? + bx +c
Normal Equations(N.E’s): aYx*+bYx+nc=Yy
aYx3+bYx*+cYyx=Yxy
aYx*+bYx3+cYyx?=Yx%

5
10 10 1 10

Here n=

1 1 1
2 12 24 4 48 8 16
3 13 39 9) 117 27 81
4 16 64 16 256 64 256
5 19 95 25 475 125 625

Zx=15 Zy=70 ny=232 Zx2=55 szy Zx?':zzs Zx4=979



The N.E’s become
55a + 15b + 5¢ =70
225a + 55b + 15¢ = 232
979a + 225b + 55¢ = 906

On Solving, we have
a=0.2857 b =0.4857 and c=9.4
Thus, (*) = y = (0.2857)x2 + (0.4857)x + (9.4), is the curve of best fit .

Atx =6,
y = (0.2857)(6)? + (0.4857)(6) + (9.4)
y=22.78

2. Fit a second degree parabola y = a + bx + cx? for the data:
y 1 1.8 1.3 2.5 6.3

Sol: Given y = a+ bx + cx?

Normal Equations(N.E’s): na+bYx+cyrx*=yy
aYx+bYx*+cYyxd=Yxy
aYx?+bYx3+cYyx*=Yx%

Here n=5

0 1 0 0 0 0 0

2 1.3 2.6 4 5.2 8 16
3 2.5 7.5 9 22.5 27 81
4 6.3 25.2 16 100.8 64 256

g
><N
g
><N
<
g
><m
=
hS

Zx=10 Zy ny

=129 =37.1

Il
w
a1
S

30 =130.3 100



The N.E’s become
5a+ 10b +30c =129
10a + 30b + 100c = 37.1
30a + 100b + 354c = 130.3

On Solving, we have
a=1.42 b=-1.07 and c=0.55
Thus, (*) = y = (1.42) + (—=1.07)x + (0.55)x?, is the curve of best fit .

3. Fit a parabola y = ax? + bx + c in the least square sense for the following data

12.85 31.47 57.38 91.29

Sol: Given y =ax*+bx+c
Normal Equations(N.E’s): aYx’+bYx+nc=Yy
aYx3+bYx*+cYyx=Yxy
aYx*+bYx3+cYyx?=Yx%

Here n=5
12.28

4 12.85 51.40 16 205.60 64 256

6 31.47 188.82 36 1132.92 216 1296

8 57.38 459.04 64 3672.32 512 4096

10 91.29 912.90 100 9129.00 1000 10000
DRIED RIS 32D WD IS D D s
= 30 = 196.06 = 1618.3 =220 = 14152.12 = 1800 = 15664

The N.E’s become
220a + 30b + 5¢ = 196.06
1800a + 220b + 30c = 1618.3
15664a + 1800b + 220c = 14152.12



On Solving, we have
a=0.992 b =-0.8551 and c = 0.696
Thus, (*) = y = (0.992)x% + (—0.8551)x + (0.696) , is the curve of best fit.

4. Find the best values of a , b, c if the equation y = a + bx + cx? is to fit most closely to the
following observations

-3.150 -1.390 0.620 2.880 5.378

Sol: Equation of the parabola y = a + bx + cx?
Normal Equations(N.E’s): na+bYx+cyrx*=yy
aYx+bYx*+cyxd=Yxy
aYx?+bYx3+cyx*=Yx%

Here n=5
-3.150 -12.60

-1 -1.390 1.39 1 -1.39 -1 1

0 0.620 0 0 0 0 0

1 2.880 2.88 1 2.88 1 1

2 5.378 10.756 4 21.512 8 16
_ 2 x%y 3 4

Zx Zy ny Zx Z=10.402 * Zx
= 4.338 = 21.326 =10 =0 =34

The N.E’s become
5a+0.b + 10c = 4.338

0.a+10b+0.c = 21.326
10a + 0.b + 34c = 10.402

On Solving, we have

a=0.6210 b =2.1326 and c=0.1233



5. Fit a parabola for the following data.

2 6 7 8 10 11 11 10 9

Sol: Equation of the parabola y = a + bx + cx?

Normal Equations(N.E’s): na+bYx+cyx?=Yy
aYx+bYx?>+cYx®=Yxy
aYx?+bYx3+cyx*=Yx%

Here n=9
N A
2 6 12 4 24 8 16
3 7 21 9 63 27 81
4 8 32 16 128 64 256
5 10 50 25 250 125 625
6 11 66 36 396 216 1296
7 11 77 49 539 343 2401
8 10 80 64 640 512 4096
9 9 81 81 729 729 6561

Z ny sz Zx2y=2771 Zx3 zx‘*

=45 =421 = 285 = 2025 = 15333



The N.E’s becomes
9a + 45b + 285¢c = 74
45a + 285b + 2025¢c = 421
285a + 2025b + 15333¢c = 2771

On Solving, we have
a=-0.9286 b =3.5232 and c=-0.2673
Thus, (¥) > y = (—0.9286) + (3.5232)x + (—0.2673)x?, is the curve of best fit .

6. Fit a second degree parabola to the following data
y 1.1 1.3 1.6 2 2.7 3.4 4.1

Sol: Equation of the parabola y = a + bx + cx?
Normal Equations(N.E’s): na+bYx+cyx?=yy

aYx+bYx?+cYyx3=Yxy
aYx?+bYx3+cYyx*=Yx%

7
1.1 1.1 1 1.1 1 1

Here n=

1

1.5 1.3 1.95 2.25 2.95 3.375 5.0625
2 1.6 3.2 4 6.4 8 16

2.5 2 5 6.25 12.5 15.625 39.0625
3 2.7 8.1 9 243 27 81

3.5 3.4 11.9 12.25 41.65 42.875 150.0625
4 4.1 16.4 16 65.6 64 256

2
Zx Ey ny Z= g0.75 szy = 154.475 Zx3 Zx“

=175 =16.2 =47.65 =161.875 = 548.1875



The N.E’s becomes
7a + 17.5b + 50.75¢ = 16.2
17.5a + 50.75b + 161.875¢c = 47.65
50.75a + 161.875b + 548.1875¢c = 154.475

On Solving, we have
a=1.0357 b =-0.1928 and c=0.2428
Thus, (*) > y = (1.0357) + (—0.1928)x + (0.2428)x?, is the curve of best fit .

Fitting of a curve of the formy = ax”

Consider y = ax?

Taking log, on both sides we get,
logey = loge(ax")
log,y = logea + log.x"
log,y = log.a + blog.x
Y=A+bX ,where Y =log,y ,A=1log.a X =Ilog,x
Normal Equations(N.E’s)for the st.line Y = A + bX:

nA+bYX=3Y
AYX+bY X2 =YXY

Solving above equations we get A,b. But log.a=A=>a = e’

Problems
1. Fit a least square geometric curve y = ax? for the following data

y 0.5 2 4.5 8 12.5

Sol: Consider y = ax? - (¥)
Taking log, on both sides we get,
logey = log.(ax®)
log,y = log.a + log.x"
log,y = log.a + blog.x
Y=A+bX ,where Y =Ilog,y ,A=log,a X =1log.x



Normal Equations(N.E’s)for the st.line Y = A + bX

nA+bYX=YY
AYX+bY X?=YXY

Here n=5

-0.6931
2 2 0.6931 0.6931
3 4.5 1.0986 1.5041
4 8 1.3863 2.0794
5 12.5 1.6094 2.5257
Dy
= 4.7874 = 6.1092
N.E’s becomes 5A + 4.7874b = 6.1092

4.7874A + 6.1993b = 9.0804

On Solving, we have
A=-0.6932 b=2

But loge.a = —0.6932=>a =292 =05
Thus , (¥) =y = ax?

y = (0.5)x? , is the curve of best fit.

0.4804

1.6524

2.8827

4.0649

= 9.0804

0.4804

1.2069

1.9218

2.5902

= 6.1933

2. An experiment of lifetime t of cutting tool at different cutting speeds v (units) are given

below

Life (t)

Fit a relation of the form v = atP.



Sol: Consider v = at? --- (%)
Taking log. on both sides we get,

logev = loge(atb)
log.v = log.a + logt?
log.v = logea + bloget
V=A+DbT ,where V=1Ilog,v ,A=1loge.a T =Iloget
Normal Equations(N.E’s)for the stline V=A+ bT

nA+bYT=3)V
AYT+bYT?2=YVT

Here n=4

350 61 5.8579 4.1109 24.0812
400 26 5.9915 3.2581 19.5209
500 7 6.2146 1.9459 12.093
600 2.6 6.3969 0.9555 6.1122

EV ZT ZVT

= 24.4609 = 10.2704 = 61.8073

N.E’s becomes 4A + 10.2704b = 24.4609
10.2704A + 32.2142b = 61.8073

Solving above equations we get,
A =6.5539 b=-0.1709
But log.a = 6.5539 = a = e%°°3% = 701.9766
Thus, (*) = v = at?

v = (701.9766)t™%17%% _js the curve of best fit.

16.8995
10.6152
3.7865

0.913

2

= 32.2142



3. Fita curve of the form y = ax? for the following data

y 2.98 4.26 5.21 6.1 6.8 7.5

Statistical Methods

Statistics is a science of facts and figures which may be readily available or obtained through
the process of direct enquiry or enumeration. It deals with the methods of collecting,
classifying and analysing the data so as to draw some valid conclusion.

‘Correlation’ can be understood as co-relation. Co-variance of two independent
magnitudes is known as correlation. ‘Regression’ is an estimation of one independent
variable interms of the other.

Correlation and Regression
This topic deals with data concerning independent observations.
Examples
1. Marks of individuals in two subjects
2. Height and weight of individuals
3. Amount involved in advertising a product and sale of product etc.,

We discuss the aspect of inter-relation between the independent variables

Correlation and Correlation Coefficient

Co-variation of two independent magnitudes is known as correlation. If two variables x and
y are related in such a way that increase or decrease in one of them corresponds to increase or
decrease in the other, we say that the variables are positively correlated. Also if increase or
decrease in one of them corresponds to decrease or increase in the other, the variables are
negatively correlated.

The numerical measure of correlation between two variables x and y is known as Karl
Pearson’s coefficient of correlation usually by r and is defined as follows

___Xxy e x—% Vev_y . w=2* 5_2Y¥
r_\/ﬁ_\/ﬁ where, X =x—Xx ,Y=y—Yy yX="- ,y==

Note:

2 2 f 2 [y y2
I,G?C:Zi 5 0§,=ZTY ;a-xa-yzu or 110-.%0-},= /ZXZ /ZYZ

n

2. The coefficient of correlation numerically does not exceed unityi.e, —1 <r <1

3. If r =11, we say that x and y are perfectly correlated and if r = 0 we say that x and y



are non correlated.

0Z+05-0%_y

4 r=

2050y
Regression

Regression is an estimation of one independent variable in terms of the other. If x and y are
correlated, the best fitting straight line in the least square sense gives reasonably a good
relation between x and y .

The best fitting straight line of the form y = ax + b is called the regression line of y on x and
X = ay + b is called the regression line of x on y .

The regression line of y on X is
_ Oy _
y-=r—=—x-%
GX
The regression line of X on y is

— GX —
@—@=r;@—w

y
Ox O'y . .
r—= ;r—- are known as regression coefficients.
y X
Note

1. r = +,/(coeff. of x). (coeff. of y) , the sign of r will be positive or negative

according as the regression coefficients are positive or negative.

2. The lines of regression are also of the form Y = % (X) and X= % (Y)

Problems
1.Compute the coefficient of correlation and the equation of the lines of regression for the

data

y 9 8 10 12 11 13 14

Sol: Now )‘(=¥ , 7=¥

Here Y x=128 Yy=77 , n=7
=2 y=Z

X =4 y =11



1 9 -3 -2 6 9 4

2 8 =) -3 6 4 9
3 10 -1 -1 1 1 1
4 12 0 1 0 0 1
5 11 1 0 0 1 0
6 13 2 2 4 4 4
7 14 3 3 9 9 9
ZXY ZXZ ZYZ
_ > XY
Wkt, r = Nz
26
T V28.428
26
" =728
r=0.9286

The lines regression are given by

Y =r2(x—% oy _ LXV _ 26 _
-y=r-x-x T =5 =5 = 0-9286

(y —11) = 0.9286(x — 4)
y—11 = 0.9286x — 3.7144
y =0.9286x + 7.2856

_ Ox _ Ox > XY 26
Also,(x—x)zra—y(y—y) ra—y=27=§=0.9286



(x —4) =0.9286(y — 11)
x —4 =0.9286y —10.2146
x=0.9286y — 6.2146
2. Obtain the lines of regression and hence find the coefficient of correlation for the

following data

9 8 10 12 11 13 14

Sol: Now ¥ =22 , y==
Here ) x =28 Yy =77 ,n=7
=2 ,%=4 ; y=2.y=
4
2 8 -2 -3 6 4 9
3 10 -1 -1 1 1 1
4 12 0 1 0 0 1
5 11 1 0 0 1 0
6 13 2 2 4 4 4
7 14 3 3 9 9 9
ZXY ZXZ zYZ
=26 =28 = 28

The lines regression are given by

y) =Xy _ % 1XV 26 _
O-MN=5rE-x S = 25 = 0-9286



(y —11) = 0.9286(x — 4)
y—11 = 0.9286x — 3.7144
y = 0.9286x + 7.2856

A1so,(x—f)=%(y—7) %=;—2=0.9286
(x — 4) = 0.9286(y — 11)
x —4 =0.9286y — 10.2146
x =0.9286y — 6.2146
Wkt 1 =./(coeff. of x).(coeff. of ¥) 7 must be positive since regression coefficients are +ve

r =4/(0.9286).(0.9286)
r =0.9286

3. Find the correlation coefficient for the following two groups

B 86 &3 91 77 68 85 52 82 37 57

. 7 = 2% v =Y
Sol: Now X == ) Y=
Here ) x =751 Yy =718 , n=10
_ 751 _ _ 718 _
x—ﬁ,x—75.1 5 y_ﬁ’y_71'8




92 86 16.9
89 &3 13.9
87 91 11.9
86 77 10.9
83 68 7.9
77 85 1.9
71 52 4.1
63 82 -12.1
53 37 22.1
50 57 25.1
_ > XY
Wkt 1= e
1774.2
= J2086.59/2837.6
17742
" 2433.29
r=0.7291

14.2

11.2

19.2

52

13.2

-19.8

10.2

-34.8

-14.8

239.98
155.68
228.48
56.68
-30.02
25.08
81.18
-123.42
769.08

371.48

ZXY

=1774.2

285.61
193.21
141.61
118.81
62.41
3.61
16.81
146.41
488.41

630.01

yr

= 2086.59

201.64
125.44
368.64
27.04
14.44
174.24
392.04
104.04
1211.04

219.04

>r

= 2837.6

4. Find the correlation coefficient and the equation of the lines of regression for the following

values of x and y



2 5 3 8 7

. o _Ix S oLy
Sol: Now x== , y==
Here Y x =15 Yy=25 , n=75
_ 15 _ __ 25 _
X=—,X= V= =
9
2 5 -1 0 0 1 0
3 3 0 -2 0 0 4
4 8 1 3 3 1 9
5 7 2 2 4 4 4
ZXY ZXZ ZYZ
=13 =10 =26
>
Wkt, r = ST
13
~ V10.V26
r = 0.8062
Now,c)z(:Z—)(z:E:Z ; 02=2 o,=+2

The lines regression are given by

(Y‘V):rz—i(""_‘)



(y — 5) = (0.8062) % (x—3)

y=5=@13)x-3)
y—5=13x—-39
y=13x—-39+5
y=13x+1.1

Also, (x —X) =1Z(y - y)
Oy

(x — 3) = (0.8062) % (y —5)

x—3=05-5)
x=05y—-25+3
x=0.5y+0.5

5. The following data gives the age of husband (x) and the age of wife (y) in years. Form
the two regression lines and calculate the age of husband corresponding to 16 years age

of wife

y 29 18 20 22 27 21 29 27 29 28

Sol: Now x = %

Here ) x =300

- 300
X =—
10

36 29 6 4 24 36

> Y
’ y_n
Yy =250 , n=10
s _ 250
Y="
y =25

16



23

27

28

28

29

30

31

33

35

18

20

22

27

21

29

27

29

28

The lines regression are given by

z

-y =

(y —25) = 0.8913(x — 30)
y — 25 =0.8913x — 26.739

XY _
X x-3%)

y =0.8913x—-1.739

Also, (x —X) =

Y XY _
ST,

(x—30) = 0.75(y — 25)

x—30 = 0.75y — 18.75
x =0.75y + 11.25
Wheny = 16, x = 0.75(16) + 11.25

49 49
15 9
6 4
4 4
4 1
0 0
2 I
12 9
15 25
zky 2}2
=123 =138
S = 1= 08913
=1 =075

x =23.25 = 23

Thus husband’s age is 23 years corresponding to wife age of 16 years.

49

25

16

16

16

27

=164



6. In a partially destroyed lab record, only the lines of regression of y on x and x on y are
available as 4x — 5y + 33 = 0 and 20x — 9y = 107 respectively. Calculate the coefficient
of correlation between x and y.

Sol: Lines of regression of y on x and x on y are

4x —5y+33=0 20x — 9y = 107

Sy =4x + 33 20x = 9y + 107
y= %x + ? X =2 y + ﬂ
Coefficient of x = g Coefficient of y = %

The coefficient of correlation is

r =/ (coeff. of x).(coeff. of y) r must be positive since regression coefficients are +ve
- 16)-Gs )

"= \5)\20
_ |36

"= 100
_ 6

" 10

r=20.6

7. Given the equation of the regression lines x = 19.13 — 0.87y,y = 11.64 — 0.5x.
Compute the mean of x's , mean of y's and the coefficient of correlation.
Sol: To find X,y and r.
We know that the regression lines passes through (X, ).
X =19.13 - 0.87y and ¥y = 11.64 — 0.5x

Thatis , X+ 0.87y = 19.13
0.5% +y = 11.64

Solving above equations , we get

Xx=15.94 and y=3.67

Rewriting the equations

y =—0.5x + 11.64 ; x = —0.87y +19.13
Coefficient of x = —0.5 Coefficient of y = —0.87

The coefficient of correlation is



r = —/(coeff. of x).(coeff. of y)  r must be negative since regression coefficients
are —ve

r = —/(=0.5).(—0.87)
r =—0.6595

8. Compute X, ¥ and r from the following equation of the regression lines 2x + 3y +1 =10
andx+6y—4=0

Sol: We know that the regression lines passes through (X, ).
2x +3y=-1 and X+6y=4

Solving above equations , we get

x=-2 and y=1

Consider the regression lines

2x+3y+1=0 and x+6y—4=0
3y=-2x-1 and x=—-6y+4
2 1
Y="3%"3
Coefficient of x = —g Coefficient of y = —6
The coefficient of correlation 1s
r = —/(coeff. of x).(coeff. of y)  r must be negative since regression coefficients are
—ve
--|(-3)-c9
r= 3)
r=—v4
r = —2, this is absurd. Since r lies between -1 and +1.

Rewriting the regression lines

x+6y—4=0 and 2x+3y+1=0

6y = —x+4 and 2x =—-3y—1
y:_%x-l_% and X:—%y_%
Coefficient of x = —% Coefficient of y = _2

The coefficient of correlation is



r= —\/ (coeff. of x). (coeff. ofy)  r must be negative since regression coefficients are —
ve.

Thus, x=-2,y=1 and r=-0.5

9. Given the following table and r = 0.8 , write down the equation of the lines of

Mean 18 100

SD 14 20

regression and hence find the most probable value of y when x = 70.
Sol: Bydata X=18 and y=100 ; o,=14 and o, =20 ; r=08

The equations of regression lines are

Y-»N=rr@-3) ; x-B=120-)

(y — 100) = (0.8)2(:: —18) ; (x — 18) = (0.8)% (y — 100)
y —100 = 1.14(x — 18) ; x — 18 = 0.56(y — 100)
y=1.14x +79.48 ; x=0.56y — 38

Whenx =70, y=1.14(70)+79.48 ;y=159.28

o2 +o3-02y

10. Compute the coefficient of correlation using the formula r = and the lines of

Ox0y

regression to the following data



y 9 8 10 12 11 13 14

02+02—-0g2_
Sol: We have r = —2—=2

20x0y

We shall prepare the table showing the columns of x, y, z, x2,y?, z

as to compute SD’s of x, y, z.

1 9 -8 1 81 64

2 8 -6
3 10 -7
4 12 -8
5 11 -6
6 13 -7
7 14 -7

Whkt, ¥ = y==
Here ) x=28 Yy =177
=7 =3
X =4 y=11
ot =12 — (@ o} =

16

25

36

49

140

2

64

100

144

121

169

where z = x — y so

36

49

64

36

49



140 875 347
oi=—-16 o7 =—"—-121 o:="—"-149
7 7 7
o2 =14 02 =4 02 =0.57

02+02-02_
Now, = 24" %-y
2040y
_ 444-0.57
T 222
r =.9287

The lines regression are given by

v-9=r2x-%

X
(y — 11) = 0.9286(x — 4)
y — 11 = 0.9286x — 3.7144
y = 0.9286x + 7.2856

Also, (x —X) = rg(y—y)
Oy

(x — 4) = 0.9286(y — 11)
x — 4 = 0.9286y — 10.2146
x = 0.9286y — 6.2146

Rank Correlation

The coefficient of correlation in respect of the ranks of some two characteristics of an
individual or an observation is called the rank correlation coefficient usually denoted by

,p’.
6Y d*

_ 63(x—y)?
n(nZ-1)

n(n2-1)

or p=1-

d = x — y, being the difference in ranks.
NOTE:
1. If the rankings of x , y are entirely in the same order like for example,

x:1,2,3,4,5; y:1,2,3,4,5 then Y. d? = Y.(x — y)? = 0. This will give us p = +1 and is called
perfect direct correlation.

If the rankings of x , y are entirely in the opposite order like for example,
x:1,2,3,4,5; v:5,4,3,2,1 then Y, d* = X (x —y)? = (—4)% + =22 + (0)? + (2)? + (4)? = 40.

6(40 . . .
z (5(: _)1) = —1 and is called perfect inverse correlation.

This will giveusp =1 —

2. p in case of repeated ranks



If two or more magnitudes are repeated, then there will be a ‘tie’ for a particular rank. In
such cases we assign the average rank to all those magnitudes and use the correlation factor
m(mz—l)

12
is repeated. The correction factor must be added every time the ‘tie’ occurs for a particular

rank.

along with Y, d? in the formula for p where m denotes the number of times a magnitude

, m(m?-1)
6(>d t—

nnz -1)

+ .-

p=1-

For example, if there is a ‘tie’ for the second rank in two magnitudes, the rank Zzﬁ =25is

assigned to both the magnitudes thereby weeding both 2" and 3™ ranks. (Here m = 2)

Again, suppose there is a tie for 5 rank among three magnitudes we take the average of
5+6+7

the three ranks in a row starting from 5. That is = 6 which will be assigned to all the

three magnitudes and the next ranking will only be from 8. (Here m = 3)

Problems

1. Ten competitors in a beauty contest are ranked by two judges in the following order.
Compute the coefficient of rank correlation.

I | 6 5 3 10 2 4 9 7 8
11 6 4 9 8 1 2 3 10 5 7

Sol: From the given data, n = 10 and we have

Zdz=(1—6)2+(6—4)2+(5—9)2+(3—8)2+(10—1)2+(2—2)2+(4—3)2+(9—10)2+(7—5)2+(8—7)2

Zdz=25+4+16+25+81+0+1+1+4+1=158

6y d?
Wkt, p=1-— moe—D)
_ . _6(158)
p= 10(102-1)
p =0.042

2. Ten competitors in music contest are ranked by 3 judges A, B, C in the following order.
Use the rank correlation coefficient to decide which pair of judges have the nearest
approach to common taste of music.

L a4 [ 1 [ 6 [ 5 [10] 3 ] 2] 4] 9 ] 7 ] 8 |
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1 2
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5

Sol: We shall compute pag, Pgc, Pca With the help of the following table where d is the
difference in ranks.

A B c a2 a2 2,
1 3 6 4 9 25
6 5 4 1 1 4
5 8 9 9 1 16
10 4 8 36 16 4
3 7 1 16 36 4
2 10 2 64 64 0
4 2 3 4 1 1
9 1 10 64 81 1
7 6 5 1 1 4
8 9 7 1 4 1

dem =200 Zdﬁc =214 Zd%,, =60
2
Wkt, p=1-— nifzcil) and from the given datan = 10
— 1520w _
Now, PaB = 1 10(102-1) = —-0.21
_q_ s _
PBCc = 10(102-1) = —0.297
6(60)
Pca = 1-— —10(102_1) = +0.636

It may be observed that pag and pgc are negative which means that their tastes (A&B ; B&C)
are opposite. But pc4 is positive and is near to 1.(Perfect correlation)

Thus, we conclude that the judges C and A have the nearest approach to common taste
of music.

3. Ten students got the following percentage of marks in two subjects x and y. Compute their
rank correlation coefficient.

Marks | 78 36 98 25 75 82 90 62 65 39
in x
Marks | 84 51 91 60 68 62 86 58 53 47
iny

Sol: We prepare the table consisting of the given data along with the ranks assigned according
to their order of the magnitude. In the subject x, 98 will be awarded rank 1, 90 as rank 2 and
o on.

Marks in x | Rank (x) Marks in y | Rank (y) d=(x-y) d> = (x-y)*
78 4 84 3 1 1
36 9 51 9 0 0
98 1 91 1 0 0
25 10 60 6 4 16
75 5 68 4 1 1




82 3 62 5 -2 4
90 2 86 2 0 0
62 7 58 7 0 0
65 6 53 8 -2 4
39 8 47 10 -2 4
> d? =30
Wht, p=1--22_ 4nd fiom the given data n = 10
, p= ne_p N from the given data n =
_ 4 6(30)
p=1 10(102-1)
p = 0.8182
4. Compute the rank correlation coefficient for the following data
X 68 64 75 50 64 80 75 40 55 64
y 62 58 68 45 81 60 68 48 50 70
Sol:
x Rank (x) y Rank (y) d=x-y) d’> = (x—y)*
68 4 62 5 -1 1
64 6 58 7 -1 1
75 2.5 68 3.5 -1 1
50 9 45 10 -1 1
64 6 81 1 5 25
80 1 60 6 -5 25
75 2.5 68 3.5 -1 1
40 10 48 9 1 1
55 8 50 8 0 0
64 6 70 2 4 16
Z d* =72

Here in x the magnitude 75 is repeated twice for rank 2 and hence the average rank of

2+3

2,3 = -~ = 2.5 is assigned to both (m = 2) ; Also in x the magnitude 64 is repeated thrice

for rank 5 and hence the average rank of 5,6,7 =

5+6+7

= 6 is assigned to the magnitudes 64

(m = 3). Further in y the magnitude 68 is repeated twice for rank 3 and hence the average

rank of 3,4 = - = 3.5 is assigned to both of them (m = 2).

Wkt,

3+4

6[2 d2+m(m—2—1)+m]

12

and from the given datan = 10

p= 1 nn2-1)
L 2(22-1) 3(32-1) 2(22-1)
_1_6[72' 12 12 | 12 ]
pP= 10(102-1)
p= 1— 6[72+0.5+2+0.5]

990

p =0.545




5. The coefficient of rank correlation obtained by ten students in Statistics and Accountancy
was 0.2. It was later discovered that the difference in ranks in the two subjects of one of the
students was wrongly taken as 9 instead of 7. Find the correct rank correlation coefficient.

6 d?
nn2-1)

Sol: Wkt, p=1-—

Here n =10 and p=0.2

2
Hence, 02 =1— —224
10(102-1)
2
6247 _ 1 _ 0.2
990
990x0.8

Y. d? (incorrect) = =132

Now, correct Y. d? =132 —9%2 +7%2 =100

6(100)
10(102-1)

p =0.394

~ Correct p=1-—



