
1

Transform  and Statistics
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Course outcome 

CO1: Apply Fourier series techniques to represent periodic functions and perform harmonic analysis relevant to 
engineering applications. 

CO2: Utilize Fourier Transforms and Z-Transforms to analyze engineering systems and solve difference equations 
arising in mechanical and allied engineering problems. 

CO3: Formulate and solve partial differential equations and apply numerical methods for the solution of heat, 
wave, and Laplace equations encountered in engineering practice.

 CO4: Employ Laplace Transform techniques to solve ordinary differential equations and engineering problems 
involving dynamic systems.

 CO5: Analyze and interpret engineering data using statistical tools, measures of central tendency, dispersion, and 
data visualization techniques for informed decision-making.
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Module-1: Fourier Series

Module-2: Fourier transforms and Z transforms 

Module-3: Partial differential equations 

Module-4: Statistics-I

Module-5: Statistics-II
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Module-1: Fourier Series
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TOPICS
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Fourier Series: Periodic functions, 
Dirichlet’s condition. Fourier 
series of periodic functions  

Half range Fourier series. 

Practical Harmonic Analysis
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Half Range Fourier Series
If a function is defined over half the range, say 0 to L, instead of the full range from −L to , it may be expanded 
in a series of sine terms only or of cosine terms only. The series produced is then called a half range Fourier 
series.
Conversely, the Fourier Series of an even or odd function can be analyzed using the half range definition
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APPLICATIONS OF FOURIER SERIES 

Quantum Mechanics

Acoustics

Image Processing

Vibration Analysis

Optics

And in electrical engineering, signal 
processing, econometrics, thin-walled 
shell theory, etc.



Module-2: Fourier transforms and Z transforms



12

•Fourier Transforms: Infinite Fourier transforms, 
Fourier sine and

•  cosine transforms. 
• Inverse Fourier transforms.                           
•Problems
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Fourier 
Transforms



Mathematics



Mathematics



Mathematics

Difference equations and Z-transforms



Mathematics









APPLICATIONS OF Z- TRANSFORM
Z transform is used to convert 
discrete time domain signal into 
discrete frequency domain signal.

It has wide range of applications in 
mathematics and digital signal 
processing.

It is mainly used to analyze and process 
digital data. For example to analyze JPEG 
images, MP3 and MP4 songs, ZIP files etc,

Applications of Z transform in digital signal processing are,
1. Used in system designing
2.Used to find out stability of a system
3.Used to find frequency response of a signal
4.Analysis of linear discrete system
5.For designing digital filters



Module-3: Partial Differential Equations
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Definition

An equation involving one or more partial derivatives of a function of two or more 
variables is called a Partial differential equation[PDE]. 

      The order of a PDE is the order of the highest derivative and the degree of highest order 
derivative after clearing the equation of fractional powers.

      A PDE is said to be linear if it is of first first degree in the dependent variable and its 
partial derivatives.

       If each term of the PDE contains either the dependent variable or one of its partial 
derivatives, the PDE is said to be homogeneous. Otherwise it is said to be a 
nonhomogeneous PDE.

Examples

1. 
𝜕𝑧

𝜕𝑥
+

𝜕𝑧

𝜕𝑦
= 0 𝑂𝑟𝑑𝑒𝑟 − 1, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸



2.  
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 𝑥𝑦 𝑂𝑟𝑑𝑒𝑟 − 2, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝑁𝑜𝑛𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸

3.  
𝜕2𝑧

𝜕𝑥2
=

𝜕𝑧

𝜕𝑦
+ 2𝑧 𝑂𝑟𝑑𝑒𝑟 − 2, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸

4.  
𝜕2𝑧

𝜕𝑥2
+

𝜕2𝑧

𝜕𝑦2
= 0 𝑂𝑟𝑑𝑒𝑟 − 2, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸

5. 
𝜕3𝑧

𝜕𝑥2𝜕𝑦
= cos(2𝑥 + 3𝑦) 𝑂𝑟𝑑𝑒𝑟 − 3, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝑁𝑜𝑛𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸

6.
𝜕2𝑢

𝜕𝑥2
= 𝑥 + 𝑦 𝑂𝑟𝑑𝑒𝑟 − 2, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝑁𝑜𝑛𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸

7.
𝜕2𝑧

𝜕𝑥2
− 16𝑧 = 0 𝑂𝑟𝑑𝑒𝑟 − 2, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸

8. 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 4

𝜕𝑢

𝜕𝑦
= 0 𝑂𝑟𝑑𝑒𝑟 − 2, 𝐷𝑒𝑔𝑟𝑒𝑒 − 1,𝑁𝑜𝑛𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑃𝐷𝐸



Formation of PDE by eliminating arbitrary constants and arbitrary functions

Note:

If 𝑧 = 𝑓(𝑥, 𝑦)  , then

𝑧𝑥 =
𝜕𝑧

𝜕𝑥
= 𝑝

𝑧𝑦 =
𝜕𝑧

𝜕𝑦
= 𝑞

𝑧𝑥𝑥 =
𝜕2𝑧

𝜕𝑥2
= 𝑟

𝑧𝑥𝑦 =
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 𝑠

𝑧𝑦𝑦 =
𝜕2𝑧

𝜕𝑦2
= 𝑡



Problems

Form the PDE by eliminating the arbitrary constant in the following

1. 𝑧 = 𝑥 + 𝑎 𝑦 + 𝑏

Sol: Given  𝑧 = 𝑥 + 𝑎 𝑦 + 𝑏        --- (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially

𝜕𝑧

𝜕𝑥
= 𝑦 + 𝑏 . 1                 ⇒    𝒑 = 𝒚 + 𝒃    

Also,
𝜕𝑧

𝜕𝑦
= 𝑥 + 𝑎 . 1                 ⇒    𝒒 = 𝒙 + 𝒂  

(1)⇒ 𝑧 = 𝑞. 𝑝

          𝒛 = 𝒑𝒒  ,  is the required PDE



2. 2𝑧 =
𝑥2

𝑎2
+

𝑦2

𝑏2

Sol: Given  2𝑧 =
𝑥2

𝑎2
+

𝑦2

𝑏2
     --- (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially

            2
𝜕𝑧

𝜕𝑥
=

2𝑥

𝑎2

      ⇒    𝑝 =
𝑥

𝑎2

Multiply by ‘𝑥’

          𝒑𝒙 =
𝒙𝟐

𝒂𝟐

Also, 2
𝜕𝑧

𝜕𝑦
=

2𝑦

𝑏2
               

  ⇒    𝑞 =
𝑦

𝑏2



Multiply by ‘𝑦’

          𝒒𝒚 =
𝒚𝟐

𝒃𝟐

(1) ⇒ 𝟐𝒛 = 𝒑𝒙 + 𝒒𝒚,   is the required PDE.

3. 𝑎𝑥2 + 𝑏𝑦2 + 𝑧2 = 1

Sol: Given      𝑎𝑥2 + 𝑏𝑦2 + 𝑧2 = 1

                                                   𝑧2 = 1 − 𝑎𝑥2 − 𝑏𝑦2    ---   (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially

            2z
𝜕𝑧

𝜕𝑥
= 0 − 2𝑎𝑥 − 0

      ⇒    2z𝑝 = −2𝑎𝑥



𝑎𝑥 = −𝑧𝑝

Multiply by ‘𝑥’
𝒂𝒙𝟐 = −𝒛𝒑𝒙

Also, 2z
𝜕𝑧

𝜕𝑦
= 0 − 0 − 2𝑏𝑦

      ⇒    2z𝑞 = −2𝑏𝑦

              𝑏𝑦 = −𝑧𝑞

Multiply by ‘𝑦’
𝒃𝒚𝟐 = −𝒛𝒒𝒚

(1) ⇒ 𝑧2 = 1 − −𝑧𝑝𝑥 − −𝑧𝑞𝑦

           𝑧2 − 1 = 𝑧𝑝𝑥 + 𝑧𝑞𝑦

            𝒛𝟐 − 𝟏 = 𝒛 𝒑𝒙 + 𝒒𝒚  , is the required PDE.



4. 𝑧 = 𝑎𝑙𝑜𝑔 𝑥2 + 𝑦2 + 𝑏

Sol: Given 𝑧 = 𝑎𝑙𝑜𝑔 𝑥2 + 𝑦2 + 𝑏       ---   (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially
𝜕𝑧

𝜕𝑥
= 𝑎.

1

𝑥2+𝑦2
. 2𝑥

      ⇒    𝒑 =
𝟐𝒙𝒂

𝒙𝟐+𝒚𝟐

      ⇒
𝒑

𝒙
=

𝟐𝒂

𝒙𝟐+𝒚𝟐
       ---  (2)

Also,
𝜕𝑧

𝜕𝑦
= 𝑎.

1

𝑥2+𝑦2
. 2𝑦     

      ⇒
𝒒

𝒚
=

𝟐𝒂

𝒙𝟐+𝒚𝟐
      --- (3)

From (2) and (3) , we get 



𝑝

𝑥
=
𝑞

𝑦
𝑝𝑦 = 𝑞𝑥

𝒑𝒚 − 𝒒𝒙 = 𝟎 , is the required PDE.

5. 𝑧 = 𝑥𝑦 + 𝑦 𝑥2 − 𝑎2 + 𝑏

Sol: Given 𝑧 = 𝑥𝑦 + 𝑦 𝑥2 − 𝑎2 + 𝑏      ---   (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially
𝜕𝑧

𝜕𝑥
= 𝑦 + 𝑦

1

2 𝑥2−𝑎2
. 2𝑥

      ⇒    𝒑 = 𝑦 +
𝑥𝑦

𝑥2−𝑎2

      ⇒    𝒑 − 𝒚 =
𝑥𝑦

𝑥2−𝑎2
      ---  (2)



Also,
𝜕𝑧

𝜕𝑦
= 𝑥. 1 + 𝑥2 − 𝑎2.1

𝒒 − 𝒙 = 𝒙𝟐 − 𝒂𝟐        ---  (3)

Using (3) in (2), we get

(2) ⇒  𝑝 − 𝑦 =
𝑥𝑦

𝑞−𝑥
𝑝 − 𝑦 𝑞 − 𝑥 = 𝑥𝑦
𝑝𝑞 − 𝑝𝑥 − 𝑞𝑦 + 𝑥𝑦 = 𝑥𝑦

𝒑𝒒 = 𝒑𝒙 + 𝒒𝒚   , is the required PDE.

6. Find the PDE of the family of spheres whose centre lie on the plane 𝑧 = 0 and have a 

       constant radius ‘r’.

Sol: The co-ordinates of the centre of the sphere can be taken as (𝑎, 𝑏, 0) where 𝑎 and 𝑏 are 
arbitrary. 𝑟 is the constant radius.



The equation of the sphere is given by 

𝑥 − 𝑎 2 + 𝑦 − 𝑏 2 + 𝑧 − 0 2 = 𝑟2

𝑥 − 𝑎 2 + 𝑦 − 𝑏 2 + 𝑧2 = 𝑟2  

        𝑧2 = 𝑟2 − 𝑥 − 𝑎 2 − 𝑦 − 𝑏 2        ---  (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially 

            2z
𝜕𝑧

𝜕𝑥
= 0 − 2(𝑥 − 𝑎) − 0

      ⇒    2z𝑝 = −2(𝑥 − 𝑎)

      ⇒ 𝑥 − 𝑎 = −𝑧𝑝

Also 2z
𝜕𝑧

𝜕𝑦
= 0 − 0 − 2(𝑦 − 𝑏)

      ⇒    2z𝑞 = −2(𝑦 − 𝑏)

      ⇒ 𝑦 − 𝑏 = −𝑧𝑞



(1) ⇒ 𝑧2 = 𝑟2 − −𝑧𝑝 2 − −𝑧𝑞 2

𝑧2 = 𝑟2 − 𝑧2𝑝2 − 𝑧2𝑞2

𝑧2 + 𝑧2𝑝2 + 𝑧2𝑞2 = 𝑟2

𝒛𝟐(𝟏 + 𝒑𝟐 + 𝒒𝟐) = 𝒓𝟐 , is the required PDE.

7. 
𝑥2

𝑎2
+

𝑦2

𝑏2
+

𝑧2

𝑐2
= 1

Sol:  Given   
𝑥2

𝑎2
+

𝑦2

𝑏2
+

𝑧2

𝑐2
= 1

𝑧2

𝑐2
= 1 −

𝑥2

𝑎2
−

𝑦2

𝑏2
   --- (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially 
2𝑧

𝑐2
𝜕𝑧

𝜕𝑥
= 0 −

2𝑥

𝑎2
− 0

2𝑧

𝑐2
𝑝 = −

2𝑥

𝑎2



𝑧𝑝

𝑐2
= −

𝑥

𝑎2
     --- (2)

Also, 
2𝑧

𝑐2
𝜕𝑧

𝜕𝑦
= 0 − 0 −

2𝑦

𝑏2

2𝑧

𝑐2
𝑞 = −

2𝑦

𝑏2
𝑧𝑞

𝑐2
= −

𝑦

𝑏2
     --- (3)

Differentiate (2) w.r.t ‘x’ partially 
1

𝑐2
𝜕

𝜕𝑥
𝑧.

𝜕𝑧

𝜕𝑥
= −

1

𝑎2
𝜕

𝜕𝑥
𝑥                                             Since 𝑝 =

𝜕𝑧

𝜕𝑥

1

𝑐2
𝜕𝑧

𝜕𝑥
.
𝜕𝑧

𝜕𝑥
+ 𝑧.

𝜕2𝑧

𝜕𝑥2
= −

1

𝑎2
. 1

1

𝑐2
𝑝2 + 𝑧. 𝑟 = −

1

𝑎2

Multiply by ‘x’



𝑥

𝑐2
𝑝2 + 𝑧𝑟 = −

𝑥

𝑎2

𝑥

𝑐2
𝑝2 + 𝑧𝑟 =

𝑧𝑝

𝑐2
                From (2)

𝑥 𝑝2 + 𝑧𝑟 = 𝑧𝑝
𝑥𝑝2 + 𝑥𝑧𝑟 = 𝑧𝑝
𝑥𝑝2 + 𝑥𝑧𝑟 − 𝑧𝑝 = 0

𝑥𝑝2 + 𝑧(𝑥𝑟 − 𝑝) = 0 , is the required PDE.

8. Form the PDE of the family of spheres whose centre lies on 𝑥 − 𝑎𝑥𝑖𝑠 with constant 

    radius 3.

Sol: Equation of sphere with centre on 𝑥 − 𝑎𝑥𝑖𝑠 i.e., C = (𝑎, 0,0) and radius 𝑟 = 3.

The equation of the sphere is given by 
𝑥 − 𝑎 2 + 𝑦 − 0 2 + 𝑧 − 0 2 = 32

𝑥 − 𝑎 2 + 𝑦2 + 𝑧2 = 9  



𝑧2 = 9 − 𝑥 − 𝑎 2 − 𝑦2        ---  (1)

Differentiate (1) w.r.t ‘x’ and ‘y’ partially 

            2z
𝜕𝑧

𝜕𝑥
= 0 − 2(𝑥 − 𝑎) − 0

      ⇒    2z𝑝 = −2(𝑥 − 𝑎)

      ⇒ 𝑥 − 𝑎 = −𝑧𝑝

Also 2z
𝜕𝑧

𝜕𝑦
= 0 − 0 − 2𝑦      ⇒    2z𝑞 = −2𝑦      ⇒   𝑦 = −𝑧𝑞

(1) ⇒ 𝑧2 = 9 − −𝑧𝑝 2 − 𝑦 2

            𝑧2 = 9 − 𝑧2𝑝2 − 𝑦2

         𝑧2 + 𝑧2𝑝2 + 𝑦2 = 9

           𝒛𝟐 𝟏 + 𝒑𝟐 + 𝒚𝟐 = 𝟗 , is the required PDE.



Form the PDE by eliminating arbitrary functions in the following

1. 𝑧 = 𝑓 𝑥2 + 𝑦2

Sol:  Given  𝑧 = 𝑓 𝑥2 + 𝑦2      --- (1)

Differentiating (1) partially w.r.t ‘𝑥’ and ‘𝑦’ , we have
𝜕𝑧

𝜕𝑥
= 𝑝 = 𝑓′ 𝑥2 + 𝑦2 . 2𝑥

𝜕𝑧

𝜕𝑦
= 𝑞 = 𝑓′ 𝑥2 + 𝑦2 . 2𝑦     

               
𝑝

𝑥
= 2𝑓′ 𝑥2 + 𝑦2      --- (2)                                        

𝑞

𝑦
= 2𝑓′ 𝑥2 + 𝑦2        --- (3)

From (2) and (3) , we have 
𝑝

𝑥
=
𝑞

𝑦
𝑝𝑦 = 𝑞𝑥

𝒑𝒚 − 𝒒𝒙 = 𝟎  , is the required PDE.



2.  𝑧 = 𝑦2 + 2𝑓
1

𝑥
+ 𝑙𝑜𝑔𝑦

Sol:  Given 𝑧 = 𝑦2 + 2𝑓
1

𝑥
+ 𝑙𝑜𝑔𝑦       --- (1)

Differentiating (1) partially w.r.t ‘𝑥’ and ‘𝑦’ , we have
𝜕𝑧

𝜕𝑥
= 𝑝 = 0 + 2𝑓′

1

𝑥
+ 𝑙𝑜𝑔𝑦 .

−1

𝑥2
𝜕𝑧

𝜕𝑦
= 𝑞 = 2𝑦 + 2𝑓′

1

𝑥
+ 𝑙𝑜𝑔𝑦 .

1

𝑦

𝑝 =
−1

𝑥2
. 2𝑓′

1

𝑥
+ 𝑙𝑜𝑔𝑦                                    𝑞 − 2𝑦 =

1

𝑦
. 2𝑓′

1

𝑥
+ 𝑙𝑜𝑔𝑦

𝑥2𝑝 = −2𝑓′
1

𝑥
+ 𝑙𝑜𝑔𝑦      --- (2)                            𝑞 − 2𝑦 𝑦 = 2𝑓′

1

𝑥
+ 𝑙𝑜𝑔𝑦        --- (3)

From (2) and (3) , we have 
𝑥2𝑝 = − 𝑞 − 2𝑦 𝑦

𝑥2𝑝 = −𝑞𝑦 + 2𝑦2

𝒙𝟐𝒑 + 𝒒𝒚 = 𝟐𝒚𝟐  ,  is the required PDE.



3. 𝑧 = 𝑒𝑦𝑓 𝑥 + 𝑦

Sol: Given  𝑧 = 𝑒𝑦𝑓 𝑥 + 𝑦    --- (1)

Differentiating (1) partially w.r.t ‘𝑥’ and ‘𝑦’ , we have
𝜕𝑧

𝜕𝑥
= 𝑝 = 𝑒𝑦𝑓′ 𝑥 + 𝑦

𝜕𝑧

𝜕𝑦
= 𝑞 = 𝑒𝑦 . 𝑓′ 𝑥 + 𝑦 + 𝑓 𝑥 + 𝑦 . 𝑒𝑦

               

𝑝 = 𝑒𝑦𝑓′ 𝑥 + 𝑦      --- (2)                    𝑞 = 𝑒𝑦. 𝑓′ 𝑥 + 𝑦  +𝑧     

                                                               𝑞 − 𝑧 = 𝑒𝑦 . 𝑓′ 𝑥 + 𝑦        --- (3)

From (2) and (3) , we have 
𝑝 = 𝑞 − 𝑧

𝒑 + 𝒛 = 𝒒  , is the required PDE.



4. 𝑧 = 𝑒𝑎𝑥+𝑏𝑦𝑓 𝑎𝑥 − 𝑏𝑦
Sol: Given  𝑧 = 𝑒𝑎𝑥+𝑏𝑦𝑓 𝑎𝑥 − 𝑏𝑦   --- (1)

Differentiating (1) partially w.r.t ‘𝑥’, we have
𝜕𝑧

𝜕𝑥
= 𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦 . 𝑎 + 𝑓 𝑎𝑥 − 𝑏𝑦 . 𝑒𝑎𝑥+𝑏𝑦. 𝑎

𝑝 = 𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦 . 𝑎 + 𝑎𝑧

𝑝 − 𝑎𝑧 = 𝑎𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦     

Multiply by ‘b'

  𝑝𝑏 − 𝑎𝑏𝑧 = 𝑎𝑏𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦    --- (2)

Differentiating (1) partially w.r.t ‘𝑦’, we have
𝜕𝑧

𝜕𝑦
= 𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦 . (−𝑏) + 𝑓 𝑎𝑥 − 𝑏𝑦 . 𝑒𝑎𝑥+𝑏𝑦. 𝑏

𝑞 = −𝑏𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦 + 𝑏𝑧
𝑞 − 𝑏𝑧 = −𝑏𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦

Multiply by ‘a'

  𝑞𝑎 − 𝑎𝑏𝑧 = −𝑎𝑏𝑒𝑎𝑥+𝑏𝑦𝑓′ 𝑎𝑥 − 𝑏𝑦    --- (3)



From (2) and (3) , we get

𝑝𝑏 − 𝑎𝑏𝑧 = − 𝑞𝑎 − 𝑎𝑏𝑧
𝑝𝑏 − 𝑎𝑏𝑧 = −𝑞𝑎 + 𝑎𝑏𝑧
𝑝𝑏 + 𝑞𝑎 = 𝑎𝑏𝑧 + 𝑎𝑏𝑧

𝒑𝒃 + 𝒒𝒂 = 𝟐𝒂𝒃𝒛 , is the required PDE.

5. 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝜑 𝑥2 + 𝑦2 + 𝑧2

Sol: Given   𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝜑 𝑥2 + 𝑦2 + 𝑧2       --- (1)

Differentiating (1) partially w.r.t ‘𝑥’, we have

𝑙. 1 + 0 + 𝑛
𝜕𝑧

𝜕𝑥
= 𝜑′ 𝑥2 + 𝑦2 + 𝑧2 . 2𝑥 + 0 + 2𝑧

𝜕𝑧

𝜕𝑥
𝑙 + 𝑛𝑝 = 2𝜑′ 𝑥2 + 𝑦2 + 𝑧2 . 𝑥 + 𝑧𝑝
𝑙+𝑛𝑝

𝑥+𝑧𝑝
= 2𝜑′ 𝑥2 + 𝑦2 + 𝑧2         ---  (2)



Differentiating (1) partially w.r.t ‘𝑦’, we have

0 +𝑚. 1 + 𝑛
𝜕𝑧

𝜕𝑦
= 𝜑′ 𝑥2 + 𝑦2 + 𝑧2 . 0 + 2𝑦 + 2𝑧

𝜕𝑧

𝜕𝑦
𝑚 + 𝑛𝑞 = 2𝜑′ 𝑥2 + 𝑦2 + 𝑧2 . 𝑦 + 𝑧𝑞
𝑚+𝑛𝑞

𝑦+𝑧𝑞
= 2𝜑′ 𝑥2 + 𝑦2 + 𝑧2         ---  (3)

From (2) and (3), we get 
𝑙 + 𝑛𝑝

𝑥 + 𝑧𝑝
=

𝑚 + 𝑛𝑞

𝑦 + 𝑧𝑞

𝑙 + 𝑛𝑝 𝑦 + 𝑧𝑞 = 𝑥 + 𝑧𝑝 𝑚 + 𝑛𝑞
𝑙𝑦 + 𝑙𝑧𝑞 + 𝑛𝑝𝑦 + 𝑛𝑝𝑧𝑞 = 𝑚𝑥 + 𝑛𝑞𝑥 +𝑚𝑧𝑝 + 𝑧𝑝𝑛𝑞
𝑙𝑦 − 𝑚𝑥 = 𝑛𝑞𝑥 +𝑚𝑧𝑝 − 𝑙𝑧𝑞 − 𝑛𝑝𝑦

𝑙𝑦 − 𝑚𝑥 = 𝑝 𝑚𝑧 − 𝑛𝑦 + 𝑞(𝑛𝑥 − 𝑙𝑧) , is the required PDE.



6. 𝜑 𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 − 𝑧2 = 0

Sol: Given 𝜑 𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 − 𝑧2 = 0

Let  u = 𝑥 + 𝑦 + 𝑧                                                   𝑣 = 𝑥2 + 𝑦2 − 𝑧2    

𝜕𝑢

𝜕𝑥
= 1 + 0 +

𝜕𝑧

𝜕𝑥

𝜕𝑣

𝜕𝑥
= 2𝑥 + 0 − 2𝑧

𝜕𝑧

𝜕𝑥

𝝏𝒖

𝝏𝒙
= 𝟏 + 𝒑

𝝏𝒗

𝝏𝒙
= 𝟐𝒙 − 𝟐𝒛𝒑

𝜕𝑢

𝜕𝑦
= 0 + 1 +

𝜕𝑧

𝜕𝑦

𝜕𝑣

𝜕𝑦
= 0 + 2𝑦 − 2𝑧

𝜕𝑧

𝜕𝑦

𝝏𝒖

𝝏𝒚
= 𝟏 + 𝒒

𝝏𝒗

𝝏𝒚
= 𝟐𝒚 − 𝟐𝒛𝒒

Now 𝜑 𝑢, 𝑣 =

𝝏𝒖

𝝏𝒙

𝝏𝒖

𝝏𝒚

𝝏𝒗

𝝏𝒙

𝝏𝒗

𝝏𝒚



𝜑 𝑢, 𝑣 = 0
(1 + 𝑝) (1 + 𝑞)

(2𝑥 − 2𝑧𝑝) (2𝑦 − 2𝑧𝑞)
= 𝟎

1 + 𝑝 2𝑦 − 2𝑧𝑞 − 1 + 𝑞 2𝑥 − 2𝑧𝑝 = 0

2𝑦 − 2𝑧𝑞 + 2𝑝𝑦 − 2𝑧𝑝𝑞 − 2𝑥 + 2𝑧𝑝 − 2𝑞𝑥 + 2𝑧𝑝𝑞 = 0           ÷ 𝑏𝑦 2
𝑦 − 𝑧𝑞 + 𝑝𝑦 − 𝑥 + 𝑧𝑝 − 𝑞𝑥 = 0
−𝑧𝑞 + 𝑝𝑦 + 𝑧𝑝 − 𝑞𝑥 = 𝑥 − 𝑦

𝒑 𝒚 + 𝒛 − 𝒒(𝒙 + 𝒛) = 𝒙 − 𝒚 , is the required PDE.

7. 𝜑 𝑥𝑦 + 𝑧2, 𝑥 + 𝑦 + 𝑧 = 0

Sol: Given 𝜑 𝑥𝑦 + 𝑧2, 𝑥 + 𝑦 + 𝑧 = 0

Let  u = 𝑥𝑦 + 𝑧2                                                   𝑣 = 𝑥 + 𝑦 + 𝑧
𝜕𝑢

𝜕𝑥
= 𝑦. 1 + 2𝑧

𝜕𝑧

𝜕𝑥

𝜕𝑣

𝜕𝑥
= 1 + 0 +

𝜕𝑧

𝜕𝑥



𝝏𝒖

𝝏𝒙
= 𝒚 + 𝟐𝒛𝒑

𝝏𝒗

𝝏𝒙
= 𝟏 + 𝒑

𝜕𝑢

𝜕𝑦
= 𝑥. 1 + 0 + 2𝑧

𝜕𝑧

𝜕𝑦

𝜕𝑣

𝜕𝑦
= 1 + 0 +

𝜕𝑧

𝜕𝑦
𝝏𝒖

𝝏𝒚
= 𝒙 + 𝟐𝒛𝒒

𝝏𝒗

𝝏𝒚
= 𝟏 + 𝒒

Now 𝜑 𝑢, 𝑣 =

𝝏𝒖

𝝏𝒙

𝝏𝒖

𝝏𝒚

𝝏𝒗

𝝏𝒙

𝝏𝒗

𝝏𝒚

           𝜑 𝑢, 𝑣 = 0

(𝑦 + 2𝑧𝑝) (𝑥 + 2𝑧𝑞)
(1 + 𝑝) (1 + 𝑞)

= 0

𝑦 + 2𝑧𝑝 1 + 𝑞 − 𝑥 + 2𝑧𝑞 1 + 𝑝 = 0



𝑦 + 𝑦𝑞 + 2𝑧𝑝 + 2𝑧𝑝𝑞 − 𝑥 − 2𝑧𝑞 − 𝑝𝑥 − 2𝑝𝑧𝑞 = 0

𝑦 + 𝑦𝑞 + 2𝑧𝑝 − 𝑥 − 2𝑧𝑞 − 𝑝𝑥 = 0
𝑦𝑞 + 2𝑧𝑝 − 2𝑧𝑞 − 𝑝𝑥 = 𝑥 − 𝑦

𝒑 𝟐𝒛 − 𝒙 + 𝒒 𝒚 − 𝟐𝒛 = 𝒙 − 𝒚 , is the required PDE.

8. 𝑓 𝑥2 + 𝑦2, 𝑧 − 𝑥𝑦 = 0

Sol: Given  𝑓 𝑥2 + 𝑦2, 𝑧 − 𝑥𝑦 = 0

Let  u = 𝑥2 + 𝑦2                                                     𝑣 = 𝑧 − 𝑥𝑦
𝜕𝑢

𝜕𝑥
= 2𝑥 + 0

𝜕𝑣

𝜕𝑥
=

𝜕𝑧

𝜕𝑥
− 𝑦. 1

𝝏𝒖

𝝏𝒙
= 𝟐𝒙

𝝏𝒗

𝝏𝒙
= 𝒑 − 𝒚

𝜕𝑢

𝜕𝑦
= 0 + 2𝑦

𝜕𝑣

𝜕𝑦
=

𝜕𝑧

𝜕𝑦
− 𝑥. 1



𝝏𝒖

𝝏𝒚
= 𝟐𝒚

𝝏𝒗

𝝏𝒚
= 𝒒 − 𝒙

Now 𝑓 𝑢, 𝑣 =

𝝏𝒖

𝝏𝒙

𝝏𝒖

𝝏𝒚

𝝏𝒗

𝝏𝒙

𝝏𝒗

𝝏𝒚

           𝑓 𝑢, 𝑣 = 0

(2𝑥) (2𝑦)
(𝒑 − 𝒚) (𝒒 − 𝒙)

= 0

2𝑥 𝑞 − 𝑥 − 2𝑦 𝑝 − 𝑦 = 0

2𝑥𝑞 − 2𝑥2 − 2𝑦𝑝 + 2𝑦2 = 0                        ÷ 𝑏𝑦 2

 𝒙𝒒 − 𝒚𝒑 = 𝒙𝟐 − 𝒚𝟐   , is the required PDE.



9. 𝑓 𝑥2 + 2𝑦𝑧, 𝑦2 + 2𝑧𝑥 = 0

Sol: Given  𝑓 𝑥2 + 2𝑦𝑧, 𝑦2 + 2𝑧𝑥 = 0

Let  u = 𝑥2 + 2𝑦𝑧                                                         v = 𝑦2 + 2𝑧𝑥
𝜕𝑢

𝜕𝑥
= 2𝑥 + 2𝑦

𝜕𝑧

𝜕𝑥
 

𝜕𝑣

𝜕𝑥
= 0 + 2𝑥.

𝜕𝑧

𝜕𝑥
+ 2𝑧. 1

𝝏𝒖

𝝏𝒙
= 𝟐𝒙 + 𝟐𝒚𝒑

𝝏𝒗

𝝏𝒙
= 𝟐𝒙𝒑 + 𝟐𝒛

𝜕𝑢

𝜕𝑦
= 0 + 2𝑦.

𝜕𝑧

𝜕𝑦
+ 2𝑧. 1

𝜕𝑣

𝜕𝑦
= 2𝑦 + 2𝑥

𝜕𝑧

𝜕𝑦

𝝏𝒖

𝝏𝒚
= 𝟐𝒚𝒒 + 𝟐𝒛

𝝏𝒗

𝝏𝒚
= 𝟐𝒚 + 𝟐𝒙𝒒

Now 𝑓 𝑢, 𝑣 =

𝝏𝒖

𝝏𝒙

𝝏𝒖

𝝏𝒚

𝝏𝒗

𝝏𝒙

𝝏𝒗

𝝏𝒚



𝑓 𝑢, 𝑣 = 0

(2𝑥 + 2𝑦𝑝) (2𝑦𝑞 + 2𝑧)
(2𝑧 + 2𝑥𝑝) (2𝑦 + 2𝑥𝑞)

= 0

2𝑥 + 2𝑦𝑝 2𝑦 + 2𝑥𝑞 − 2𝑦𝑞 + 2𝑧 2𝑧 + 2𝑥𝑝 = 0

4𝑥𝑦 + 4𝑥2𝑞 + 4𝑦2𝑝 + 4𝑥𝑦𝑝𝑞 − 4𝑧𝑦𝑞 − 4𝑥𝑦𝑝𝑞 − 4𝑧2 − 4𝑥𝑧𝑝 = 0                  ÷ 𝑏𝑦 4
𝑥𝑦 + 𝑥2𝑞 + 𝑦2𝑝 − 𝑧𝑦𝑞 − 𝑧2 − 𝑥𝑧𝑝 = 0
𝑥2𝑞 + 𝑦2𝑝 − 𝑧𝑦𝑞 − 𝑥𝑧𝑝 = 𝑧2 − 𝑥𝑦

 𝒑 𝒚𝟐 − 𝒙𝒛 + 𝒒 𝒙𝟐 − 𝒚𝒛 = 𝒛𝟐 − 𝒙𝒚, is the required PDE.

10. 𝑓
𝑥𝑦

𝑧
, 𝑧 = 0

Sol: Given 𝑓
𝑥𝑦

𝑧
, 𝑧 = 0



Let   𝑢 =
𝑥𝑦

𝑧
                                                                   𝑣 = 𝑧

𝜕𝑢

𝜕𝑥
= 𝑦.

𝑧.1−𝑥.
𝜕𝑧

𝜕𝑥

𝑧2
 

𝜕𝑣

𝜕𝑥
=

𝜕𝑧

𝜕𝑥

𝝏𝒖

𝝏𝒙
=

𝒚 𝒛−𝒙𝒑

𝒛𝟐
𝝏𝒗

𝝏𝒙
= 𝒑

𝜕𝑢

𝜕𝑦
= 𝑥.

𝑧.1−𝑦.
𝜕𝑧

𝜕𝑦

𝑧2
𝜕𝑣

𝜕𝑦
=

𝜕𝑧

𝜕𝑦

𝝏𝒖

𝝏𝒚
=

𝒙 𝒛−𝒚𝒒

𝒛𝟐
𝝏𝒗

𝝏𝒚
= 𝒒

Now 𝑓 𝑢, 𝑣 =

𝝏𝒖

𝝏𝒙

𝝏𝒖

𝝏𝒚

𝝏𝒗

𝝏𝒙

𝝏𝒗

𝝏𝒚



𝑓 𝑢, 𝑣 = 0

𝑦 𝑧 − 𝑥𝑝

𝑧2
𝑥 𝑧 − 𝑦𝑞

𝑧2
𝑝 𝑞

= 0

𝑦 𝑧 − 𝑥𝑝

𝑧2
. 𝑞 −

𝑥 𝑧 − 𝑦𝑞

𝑧2
. 𝑝 = 0

𝑦𝑞 𝑧 − 𝑥𝑝

𝑧2
−
𝑥𝑝 𝑧 − 𝑦𝑞

𝑧2
= 0

𝑦𝑞 𝑧 − 𝑥𝑝 − 𝑥𝑝(𝑧 − 𝑦𝑞)

𝑧2
= 0

𝑦𝑞𝑧 − 𝑥𝑝𝑝𝑞 − 𝑥𝑧𝑞 + 𝑥𝑦𝑝𝑞

𝑧2
= 0

𝑦𝑞𝑧 − 𝑥𝑧𝑞 = 0        ; z(𝑦𝑞 − 𝑥𝑞) = 0 

𝒚𝒒 − 𝒙𝒑 = 𝟎, is the required PDE.



11. 𝑧 = 𝑦𝑓 𝑥 + 𝑥𝜑(𝑦)

Sol: Given  𝑧 = 𝑦𝑓 𝑥 + 𝑥𝜑(𝑦)   --- (1)

Differentiate (1)  partially
𝜕𝑧

𝜕𝑥
= 𝑦. 𝑓′ 𝑥 + 𝜑 𝑦 . 1

𝒑 = 𝒚𝒇′ 𝒙 + 𝝋 𝒚       --- (2)
𝜕𝑧

𝜕𝑦
= 𝑓 𝑥 . 1 + 𝑥. 𝜑′ 𝑦

𝒒 = 𝒇 𝒙 + 𝒙𝝋′ 𝒚        --- (3)
𝜕2𝑧

𝜕𝑥2
= 𝑦. 𝑓′′ 𝑥 + 0

𝒓 = 𝒚𝒇′′ 𝒙                    --- (4)
𝜕

𝜕𝑦

𝜕𝑧

𝜕𝑥
= 𝑓′ 𝑥 . 1 + 𝜑′ 𝑦



𝜕2𝑧

𝜕𝑦. 𝜕𝑥 
= 𝑓′ 𝑥 + 𝜑′ 𝑦

𝒔 = 𝒇′ 𝒙 + 𝝋′ 𝒚     --- (5)
𝜕2𝑧

𝜕𝑦2
= 0 + 𝑥𝜑′′ 𝑦

𝒕 = 𝒙𝝋′′ 𝒚               --- (6) 

(1)* 𝑥 +(2)* 𝑦
𝑝𝑥 + 𝑞𝑦 = 𝑥𝑦𝑓′ 𝑥 + 𝑥𝜑 𝑦 + 𝑦𝑓 𝑥 + 𝑥𝑦𝜑′(𝑦)
𝑝𝑥 + 𝑞𝑦 = 𝑥𝜑 𝑦 + 𝑦𝑓 𝑥 + 𝑥𝑦 𝑓′ 𝑥 + 𝜑′(𝑦) 

𝑝𝑥 + 𝑞𝑦 = 𝑧 + 𝑥𝑦𝑠                               From (1) and  (5)

𝒑𝒙 + 𝒒𝒚 − 𝒙𝒚𝒔 = 𝒛 , is the required PDE.

12. 𝑧 = 𝑓 𝑦 + 𝑥 + 𝑔(𝑦 + 2𝑥)

Sol:  Given  𝑧 = 𝑓 𝑦 + 𝑥 + 𝑔(𝑦 + 2𝑥)      --- (1)



Differentiate (1) partially

𝜕𝑧

𝜕𝑥
= 𝑓′ 𝑦 + 𝑥 + 2𝑔′ 𝑦 + 2𝑥

𝒑 = 𝒇′ + 𝟐𝒈′           --- (2)
𝜕𝑧

𝜕𝑦
= 𝑓′ 𝑦 + 𝑥 + 𝑔′ 𝑦 + 2𝑥

𝒒 = 𝒇′ + 𝒈′             --- (3)
𝜕2𝑧

𝜕𝑥2
= 𝑓′′ 𝑦 + 𝑥 + 4𝑔′′ 𝑦 + 2𝑥

𝒓 = 𝒇′′ + 𝟒𝒈′′       --- (4)
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 𝑓′′ 𝑦 + 𝑥 + 4𝑔′′ 𝑦 + 2𝑥

𝒔 = 𝒇′′ + 𝟐𝒈′′        --- (5)



𝜕2𝑧

𝜕𝑦2
= 𝑓′′ 𝑦 + 𝑥 + 𝑔′′ 𝑦 + 2𝑥

𝒕 = 𝒇′′ + 𝒈′′       --- (6)

(4) – (5)
𝑟 − 𝑠 = 𝑓′′ + 4𝑔′′ − 𝑓′′ − 2𝑔′′

𝒓 − 𝒔 = 𝟐𝒈′′      --- (7)

(5) - (6)
𝑠 − 𝑡 = 𝑓′′ + 2𝑔′′ − 𝑓′′ − 𝑔′′

𝒔 − 𝒕 = 𝒈′′        --- (8)

(7) ⇒ 𝒓 − 𝒔 = 𝟐(𝒔 − 𝒕)          From (8)

           𝒓 − 𝒔 = 𝟐𝒔 − 𝟐𝒕

      𝒓 − 𝒔 − 𝟐𝒔 + 𝟐𝒕 = 𝟎

          𝒓 − 𝟑𝒔 + 𝟐𝒕 = 𝟎 , is the required PDE.



13. 𝑧 = 𝑓1 𝑦 − 2𝑥 + 𝑓2(2𝑦 − 𝑥)

Sol: Given 𝑧 = 𝑓1 𝑦 − 2𝑥 + 𝑓2(2𝑦 − 𝑥)   --- (1)

  Differentiate (1) partially 
𝜕𝑧

𝜕𝑥
= −2𝑓1

′ 𝑦 − 2𝑥 − 𝑓2
′(2𝑦 − 𝑥)

𝒑 = −𝟐𝒇𝟏
′ − 𝒇𝟐

′          --- (2)
𝜕𝑧

𝜕𝑦
= 𝑓1

′ 𝑦 − 2𝑥 + 2𝑓2
′(2𝑦 − 𝑥)

𝒒 = 𝒇𝟏
′ + 𝟐𝒇𝟐

′          --- (3)
𝜕2𝑧

𝜕𝑥2
= 4𝑓1

′′ 𝑦 − 2𝑥 + 𝑓2
′′(2𝑦 − 𝑥)

𝒓 = 𝟒𝒇𝟏
′′ + 𝒇𝟐

′′       --- (4)
𝜕

𝜕𝑦

𝜕𝑧

𝜕𝑥
= −2𝑓1

′′ 𝑦 − 2𝑥 − 2𝑓2
′′(2𝑦 − 𝑥)



𝒔 = −𝟐𝒇𝟏
′′ − 𝟐𝒇𝟐

′′       --- (5)

𝜕2𝑧

𝜕𝑦2
= 𝑓1

′′ 𝑦 − 2𝑥 + 4𝑓2
′′(2𝑦 − 𝑥)

𝒕 = 𝒇𝟏
′′ + 𝟒𝒇𝟐

′′       --- (6)

Now
𝑟 + 2𝑠 = 4𝑓1

′′ + 𝑓2
′′ −4𝑓1

′′ −4𝑓2
′′

𝒓 + 𝟐𝒔 = −𝟑𝒇𝟐
′′      --- (7)

Also
𝑠 + 2𝑡 = −2𝑓1

′′ − 2𝑓2
′′ +2𝑓1

′′ +8𝑓2
′′

𝒔 + 𝟐𝒕 = 𝟔𝒇𝟐
′′      --- (8)

(8) ÷  (7)
𝒔 + 𝟐𝒕

𝒓 + 𝟐𝒔
=

𝟔𝒇𝟐
′′

−𝟑𝒇𝟐
′′



𝑠 + 2𝑡

𝑟 + 2𝑠
= −2

𝑠 + 2𝑡 = −2(𝑟 + 2𝑠)
𝑠 + 2𝑡 = −2𝑟 − 4𝑠
𝑠 + 2𝑡 + 2𝑟 + 4𝑠 = 0

𝟓𝒔 + 𝟐𝒕 + 𝟐𝒓 = 𝟎 , is the required PDE.

14. 𝑧 = 𝑓 𝑥 + 𝑒𝑦𝑔(𝑥)

Sol:   Given 𝑧 = 𝑓 𝑥 + 𝑒𝑦𝑔(𝑥)  --- (1)

Differentiate (1) partially
𝜕𝑧

𝜕𝑥
= 𝑓′ 𝑥 + 𝑒𝑦𝑔′ 𝑥

𝒑 = 𝒇′(𝒙) + 𝒆𝒚𝒈′(𝒙)           --- (2)
𝜕𝑧

𝜕𝑦
= 𝑒𝑦𝑔 𝑥

 𝒒 = 𝒆𝒚𝒈(𝒙)                   --- (3)



𝜕2𝑧

𝜕𝑥2
= 𝑓′′ 𝑥 + 𝑒𝑦𝑔′′ 𝑥

𝒓 = 𝒇′′ 𝒙 + 𝒆𝒚𝒈′′ 𝒙     --- (4)

𝜕

𝜕𝑦

𝜕𝑧

𝜕𝑥
= 0 + 𝑒𝑦𝑔′ 𝑥     

𝒔 = 𝒆𝒚𝒈′ 𝒙                    --- (5)
𝜕2𝑧

𝜕𝑦2
= 𝑒𝑦𝑔 𝑥

𝒕 = 𝒆𝒚𝒈 𝒙                  ---  (6)

From (3) and (6) 
𝒒 = 𝒕

𝒕 − 𝒒 = 𝟎  , is the required the PDE.



15. 𝑧 = 𝑓 𝑥 + 𝑐𝑡 + 𝑔(𝑥 − 𝑐𝑡)

Sol: Given 𝑧 = 𝑓 𝑥 + 𝑐𝑡 + 𝑔(𝑥 − 𝑐𝑡)  --- (1)
𝜕𝑧

𝜕𝑥
= 𝑓′ 𝑥 + 𝑐𝑡 + 𝑔′ 𝑥 − 𝑐𝑡

𝒑 = 𝒇′ + 𝒈′           --- (2)
𝜕𝑧

𝜕𝑡
= 𝑐𝑓′ 𝑥 + 𝑐𝑡 − 𝑐𝑔′ 𝑥 − 𝑐𝑡

𝒒 = 𝒄𝒇′ − 𝒄𝒈′         --- (3)
𝜕2𝑧

𝜕𝑥2
= 𝑓′′ 𝑥 + 𝑐𝑡 + 𝑔′′ 𝑥 − 𝑐𝑡

𝒓 = 𝒇′′ + 𝒈′′         --- (4)
𝜕

𝜕𝑡

𝜕𝑧

𝜕𝑥
= 𝑐𝑓′′ 𝑥 + 𝑐𝑡 − 𝑐𝑔′′ 𝑥 − 𝑐𝑡

𝒔 = 𝒄𝒇′′ − 𝒄𝒈′′           --- (5)



𝜕2𝑧

𝜕𝑡2
= 𝑐2𝑓′′ 𝑥 + 𝑐𝑡 + 𝑐2𝑔′′ 𝑥 − 𝑐𝑡

𝒕 = 𝒄𝟐𝒇′′ + 𝒄𝟐𝒈′′     --- (6)

Consider 
𝑡 = 𝑐2𝑓′′ + 𝑐2𝑔′′

𝑡 = 𝑐2 𝑓′′ + 𝑔′′

𝑡 = 𝑐2𝑟

𝒕 − 𝒄𝟐𝒓 = 𝟎  , is the required PDE.



Solution of Non Homogeneous PDE by Direct Integration

1. Solve 
𝜕2𝑢

𝜕𝑥2
= 𝑥 + 𝑦

Sol:   Given  
𝜕2𝑢

𝜕𝑥2
= 𝑥 + 𝑦

𝜕

𝜕𝑥

𝜕𝑢

𝜕𝑥
= 𝑥 + 𝑦

Integrate w.r.t ′𝑥′
𝜕𝑢

𝜕𝑥
= 𝑥 𝑑𝑥׬ + 𝑦 𝑑𝑥 1׬

𝜕𝑢

𝜕𝑥
=

𝑥2

2
+ 𝑦𝑥 + 𝑓(𝑦)

Again integrating w.r.t ′𝑥′

                  𝑢 =
1

2
𝑥2 𝑑𝑥׬ + 𝑦 𝑥 𝑑𝑥׬ + 𝑓(𝑦) ׬ 1 𝑑𝑥



𝑢 =
1

2

𝑥3

3
+ 𝑦

𝑥2

2
+ 𝑓 𝑦 . 𝑥 + 𝑔(𝑦)

𝒖 =
𝒙𝟑

𝟔
+

𝒙𝟐𝒚

𝟐
+ 𝒙𝒇 𝒚 + 𝒈(𝒚) , is the required solution.

2. Solve  
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

𝑥

𝑦
+ 𝑎

Sol:   Given    
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

𝑥

𝑦
+ 𝑎

𝜕

𝜕𝑥

𝜕𝑧

𝜕𝑦
=

𝑥

𝑦
+ 𝑎

Integrate w.r.t ′𝑥′
𝜕𝑧

𝜕𝑦
=

1

𝑦
׬ 𝑥 𝑑𝑥 + 𝑎 𝑑𝑥 1׬

𝜕𝑧

𝜕𝑦
=

𝑥2

2𝑦
+ 𝑎𝑥 + 𝑓(𝑦)



Integrate w.r.t ′𝑦′

𝑧 =
𝑥2

2
න
1

𝑦
 𝑑𝑦 + 𝑎𝑥න1 𝑑𝑦 + න𝑓 𝑦 𝑑𝑦

𝒛 =
𝒙𝟐

𝟐
𝒍𝒐𝒈𝒚 + 𝒂𝒙𝒚 + 𝑭 𝒚 + 𝒈(𝒙) , is the required solution.

3. Solve  
𝜕3𝑧

𝜕𝑥2𝜕𝑦
= cos(2𝑥 + 3𝑦)

Sol:  Given  
𝜕3𝑧

𝜕𝑥2𝜕𝑦
= cos(2𝑥 + 3𝑦)  

𝜕

𝜕𝑥

𝜕2𝑧

𝜕𝑥𝜕𝑦
= cos(2𝑥 + 3𝑦)

Integrate w.r.t ′𝑥′

𝜕2𝑧

𝜕𝑥𝜕𝑦
= ׬ cos(2𝑥 + 3𝑦) 𝑑𝑥



𝜕2𝑧

𝜕𝑥𝜕𝑦
=
sin(2𝑥 + 3𝑦)

2
+ 𝑓(𝑦)

𝜕

𝜕𝑥

𝜕𝑧

𝜕𝑦
=
sin(2𝑥 + 3𝑦)

2
+ 𝑓(𝑦)

Integrating w.r.t ′𝑥′
𝜕𝑧

𝜕𝑦
=
1

2
න sin 2𝑥 + 3𝑦 𝑑𝑥 + 𝑓 𝑦 න1 𝑑𝑥

𝜕𝑧

𝜕𝑦
=
−cos(2𝑥 + 3𝑦)

2.2
+ 𝑓 𝑦 . 𝑥 + 𝑔(𝑦)

Integrating w.r.t ′𝑦′

𝑧 = −
1

4
නcos 2𝑥 + 3𝑦 𝑑𝑦 + 𝑥න𝑓 𝑦 𝑑𝑦 + න𝑔 𝑦 𝑑𝑦

𝑧 = −
1

4
.
sin 2𝑥 + 3𝑦

3
+ 𝑥𝐹 𝑦 + 𝐺 𝑦 + ℎ(𝑥)



𝒛 = −
𝒔𝒊𝒏 𝟐𝒙+𝟑𝒚

𝟏𝟐
+ 𝒙𝑭 𝒚 + 𝑮 𝒚 + 𝒉(𝒙), is the required solution.

4. Solve  
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 for which 

𝜕𝑧

𝜕𝑦
= −2𝑠𝑖𝑛𝑦 when  𝑥 = 0  and 𝑧 = 0 if 𝑦 is an odd 

    multiple of  
𝜋

2
. 𝑜𝑟 𝑧 = 0 𝑖𝑓 𝑦 = 2𝑛 + 1

𝜋

2

Sol: Given  
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 

                 
𝜕

𝜕𝑥

𝜕𝑧

𝜕𝑦
= 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦

Integrate w.r.t ′𝑥′
𝜕𝑧

𝜕𝑦
= 𝑠𝑖𝑛𝑦 ׬ 𝑠𝑖𝑛𝑥 𝑑𝑥

𝜕𝑧

𝜕𝑦
= 𝑠𝑖𝑛𝑦 −𝑐𝑜𝑠𝑥 + 𝑓(𝑦)    --- (1)

Integrate w.r.t ′y′



𝑧 = −𝑐𝑜𝑠𝑥න𝑠𝑖𝑛𝑦 𝑑𝑦 + න𝑓 𝑦 𝑑𝑦

𝑧 = −𝑐𝑜𝑠𝑥 −𝑐𝑜𝑠𝑦 + 𝐹 𝑦 + 𝑔(𝑥)

𝑧 = 𝑐𝑜𝑠𝑥. 𝑐𝑜𝑠𝑦 + 𝐹 𝑦 + 𝑔(𝑥)  --- (2) 

By data  
𝜕𝑧

𝜕𝑦
= −2𝑠𝑖𝑛𝑦 when  𝑥 = 0 

(1) ⇒ −2𝑠𝑖𝑛𝑦 = 𝑠𝑖𝑛𝑦 −𝑐𝑜𝑠0 + 𝑓(𝑦)                                   Since  𝑐𝑜𝑠0 = 1

          −2𝑠𝑖𝑛𝑦 = −𝑠𝑖𝑛𝑦 + 𝑓(𝑦)

                𝑓 𝑦 = −2𝑠𝑖𝑛𝑦 + 𝑠𝑖𝑛𝑦

               𝒇 𝒚 = −𝒔𝒊𝒏𝒚

Now 

𝐹 𝑦 = න𝑓 𝑦 𝑑𝑦



𝐹 𝑦 = −න𝑠𝑖𝑛𝑦 𝑑𝑦

𝐹 𝑦 = −(−𝑐𝑜𝑠𝑦)
𝐹 𝑦 = 𝑐𝑜𝑠𝑦

(2) ⇒ 𝑧 = 𝑐𝑜𝑠𝑥. 𝑐𝑜𝑠𝑦 + 𝑐𝑜𝑠𝑦 + 𝑔(𝑥)

Again by data  𝑧 = 0 𝑖𝑓 𝑦 = 2𝑛 + 1
𝜋

2

       0 = 𝑐𝑜𝑠𝑥. 𝑐𝑜𝑠 2𝑛 + 1
𝜋

2
+ 𝑐𝑜𝑠 2𝑛 + 1

𝜋

2
+ 𝑔(𝑥)              𝑐𝑜𝑠 2𝑛 + 1

𝜋

2
= 0

      𝒈 𝒙 = 𝟎

Thus, 

(2) ⇒ 𝑧 = 𝑐𝑜𝑠𝑥. 𝑐𝑜𝑠𝑦 + 𝑐𝑜𝑠𝑦 + 0

         𝑧 = 𝑐𝑜𝑠𝑥. 𝑐𝑜𝑠𝑦 + 𝑐𝑜𝑠𝑦

          𝒛 = 𝒄𝒐𝒔𝒚 𝒄𝒐𝒔𝒙 + 𝟏  , is the solution.



5. Solve  
𝜕2𝑢

𝜕𝑥𝜕𝑡
= 𝑒−𝑡𝑐𝑜𝑠𝑥 given that 𝑢 = 0 when 𝑡 = 0 and 

𝜕𝑢

𝜕𝑡
= 0 at 𝑥 = 0 . Also show 

    that 𝑢 → 𝑠𝑖𝑛𝑥 as t → ∞.

Sol:  Given  
𝜕2𝑢

𝜕𝑥𝜕𝑡
= 𝑒−𝑡𝑐𝑜𝑠𝑥 

𝜕

𝜕𝑥

𝜕𝑢

𝜕𝑡
= 𝑒−𝑡𝑐𝑜𝑠𝑥 

Integrate w.r.t ′𝑥′

                      
𝜕𝑢

𝜕𝑡
= 𝑒−𝑡 ׬ 𝑐𝑜𝑠𝑥 𝑑𝑥

                      
𝜕𝑢

𝜕𝑡
= 𝑒−𝑡𝑠𝑖𝑛𝑥 + 𝑓(𝑡)       --- (1)

Integrate w.r.t ′𝑡′

                      𝑢 = 𝑠𝑖𝑛𝑥 ׬ 𝑒−𝑡𝑑𝑡 + 𝑓׬ 𝑡 𝑑𝑡 + 𝑔(𝑥)

                      𝑢 = 𝑠𝑖𝑛𝑥
𝑒−𝑡

−1
+ 𝐹 𝑡 + 𝑔(𝑥)



𝑢 = −𝑒−𝑡𝑠𝑖𝑛𝑥 + 𝐹 𝑡 + 𝑔(𝑥)      --- (2)

By data  
𝜕𝑢

𝜕𝑡
= 0 at 𝑥 = 0  

(1) ⇒  0 = 𝑒−𝑡 𝑠𝑖𝑛0 + 𝑓(𝑡)                               Since 𝑠𝑖𝑛0 = 0

       𝒇 𝒕 = 𝟎

Now 

𝐹 𝑡 = ׬ 𝑓 𝑡 𝑑𝑡 
𝑭 𝒕 = 𝟎

(2) ⇒ 𝑢 = −𝑒−𝑡𝑠𝑖𝑛𝑥 + 0 + 𝑔(𝑥) 

         𝑢 = −𝑒−𝑡𝑠𝑖𝑛𝑥 + 𝑔(𝑥)

Also given 𝑢 = 0 when 𝑡 = 0 

     0 = −𝑒−0𝑠𝑖𝑛𝑥 + 𝑔(𝑥)                                 Since 𝑒−0 = 1



0 = −𝑠𝑖𝑛𝑥 + 𝑔(𝑥)

𝒈 𝒙 = 𝒔𝒊𝒏𝒙

Thus, 

(2) ⇒ 𝑢 = −𝑒−𝑡𝑠𝑖𝑛𝑥 + 0 + 𝑠𝑖𝑛𝑥

         𝒖 = 𝒔𝒊𝒏𝒙 𝟏 −𝒆−𝒕  , is the solution.

As 𝑡 → ∞  

         𝑢 = 𝑠𝑖𝑛𝑥 1 −𝑒−∞

        𝑢 = 𝑠𝑖𝑛𝑥 1 − 0

        𝒖 = 𝒔𝒊𝒏𝒙

∴  𝒖 → 𝒔𝒊𝒏𝒙    as  𝒕 → ∞ 



6. Solve  
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

𝑥

𝑦
  subject to 𝑧 = 0 when 𝑥 = 1 and  

𝜕𝑧

𝜕𝑥
= 𝑙𝑜𝑔𝑥 when  𝑦 = 1.

Sol: Given  
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

𝑥

𝑦

𝜕2𝑧

𝜕𝑦𝜕𝑥
=

𝑥

𝑦

𝜕

𝜕𝑦

𝜕𝑧

𝜕𝑥
=

𝑥

𝑦

Integrate w.r.t ′𝑦′

                      
𝜕𝑧

𝜕𝑥
= 𝑥 ׬

1

𝑦
 𝑑𝑦

                      
𝜕𝑧

𝜕𝑥
= 𝑥𝑙𝑜𝑔𝑦 + 𝑓(𝑥)       --- (1)

Integrate w.r.t ′𝑥′

                     𝑧 = 𝑙𝑜𝑔𝑦 𝑥׬ 𝑑𝑥 + 𝑓(𝑥)׬  𝑑𝑥



𝑧 = 𝑙𝑜𝑔𝑦
𝑥2

2
+ 𝐹 𝑥 + 𝑔(𝑦)       --- (2)

By data 
𝜕𝑧

𝜕𝑥
= 𝑙𝑜𝑔𝑥 when  𝑦 = 1

(1) ⇒  𝑙𝑜𝑔𝑥 = 𝑥𝑙𝑜𝑔1 + 𝑓(𝑥)                               Since 𝑙𝑜𝑔1 = 0

       𝒇 𝒙 = 𝒍𝒐𝒈𝒙

Now 

𝐹 𝑥 = 𝑓׬ 𝑥  𝑑𝑥 

𝐹 𝑥 = න 𝑙𝑜𝑔𝑥. 1 𝑑𝑥

𝐹 𝑥 = 𝑥𝑙𝑜𝑔𝑥 − න
1

𝑥
. 𝑥 𝑑𝑥

𝑭 𝒙 = 𝒙𝒍𝒐𝒈𝒙 − 𝒙



(2) ⇒ 𝑧 =
𝑥2𝑙𝑜𝑔𝑦

2
+ 𝑥𝑙𝑜𝑔𝑥 − 𝑥 + 𝑔(𝑦) 

Also given 𝑧 = 0 when 𝑥 = 1 

 0 =
1.𝑙𝑜𝑔𝑦

2
+ 1. 𝑙𝑜𝑔1 − 1 + 𝑔(𝑦)                               Since 𝑙𝑜𝑔1 = 0          

0 =
𝑙𝑜𝑔𝑦

2
− 1 + 𝑔(𝑦)  

𝒈 𝒚 = 𝟏 −
𝒍𝒐𝒈𝒚

𝟐
Thus, 

𝑧 =
𝑥2𝑙𝑜𝑔𝑦

2
+ 𝑥𝑙𝑜𝑔𝑥 − 𝑥 + 1 −

𝑙𝑜𝑔𝑦

2

𝒛 =
𝒍𝒐𝒈𝒚

𝟐
𝒙𝟐 − 𝟏 + 𝒙 𝒍𝒐𝒈𝒙 − 𝟏 + 𝟏  , is the required solution.



7. Solve  
𝜕2𝑧

𝜕𝑥2
= 𝑥𝑦  subject to the conditions that 

𝜕𝑧

𝜕𝑥
= log(1 + 𝑦) when  𝑥 = 1 and 𝑧 = 0 

    when 𝑥 = 0.

Sol: Given  
𝜕2𝑧

𝜕𝑥2
= 𝑥𝑦

                  
𝜕

𝜕𝑥

𝜕𝑧

𝜕𝑥
= 𝑥𝑦

Integrate w.r.t ′𝑥′

                      
𝜕𝑧

𝜕𝑥
= 𝑦׬𝑥 𝑑𝑥

                      
𝜕𝑧

𝜕𝑥
= 𝑦.

𝑥2

2
+ 𝑓(𝑦)       --- (1)

Integrate w.r.t ′𝑥′

                     𝑧 =
𝑦

2
׬ 𝑥2 𝑑𝑥 + 𝑓(𝑦) ׬ 1  𝑑𝑥

 



𝑧 =
𝑦

2

𝑥3

3
+ 𝑥𝑓 𝑦 + 𝑔(𝑦)

𝑧 =
𝑥3𝑦

6
+ 𝑥𝑓 𝑦 + 𝑔(𝑦)      --- (2)

By data 
𝜕𝑧

𝜕𝑥
= log(1 + 𝑦) when  𝑥 = 1

(1) ⇒  log(1 + 𝑦) =
𝑦

2
+ 𝑓(𝑦)

       𝒇 𝒚 = 𝒍𝒐𝒈 𝟏 + 𝒚 −
𝒚

𝟐

(2) ⇒ 𝑧 =
𝑥3𝑦

6
+ 𝑥 𝑙𝑜𝑔 1 + 𝑦 −

𝑦

2
+ 𝑔(𝑦)

Also by data 𝑧 = 0 when 𝑥 = 0

        0 = 0 + 0 + 𝑔(𝑦)

      𝒈 𝒚 = 𝟎



Thus, 

𝑧 =
𝑥3𝑦

6
+ 𝑥 𝑙𝑜𝑔 1 + 𝑦 −

𝑦

2
+ 0

𝒛 =
𝒙𝟑𝒚

𝟔
+ 𝒙 𝒍𝒐𝒈 𝟏 + 𝒚 −

𝒚

𝟐
  , is the required solution.
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MEASURES OF CENTRAL TENDENCY

An average or measure of central tendency gives a single representative value for a set of 
usually unequal values. This value is the point around which all the values cluster. So, the 
measure of central tendency is also called a measure of central location.

Definition 

An average is a value which is a representative of a set of data 

Various important measures of central tendency are 

A. Arithmetic mean 

B. Geometric mean Mathematical Averages 

C. Harmonic mean 

D. Median and Quartiles 

E. Mode Positional Averages 



MEASURES OF CENTRAL TENDENCY

An average or measure of central tendency gives a single representative value for a set of 
usually unequal values. This value is the point around which all the values cluster. So, the 
measure of central tendency is also called a measure of central location.

Definition 

An average is a value which is a representative of a set of data 

Various important measures of central tendency are 

A. Arithmetic mean 

B. Geometric mean Mathematical Averages 

C. Harmonic mean 

D. Median and Quartiles 

E. Mode Positional Averages 



Calculation of Arithmetic mean for Raw data

 Discrete Data

When the observed values are given individually such as x1, x2, x3…. xn the 

arithmetic mean is given by 

 

Arithmetic mean 𝑋̅  =  Total of all values 

Number of the observations 
= x1+ x2+x3+…. +xn  = Σ xi 

n n 

Let xi, x2, x3…. xn be the n values of the variable x with corresponding frequencies 

fi, f2, f3…. fn. then the arithmetic mean 𝑋̅ = x1.f1 + x2. f2 + x3.f3 + …. + xn . fn 

f1 + f2 + f3 + …. + fn 

= Σ xi fi 

Σ fi 



Continuous data

Let mi, m2, m3…. mn be the mid values of the class interval of the variable x 

with corresponding frequency fi, f2, f3…. fn. then 

the arithmetic mean 𝑋̅ = m1.f1 + m2. f2 + m3.f3 + …. + mn . fn 

f1 + f2 + f3 + …. + fn 
Σ mi fi 

= 

Σ fi 



Calculate the arithmetic mean 

 

x f xf 

2 4 2x4= 8 

4 6 24 

6 10 60 

8 12 96 

10 8 80 

12 7 84 

14 3 42 

 Σ fi = 
50 

Σ xi fi 
= 394 

Σ xi fi 394 

Arithmetic mean, 𝑋̅ = -------- = ---------- =78.8 

Σ fi 50 



Calculate the arithmetic mean 

Class 

interval(x) 
m f mf 

20-40 (20+40)/2 
= 30 

4 120 

40-60 50 6 300 

60-80 70 10 700 

80-100 90 12 1080 

100-120 110 8 880 
  Σ fi = 

40 
Σ mi fi 
= 3080 

Σ mi fi  3080 

Arithmetic mean, 𝑋̅ = -------- = -------- = 77.0 

Σ fi 40 



MEDIAN

• It is the value which divides the data into two equal parts.

• 50% of the observations will be less than median value and 50% of the values will be more

        than the median value.

Calculation for Raw data

Median = value of (n+1)/2 th observation after the values are arranged in ascending order of 
magnitude.



Discrete data

Md = value of x corresponding to the cumulative frequency just greater than or equal to N/2

• Arrange the data is in ascending order

• Find the c.f.; Calculate N/2

• In c.f. column see the value just ≥ N/2

• Md= value of x corresponding to this c.f.

Continuous data

Md = L + {(N/2 – c.f) x c/f}

where

L= lower limit of the median class 

c =class interval of the median class 

f =frequency of the median class

c.f= cumulative frequency of the class preceding the median class N= Σ fi

Md class is the class corresponding to the c.f. just ≥ N/2.



Find the median
Marks No. of 

students

c.f.

10-25 6 6

25-40 20 26

40-55 44 70

55-70 26 96

70-85 3 99

85-100 1 100

Σ fi = 100

• N/2= 100/2=50

• Median class is 40-55
• L= 40, f = 44, c = 55 – 40 =15, c.f. = 26
• Md = L + {(N/2 – c.f) x c/f}

= 40 + {[ 50 – 26] x 15/44}
=40 + {(24 x15)/44}

=40 + [360/44]

= 40+8.18 = 48.18
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Curve Fitting

This is a method of finding a specific relation connecting the dependent and independent 
variables for a given data so as to satisfy the data as accurately as possible.

Curve fitting by the method of least squares

         The method of least squares provides a relationship 𝑦 = 𝑓(𝑥) such that the sum of the 
squares of the residuals is least. The difference between observed(𝑦𝑖) and expected value 
(𝑌𝑖)   i.e., 𝑅𝑖 = 𝑦𝑖 − 𝑌𝑖 are called the residuals.

  Fitting of a Straight line 𝒚 = 𝒂𝒙 + 𝒃

Given 𝒚 = 𝒂𝒙 + 𝒃

Normal Equations(N.E’s):    𝒂σ𝒙 + 𝒏𝒃 = σ𝒚

                                              𝒂σ𝒙𝟐 + 𝒃σ𝒙 = σ𝒙𝒚

Solving the above equations we get the values of  𝒂   and 𝒃, substituting these vales in the 
given equation leads to the curve of best fit.



Note:
Normal Equations(N.E’s)for the st.line   𝒚 = 𝒂 + 𝒃𝒙:   
                                                   𝒏𝒂 + 𝒃σ𝒙 = σ𝒚
                                             𝒂σ𝒙 + 𝒃σ𝒙𝟐 = σ𝒙𝒚 
Problems
1. Fit a straight line 𝒚 = 𝒂𝒙 + 𝒃 for the following data
   

Sol: The normal equations for fitting the Straight line 𝒚 = 𝒂𝒙 + 𝒃  --- (*)  are 

          𝒂σ𝒙 + 𝒏𝒃 = σ𝒚

  𝒂σ𝒙𝟐 + 𝒃σ𝒙 = σ𝒙𝒚

Here n=8

x 1 3 4 6 8 9 11 14

y 1 2 4 4 5 7 8 9



𝑥 𝑦 𝑥𝑦 𝒙𝟐

1 1 1 1

3 2 6 9

4 4 16 16

6 4 24 36

8 5 40 64

9 7 63 81

11 8 88 121

14 9 126 196

෍𝒙 = 𝟓𝟔 ෍𝒚 = 𝟒𝟎 ෍𝒙𝒚 = 𝟑𝟔𝟒 ෍𝒙𝟐 = 𝟓𝟐𝟒



The N.E’s become

   𝟓𝟔𝒂 + 𝟖𝒃 = 𝟒𝟎
  𝟓𝟐𝟒𝒂 + 𝟓𝟔𝒃 = 𝟑𝟔𝟒

On solving , we get 

𝒂 = 𝟎. 𝟔𝟑𝟔𝟑     and       𝐛 = 𝟎. 𝟓𝟒𝟓𝟒

Thus,  (*) ⇒ 𝒚 = (𝟎. 𝟔𝟑𝟔𝟑)𝒙 + (𝟎. 𝟓𝟒𝟓𝟒)  , is the curve of best fit.

2. Find the equation of the best fitting straight line for the following data and hence estimate 

   the value of dependent variable corresponding to the value 30 of the independent variable.

𝒙 5 10 15 20 25

𝒚 16 19 23 26 30



Sol: Let   𝒚 = 𝒂𝒙 + 𝒃  --- (*)  be the equation of the Straight line. 
         N.E’s  :      𝒂σ𝒙 + 𝒏𝒃 = σ𝒚

                   𝒂σ𝒙𝟐 + 𝒃σ𝒙 = σ𝒙𝒚
Here n=5

𝒙 𝒚 𝒙𝒚 𝒙𝟐

5 16 80 25

10 19 190 100

15 23 345 225

20 26 520 400

25 30 750 625

෍𝒙 = 𝟕𝟓 ෍𝒚 = 𝟏𝟏𝟒 ෍𝒙𝒚 = 𝟏𝟖𝟖𝟓 ෍𝒙𝟐 = 𝟏𝟑𝟕𝟓



The N.E’s become

       𝟕𝟓𝒂 + 𝟓𝒃 = 𝟏𝟏𝟒
  𝟏𝟑𝟕𝟓𝒂 + 𝟕𝟓𝒃 = 𝟏𝟖𝟖𝟓
On solving , we get 

𝒂 = 𝟎. 𝟕     and       𝐛 = 𝟏𝟐. 𝟑

Thus,  (*) ⇒ 𝒚 = (𝟎. 𝟕)𝒙 + (𝟏𝟐. 𝟑)  , is the curve of best fit.

When 𝒙 = 𝟑𝟎 ⇒ 𝒚 = (𝟎. 𝟕)(𝟑𝟎) + (𝟏𝟐. 𝟑)

                           𝒚 = 𝟑𝟑. 𝟑

3. Fit a straight line in the least square sense for the following data

𝒙 50 70 100 120

𝒚 12 15 21 25



Sol: Let   𝒚 = 𝒂𝒙 + 𝒃  --- (*)  be the equation of the Straight line. 
        N.E’s  :      𝒂σ𝒙 + 𝒏𝒃 = σ𝒚

                   𝒂σ𝒙𝟐 + 𝒃σ𝒙 = σ𝒙𝒚
Here n=4

𝒙 𝒚 𝒙𝒚 𝒙𝟐

50 12 600 2500

70 15 1050 4900

100 21 2100 10000

120 25 3000 14400

෍𝒙 = 𝟑𝟒𝟎 ෍𝒚 = 𝟕𝟑 ෍𝒙𝒚 = 𝟔𝟕𝟓𝟎 ෍𝒙𝟐 = 𝟑𝟏𝟖𝟎𝟎



The N.E’s become
       𝟑𝟒𝟎𝒂 + 𝟒𝒃 = 𝟕𝟑
  𝟏𝟑𝟖𝟎𝟎𝒂 + 𝟑𝟒𝟎𝒃 = 𝟔𝟕𝟓𝟎

On solving , we get 

𝒂 = 𝟎. 𝟏𝟗     and       𝐛 = 𝟐. 𝟐𝟖

Thus,  (*) ⇒ 𝒚 = (𝟎. 𝟏𝟗)𝒙 + (𝟐. 𝟐𝟖)  , is the curve of best fit.

4. A simply supported beam carries a concentrated load 𝑃 at its mid point. Corresponding to 

    various values of 𝑃 the maximum deflection 𝑌 is measured and is given in the following 

    table.

𝑃 100 120 140 160 180 200

𝑌 0.45 0.55 0.60 0.70 0.80 0.85



Find a law of the form 𝒀 = 𝒂 + 𝒃𝑷 and estimate 𝒀 when 𝑷 is 150.
Sol: Let   𝒀 = 𝒂 + 𝒃𝑷  --- (*)  be the equation of the Straight line. 
         N.E’s  :      𝐧𝐚 + 𝒃σ𝑷 = σ𝒀

                  𝒂σ𝑷 + 𝒃σ𝑷𝟐 = σ𝑷𝒀
Here 𝐧 = 𝟔

𝑷 𝒀 𝑷𝒀 𝑷𝟐

100 0.45 45 10000

120 0.55 66 14400

140 0.60 84 19600

160 0.70 112 25600

180 0.80 144 32400

200 0.85 170 40000

෍𝑷 = 𝟗𝟎𝟎 ෍𝒀 = 𝟑. 𝟗𝟓 ෍𝑷𝒀 = 𝟔𝟐𝟏 ෍𝑷𝟐 = 𝟏𝟒𝟐𝟎𝟎𝟎



The N.E’s become

       6𝒂 + 𝟗𝟎𝟎𝒃 = 𝟑. 𝟗𝟓
  𝟗𝟎𝟎𝒂 + 𝟏𝟒𝟐𝟎𝟎𝟎𝒃 = 𝟔𝟐𝟏
On solving , we get 

𝒂 = 𝟎. 𝟎𝟒𝟕𝟔     and       𝐛 = 𝟎. 𝟎𝟎𝟒𝟏

Thus,  (*) ⇒ 𝒀 = 𝟎. 𝟎𝟒𝟕𝟔 𝑷 + (𝟎. 𝟎𝟎𝟒𝟏)  , is the curve of best fit.

When P = 𝟏𝟓𝟎 ⇒ Y = (𝟎. 𝟎𝟒𝟕𝟔)(𝟏𝟓𝟎) + (𝟎. 𝟎𝟎𝟒𝟏)

                             Y= 𝟎. 𝟔𝟔𝟐𝟔

5. Fit a straight line to the following data.

Year 1961 1971 1981 1991 2001

Production 

(in tons)

8 10 12 10 16



Also find the expected production in the year 2006.

Sol: Let year and production respectively be represented by the variables 𝒙 and 𝒚.

   Let the equation of Straight be 𝐲 = 𝐚 + 𝐛𝒙

Let 𝐗 = 𝒙 − 𝟏𝟗𝟖𝟏 and the line of fit will be   𝐲 = 𝐚 + 𝐛𝐗   --- (*)

N.E’s are     𝒏𝒂 + 𝒃σ𝑿 = σ𝒚
                𝒂σ𝑿 + 𝒃σ𝑿𝟐 = σ𝑿𝒚    . Here n=5

𝒙 𝐗 = 𝒙 − 𝟏𝟗𝟖𝟏 𝒚 𝑿𝒚 𝑿𝟐

1961 -20 8 -160 400

1971 -10 10 -100 100

1981 0 12 0 0

1991 10 10 100 100

2001 20 16 320 400

෍𝑿 = 0 ෍𝒚 = 𝟓𝟔 ෍𝑿𝒚 = 𝟏𝟔𝟎 ෍𝑿𝟐 = 𝟏𝟎𝟎𝟎



N.E’s becomes     𝟓𝒂 + 𝟎. 𝒃 = 𝟓𝟔
                         𝟎. 𝒂 + 𝟏𝟎𝟎𝟎𝒃 = 𝟏𝟔𝟎

On solving , we get

𝒂 = 𝟏𝟏. 𝟐       and     𝒃 = 𝟎. 𝟏𝟔

Thus, (*) ⇒ y = 11.2 + (0.16)X 

                      y = 11.2 + (0.16)(x − 1981)

                   𝐲 = −𝟑𝟎𝟓. 𝟕𝟔 + 𝟎. 𝟏𝟔 𝐱   , is the curve of best fit.

When 𝐱 = 𝟐𝟎𝟎𝟔 

                 𝐲 = −𝟑𝟎𝟓. 𝟕𝟔 + 𝟎. 𝟏𝟔 𝟐𝟎𝟎𝟔 = 𝟏𝟓. 𝟐 𝒕𝒐𝒏𝒔    

Expected production in the year 2006 is 15.2 tons.



Fitting of a S𝒆𝒄𝒐𝒏𝒅 𝒅𝒆𝒈𝒓𝒆𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄

Given  𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄

Normal Equations(N.E’s):    𝒂σ𝒙𝟐 + 𝒃σ𝒙 + 𝒏𝒄 = σ𝒚

                                               𝒂σ𝒙𝟑 + 𝒃σ𝒙𝟐 + 𝒄σ𝒙 = σ𝒙𝒚

                                                    𝒂σ𝒙𝟒 + 𝒃σ𝒙𝟑 + 𝒄σ𝒙𝟐 = σ𝒙𝟐𝒚

        Solving the above equations we get the values of  𝒂 , 𝒃  and 𝒄, substituting these vales 
in the given equation leads to the curve of best fit.

Note: If  𝒚 = 𝒂 + 𝒃𝒙 + 𝒄𝒙𝟐

Normal Equations(N.E’s):         𝒏𝒂 + 𝒃σ𝒙 + 𝒄σ𝒙𝟐 = σ𝒚

                                                𝒂σ𝒙 + 𝒃σ𝒙𝟐 + 𝒄σ𝒙𝟑 = σ𝒙𝒚

                                                    𝒂σ𝒙𝟐 + 𝒃σ𝒙𝟑 + 𝒄σ𝒙𝟒 = σ𝒙𝟐𝒚



Problems

1.Fit a second degree parabola 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 in the least square sense for the following 

   data and hence estimate 𝑦 at x = 6.

Sol:  Given  𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄

Normal Equations(N.E’s):            𝑎 σ𝑥2 + 𝑏σ𝑥 + 𝑛𝑐 = σ𝑦

                                                𝑎 σ𝑥3 + 𝑏σ𝑥2 + 𝑐 σ𝑥 = σ𝑥𝑦

                                                    𝑎 σ𝑥4 + 𝑏σ𝑥3 + 𝑐 σ𝑥2 = σ𝑥2𝑦

Here  n=5

 

𝑥 1 2 3 4 5

𝑦 10 12 13 16 19



𝑥 𝑦 𝑥𝑦 𝑥2 𝑥2𝑦 𝑥3 𝑥4

1 10 10 1 10 1 1

2 12 24 4 48 8 16

3 13 39 9 117 27 81

4 16 64 16 256 64 256

5 19 95 25 475 125 625

෍𝑥 = 15 ෍𝑦 = 70 ෍𝑥𝑦 = 232 ෍𝑥2 = 55 ෍𝑥2𝑦 = 906 ෍𝑥3 = 225 ෍𝑥4 = 979



The N.E’s become
55𝑎 + 15𝑏 + 5𝑐 = 70

                                                   225𝑎 + 55𝑏 + 15𝑐 = 232
                                                      979𝑎 + 225𝑏 + 55𝑐 = 906

On Solving, we have 

𝒂 = 𝟎. 𝟐𝟖𝟓𝟕                   𝐛 = 𝟎. 𝟒𝟖𝟓𝟕    and          𝐜 = 𝟗. 𝟒   

Thus, (*) ⇒   𝒚 = (𝟎. 𝟐𝟖𝟓𝟕)𝒙𝟐 + (𝟎. 𝟒𝟖𝟓𝟕)𝒙 + (𝟗. 𝟒) , is the curve of best fit .

At 𝒙 = 𝟔,

 𝑦 = (0.2857) 6 2 + (0.4857)(6) + (9.4)

𝒚 = 𝟐𝟐. 𝟕𝟖



2. Fit a second degree parabola 𝑦 = 𝑎 + 𝑏𝑥 + 𝑐𝑥2  for the data:

Sol:  Given  𝒚 = 𝒂 + 𝒃𝒙 + 𝒄𝒙𝟐

Normal Equations(N.E’s):            𝑛𝑎 + 𝑏σ𝑥 + 𝑐 σ𝑥2 = σ𝑦

                                                𝑎 σ𝑥 + 𝑏σ𝑥2 + 𝑐σ𝑥3 = σ𝑥𝑦

                                                    𝑎 σ𝑥2 + 𝑏σ𝑥3 + 𝑐 σ𝑥4 = σ𝑥2𝑦

Here  n=5

𝑥 0 1 2 3 4

𝑦 1 1.8 1.3 2.5 6.3



𝑥 𝑦 𝑥𝑦 𝑥2 𝑥2𝑦 𝑥3 𝑥4

0 1 0 0 0 0 0

1 1.8 1.8 1 1.8 1 1

2 1.3 2.6 4 5.2 8 16

3 2.5 7.5 9 22.5 27 81

4 6.3 25.2 16 100.8 64 256

෍𝑥 = 10 ෍𝑦 = 12.9 ෍𝑥𝑦 = 37.1 ෍𝑥2 = 30 ෍𝑥2𝑦 = 130.3 ෍𝑥3 = 100 ෍𝑥4 = 354



The N.E’s become
5𝑎 + 10𝑏 + 30𝑐 = 12.9

                                                   10𝑎 + 30𝑏 + 100𝑐 = 37.1
                                                      30𝑎 + 100𝑏 + 354𝑐 = 130.3

On Solving, we have 

𝒂 = 𝟏. 𝟒𝟐                   𝐛 = −𝟏. 𝟎𝟕    and          𝐜 = 𝟎. 𝟓𝟓   

Thus, (*) ⇒   𝒚 = (𝟏. 𝟒𝟐)  + (−𝟏. 𝟎𝟕)𝒙 + (𝟎. 𝟓𝟓)𝒙𝟐, is the curve of best fit .

3. Fit a parabola 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 in the least square sense for the following data 
𝑥 2 4 6 8 10

𝑦 3.07 12.85 31.47 57.38 91.29



Sol:  Given  𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄
Normal Equations(N.E’s):            𝑎 σ𝑥2 + 𝑏σ𝑥 + 𝑛𝑐 = σ𝑦
                                                𝑎 σ𝑥3 + 𝑏σ𝑥2 + 𝑐σ𝑥 = σ𝑥𝑦
                                                    𝑎 σ𝑥4 + 𝑏σ𝑥3 + 𝑐 σ𝑥2 = σ𝑥2𝑦
Here  n=5

𝑥 𝑦 𝑥𝑦 𝑥2 𝑥2𝑦 𝑥3 𝑥4

2 3.07 6.14 4 12.28 8 16

4 12.85 51.40 16 205.60 64 256

6 31.47 188.82 36 1132.92 216 1296

8 57.38 459.04 64 3672.32 512 4096

10 91.29 912.90 100 9129.00 1000 10000

෍𝑥 = 30 ෍𝑦 = 196.06 ෍𝑥𝑦

= 1618.3

෍𝑥2 = 220෍𝑥2𝑦 = 14152.12෍𝑥3 = 1800 ෍𝑥4

= 15664



The N.E’s become
                                                     220𝑎 + 30𝑏 + 5𝑐 = 196.06
                                                   1800𝑎 + 220𝑏 + 30𝑐 = 1618.3
                                                 15664𝑎 + 1800𝑏 + 220𝑐 = 14152.12

On Solving, we have 

𝒂 = 𝟎. 𝟗𝟗𝟐                   𝐛 = −𝟎. 𝟖𝟓𝟓𝟏    and          𝐜 = 𝟎. 𝟔𝟗𝟔   

Thus, (*) ⇒   𝒚 = (𝟎. 𝟗𝟗𝟐)𝒙𝟐 + (−𝟎. 𝟖𝟓𝟓𝟏)𝒙 + (𝟎. 𝟔𝟗𝟔) , is the curve of best fit.

4. Find the best values of 𝑎 , b, c if the equation 𝑦 = 𝑎 + 𝑏𝑥 + 𝑐𝑥2 is to fit most closely to 

    the following observations

𝒙 -2 -1 0 1 2

𝒚 -3.150 -1.390 0.620 2.880 5.378



Sol:  Equation of the parabola   𝒚 = 𝒂 + 𝒃𝒙 + 𝒄𝒙𝟐

Normal Equations(N.E’s):            𝑛𝑎 + 𝑏σ𝑥 + 𝑐 σ𝑥2 = σ𝑦
                                                𝑎 σ𝑥 + 𝑏σ𝑥2 + 𝑐 σ𝑥3 = σ𝑥𝑦
                                                    𝑎 σ𝑥2 + 𝑏σ𝑥3 + 𝑐 σ𝑥4 = σ𝑥2𝑦
Here  n=5

𝑥 𝑦 𝑥𝑦 𝑥2 𝑥2𝑦 𝑥3 𝑥4

-2 -3.150 6.30 4 -12.60 -8 16

-1 -1.390 1.39 1 -1.39 -1 1

0 0.620 0 0 0 0 0

1 2.880 2.88 1 2.88 1 1

2 5.378 10.756 4 21.512 8 16

෍𝑥 = 0 ෍𝑦 = 4.338 ෍𝑥𝑦

= 21.326

෍𝑥2 = 10 ෍ 𝑥2𝑦
= 10.402

෍𝑥3 = 0 ෍𝑥4 = 34



The N.E’s become
5𝑎 + 0. 𝑏 + 10𝑐 = 4.338
0. 𝑎 + 10𝑏 + 0. 𝑐 = 21.326

                                                               10𝑎 + 0. 𝑏 + 34𝑐 = 10.402
On Solving, we have 

𝒂 = 𝟎. 𝟔𝟐𝟏𝟎                   𝐛 = 𝟐. 𝟏𝟑𝟐𝟔          and          𝐜 = 𝟎. 𝟏𝟐𝟑𝟑   

5. Fit a parabola for the following data.

Sol:  Equation of the parabola   𝒚 = 𝒂 + 𝒃𝒙 + 𝒄𝒙𝟐

Normal Equations(N.E’s):            𝑛𝑎 + 𝑏σ𝑥 + 𝑐 σ𝑥2 = σ𝑦
                                                𝑎 σ𝑥 + 𝑏σ𝑥2 + 𝑐 σ𝑥3 = σ𝑥𝑦
                                                    𝑎 σ𝑥2 + 𝑏σ𝑥3 + 𝑐 σ𝑥4 = σ𝑥2𝑦
Here  n=9

𝑥 1 2 3 4 5 6 7 8 9

𝑦 2 6 7 8 10 11 11 10 9



𝑥 𝑦 𝑥𝑦 𝑥2 𝑥2𝑦 𝑥3 𝑥4

1 2 2 1 2 1 1

2 6 12 4 24 8 16

3 7 21 9 63 27 81

4 8 32 16 128 64 256

5 10 50 25 250 125 625

6 11 66 36 396 216 1296

7 11 77 49 539 343 2401

8 10 80 64 640 512 4096

9 9 81 81 729 729 6561

෍𝑥 = 45 ෍𝑦 = 74 ෍𝑥𝑦 = 421 ෍𝑥2 = 285 ෍𝑥2𝑦 = 2771 ෍𝑥3 = 2025 ෍𝑥4

= 15333



The N.E’s becomes
                                                    9𝑎 + 45𝑏 + 285𝑐 = 74

45𝑎 + 285𝑏 + 2025𝑐 = 421
                                                285𝑎 + 2025𝑏 + 15333𝑐 = 2771

On Solving, we have 

𝒂 = −𝟎. 𝟗𝟐𝟖𝟔                   𝐛 = 𝟑. 𝟓𝟐𝟑𝟐    and          𝐜 = −𝟎. 𝟐𝟔𝟕𝟑   

Thus, (*) ⇒   𝒚 = (−𝟎. 𝟗𝟐𝟖𝟔)  + (𝟑. 𝟓𝟐𝟑𝟐)𝒙 + (−𝟎. 𝟐𝟔𝟕𝟑)𝒙𝟐, is the curve of best fit .

6. Fit a second degree parabola to the following data

𝒙 1 1.5 2 2.5 3 3.5 4

𝒚 1.1 1.3 1.6 2 2.7 3.4 4.1



Sol:  Equation of the parabola   𝒚 = 𝒂 + 𝒃𝒙 + 𝒄𝒙𝟐

Normal Equations(N.E’s):            𝑛𝑎 + 𝑏σ𝑥 + 𝑐 σ𝑥2 = σ𝑦
                                                𝑎σ𝑥 + 𝑏σ𝑥2 + 𝑐 σ𝑥3 = σ𝑥𝑦
                                                    𝑎σ𝑥2 + 𝑏σ𝑥3 + 𝑐 σ𝑥4 = σ𝑥2𝑦
Here  n=7

𝑥 𝑦 𝑥𝑦 𝑥2 𝑥2𝑦 𝑥3 𝑥4

1 1.1 1.1 1 1.1 1 1

1.5 1.3 1.95 2.25 2.95 3.375 5.0625

2 1.6 3.2 4 6.4 8 16

2.5 2 5 6.25 12.5 15.625 39.0625

3 2.7 8.1 9 24.3 27 81

3.5 3.4 11.9 12.25 41.65 42.875 150.0625

4 4.1 16.4 16 65.6 64 256

෍𝑥 = 17.5 ෍𝑦 = 16.2 ෍𝑥𝑦 = 47.65 ෍ 𝑥2

= 50.75
෍𝑥2𝑦 = 154.475 ෍𝑥3 = 161.875 ෍𝑥4 = 548.1875



The N.E’s becomes
                                                    7𝑎 + 17.5𝑏 + 50.75𝑐 = 16.2

17.5𝑎 + 50.75𝑏 + 161.875𝑐 = 47.65
                                                50.75𝑎 + 161.875𝑏 + 548.1875𝑐 = 154.475

On Solving, we have 

𝒂 = 𝟏. 𝟎𝟑𝟓𝟕                   𝐛 = −𝟎. 𝟏𝟗𝟐𝟖    and          𝐜 = 𝟎. 𝟐𝟒𝟐𝟖   

Thus, (*) ⇒   𝒚 = (𝟏. 𝟎𝟑𝟓𝟕)  + (−𝟎. 𝟏𝟗𝟐𝟖)𝒙 + (𝟎. 𝟐𝟒𝟐𝟖)𝒙𝟐, is the curve of best fit .



Fitting of a c𝒖𝒓𝒗𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎 𝒚 = 𝒂𝒙𝒃

Consider 𝒚 = 𝒂𝒙𝒃 

Taking  𝑙𝑜𝑔𝒆  on both sides  we get, 
𝑙𝑜𝑔𝑒𝑦 = 𝑙𝑜𝑔𝑒 𝑎𝑥𝑏

𝑙𝑜𝑔𝑒𝑦 = 𝑙𝑜𝑔𝑒𝑎 + 𝑙𝑜𝑔𝑒𝑥
𝑏

𝑙𝑜𝑔𝑒𝑦 = 𝑙𝑜𝑔𝑒𝑎 + 𝑏𝑙𝑜𝑔𝑒𝑥

𝒀 = 𝑨 + 𝒃𝑿      , where   𝑌 = 𝑙𝑜𝑔𝑒𝑦   , 𝐴 = 𝑙𝑜𝑔𝑒𝑎     𝑋̅ = 𝑙𝑜𝑔𝑒𝑥

Normal Equations(N.E’s)for the st.line   𝒀 = 𝑨 + 𝒃𝑿:   

                                                   𝑛𝐴 + 𝑏σ𝑋̅ = σ𝑌
                                             𝐴σ𝑋̅ + 𝑏σ𝑋̅2 = σ𝑋̅𝑌 

Solving above equations we get 𝐴, 𝑏.    But 𝑙𝑜𝑔𝑒𝑎 = 𝐴 ⇒ 𝒂 = 𝒆𝑨



Problems
1. Fit a least square geometric curve 𝑦 = 𝑎𝑥𝑏 for the following data

Sol:  Consider 𝒚 = 𝒂𝒙𝒃   --- (*)

Taking  𝑙𝑜𝑔𝒆  on both sides  we get, 
𝑙𝑜𝑔𝑒𝑦 = 𝑙𝑜𝑔𝑒 𝑎𝑥𝑏

𝑙𝑜𝑔𝑒𝑦 = 𝑙𝑜𝑔𝑒𝑎 + 𝑙𝑜𝑔𝑒𝑥
𝑏

𝑙𝑜𝑔𝑒𝑦 = 𝑙𝑜𝑔𝑒𝑎 + 𝑏𝑙𝑜𝑔𝑒𝑥

𝒀 = 𝑨 + 𝒃𝑿      , where   𝑌 = 𝑙𝑜𝑔𝑒𝑦   , 𝐴 = 𝑙𝑜𝑔𝑒𝑎     𝑋̅ = 𝑙𝑜𝑔𝑒𝑥

Normal Equations(N.E’s)for the st.line   𝒀 = 𝑨 + 𝒃𝑿      

                                                   𝑛𝐴 + 𝑏σ𝑋̅ = σ𝑌
                                             𝐴σ𝑋̅ + 𝑏σ𝑋̅2 = σ𝑋̅𝑌 

 Here n=5

𝑥 1 2 3 4 5

𝑦 0.5 2 4.5 8 12.5



N.E’s becomes     5𝐴 + 4.7874𝑏 = 6.1092
                               4.7874𝐴 + 6.1993𝑏 = 9.0804

𝒙 𝒚 𝑿 = 𝑙𝑜𝑔𝑒𝑥 𝒀 = 𝑙𝑜𝑔𝑒𝑦 𝑿𝒀 𝑿𝟐

1 0.5 0 -0.6931 0 0

2 2 0.6931 0.6931 0.4804 0.4804

3 4.5 1.0986 1.5041 1.6524 1.2069

4 8 1.3863 2.0794 2.8827 1.9218

5 12.5 1.6094 2.5257 4.0649 2.5902

෍𝑋̅ = 4.7874 ෍𝑌 = 6.1092 ෍𝑋̅𝑌 = 9.0804 ෍𝑿𝟐 = 6.1933



On Solving, we have 
𝑨 = −𝟎. 𝟔𝟗𝟑𝟐                   𝐛 = 𝟐

But 𝑙𝑜𝑔𝑒𝑎 = −0.6932 ⇒ 𝒂 = 𝒆−𝟎.𝟔𝟗𝟑𝟐 = 𝟎. 𝟓

Thus , (*) ⇒ 𝒚 = 𝒂𝒙𝒃

                     𝒚 = 𝟎. 𝟓 𝒙𝟐  , is the curve of best fit.

2. An experiment of lifetime t of cutting tool at different cutting speeds 𝑣 (units) are 

    given below

Fit a relation of the form 𝑣 = 𝑎𝑡𝑏.

Speed (𝑣) 350 400 500 600

Life (𝑡) 61 26 7 2.6



Sol:  Consider 𝒗 = 𝒂𝒕𝒃   --- (*)
Taking  𝑙𝑜𝑔𝒆  on both sides  we get, 

𝑙𝑜𝑔𝑒𝑣 = 𝑙𝑜𝑔𝑒 𝑎𝑡𝑏

𝑙𝑜𝑔𝑒𝑣 = 𝑙𝑜𝑔𝑒𝑎 + 𝑙𝑜𝑔𝑒𝑡
𝑏

𝑙𝑜𝑔𝑒𝑣 = 𝑙𝑜𝑔𝑒𝑎 + 𝑏𝑙𝑜𝑔𝑒𝑡

𝑽 = 𝑨 + 𝒃𝑻      , where   𝑉 = 𝑙𝑜𝑔𝑒𝑣   , 𝐴 = 𝑙𝑜𝑔𝑒𝑎     𝑇 = 𝑙𝑜𝑔𝑒𝑡

Normal Equations(N.E’s)for the st.line   𝑽 = 𝑨 + 𝒃𝑻      

                                                   𝑛𝐴 + 𝑏σ𝑇 = σ𝑉
                                             𝐴σ𝑇 + 𝑏σ𝑇2 = σ𝑉𝑇 

 Here n=4



𝒗 𝒕 𝑽 = 𝑙𝑜𝑔𝑒𝑣 𝑻 = 𝑙𝑜𝑔𝑒𝑡 𝑽𝑻 𝑻𝟐

350 61 5.8579 4.1109 24.0812 16.8995

400 26 5.9915 3.2581 19.5209 10.6152

500 7 6.2146 1.9459 12.093 3.7865

600 2.6 6.3969 0.9555 6.1122 0.913

෍𝑉

= 24.4609

෍𝑇

= 10.2704

෍𝑉𝑇

= 61.8073

෍𝑻𝟐

= 32.2142



N.E’s becomes     4𝐴 + 10.2704𝑏 = 24.4609
                               10.2704𝐴 + 32.2142𝑏 = 61.8073

Solving above equations we get,

𝑨 = 𝟔. 𝟓𝟓𝟑𝟗                   𝐛 = −𝟎. 𝟏𝟕𝟎𝟗
But 𝑙𝑜𝑔𝑒𝑎 = 6.5539 ⇒  𝒂 = 𝒆𝟔.𝟓𝟓𝟑𝟗 = 𝟕𝟎𝟏. 𝟗𝟕𝟔𝟔
Thus , (∗) ⇒  𝒗 = 𝒂𝒕𝒃

 𝒗 = 𝟕𝟎𝟏. 𝟗𝟕𝟔𝟔 𝒕−𝟎.𝟏𝟕𝟎𝟗 , is the curve of best fit.

3. Fit a curve of the form 𝑦 = 𝑎𝑥𝑏 for the following data

 
𝑥 1 2 3 4 5 6

𝑦 2.98 4.26 5.21 6.1 6.8 7.5



Statistical Methods

Statistics is a science of facts and figures which may be readily available or obtained 
through the process of direct enquiry or enumeration. It deals with the methods of 
collecting, classifying and analysing the data so as to draw some valid conclusion.

            ‘Correlation’ can be understood as co-relation. Co-variance of two independent 
magnitudes is known as correlation. ‘Regression’ is an estimation of one independent 
variable interms of the other.

Correlation and Regression

    This topic deals with data concerning independent observations.

Examples

1. Marks of individuals in two subjects

2. Height and weight of individuals

3. Amount involved in advertising a product and sale of product etc.,

 We discuss the aspect of inter-relation between the independent variables.



Correlation and Correlation Coefficient

Co-variation of two independent magnitudes is known as correlation. If two variables 𝑥 
and 𝑦 are related in such a way that increase or decrease in one of them corresponds to 
increase or decrease in the other, we say that the variables are positively correlated. Also if 
increase or decrease in one of them corresponds to decrease or increase  in the other, the 
variables are negatively correlated. 

        The numerical measure of correlation between two variables 𝑥 and 𝑦 is known as  Karl 
Pearson’s coefficient of correlation usually by 𝑟 and is defined as follows 

𝒓 =
σ 𝑿𝒀

σ 𝑿𝟐. σ 𝒀𝟐
   where, 𝑿 = 𝒙 − ഥ𝒙  , 𝒀 = 𝒚 − ഥ𝒚    , ഥ𝒙 =

σ 𝒙

𝒏
   , ഥ𝒚 =

σ 𝒚

𝒏

Note:

1. 𝝈𝒙
𝟐 =

σ 𝑿𝟐

𝒏
    ;   𝝈𝒚

𝟐 =
σ 𝒀𝟐

𝒏
   ; 𝝈𝒙𝝈𝒚 =

σ 𝑿𝟐. σ 𝒀𝟐

𝒏
       or     𝒏𝝈𝒙𝝈𝒚 = σ𝑿𝟐 . σ 𝒀𝟐



2. The coefficient of correlation numerically does not exceed unity i.e., −𝟏 ≤ 𝒓 ≤ 𝟏

3. If  𝒓 = ±𝟏 , we say that 𝑥 and 𝑦 are perfectly correlated and if 𝒓 = 𝟎 we say that 𝑥 and 𝑦 

    are non correlated. 

4. 𝑟 =
𝜎𝑥
2+𝜎𝑦

2−𝜎𝑥−𝑦
2

2𝜎𝑥𝜎𝑦

Regression

    Regression is an estimation of one independent variable in terms of the other. If 𝑥 and 𝑦 
are correlated, the best fitting straight line in the least square sense gives reasonably 
a good relation between 𝑥 and 𝑦 . 

The best fitting straight line of the form 𝑦 = 𝑎𝑥 + 𝑏 is called the regression line of 𝑦 
on 𝑥  and 𝑥 = 𝑎𝑦 + 𝑏 is called the regression line of 𝑥 on 𝑦 .



The regression line of 𝒚 on 𝒙 is 

𝒚 − ഥ𝒚 = 𝒓
𝝈𝒚

𝝈𝒙
𝒙 − ഥ𝒙

The regression line of 𝒙 on 𝒚 is 

𝒙 − ഥ𝒙 = 𝒓
𝝈𝒙
𝝈𝒚

𝒚 − ഥ𝒚

𝒓
𝝈𝒙

𝝈𝒚
    ; 𝒓

𝝈𝒚

𝝈𝒙
    are known as regression coefficients.

Note:

1. 𝑟 = ± 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑥 . 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑦   , the sign of 𝑟 will be positive or negative 

      according as the regression coefficients are positive or negative.

2. The lines of regression are also of the form  𝒀 =
σ 𝑿𝒀

σ 𝑿𝟐
(𝑿)     and     𝑿 =

σ 𝑿𝒀

σ 𝒀𝟐
(𝒀)  



Problems

1. Compute the coefficient of correlation and the equation of the lines of regression for the 

      data

Sol:  Now   ഥ𝒙 =
σ 𝒙

𝒏
                  ,                 ഥ𝒚 =

σ 𝒚

𝒏

Here     σ𝑥 = 28             σ𝑦 = 77        ,  𝑛 = 7

   𝑥 =
28

7
                         ത𝑦 =

77

7
   

  ഥ𝒙 = 𝟒                         ഥ𝒚 = 𝟏𝟏

𝒙 1 2 3 4 5 6 7

𝑦 9 8 10 12 11 13 14



𝒙 𝒚 𝑿 = 𝒙 − ഥ𝒙
= 𝒙 − 𝟒

𝒀 = 𝒚 − ഥ𝒚
= 𝒚 − 𝟏𝟏

𝑿𝒀 𝑿𝟐 𝒀𝟐

1 9 -3 -2 6 9 4

2 8 -2 -3 6 4 9

3 10 -1 -1 1 1 1

4 12 0 1 0 0 1

5 11 1 0 0 1 0

6 13 2 2 4 4 4

7 14 3 3 9 9 9

෍𝑋̅𝑌 = 26 ෍𝑋̅2 = 28 ෍𝑌2 = 28



Wkt, 𝒓 =
σ 𝑿𝒀

σ 𝑿𝟐. σ 𝒀𝟐

𝑟 =
26

28. 28

𝑟 =
26

28
𝒓 = 𝟎. 𝟗𝟐𝟖𝟔

The lines regression are given by

𝒚 − ഥ𝒚 = 𝒓
𝝈𝒚

𝝈𝒙
𝒙 − ഥ𝒙                                        𝒓

𝝈𝒚

𝝈𝒙
=

σ 𝑿𝒀

σ 𝑿𝟐
=

𝟐𝟔

𝟐𝟖
= 𝟎. 𝟗𝟐𝟖𝟔

𝑦 − 11 = 0.9286 𝑥 − 4



𝑦 − 11 = 0.9286𝑥 − 3.7144

𝒚 = 𝟎. 𝟗𝟐𝟖𝟔𝒙 + 𝟕. 𝟐𝟖𝟓𝟔

Also , 𝒙 − ഥ𝒙 = 𝒓
𝝈𝒙

𝝈𝒚
𝒚 − ഥ𝒚                                        𝒓

𝝈𝒙

𝝈𝒚
=

σ 𝑿𝒀

σ 𝒀𝟐
=

𝟐𝟔

𝟐𝟖
= 𝟎. 𝟗𝟐𝟖𝟔

𝑥 − 4 = 0.9286 𝑦 − 11

        𝑥 − 4 = 0.9286𝑦 − 10.2146

              𝒙 = 𝟎. 𝟗𝟐𝟖𝟔𝒚 − 𝟔. 𝟐𝟏𝟒𝟔

2. Obtain the lines of regression and hence find the coefficient of correlation for the 

    following data
𝒙 1 2 3 4 5 6 7

𝑦 9 8 10 12 11 13 14



Sol:  Now   ഥ𝒙 =
σ 𝒙

𝒏
                  ,                 ഥ𝒚 =

σ 𝒚

𝒏

Here     σ𝑥 = 28             σ𝑦 = 77        ,  𝑛 = 7    ,   𝑥 =
28

7
  ,  ഥ𝒙 = 𝟒               ;      ത𝑦 =

77

7
  ,  ഥ𝒚 = 𝟏𝟏 

𝒙 𝒚 𝑿 = 𝒙 − ഥ𝒙
= 𝒙 − 𝟒

𝒀 = 𝒚 − ഥ𝒚
= 𝒚 − 𝟏𝟏

𝑿𝒀 𝑿𝟐 𝒀𝟐

1 9 -3 -2 6 9 4

2 8 -2 -3 6 4 9

3 10 -1 -1 1 1 1

4 12 0 1 0 0 1

5 11 1 0 0 1 0

6 13 2 2 4 4 4

7 14 3 3 9 9 9

෍𝑋̅𝑌 = 26 ෍𝑋̅2 = 28 ෍𝑌2 = 28



The lines regression are given by

𝒚 − ഥ𝒚 =
σ 𝑿𝒀

σ 𝑿𝟐
𝒙 − ഥ𝒙

σ 𝑿𝒀

σ 𝑿𝟐
=

𝟐𝟔

𝟐𝟖
= 𝟎. 𝟗𝟐𝟖𝟔

𝑦 − 11 = 0.9286 𝑥 − 4

   𝑦 − 11 = 0.9286𝑥 − 3.7144

            𝒚 = 𝟎. 𝟗𝟐𝟖𝟔𝒙 + 𝟕. 𝟐𝟖𝟓𝟔

Also , 𝒙 − ഥ𝒙 =
σ 𝑿𝒀

σ 𝒀𝟐
𝒚 − ഥ𝒚

σ 𝑿𝒀

σ 𝒀𝟐
=

𝟐𝟔

𝟐𝟖
= 𝟎. 𝟗𝟐𝟖𝟔

𝑥 − 4 = 0.9286 𝑦 − 11

              𝑥 − 4 = 0.9286𝑦 − 10.2146

                     𝒙 = 𝟎. 𝟗𝟐𝟖𝟔𝒚 − 𝟔. 𝟐𝟏𝟒𝟔



Wkt    𝑟 = 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑥 . 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑦          𝑟 must be positive since regression coefficients are +ve

𝑟 = 0.9286 . 0.9286

 𝒓 = 𝟎. 𝟗𝟐𝟖𝟔

3. Find the correlation coefficient for the following two groups

Sol:  Now   ഥ𝒙 =
σ 𝒙

𝒏
                  ,                 ഥ𝒚 =

σ 𝒚

𝒏

Here     σ𝑥 = 751             σ𝑦 = 718        ,  𝑛 = 10

   𝑥 =
751

10
  ,  ഥ𝒙 = 𝟕𝟓. 𝟏               ;      ത𝑦 =

718

10
  ,  ഥ𝒚 = 𝟕𝟏. 𝟖

𝑨 92 89 87 86 83 77 71 63 53 50

𝐵 86 83 91 77 68 85 52 82 37 57



𝒙 𝒚 𝑿 = 𝒙 − ഥ𝒙
= 𝒙 − 𝟕𝟓. 𝟏

𝒀 = 𝒚 − ഥ𝒚
= 𝒚 − 𝟕𝟏. 𝟖

𝑿𝒀 𝑿𝟐 𝒀𝟐

92 86 16.9 14.2 239.98 285.61 201.64

89 83 13.9 11.2 155.68 193.21 125.44

87 91 11.9 19.2 228.48 141.61 368.64

86 77 10.9 5.2 56.68 118.81 27.04

83 68 7.9 -3.8 -30.02 62.41 14.44

77 85 1.9 13.2 25.08 3.61 174.24

71 52 -4.1 -19.8 81.18 16.81 392.04

63 82 -12.1 10.2 -123.42 146.41 104.04

53 37 -22.1 -34.8 769.08 488.41 1211.04

50 57 -25.1 -14.8 371.48 630.01 219.04

෍𝑋̅𝑌 = 1774.2 ෍𝑋̅2 = 2086.59 ෍𝑌2 = 2837.6



Wkt, 𝒓 =
σ 𝑿𝒀

σ 𝑿𝟐. σ 𝒀𝟐

𝑟 =
1774.2

2086.59. 2837.6

𝑟 =
1774.2

2433.29

𝒓 = 𝟎. 𝟕𝟐𝟗𝟏

4. Find the correlation coefficient and the equation of the lines of regression for the 
following values of 𝑥   and 𝑦

𝒙 1 2 3 4 5

𝑦 2 5 3 8 7



Sol:  Now   ഥ𝒙 =
σ 𝒙

𝒏
                  ,                 ഥ𝒚 =

σ 𝒚

𝒏

Here     σ𝑥 = 15             σ𝑦 = 25        ,  𝑛 = 5

   𝑥 =
15

5
  ,  ഥ𝒙 = 𝟑               ;      ത𝑦 =

25

5
  ,  ഥ𝒚 = 𝟓

𝒙 𝒚 𝑿 = 𝒙 − ഥ𝒙
= 𝒙 − 𝟑

𝒀 = 𝒚 − ഥ𝒚
= 𝒚 − 𝟓

𝑿𝒀 𝑿𝟐 𝒀𝟐

1 2 -2 -3 6 4 9

2 5 -1 0 0 1 0

3 3 0 -2 0 0 4

4 8 1 3 3 1 9

5 7 2 2 4 4 4

෍𝑋̅𝑌 = 13 ෍𝑋̅2 = 10 ෍𝑌2 = 26



Wkt, 𝒓 =
σ 𝑿𝒀

σ 𝑿𝟐. σ 𝒀𝟐

𝑟 =
13

10. 26

𝒓 = 𝟎. 𝟖𝟎𝟔𝟐

Now, 𝜎𝑥
2 =

σ 𝑿𝟐

𝑛
=

10

5
= 2        ;    𝜎𝑥

2 = 2      ; 𝝈𝒙 = 𝟐

         𝜎𝑦
2 =

σ 𝒀𝟐

𝑛
=

26

5
= 5.2       ;   𝜎𝑦

2 = 5.2    ; 𝝈𝒚 = 𝟓. 𝟐  

The lines regression are given by

𝒚 − ഥ𝒚 = 𝒓
𝝈𝒚

𝝈𝒙
𝒙 − ഥ𝒙



𝑦 − 5 = (0.8062)
2

5.2
𝑥 − 3

𝑦 − 5 = (1.3) 𝑥 − 3

  𝑦 − 5 = 1.3𝑥 − 3.9

         𝑦 = 1.3𝑥 − 3.9 + 5

         𝒚 = 𝟏. 𝟑𝒙 + 𝟏. 𝟏

Also , 𝒙 − ഥ𝒙 = 𝒓
𝝈𝒙

𝝈𝒚
𝒚 − ഥ𝒚

𝑥 − 3 = (0.8062)
2

5.2
𝑦 − 5

        𝑥 − 3 = 0.5(𝑦 − 5)

         𝑥 = 0.5𝑦 − 2.5 + 3

         𝒙 = 𝟎. 𝟓𝒚 + 𝟎. 𝟓



5. The following data gives the age of husband (𝑥) and the age of wife (𝑦) in years. Form 
    the two regression lines and calculate the age of husband corresponding to 16 years age 
    of wife.

Sol: Now   ഥ𝒙 =
σ 𝒙

𝒏
                  ,                 ഥ𝒚 =

σ 𝒚

𝒏

Here     σ𝑥 = 300             σ𝑦 = 250        ,  𝑛 = 10

   𝑥 =
300

10
                             ത𝑦 =

250

10
 

   ഥ𝒙 = 𝟑𝟎                             ഥ𝒚 = 𝟐𝟓 

𝑥 36 23 27 28 28 29 30 31 33 35

𝑦 29 18 20 22 27 21 29 27 29 28



𝒙 𝒚 𝑿 = 𝒙 − ഥ𝒙
= 𝒙 − 𝟑𝟎

𝒀 = 𝒚 − ഥ𝒚
= 𝒚 − 𝟐𝟓

𝑿𝒀 𝑿𝟐 𝒀𝟐

36 29 6 4 24 36 16

23 18 -7 -7 49 49 49

27 20 -3 -5 15 9 25

28 22 -2 -3 6 4 9

28 27 -2 2 -4 4 4

29 21 -1 -4 4 1 16

30 29 0 4 0 0 16

31 27 1 2 2 1 4

33 29 3 4 12 9 16

35 28 5 3 15 25 9

෍𝑋̅𝑌 = 123 ෍𝑋̅2 = 138 ෍𝑌2 = 164



The lines regression are given by

𝒚 − ഥ𝒚 =
σ 𝑿𝒀

σ 𝑿𝟐
𝒙 − ഥ𝒙

σ 𝑿𝒀

σ 𝑿𝟐
=

𝟏𝟐𝟑

𝟏𝟑𝟖
= 𝟎. 𝟖𝟗𝟏𝟑 

𝑦 − 25 = 0.8913 𝑥 − 30

   𝑦 − 25 = 0.8913𝑥 − 26.739     

            𝒚 = 𝟎. 𝟖𝟗𝟏𝟑𝒙 − 𝟏. 𝟕𝟑𝟗

Also , 𝒙 − ഥ𝒙 =
σ 𝑿𝒀

σ 𝒀𝟐
𝒚 − ഥ𝒚

σ 𝑿𝒀

σ 𝒀𝟐
=

𝟏𝟐𝟑

𝟏𝟔𝟒
= 𝟎. 𝟕𝟓

𝑥 − 30 = 0.75 𝑦 − 25

              𝑥 − 30 = 0.75𝑦 − 18.75         

            𝒙 = 𝟎. 𝟕𝟓𝒚 + 𝟏𝟏. 𝟐𝟓

When 𝒚 = 𝟏𝟔, 𝒙 = 𝟎. 𝟕𝟓(𝟏𝟔) + 𝟏𝟏. 𝟐𝟓     𝒙 = 𝟐𝟑. 𝟐𝟓 ≅ 𝟐𝟑

Thus husband’s age is 23 years corresponding to wife age of 16 years.



6. In a partially destroyed lab record, only the lines of regression of 𝑦 on 𝑥 and 𝑥 on 𝑦 are 
    available as 4𝑥 − 5y + 33 = 0  and  20𝑥 − 9𝑦 = 107 respectively. Calculate the 
    coefficient of correlation between 𝑥  and 𝑦.

Sol:  Lines of regression of 𝑦 on 𝑥 and 𝑥 on 𝑦 are 
4𝑥 − 5y + 33 = 0                                           20𝑥 − 9𝑦 = 107 

5y = 4𝑥 + 33                                                          20𝑥 = 9𝑦 + 107 

y =
4

5
𝑥 +

33

5
                                                                  𝑥 =

9

20
𝑦 +

107

20

Coefficient of 𝒙 =
𝟒

𝟓
                                         Coefficient of 𝒚 =

𝟗

𝟐𝟎

The coefficient of correlation is

𝑟 = 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑥 . 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑦          𝑟 must be positive since regression coefficients are +ve

𝑟 =
𝟒

𝟓
.

𝟗

𝟐𝟎
 



𝑟 =
36

100

𝑟 =
6

10

𝒓 = 𝟎. 𝟔

7. Given the equation of the regression lines  𝑥 = 19.13 − 0.87𝑦, 𝑦 = 11.64 − 0.5𝑥. 

    Compute the mean of 𝑥′s , mean of 𝑦′s and the coefficient of correlation.

Sol: To find ഥ𝒙, ഥ𝒚 and 𝒓.

We know that the regression lines passes through  𝑥, ത𝑦 .

∴     𝑥 = 19.13 − 0.87ത𝑦           and ത𝑦 = 11.64 − 0.5  𝑥



That is  ,        𝑥 + 0.87ത𝑦 = 19.13
                      0.5  𝑥 + ത𝑦 = 11.64
Solving above equations , we get

ഥ𝒙 = 𝟏𝟓. 𝟗𝟒     and   ഥ𝒚 = 𝟑. 𝟔𝟕

Rewriting  the equations

𝑦 = −0.5𝑥 + 11.64                             ;                  𝑥 = −0.87𝑦 + 19.13

Coefficient of 𝒙 = −𝟎. 𝟓                                         Coefficient of 𝒚 = −𝟎. 𝟖𝟕

The coefficient of correlation is

𝑟 = − 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑥 . 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑦        𝑟 must be negative since regression coefficients are –ve

𝑟 = − −𝟎. 𝟓 . −𝟎. 𝟖𝟕 

   𝒓 = −𝟎. 𝟔𝟓𝟗𝟓

                    



8. Compute  𝑥, ത𝑦 and 𝑟 from the following equation of the regression lines 2𝑥 + 3𝑦 + 1 = 0 
    and 𝑥 + 6𝑦 − 4 = 0 

Sol:  We know that the regression lines passes through  𝑥, ത𝑦 .

∴    2  𝑥 + 3ത𝑦 = −1           and               𝑥 + 6ത𝑦 = 4

Solving above equations , we get

ഥ𝒙 = −𝟐     and   ഥ𝒚 = 𝟏

Consider the regression lines

2𝑥 + 3𝑦 + 1 = 0          and                       𝑥 + 6𝑦 − 4 = 0 

3𝑦 = −2𝑥 − 1             and                        𝒙 = −𝟔𝒚 + 𝟒

 𝒚 = −
𝟐

𝟑
𝒙 −

𝟏

𝟑

Coefficient of 𝒙 = −
𝟐

𝟑
                             Coefficient of 𝒚 = −𝟔



The coefficient of correlation is

𝑟 = − 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑥 . 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑦        𝑟 must be negative since regression coefficients are –ve

𝑟 = − −
𝟐

𝟑
. −𝟔

𝑟 = − 4

𝒓 = −𝟐 , this is absurd.  Since 𝒓 lies between -1 and +1.

Rewriting the regression lines

 𝑥 + 6𝑦 − 4 = 0            and                      2𝑥 + 3𝑦 + 1 = 0 

6𝑦 = −𝑥 + 4                 and                          2𝑥 = −3𝑦 − 1

𝒚 = −
𝟏

𝟔
𝒙 +

𝟒

𝟔
                and                         𝒙 = −

𝟑

𝟐
𝒚 −

𝟏

𝟐

Coefficient of 𝒙 = −
𝟏

𝟔
                             Coefficient of 𝒚 = −

𝟑

𝟐



The coefficient of correlation is

𝑟 = − 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑥 . 𝑐𝑜𝑒𝑓𝑓. 𝑜𝑓 𝑦        𝑟 must be negative since regression coefficients are –ve

𝑟 = − −
1

6
. −

3

2

𝑟 = −
1

4

𝒓 = −𝟎. 𝟓

Thus,          ഥ𝒙 = −𝟐  , ഥ𝒚 = 𝟏    and   𝒓 = −𝟎. 𝟓



9. Given                                                      and 𝑟 = 0.8 , write down the equation of the lines 
of 

    regression and hence find the most probable value of 𝑦 when 𝑥 = 70 .

Sol: By data  ഥ𝒙 = 𝟏𝟖  and    ഥ𝒚 = 𝟏𝟎𝟎      ;    𝝈𝒙 = 𝟏𝟒       and   𝝈𝒚 = 𝟐𝟎  ;  𝒓 = 𝟎.8 

The equations of regression lines are 

𝒚 − ഥ𝒚 = 𝒓
𝝈𝒚

𝝈𝒙
𝒙 − ഥ𝒙                          ;             𝒙 − ഥ𝒙 = 𝒓

𝝈𝒙

𝝈𝒚
𝒚 − ഥ𝒚     

𝑦 − 100 = (0.8)
20

14
𝑥 − 18             ;             𝑥 − 18 = (0.8)

14

20
𝑦 − 100

𝑦 − 100 = 1.14(𝑥 − 18)                     ;             𝑥 − 18 = 0.56(𝑦 − 100)

𝒚 = 𝟏. 𝟏𝟒𝒙 + 𝟕𝟗. 𝟒𝟖                            ;             𝒙 = 𝟎. 𝟓𝟔𝒚 − 𝟑𝟖

When 𝑥 = 70,        𝑦 = 1.14(70) + 79.48    ; 𝒚 = 𝟏𝟓𝟗. 𝟐𝟖

𝒙-series y-series

Mean 18 100

SD 14 20



10. Show that if 𝜽 is the angle between the lines of regression, then 𝒕𝒂𝒏𝜽 =
𝝈𝒙𝝈𝒚

𝝈𝒙
𝟐+𝝈𝒚

𝟐

𝟏−𝒓𝟐

𝒓

Sol: 

We know that if 𝜽 is acute, the angle between the lines 𝑦 = 𝑚1𝑥 + 𝑐1 and 𝑦 = 𝑚2𝑥 + 𝑐2 is 
given by, 

𝒕𝒂𝒏𝜽 =
𝒎𝟐−𝒎𝟏

𝟏+𝒎𝟏𝒎𝟐
  -- (*)

The equations of regression lines are ,

𝒚 − ഥ𝒚 = 𝒓
𝝈𝒚

𝝈𝒙
𝒙 − ഥ𝒙     -- (1)              and              𝒙 − ഥ𝒙 = 𝒓

𝝈𝒙

𝝈𝒚
𝒚 − ഥ𝒚   --- (2)

We rewrite the  equation (2) as           𝒚 − ഥ𝒚 =
𝝈𝒚

𝒓.𝝈𝒙
𝒙 − ഥ𝒙

Slopes of (1) and (2) are    𝒎𝟏 = 𝒓
𝝈𝒚

𝝈𝒙
      and     𝒎𝟐 =

𝝈𝒚

𝒓.𝝈𝒙



Substituting the slopes in (*) , we get 

𝑡𝑎𝑛𝜃 =

𝜎𝑦
𝑟. 𝜎𝑥

− 𝑟
𝜎𝑦
𝜎𝑥

1 + 𝑟
𝜎𝑦
𝜎𝑥

.
𝜎𝑦
𝑟. 𝜎𝑥

𝑡𝑎𝑛𝜃 =

𝜎𝑦
𝜎𝑥

1
𝑟
− 𝑟

1 + 𝑟.
1
𝑟
𝜎𝑦
2

𝜎𝑥
2

𝑡𝑎𝑛𝜃 =

𝜎𝑦
𝜎𝑥

1 − 𝑟2

𝑟

1 +
𝜎𝑦
2

𝜎𝑥
2



𝑡𝑎𝑛𝜃 =

𝜎𝑦
𝜎𝑥

1 − 𝑟2

𝑟

𝜎𝑥
2 + 𝜎𝑦

2

𝜎𝑥
2

𝑡𝑎𝑛𝜃 =
𝜎𝑦

𝜎𝑥
.

𝜎𝑥
2

𝜎𝑥
2 + 𝜎𝑦

2

1 − 𝑟2

𝑟

𝒕𝒂𝒏𝜽 =
𝝈𝒙𝝈𝒚

𝝈𝒙
𝟐 + 𝝈𝒚

𝟐

𝟏 − 𝒓𝟐

𝒓

Note: If 𝑟 = ±1, tanθ = 0 ⇒ θ = 0 , which implies that the two regression lines coincide 

and hence the variables are perfectly correlated. Also if 𝑟 = 0, tanθ = ∞ ⇒ θ =
𝜋

2
 , which 

implies that the lines are perpendicular and hence the variables are uncorrelated.



11. In a bivariate distribution 𝜎𝑥 = 𝜎𝑦 and the angle between the regression lines is 

    𝑡𝑎𝑛−1(3). Find the correlation coefficient. 

Sol: Let 𝜃 be the angle between the lines of regression, we have

𝑡𝑎𝑛𝜃 =
𝝈𝒙𝝈𝒚

𝝈𝒙
𝟐+𝝈𝒚

𝟐

𝟏−𝒓𝟐

𝒓
                ----  (1)

By data, 𝜃 =  𝑡𝑎𝑛−1 (3)     or         tan𝜃 = 3     and    𝜎𝑥 = 𝜎𝑦 

Hence (1) ⇒     3 =
𝜎𝑥.𝜎𝑥

𝝈𝒙
𝟐+𝝈𝒙

𝟐

𝟏−𝒓𝟐

𝒓

                           3 =
𝝈𝒙
𝟐

𝟐𝝈𝒙
𝟐

𝟏−𝒓𝟐

𝒓

                          6 =
𝟏−𝒓𝟐

𝒓

                        6𝑟 = 1 − 𝑟2



𝑟2 + 6𝑟 − 1 = 0

𝑟 =
−6 ± 62 − 4.1. (−1)

2.1

𝑟 =
−6 ± 36 + 4

2

𝑟 =
−6 ± 40

2

𝑟 =
−6 ± 2 10

2
𝑟 = −3 ± 10

𝑟 = +0.1623      or      𝑟 = −6.1623(neglect)

Since −1 ≤ 𝑟 ≤ 1 , 𝒓 = 𝟎. 𝟏𝟔𝟐𝟑 



12. If the coefficient of correlation between two variables 𝑥 and 𝑦 is 0.5 and the acute angle 

      between their lines of regressions is 𝑡𝑎𝑛−1
3

5
 , show that 𝜎𝑥 = 2𝜎𝑦  or  𝜎𝑦 = 2𝜎𝑥.

Sol: By data 𝑟 = 0.5    and    𝜃 = 𝑡𝑎𝑛−1
3

5
      or       𝑡𝑎𝑛𝜃 =

3

5

The angle between the lines of regression is given by 

𝑡𝑎𝑛𝜃 =
𝜎𝑥𝜎𝑦

𝜎𝑥
2 + 𝜎𝑦

2

1 − 𝑟2

𝑟

3

5
=

𝜎𝑥𝜎𝑦

𝜎𝑥
2 + 𝜎𝑦

2

1 −
1
2

2

1
2



3

5
=

𝜎𝑥𝜎𝑦

𝜎𝑥
2 + 𝜎𝑦

2

1 −
1
4

1
2

3

5
=

𝜎𝑥𝜎𝑦

𝜎𝑥
2 + 𝜎𝑦

2

3

4
.
2

1

3

5
=

3𝜎𝑥𝜎𝑦

2 𝜎𝑥
2 + 𝜎𝑦

2

1

5
=

𝜎𝑥𝜎𝑦

2 𝜎𝑥
2 + 𝜎𝑦

2

2 𝜎𝑥
2 + 𝜎𝑦

2 = 5𝜎𝑥𝜎𝑦



2𝜎𝑥
2 + 2𝜎𝑦

2 = 5𝜎𝑥𝜎𝑦

2𝜎𝑥
2 − 5𝜎𝑥𝜎𝑦 + 2𝜎𝑦

2 = 0

2𝜎𝑥
2 − 𝜎𝑥𝜎𝑦 − 4𝜎𝑥𝜎𝑦 + 2𝜎𝑦

2 = 0

𝜎𝑥 2𝜎𝑥 − 𝜎𝑦 − 2𝜎𝑦 2𝜎𝑥 − 𝜎𝑦 = 0

2𝜎𝑥 − 𝜎𝑦 𝜎𝑥 − 2𝜎𝑦 = 0

Thus, we get 

𝝈𝒚 = 𝟐𝝈𝒙       or    𝝈𝒙 = 𝟐𝝈𝒚       



Thank You

1
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    𝜕 z  𝜕 x +   𝜕 z  𝜕 y = 0


   [ O r d e r − 1 ,   D e g r e e − 1 ,   H o m o g e n e o u s   P D E ]


     𝜕 2 z  𝜕 x 𝜕 y = x y


   [ O r d e r − 2 ,   D e g r e e − 1 ,   N o n H o m o g e n e o u s   P D E ]


     𝜕 2 z  𝜕  x 2 =   𝜕 z  𝜕 y + 2 z


   [ O r d e r − 2 ,   D e g r e e − 1 ,   H o m o g e n e o u s   P D E ]


     𝜕 2 z  𝜕  x 2 +    𝜕 2 z  𝜕  y 2 = 0


   [ O r d e r − 2 ,   D e g r e e − 1 ,   H o m o g e n e o u s   P D E ]


     𝜕 3 z  𝜕  x 2 𝜕 y = cos ⁡ ( 2 x + 3 y )


   [ O r d e r − 3 ,   D e g r e e − 1 ,   N o n H o m o g e n e o u s   P D E ]


     𝜕 2 u  𝜕  x 2 = x + y


   [ O r d e r − 2 ,   D e g r e e − 1 ,   N o n H o m o g e n e o u s   P D E ]


     𝜕 2 z  𝜕  x 2 − 16 z = 0


   [ O r d e r − 2 ,   D e g r e e − 1 ,   H o m o g e n e o u s   P D E ]


     𝜕 2 u  𝜕 x 𝜕 y + 4   𝜕 u  𝜕 y = 0                                                      [ O r d e r − 2 ,   D e g r e e − 1 ,   N o n H o m o g e n e o u s   P D E ]


  z = f ( x , y )


   z x =   𝜕 z  𝜕 x = p


   z y =   𝜕 z  𝜕 y = q


   z  x x =    𝜕 2 z  𝜕  x 2 = r


   z  x y =    𝜕 2 z  𝜕 x 𝜕 y = s


   z  y y =    𝜕 2 z  𝜕  y 2 = t


  z =  ( x + a )  ( y + b )


  z =  ( x + a )  ( y + b )


    𝜕 z  𝜕 x =  ( y + b ) . 1


  𝒑 =  ( 𝒚 + 𝒃 )


    𝜕 z  𝜕 y =  ( x + a ) . 1


  𝒒 =  ( 𝒙 + 𝒂 )


  z = q . p


  𝒛 = 𝒑 𝒒


  2 z =    x 2   a 2 +    y 2   b 2


  2 z =    x 2   a 2 +    y 2   b 2


  2   𝜕 z  𝜕 x =   2 x   a 2


  p =  x   a 2


  x


  𝒑 𝒙 =    𝒙 𝟐   𝒂 𝟐


          2   𝜕 z  𝜕 y =   2 y   b 2


  q =  y   b 2


  y


  𝒒 𝒚 =    𝒚 𝟐   𝒃 𝟐


  𝟐 𝒛 = 𝒑 𝒙 + 𝒒 𝒚


  a  x 2 + b  y 2 +  z 2 = 1


  a  x 2 + b  y 2 +  z 2 = 1


   z 2 = 1 − a  x 2 − b  y 2


  2 z   𝜕 z  𝜕 x = 0 − 2 a x − 0


  p = − 2 a x


  a x = − z p


  x


  𝒂  𝒙 𝟐 = − 𝒛 𝒑 𝒙


  2 z   𝜕 z  𝜕 y = 0 − 0 − 2 b y


  q = − 2 b y


    b y = − z q


  y


  𝒃  𝒚 𝟐 = − 𝒛 𝒒 𝒚


   z 2 = 1 −  ( − z p x ) −  ( − z q y )


   z 2 − 1 = z p x + z q y


   𝒛 𝟐 − 𝟏 = 𝒛  ( 𝒑 𝒙 + 𝒒 𝒚 )


  z = a l o g  (  x 2 +  y 2 ) + b


  z = a l o g  (  x 2 +  y 2 ) + b


    𝜕 z  𝜕 x = a .  1   (  x 2 +  y 2 ) . 2 x


  𝒑 =   𝟐 𝒙 𝒂   (  𝒙 𝟐 +  𝒚 𝟐 )


   𝒑 𝒙 =   𝟐 𝒂   (  𝒙 𝟐 +  𝒚 𝟐 )


    𝜕 z  𝜕 y = a .  1   (  x 2 +  y 2 ) . 2 y


   𝒒 𝒚 =   𝟐 𝒂   (  𝒙 𝟐 +  𝒚 𝟐 )


   p x =  q y


  p y = q x


  𝒑 𝒚 − 𝒒 𝒙 = 𝟎


  z = x y + y   x 2 −  a 2 + b


  z = x y + y   x 2 −  a 2 + b


    𝜕 z  𝜕 x = y + y  1  2   x 2 −  a 2 . 2 x


  𝒑 = y +   x y    x 2 −  a 2


  𝒑 − 𝒚 =   x y    x 2 −  a 2


    𝜕 z  𝜕 y = x . 1 +   x 2 −  a 2


  𝒒 − 𝒙 =   𝒙 𝟐 −  𝒂 𝟐


  p − y =   x y   ( q − x )


   ( p − y )  ( q − x ) = x y


  p q − p x − q y + x y = x y


  𝒑 𝒒 = 𝒑 𝒙 + 𝒒 𝒚


  z = 0


  ( a , b , 0 )


  a


  b


  r  


     ( x − a ) 2 +    ( y − b ) 2 +    ( z − 0 ) 2 =  r 2


     ( x − a ) 2 +    ( y − b ) 2 +  z 2 =  r 2


   z 2 =  r 2 −    ( x − a ) 2 −    ( y − b ) 2


  2 z   𝜕 z  𝜕 x = 0 − 2 ( x − a ) − 0


  p = − 2 ( x − a )


   ( x − a ) = − z p


  2 z   𝜕 z  𝜕 y = 0 − 0 − 2 ( y − b )


  q = − 2 ( y − b )


   ( y − b ) = − z q


   z 2 =  r 2 −    ( − z p   ) 2 −    ( − z q ) 2


   z 2 =  r 2 −    z 2 p 2 −    z 2 q 2


   z 2 +    z 2 p 2 +    z 2 q 2 =  r 2


   𝒛 𝟐 ( 𝟏 +  𝒑 𝟐 +  𝒒 𝟐 ) =  𝒓 𝟐


     x 2   a 2 +    y 2   b 2 +    z 2   c 2 = 1


     x 2   a 2 +    y 2   b 2 +    z 2   c 2 = 1


     z 2   c 2 = 1 −    x 2   a 2 −    y 2   b 2


    2 z   c 2   𝜕 z  𝜕 x = 0 −   2 x   a 2 − 0


    2 z   c 2 p = −   2 x   a 2


    z p   c 2 = −  x   a 2


    2 z   c 2   𝜕 z  𝜕 y = 0 − 0 −   2 y   b 2


    2 z   c 2 q = −   2 y   b 2


    z q   c 2 = −  y   b 2


   1   c 2  𝜕  𝜕 x  [ z .   𝜕 z  𝜕 x ] = −  1   a 2  𝜕  𝜕 x  [ x ]


  p =   𝜕 z  𝜕 x


   1   c 2  [   𝜕 z  𝜕 x .   𝜕 z  𝜕 x + z .    𝜕 2 z  𝜕  x 2 ] = −  1   a 2 . 1


   1   c 2  [  p 2 + z . r ] = −  1   a 2


   x   c 2  [  p 2 + z r ] = −  x   a 2


   x   c 2  [  p 2 + z r ] =   z p   c 2


  x  [  p 2 + z r ] = z p


    x p 2 + x z r = z p


    x p 2 + x z r − z p = 0


    x p 2 + z ( x r − p ) = 0


  x − a x i s


  x − a x i s


  C = ( a , 0 , 0 )


  r = 3


     ( x − a ) 2 +    ( y − 0 ) 2 +    ( z − 0 ) 2 =  3 2


     ( x − a ) 2 +  y 2 +  z 2 = 9


   z 2 = 9 −    ( x − a ) 2 −  y 2


  2 z   𝜕 z  𝜕 x = 0 − 2 ( x − a ) − 0


  p = − 2 ( x − a )


   ( x − a ) = − z p


  2 z   𝜕 z  𝜕 y = 0 − 0 − 2 y


  q = − 2 y


  y = − z q


   z 2 = 9 −    ( − z p   ) 2 −    ( y ) 2


   z 2 = 9 −    z 2 p 2 −  y 2


   z 2 +    z 2 p 2 +  y 2 = 9


   𝒛 𝟐  ( 𝟏 +  𝒑 𝟐 ) +  𝒚 𝟐 = 𝟗


  z = f  (  x 2 +  y 2 )


  z = f  (  x 2 +  y 2 )


  x


  y


    𝜕 z  𝜕 x = p =  f ′  (  x 2 +  y 2 ) . 2 x


    𝜕 z  𝜕 y = q =  f ′  (  x 2 +  y 2 ) . 2 y


   p x =   2 f ′  (  x 2 +  y 2 )


   q y =   2 f ′  (  x 2 +  y 2 )


   p x =  q y


  p y = q x


  𝒑 𝒚 − 𝒒 𝒙 = 𝟎


  z =  y 2 + 2 f  (  1 x + l o g y )


  z =  y 2 + 2 f  (  1 x + l o g y )


  x


  y


    𝜕 z  𝜕 x = p =   0 + 2 f ′  (  1 x + l o g y ) .  (   − 1   x 2 )


    𝜕 z  𝜕 y = q =   2 y + 2 f ′  (  1 x + l o g y ) .  (  1 y )


  p =     − 1   x 2 . 2 f ′  (  1 x + l o g y )


  q −   2 y =  1 y . 2 f ′  (  1 x + l o g y )


   x 2 p =   − 2 f ′  (  1 x + l o g y )


   ( q − 2 y ) y =   2 f ′  (  1 x + l o g y )


   x 2 p = −  ( q − 2 y ) y


   x 2 p = − q y + 2  y 2


   𝒙 𝟐 𝒑 + 𝒒 𝒚 = 𝟐  𝒚 𝟐


  z =  e y f  ( x + y )


  z =  e y f  ( x + y )


  x


  y


    𝜕 z  𝜕 x = p =  e y  f ′  ( x + y )


    𝜕 z  𝜕 y = q =  e y .  f ′  ( x + y ) + f  ( x + y )


   e y


  p =  e y  f ′  ( x + y )


  q =  e y .  f ′  ( x + y )


  z


  q − z =  e y .  f ′  ( x + y )


  p = q − z


  𝒑 + 𝒛 = 𝒒


  z =  e  a x + b y f  ( a x − b y )


  z =  e  a x + b y f  ( a x − b y )


  x


    𝜕 z  𝜕 x =  e  a x + b y  f ′  ( a x − b y ) . a + f  ( a x − b y ) .  e  a x + b y . a


  p =  e  a x + b y  f ′  ( a x − b y ) . a + a z


  p − a z =   a e  a x + b y  f ′  ( a x − b y )


  p b − a b z =   a b e  a x + b y  f ′  ( a x − b y )


  y


    𝜕 z  𝜕 y =  e  a x + b y  f ′  ( a x − b y ) . ( − b ) + f  ( a x − b y ) .  e  a x + b y . b


  q =   − b e  a x + b y  f ′  ( a x − b y ) + b z


  q − b z =   − b e  a x + b y  f ′  ( a x − b y )


  q a − a b z = −   a b e  a x + b y  f ′  ( a x − b y )


  p b − a b z = −  ( q a − a b z )


  p b − a b z = − q a + a b z


  p b + q a = a b z + a b z


  𝒑 𝒃 + 𝒒 𝒂 = 𝟐 𝒂 𝒃 𝒛


  l x + m y + n z = 𝜑  (  x 2 +  y 2 +  z 2 )


  l x + m y + n z = 𝜑  (  x 2 +  y 2 +  z 2 )


  x


  l . 1 + 0 + n   𝜕 z  𝜕 x =  𝜑 ′  (  x 2 +  y 2 +  z 2 ) .  ( 2 x + 0 + 2 z   𝜕 z  𝜕 x )


  l + n p =   2 𝜑 ′  (  x 2 +  y 2 +  z 2 ) .  ( x + z p )


     ( l + n p )   ( x + z p ) =   2 𝜑 ′  (  x 2 +  y 2 +  z 2 )


  y


  0 + m . 1 + n   𝜕 z  𝜕 y =  𝜑 ′  (  x 2 +  y 2 +  z 2 ) .  ( 0 + 2 y + 2 z   𝜕 z  𝜕 y )


  m + n q =   2 𝜑 ′  (  x 2 +  y 2 +  z 2 ) .  ( y + z q )


     ( m + n q )   ( y + z q ) =   2 𝜑 ′  (  x 2 +  y 2 +  z 2 )


     ( l + n p )   ( x + z p ) =    ( m + n q )   ( y + z q )


   ( l + n p )  ( y + z q ) =  ( x + z p )  ( m + n q )


  l y + l z q + n p y + n p z q = m x + n q x + m z p + z p n q


  l y − m x = n q x + m z p − l z q − n p y


  l y − m x = p  ( m z − n y ) + q ( n x − l z )


  𝜑  ( x + y + z ,    x 2 +  y 2 −  z 2 ) = 0


  𝜑  ( x + y + z ,    x 2 +  y 2 −  z 2 ) = 0


  u = x + y + z


    v = x 2 +  y 2 −  z 2


    𝜕 u  𝜕 x = 1 + 0 +   𝜕 z  𝜕 x


    𝜕 v  𝜕 x = 2 x + 0 − 2 z   𝜕 z  𝜕 x


    𝝏 𝒖  𝝏 𝒙 = 𝟏 + 𝒑


    𝝏 𝒗  𝝏 𝒙 = 𝟐 𝒙 − 𝟐 𝒛 𝒑


    𝜕 u  𝜕 y = 0 + 1 +   𝜕 z  𝜕 y


    𝜕 v  𝜕 y = 0 + 2 y − 2 z   𝜕 z  𝜕 y


    𝝏 𝒖  𝝏 𝒚 = 𝟏 + 𝒒


    𝝏 𝒗  𝝏 𝒚 = 𝟐 𝒚 − 𝟐 𝒛 𝒒


  𝜑  ( u ,   v ) =  |      𝝏 𝒖  𝝏 𝒙    𝝏 𝒖  𝝏 𝒚     𝝏 𝒗  𝝏 𝒙    𝝏 𝒗  𝝏 𝒚 |


  𝜑  ( u ,   v ) = 0


   |    ( 1 + p )  ( 1 + q )   ( 2 x − 2 z p )  ( 2 y − 2 z q ) | = 𝟎


   ( 1 + p )  ( 2 y − 2 z q ) −  ( 1 + q )  ( 2 x − 2 z p ) = 0


  2 y − 2 z q + 2 p y − 2 z p q − 2 x + 2 z p − 2 q x + 2 z p q = 0


  ÷ b y   2


  y − z q + p y − x + z p − q x = 0


  − z q + p y + z p − q x = x − y


  𝒑  ( 𝒚 + 𝒛 ) − 𝒒 ( 𝒙 + 𝒛 ) = 𝒙 − 𝒚


  𝜑  ( x y +  z 2 ,   x + y + z ) = 0


  𝜑  ( x y +  z 2 ,   x + y + z ) = 0


  u = x y +  z 2


  v = x + y + z


    𝜕 u  𝜕 x = y . 1 + 2 z   𝜕 z  𝜕 x


    𝜕 v  𝜕 x = 1 + 0 +   𝜕 z  𝜕 x


    𝝏 𝒖  𝝏 𝒙 = 𝒚 + 𝟐 𝒛 𝒑


    𝝏 𝒗  𝝏 𝒙 = 𝟏 + 𝒑


    𝜕 u  𝜕 y = x . 1 + 0 + 2 z   𝜕 z  𝜕 y


    𝜕 v  𝜕 y = 1 + 0 +   𝜕 z  𝜕 y


    𝝏 𝒖  𝝏 𝒚 = 𝒙 + 𝟐 𝒛 𝒒


    𝝏 𝒗  𝝏 𝒚 = 𝟏 + 𝒒


  𝜑  ( u ,   v ) =  |      𝝏 𝒖  𝝏 𝒙    𝝏 𝒖  𝝏 𝒚     𝝏 𝒗  𝝏 𝒙    𝝏 𝒗  𝝏 𝒚 |


  𝜑  ( u ,   v ) = 0


   |    ( y + 2 z p )  ( x + 2 z q )   ( 1 + p )  ( 1 + q ) | = 0


   ( y + 2 z p )  ( 1 + q ) −  ( x + 2 z q )  ( 1 + p ) = 0


  y + y q + 2 z p + 2 z p q − x − 2 z q − p x − 2 p z q = 0


  y + y q + 2 z p − x − 2 z q − p x = 0


  y q + 2 z p − 2 z q − p x = x − y


  𝒑  ( 𝟐 𝒛 − 𝒙 ) + 𝒒  ( 𝒚 − 𝟐 𝒛 ) = 𝒙 − 𝒚


  f  (  x 2 +  y 2 ,   z − x y ) = 0


  f  (  x 2 +  y 2 ,   z − x y ) = 0


  u =  x 2 +  y 2


  v = z − x y


    𝜕 u  𝜕 x = 2 x + 0


    𝜕 v  𝜕 x =   𝜕 z  𝜕 x − y . 1


    𝝏 𝒖  𝝏 𝒙 = 𝟐 𝒙


    𝝏 𝒗  𝝏 𝒙 = 𝒑 − 𝒚


    𝜕 u  𝜕 y = 0 + 2 y


    𝜕 v  𝜕 y =   𝜕 z  𝜕 y − x . 1


    𝝏 𝒖  𝝏 𝒚 = 𝟐 𝒚


    𝝏 𝒗  𝝏 𝒚 = 𝒒 − 𝒙


  f  ( u ,   v ) =  |      𝝏 𝒖  𝝏 𝒙    𝝏 𝒖  𝝏 𝒚     𝝏 𝒗  𝝏 𝒙    𝝏 𝒗  𝝏 𝒚 |


  f  ( u ,   v ) = 0


   |    ( 2 x )  ( 2 y )   ( 𝒑 − 𝒚 )  ( 𝒒 − 𝒙 ) | = 0


   ( 2 x )  ( q − x ) −  ( 2 y )  ( p − y ) = 0


  2 x q − 2  x 2 − 2 y p + 2  y 2 = 0


  ÷ b y   2


  𝒙 𝒒 − 𝒚 𝒑 =  𝒙 𝟐 −  𝒚 𝟐


  f  (  x 2 + 2 y z ,  y 2 + 2 z x ) = 0


  f  (  x 2 + 2 y z ,  y 2 + 2 z x ) = 0


  u =  x 2 + 2 y z


  v =  y 2 + 2 z x


    𝜕 u  𝜕 x = 2 x + 2 y   𝜕 z  𝜕 x                                                                                                           𝜕 v  𝜕 x = 0 + 2 x .   𝜕 z  𝜕 x + 2 z . 1


    𝝏 𝒖  𝝏 𝒙 = 𝟐 𝒙 + 𝟐 𝒚 𝒑


    𝝏 𝒗  𝝏 𝒙 = 𝟐 𝒙 𝒑 + 𝟐 𝒛


    𝜕 u  𝜕 y = 0 + 2 y .   𝜕 z  𝜕 y + 2 z . 1


    𝜕 v  𝜕 y = 2 y + 2 x   𝜕 z  𝜕 y


    𝝏 𝒖  𝝏 𝒚 = 𝟐 𝒚 𝒒 + 𝟐 𝒛


    𝝏 𝒗  𝝏 𝒚 = 𝟐 𝒚 + 𝟐 𝒙 𝒒


  f  ( u ,   v ) =  |      𝝏 𝒖  𝝏 𝒙    𝝏 𝒖  𝝏 𝒚     𝝏 𝒗  𝝏 𝒙    𝝏 𝒗  𝝏 𝒚 |


  f  ( u ,   v ) = 0


   |    ( 2 x + 2 y p )  ( 2 y q + 2 z )   ( 2 z + 2 x p )  ( 2 y + 2 x q ) | = 0


   ( 2 x + 2 y p )  ( 2 y + 2 x q ) −  ( 2 y q + 2 z )  ( 2 z + 2 x p ) = 0


  4 x y + 4  x 2 q + 4  y 2 p + 4 x y p q − 4 z y q − 4 x y p q − 4  z 2 − 4 x z p = 0


  ÷ b y   4


  x y +  x 2 q +  y 2 p − z y q −  z 2 − x z p = 0


   x 2 q +  y 2 p − z y q − x z p =  z 2 − x y


  𝒑  (  𝒚 𝟐 − 𝒙 𝒛 ) + 𝒒  (  𝒙 𝟐 − 𝒚 𝒛 ) =  𝒛 𝟐 − 𝒙 𝒚


  f  (   x y z , z ) = 0


  f  (   x y z , z ) = 0


  u =   x y z


  v = z


    𝜕 u  𝜕 x = y .    ( z . 1 − x .   𝜕 z  𝜕 x )   z 2                                                                                                           𝜕 v  𝜕 x =   𝜕 z  𝜕 x


    𝝏 𝒖  𝝏 𝒙 =   𝒚  ( 𝒛 − 𝒙 𝒑 )   𝒛 𝟐


    𝝏 𝒗  𝝏 𝒙 = 𝒑


    𝜕 u  𝜕 y = x .    ( z . 1 − y .   𝜕 z  𝜕 y )   z 2


    𝜕 v  𝜕 y =   𝜕 z  𝜕 y


    𝝏 𝒖  𝝏 𝒚 =   𝒙  ( 𝒛 − 𝒚 𝒒 )   𝒛 𝟐


    𝝏 𝒗  𝝏 𝒚 = 𝒒


  f  ( u ,   v ) =  |      𝝏 𝒖  𝝏 𝒙    𝝏 𝒖  𝝏 𝒚     𝝏 𝒗  𝝏 𝒙    𝝏 𝒗  𝝏 𝒚 |


  f  ( u ,   v ) = 0


   |      y  ( z − x p )   z 2    x  ( z − y q )   z 2   p  q | = 0


    y  ( z − x p )   z 2 . q −   x  ( z − y q )   z 2 . p = 0


    y q  ( z − x p )   z 2 −   x p  ( z − y q )   z 2 = 0


    y q  ( z − x p ) − x p ( z − y q )   z 2 = 0


    y q z − x p p q − x z q + x y p q   z 2 = 0


  y q z − x z q = 0


  z ( y q − x q ) = 0


  𝒚 𝒒 − 𝒙 𝒑 = 𝟎


  z = y f  ( x ) + x 𝜑 ( y )


  z = y f  ( x ) + x 𝜑 ( y )


    𝜕 z  𝜕 x = y .  f ′  ( x ) + 𝜑  ( y ) . 1


  𝒑 = 𝒚  𝒇 ′  ( 𝒙 ) + 𝝋  ( 𝒚 )


    𝜕 z  𝜕 y = f  ( x ) . 1 + x .  𝜑 ′  ( y )


  𝒒 = 𝒇  ( 𝒙 ) + 𝒙  𝝋 ′  ( 𝒚 )


     𝜕 2 z  𝜕  x 2 = y .  f  ′ ′  ( x ) + 0


  𝒓 = 𝒚  𝒇  ′ ′  ( 𝒙 )


   𝜕  𝜕 y  (   𝜕 z  𝜕 x ) =  f ′  ( x ) . 1 +  𝜑 ′  ( y )


     𝜕 2 z  𝜕 y . 𝜕 x   =  f ′  ( x ) +  𝜑 ′  ( y )


  𝒔 =  𝒇 ′  ( 𝒙 ) +  𝝋 ′  ( 𝒚 )


     𝜕 2 z    𝜕 y 2 = 0 + x  𝜑  ′ ′  ( y )


  𝒕 = 𝒙  𝝋  ′ ′  ( 𝒚 )


  x  


  y


  p x + q y = x y  f ′  ( x ) + x 𝜑  ( y ) + y f  ( x ) + x y  𝜑 ′ ( y )


  p x + q y =  [ x 𝜑  ( y ) + y f  ( x ) ] + x y  [  f ′  ( x ) +  𝜑 ′ ( y )   ]


  p x + q y = z + x y s


  𝒑 𝒙 + 𝒒 𝒚 − 𝒙 𝒚 𝒔 = 𝒛


  z = f  ( y + x ) + g ( y + 2 x )


  z = f  ( y + x ) + g ( y + 2 x )


    𝜕 z  𝜕 x =  f ′  ( y + x ) + 2  g ′  ( y + 2 x )


  𝒑 =  𝒇 ′ + 𝟐  𝒈 ′


    𝜕 z  𝜕 y =  f ′  ( y + x ) +  g ′  ( y + 2 x )


  𝒒 =  𝒇 ′ +  𝒈 ′


     𝜕 2 z  𝜕  x 2 =  f  ′ ′  ( y + x ) + 4  g  ′ ′  ( y + 2 x )


  𝒓 =  𝒇  ′ ′ + 𝟒  𝒈  ′ ′


     𝜕 2 z  𝜕 x 𝜕 y =  f  ′ ′  ( y + x ) + 4  g  ′ ′  ( y + 2 x )


  𝒔 =  𝒇  ′ ′ + 𝟐  𝒈  ′ ′


     𝜕 2 z  𝜕  y 2 =  f  ′ ′  ( y + x ) +  g  ′ ′  ( y + 2 x )


  𝒕 =  𝒇  ′ ′ +  𝒈  ′ ′


  r − s =  f  ′ ′ + 4  g  ′ ′ −  f  ′ ′ − 2  g  ′ ′


  𝒓 − 𝒔 = 𝟐  𝒈  ′ ′


  s − t =  f  ′ ′ + 2  g  ′ ′ −  f  ′ ′ −  g  ′ ′


  𝒔 − 𝒕 =  𝒈  ′ ′


  𝒓 − 𝒔 = 𝟐 ( 𝒔 − 𝒕 )


  𝒓 − 𝒔 = 𝟐 𝒔 − 𝟐 𝒕


  𝒓 − 𝒔 − 𝟐 𝒔 + 𝟐 𝒕 = 𝟎


  𝒓 − 𝟑 𝒔 + 𝟐 𝒕 = 𝟎


  z =  f 1  ( y − 2 x ) +  f 2 ( 2 y − x )


  z =  f 1  ( y − 2 x ) +  f 2 ( 2 y − x )


    𝜕 z  𝜕 x =   − 2 f 1 ′  ( y − 2 x ) −  f 2 ′ ( 2 y − x )


  𝒑 =   − 𝟐 𝒇 𝟏 ′ −  𝒇 𝟐 ′


    𝜕 z  𝜕 y =  f 1 ′  ( y − 2 x ) + 2  f 2 ′ ( 2 y − x )


  𝒒 =  𝒇 𝟏 ′ + 𝟐  𝒇 𝟐 ′


     𝜕 2 z  𝜕  x 2 =   4 f 1  ′ ′  ( y − 2 x ) +  f 2  ′ ′ ( 2 y − x )


  𝒓 =   𝟒 𝒇 𝟏  ′ ′ +  𝒇 𝟐  ′ ′


   𝜕  𝜕 y  (   𝜕 z  𝜕 x ) =   − 2 f 1  ′ ′  ( y − 2 x ) − 2  f 2  ′ ′ ( 2 y − x )


  𝒔 =   − 𝟐 𝒇 𝟏  ′ ′ − 𝟐  𝒇 𝟐  ′ ′


     𝜕 2 z  𝜕  y 2 =  f 1  ′ ′  ( y − 2 x ) + 4  f 2  ′ ′ ( 2 y − x )


  𝒕 =  𝒇 𝟏  ′ ′ +   𝟒 𝒇 𝟐  ′ ′


  r + 2 s =   4 f 1  ′ ′ +  f 2  ′ ′   − 4 f 1  ′ ′ − 4  f 2  ′ ′


  𝒓 + 𝟐 𝒔 = − 𝟑  𝒇 𝟐  ′ ′


  s + 2 t =   − 2 f 1  ′ ′ − 2  f 2  ′ ′   + 2 f 1  ′ ′ + 8  f 2  ′ ′


  𝒔 + 𝟐 𝒕 = 𝟔  𝒇 𝟐  ′ ′


  ÷


    𝒔 + 𝟐 𝒕  𝒓 + 𝟐 𝒔 =   𝟔  𝒇 𝟐  ′ ′  − 𝟑  𝒇 𝟐  ′ ′


    s + 2 t  r + 2 s = − 2


  s + 2 t = − 2 ( r + 2 s )


  s + 2 t = − 2 r − 4 s


  s + 2 t + 2 r + 4 s = 0


  𝟓 𝒔 + 𝟐 𝒕 + 𝟐 𝒓 = 𝟎


  z = f  ( x ) +  e y g ( x )


  z = f  ( x ) +  e y g ( x )


    𝜕 z  𝜕 x =  f ′  ( x ) +  e y  g ′  ( x )


  𝒑 =  𝒇 ′ ( 𝒙 ) +  𝒆 𝒚  𝒈 ′ ( 𝒙 )


    𝜕 z  𝜕 y =  e y g  ( x )


  𝒒 =  𝒆 𝒚 𝒈 ( 𝒙 )


     𝜕 2 z  𝜕  x 2 =  f  ′ ′  ( x ) +  e y  g  ′ ′  ( x )


  𝒓 =  𝒇  ′ ′  ( 𝒙 ) +  𝒆 𝒚  𝒈  ′ ′  ( 𝒙 )


   𝜕  𝜕 y  (   𝜕 z  𝜕 x ) = 0 +  e y  g ′  ( x )


  𝒔 =  𝒆 𝒚  𝒈 ′  ( 𝒙 )


     𝜕 2 z  𝜕  y 2 =  e y g  ( x )


  𝒕 =  𝒆 𝒚 𝒈  ( 𝒙 )


  𝒒 = 𝒕


  𝒕 − 𝒒 = 𝟎


  z = f  ( x + c t ) + g ( x − c t )


  z = f  ( x + c t ) + g ( x − c t )


    𝜕 z  𝜕 x =  f ′  ( x + c t ) +  g ′  ( x − c t )


  𝒑 =  𝒇 ′ +  𝒈 ′


    𝜕 z  𝜕 t =   c f ′  ( x + c t ) − c  g ′  ( x − c t )


  𝒒 =   𝒄 𝒇 ′ − 𝒄  𝒈 ′


     𝜕 2 z  𝜕  x 2 =  f  ′ ′  ( x + c t ) +  g  ′ ′  ( x − c t )


  𝒓 =  𝒇  ′ ′ +  𝒈  ′ ′


   𝜕  𝜕 t  (   𝜕 z  𝜕 x ) =   c f  ′ ′  ( x + c t ) − c  g  ′ ′  ( x − c t )


  𝒔 =   𝒄 𝒇  ′ ′ − 𝒄  𝒈  ′ ′


     𝜕 2 z  𝜕  t 2 =  c 2  f  ′ ′  ( x + c t ) +  c 2  g  ′ ′  ( x − c t )


  𝒕 =  𝒄 𝟐  𝒇  ′ ′ +  𝒄 𝟐  𝒈  ′ ′


  t =  c 2  f  ′ ′ +  c 2  g  ′ ′


  t =  c 2  [  f  ′ ′ +  g  ′ ′ ]


  t =  c 2 r


  𝒕 −  𝒄 𝟐 𝒓 = 𝟎


     𝜕 2 u    𝜕 x 2 = x + y


     𝜕 2 u    𝜕 x 2 = x + y


   𝜕  𝜕 x  (   𝜕 u  𝜕 x ) = x + y


  ′ x ′


    𝜕 u  𝜕 x =  ∫  x   d x + y  ∫  1   d x


    𝜕 u  𝜕 x =    x 2 2 + y x + f ( y )


  ′ x ′


  u =  1 2  ∫   x 2   d x + y  ∫  x   d x + f ( y )  ∫  1   d x


  u =  1 2  [    x 3 3 ] + y  [    x 2 2 ] + f  ( y ) . x + g ( y )


  𝒖 =    𝒙 𝟑 𝟔 +    𝒙 𝟐 𝒚 𝟐 + 𝒙 𝒇  ( 𝒚 ) + 𝒈 ( 𝒚 )


     𝜕 2 z  𝜕 x 𝜕 y =  x y + a


     𝜕 2 z  𝜕 x 𝜕 y =  x y + a


   𝜕  𝜕 x  (   𝜕 z  𝜕 y ) =  x y + a


  ′ x ′


    𝜕 z  𝜕 y =  1 y  ∫  x   d x + a  ∫  1   d x


    𝜕 z  𝜕 y =    x 2  2 y + a x + f ( y )


  ′ y ′


  z =    x 2 2  ∫   1 y   d y + a x  ∫  1   d y +  ∫  f  ( y ) d y


  𝒛 =    𝒙 𝟐 𝟐 𝒍 𝒐 𝒈 𝒚 + 𝒂 𝒙 𝒚 + 𝑭  ( 𝒚 ) + 𝒈 ( 𝒙 )


     𝜕 3 z  𝜕  x 2 𝜕 y = cos ⁡ ( 2 x + 3 y )


     𝜕 3 z  𝜕  x 2 𝜕 y = cos ⁡ ( 2 x + 3 y )


   𝜕  𝜕 x  (    𝜕 2 z  𝜕 x 𝜕 y ) = cos ⁡ ( 2 x + 3 y )


  ′ x ′


     𝜕 2 z  𝜕 x 𝜕 y =  ∫  cos ⁡ ( 2 x + 3 y )   d x


     𝜕 2 z  𝜕 x 𝜕 y =   sin ⁡ ( 2 x + 3 y ) 2 + f ( y )


   𝜕  𝜕 x  (   𝜕 z  𝜕 y ) =   sin ⁡ ( 2 x + 3 y ) 2 + f ( y )


  ′ x ′


    𝜕 z  𝜕 y =  1 2  ∫   sin ⁡   ( 2 x + 3 y ) d x + f  ( y )  ∫  1   d x


    𝜕 z  𝜕 y =   − cos ⁡ ( 2 x + 3 y )  2 . 2 + f  ( y ) . x + g ( y )


  ′ y ′


  z = −  1 4  ∫   cos ⁡   ( 2 x + 3 y ) d y + x  ∫  f  ( y ) d y +  ∫  g  ( y ) d y


  z = −  1 4 .    sin ⁡   ( 2 x + 3 y ) 3 + x F  ( y ) + G  ( y ) + h ( x )


  𝒛 = −     𝒔 𝒊 𝒏 ⁡   ( 𝟐 𝒙 + 𝟑 𝒚 )  𝟏 𝟐 + 𝒙 𝑭  ( 𝒚 ) + 𝑮  ( 𝒚 ) + 𝒉 ( 𝒙 )


     𝜕 2 z  𝜕 x 𝜕 y = s i n x   s i n y


    𝜕 z  𝜕 y = − 2 s i n y


  x = 0


  z = 0


  y


   𝜋 2


   { o r   z = 0   i f   y =  ( 2 n + 1 )  𝜋 2 }


     𝜕 2 z  𝜕 x 𝜕 y = s i n x   s i n y


     𝜕  𝜕 x  (   𝜕 z  𝜕 y ) = s i n x   s i n y


  ′ x ′


    𝜕 z  𝜕 y = s i n y  ∫  s i n x   d x


    𝜕 z  𝜕 y = s i n y  ( − c o s x ) + f ( y )


  ′ y ′


  z = − c o s x  ∫  s i n y   d y +  ∫  f  ( y ) d y


  z = − c o s x  ( − c o s y ) + F  ( y ) + g ( x )


  z = c o s x . c o s y + F  ( y ) + g ( x )


    𝜕 z  𝜕 y = − 2 s i n y


  x = 0


  − 2 s i n y = s i n y  ( − c o s 0 ) + f ( y )


  c o s 0 = 1


  − 2 s i n y = − s i n y + f ( y )


  f  ( y ) = − 2 s i n y + s i n y


  𝒇  ( 𝒚 ) = − 𝒔 𝒊 𝒏 𝒚


  F  ( y ) =  ∫  f  ( y ) d y


  F  ( y ) = −  ∫  s i n y   d y


  F  ( y ) = − ( − c o s y )


  F  ( y ) = c o s y


  z = c o s x . c o s y + c o s y + g ( x )


  z = 0   i f   y =  ( 2 n + 1 )  𝜋 2


  0 = c o s x . c o s  [  ( 2 n + 1 )  𝜋 2 ] + c o s  [  ( 2 n + 1 )  𝜋 2 ] + g ( x )


    c o s  [  ( 2 n + 1 )  𝜋 2 ] = 0


  𝒈  ( 𝒙 ) = 𝟎


  z = c o s x . c o s y + c o s y + 0


    z = c o s x . c o s y + c o s y


  𝒛 = 𝒄 𝒐 𝒔 𝒚  ( 𝒄 𝒐 𝒔 𝒙 + 𝟏 )


     𝜕 2 u  𝜕 x 𝜕 t =  e  − t c o s x  


  u = 0  


  t = 0  


    𝜕 u  𝜕 t = 0


  x = 0


  u → s i n x


  t → ∞


     𝜕 2 u  𝜕 x 𝜕 t =  e  − t c o s x  


   𝜕  𝜕 x  (   𝜕 u  𝜕 t ) =  e  − t c o s x  


  ′ x ′


      𝜕 u  𝜕 t =  e  − t  ∫  c o s x   d x


      𝜕 u  𝜕 t =  e  − t s i n x + f ( t )


  ′ t ′


    u = s i n x  ∫   e  − t d t +  ∫  f  ( t ) d t + g ( x )


  u = s i n x  [    e  − t  − 1 ] + F  ( t ) + g ( x )


  u = −  e  − t s i n x + F  ( t ) + g ( x )


    𝜕 u  𝜕 t = 0


  x = 0


  0 =  e  − t  ( s i n 0 ) + f ( t )


    s i n 0 = 0


  𝒇  ( 𝒕 ) = 𝟎


  F  ( t ) =  ∫  f  ( t ) d t


  𝑭  ( 𝒕 ) = 𝟎


  u = −  e  − t s i n x + 0 + g ( x )


    u =   − e  − t s i n x + g ( x )


  u = 0  


  t = 0  


      0 =   − e  − 0 s i n x + g ( x )


   e  − 0 = 1


  0 = − s i n x + g ( x )


  𝒈  ( 𝒙 ) = 𝒔 𝒊 𝒏 𝒙


  u =   − e  − t s i n x + 0 + s i n x


    𝒖 = 𝒔 𝒊 𝒏 𝒙  ( 𝟏   − 𝒆  − 𝒕 )


  t → ∞


  u = s i n x  ( 1   − e  − ∞ )


  u = s i n x  ( 1 − 0 )


  𝒖 = 𝒔 𝒊 𝒏 𝒙


  ∴     𝒖 → 𝒔 𝒊 𝒏 𝒙


  𝒕 → ∞


     𝜕 2 z  𝜕 x 𝜕 y =  x y


  z = 0


  x = 1


    𝜕 z  𝜕 x = l o g x


  y = 1


     𝜕 2 z  𝜕 x 𝜕 y =  x y


     𝜕 2 z  𝜕 y 𝜕 x =  x y


   𝜕  𝜕 y  (   𝜕 z  𝜕 x ) =  x y


  ′ y ′


      𝜕 z  𝜕 x = x  ∫   1 y   d y


      𝜕 z  𝜕 x = x l o g y + f ( x )


  ′ x ′


    z = l o g y  ∫ x d x +  ∫  f ( x )   d x


  z = l o g y  [    x 2 2 ] + F  ( x ) + g ( y )


    𝜕 z  𝜕 x = l o g x


  y = 1


  l o g x = x l o g 1 + f ( x )


    l o g 1 = 0


  𝒇  ( 𝒙 ) = 𝒍 𝒐 𝒈 𝒙


  F  ( x ) =  ∫  f  ( x )   d x


  F  ( x ) =  ∫  l o g x . 1   d x


  F  ( x ) = x l o g x −  ∫   1 x . x   d x


  𝑭  ( 𝒙 ) = 𝒙 𝒍 𝒐 𝒈 𝒙 − 𝒙


  z =    x 2 l o g y 2 + x l o g x − x + g ( y )


  z = 0


  x = 1


  0 =   1 . l o g y 2 + 1 . l o g 1 − 1 + g ( y )


  l o g 1 = 0


  0 =   l o g y 2 − 1 + g ( y )


  𝒈  ( 𝒚 ) = 𝟏 −   𝒍 𝒐 𝒈 𝒚 𝟐


  z =    x 2 l o g y 2 + x l o g x − x + 1 −   l o g y 2


  𝒛 =   𝒍 𝒐 𝒈 𝒚 𝟐  (  𝒙 𝟐 − 𝟏 ) + 𝒙  ( 𝒍 𝒐 𝒈 𝒙 − 𝟏 ) + 𝟏


     𝜕 2 z  𝜕  x 2 = x y


    𝜕 z  𝜕 x = log ⁡ ( 1 + y )


  x = 1


  z = 0


  x = 0


     𝜕 2 z  𝜕  x 2 = x y


   𝜕  𝜕 x  (   𝜕 z  𝜕 x ) = x y


  ′ x ′


      𝜕 z  𝜕 x = y  ∫  x   d x


      𝜕 z  𝜕 x = y .    x 2 2 + f ( y )


  ′ x ′


    z =  y 2  ∫   x 2 d x + f ( y )  ∫ 1   d x


    z =  y 2  [    x 3 3 ] + x f  ( y ) + g ( y )


  z =    x 3 y 6 + x f  ( y ) + g ( y )


    𝜕 z  𝜕 x = log ⁡ ( 1 + y )


  x = 1


  log ⁡ ( 1 + y ) =  y 2 + f ( y )


  𝒇  ( 𝒚 ) = 𝒍 𝒐 𝒈  ( 𝟏 + 𝒚 ) −  𝒚 𝟐


  z =    x 3 y 6 + x  [ l o g  ( 1 + y ) −  y 2 ] + g ( y )


  z = 0


  x = 0


  0 = 0 + 0 + g ( y )


  𝒈  ( 𝒚 ) = 𝟎


  z =    x 3 y 6 + x  [ l o g  ( 1 + y ) −  y 2 ] + 0


  𝒛 =    𝒙 𝟑 𝒚 𝟔 + 𝒙  [ 𝒍 𝒐 𝒈  ( 𝟏 + 𝒚 ) −  𝒚 𝟐 ]


  y = f ( x )


   y i


   Y i )


   R i =  y i −  Y i


  𝒚 = 𝒂 𝒙 + 𝒃


  𝒚 = 𝒂 𝒙 + 𝒃


  𝒂  ∑ 𝒙 + 𝒏 𝒃 =  ∑ 𝒚


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑  𝒙 =  ∑  𝒙 𝒚


  𝒂


  𝒃


  𝒚 = 𝒂 + 𝒃 𝒙


  𝒏 𝒂 + 𝒃  ∑ 𝒙 =  ∑ 𝒚


  𝒂  ∑ 𝒙 + 𝒃  ∑   𝒙 𝟐 =  ∑  𝒙 𝒚


  𝒚 = 𝒂 𝒙 + 𝒃


  𝒚 = 𝒂 𝒙 + 𝒃


  𝒂  ∑ 𝒙 + 𝒏 𝒃 =  ∑ 𝒚


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑  𝒙 =  ∑  𝒙 𝒚


  x


  y


  x y


   𝒙 𝟐


   ∑  𝒙 = 𝟓 𝟔


   ∑ 𝒚 = 𝟒 𝟎


   ∑  𝒙 𝒚 = 𝟑 𝟔 𝟒


   ∑   𝒙 𝟐 = 𝟓 𝟐 𝟒


  𝟓 𝟔 𝒂 + 𝟖 𝒃 = 𝟒 𝟎


  𝟓 𝟐 𝟒 𝒂 + 𝟓 𝟔 𝒃 = 𝟑 𝟔 𝟒


  𝒂 = 𝟎 . 𝟔 𝟑 𝟔 𝟑


  𝐛 = 𝟎 . 𝟓 𝟒 𝟓 𝟒


  ⇒


  𝒚 = ( 𝟎 . 𝟔 𝟑 𝟔 𝟑 ) 𝒙 + ( 𝟎 . 𝟓 𝟒 𝟓 𝟒


  𝒙


  𝒚


  𝒚 = 𝒂 𝒙 + 𝒃


  𝒂  ∑ 𝒙 + 𝒏 𝒃 =  ∑ 𝒚


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑  𝒙 =  ∑  𝒙 𝒚


  𝒙


  𝒚


  𝒙 𝒚


   𝒙 𝟐


   ∑  𝒙 = 𝟕 𝟓


   ∑ 𝒚 = 𝟏 𝟏 𝟒


   ∑  𝒙 𝒚 = 𝟏 𝟖 𝟖 𝟓


   ∑   𝒙 𝟐 = 𝟏 𝟑 𝟕 𝟓


  𝟕 𝟓 𝒂 + 𝟓 𝒃 = 𝟏 𝟏 𝟒


  𝟏 𝟑 𝟕 𝟓 𝒂 + 𝟕 𝟓 𝒃 = 𝟏 𝟖 𝟖 𝟓


  𝒂 = 𝟎 . 𝟕


  𝐛 = 𝟏 𝟐 . 𝟑


  ⇒


  𝒚 = ( 𝟎 . 𝟕 ) 𝒙 + ( 𝟏 𝟐 . 𝟑


  𝒙 = 𝟑 𝟎


  ⇒


  𝒚 = ( 𝟎 . 𝟕 ) ( 𝟑 𝟎 ) + ( 𝟏 𝟐 . 𝟑 )


  𝒚 = 𝟑 𝟑 . 𝟑


  𝒙


  𝒚


  𝒚 = 𝒂 𝒙 + 𝒃


  𝒂  ∑ 𝒙 + 𝒏 𝒃 =  ∑ 𝒚


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑  𝒙 =  ∑  𝒙 𝒚


  𝒙


  𝒚


  𝒙 𝒚


   𝒙 𝟐


   ∑  𝒙 = 𝟑 𝟒 𝟎


   ∑ 𝒚 = 𝟕 𝟑


   ∑  𝒙 𝒚 = 𝟔 𝟕 𝟓 𝟎


   ∑   𝒙 𝟐 = 𝟑 𝟏 𝟖 𝟎 𝟎


  𝟑 𝟒 𝟎 𝒂 + 𝟒 𝒃 = 𝟕 𝟑


  𝟏 𝟑 𝟖 𝟎 𝟎 𝒂 + 𝟑 𝟒 𝟎 𝒃 = 𝟔 𝟕 𝟓 𝟎


  𝒂 = 𝟎 . 𝟏 𝟗


  𝐛 = 𝟐 . 𝟐 𝟖


  ⇒


  𝒚 = ( 𝟎 . 𝟏 𝟗 ) 𝒙 + ( 𝟐 . 𝟐 𝟖


  P


  P


  Y


  P


  Y


  𝒀 = 𝒂 + 𝒃 𝑷


  𝒀


  𝑷


  𝒀 = 𝒂 + 𝒃 𝑷


  𝐧 𝐚 + 𝒃  ∑ 𝑷 =  ∑ 𝒀


  𝒂  ∑ 𝑷 + 𝒃  ∑   𝑷 𝟐 =  ∑  𝑷 𝒀


  𝐧 = 𝟔


  𝑷


  𝒀


  𝑷 𝒀


   𝑷 𝟐


   ∑  𝑷 = 𝟗 𝟎 𝟎


   ∑  𝒀 = 𝟑 . 𝟗 𝟓


   ∑  𝑷 𝒀 = 𝟔 𝟐 𝟏


   ∑   𝑷 𝟐 = 𝟏 𝟒 𝟐 𝟎 𝟎 𝟎


  6 𝒂 + 𝟗 𝟎 𝟎 𝒃 = 𝟑 . 𝟗 𝟓


  𝟗 𝟎 𝟎 𝒂 + 𝟏 𝟒 𝟐 𝟎 𝟎 𝟎 𝒃 = 𝟔 𝟐 𝟏


  𝒂 = 𝟎 . 𝟎 𝟒 𝟕 𝟔


  𝐛 = 𝟎 . 𝟎 𝟎 𝟒 𝟏


  ⇒


  𝒀 =  ( 𝟎 . 𝟎 𝟒 𝟕 𝟔 ) 𝑷 + ( 𝟎 . 𝟎 𝟎 𝟒 𝟏


  P = 𝟏 𝟓 𝟎


  ⇒


  Y = ( 𝟎 . 𝟎 𝟒 𝟕 𝟔 ) ( 𝟏 𝟓 𝟎 ) + ( 𝟎 . 𝟎 𝟎 𝟒 𝟏 )


  = 𝟎 . 𝟔 𝟔 𝟐 𝟔


  𝒙


  𝒚


  𝐲 = 𝐚 + 𝐛 𝒙


  𝐗 = 𝒙 − 𝟏 𝟗 𝟖 𝟏


  𝐲 = 𝐚 + 𝐛 𝐗


  𝒏 𝒂 + 𝒃  ∑ 𝑿 =  ∑ 𝒚


  𝒂  ∑ 𝑿 + 𝒃  ∑   𝑿 𝟐 =  ∑  𝑿 𝒚


  𝒙


  𝐗 = 𝒙 − 𝟏 𝟗 𝟖 𝟏


  𝒚


  𝑿 𝒚


   𝑿 𝟐


   ∑ 𝑿 = 0


   ∑  𝒚 = 𝟓 𝟔


   ∑  𝑿 𝒚 = 𝟏 𝟔 𝟎


   ∑   𝑿 𝟐 = 𝟏 𝟎 𝟎 𝟎


  𝟓 𝒂 + 𝟎 . 𝒃 = 𝟓 𝟔


  𝟎 . 𝒂 + 𝟏 𝟎 𝟎 𝟎 𝒃 = 𝟏 𝟔 𝟎


  𝒂 = 𝟏 𝟏 . 𝟐


  𝒃 = 𝟎 . 𝟏 𝟔


  ⇒


  y = 11 . 2 + ( 0 . 16 ) X


  y = 11 . 2 + ( 0 . 16 ) ( x − 1981 )


        𝐲 = − 𝟑 𝟎 𝟓 . 𝟕 𝟔 +  ( 𝟎 . 𝟏 𝟔 ) 𝐱


  𝐱 = 𝟐 𝟎 𝟎 𝟔


  𝐲 = − 𝟑 𝟎 𝟓 . 𝟕 𝟔 +  ( 𝟎 . 𝟏 𝟔 )  ( 𝟐 𝟎 𝟎 𝟔 ) = 𝟏 𝟓 . 𝟐   𝒕 𝒐 𝒏 𝒔


  𝒆 𝒄 𝒐 𝒏 𝒅   𝒅 𝒆 𝒈 𝒓 𝒆 𝒆   𝒑 𝒂 𝒓 𝒂 𝒃 𝒐 𝒍 𝒂   𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


    𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑ 𝒙 + 𝒏 𝒄 =  ∑ 𝒚


  𝒂  ∑   𝒙 𝟑 + 𝒃  ∑   𝒙 𝟐 + 𝒄  ∑  𝒙 =  ∑  𝒙 𝒚


  𝒂  ∑   𝒙 𝟒 + 𝒃  ∑   𝒙 𝟑 + 𝒄  ∑   𝒙 𝟐 =  ∑   𝒙 𝟐 𝒚


  𝒂


  𝒃


  𝒄


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  𝒏 𝒂 + 𝒃  ∑ 𝒙 + 𝒄  ∑   𝒙 𝟐 =  ∑ 𝒚


  𝒂  ∑ 𝒙 + 𝒃  ∑   𝒙 𝟐 + 𝒄  ∑   𝒙 𝟑 =  ∑  𝒙 𝒚


  𝒂  ∑   𝒙 𝟐 + 𝒃  ∑   𝒙 𝟑 + 𝒄  ∑   𝒙 𝟒 =  ∑   𝒙 𝟐 𝒚


  y = a  x 2 + b x + c


  y


  x = 6 .


    𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


  a  ∑   x 2 + b  ∑ x + n c =  ∑ y


  a  ∑   x 3 + b  ∑   x 2 + c  ∑  x =  ∑  x y


  a  ∑   x 4 + b  ∑   x 3 + c  ∑   x 2 =  ∑   x 2 y


  x


  y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 15


   ∑  y = 70


   ∑  x y = 232


   ∑   x 2 = 55


   ∑   x 2 y = 906


   ∑   x 3 = 225


   ∑   x 4 = 979


  55 a + 15 b + 5 c = 70


  225 a + 55 b + 15 c = 232


  979 a + 225 b + 55 c = 906


  𝒂 = 𝟎 . 𝟐 𝟖 𝟓 𝟕


  𝐛 = 𝟎 . 𝟒 𝟖 𝟓 𝟕


  𝐜 = 𝟗 . 𝟒


  ⇒


  𝒚 = ( 𝟎 . 𝟐 𝟖 𝟓 𝟕 )  𝒙 𝟐 + ( 𝟎 . 𝟒 𝟖 𝟓 𝟕 ) 𝒙 + ( 𝟗 . 𝟒 )


  𝒙 = 𝟔


  y = ( 0 . 2857 )    ( 6 ) 2 + ( 0 . 4857 ) ( 6 ) + ( 9 . 4 )


  𝒚 = 𝟐 𝟐 . 𝟕 𝟖


  y = a + b x + c  x 2


    𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 10


   ∑  y = 12 . 9


   ∑  x y = 37 . 1


   ∑   x 2 = 30


   ∑   x 2 y = 130 . 3


   ∑   x 3 = 100


   ∑   x 4 = 354


  5 a + 10 b + 30 c = 12 . 9


  10 a + 30 b + 100 c = 37 . 1


  30 a + 100 b + 354 c = 130 . 3


  𝒂 = 𝟏 . 𝟒 𝟐


  𝐛 = − 𝟏 . 𝟎 𝟕


  𝐜 = 𝟎 . 𝟓 𝟓


  ⇒


  𝒚 = ( 𝟏 . 𝟒 𝟐 )   + ( − 𝟏 . 𝟎 𝟕 ) 𝒙 + ( 𝟎 . 𝟓 𝟓 )  𝒙 𝟐


  y = a  x 2 + b x + c


  x


  y


    𝒚 = 𝒂  𝒙 𝟐 + 𝒃 𝒙 + 𝒄


  a  ∑   x 2 + b  ∑ x + n c =  ∑ y


  a  ∑   x 3 + b  ∑   x 2 + c  ∑  x =  ∑  x y


  a  ∑   x 4 + b  ∑   x 3 + c  ∑   x 2 =  ∑   x 2 y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 30


   ∑  y = 196 . 06


   ∑  x y = 1618 . 3


   ∑   x 2 = 220


   ∑   x 2 y = 14152 . 12


   ∑   x 3 = 1800


   ∑   x 4 = 15664


  220 a + 30 b + 5 c = 196 . 06


  1800 a + 220 b + 30 c = 1618 . 3


  15664 a + 1800 b + 220 c = 14152 . 12


  𝒂 = 𝟎 . 𝟗 𝟗 𝟐


  𝐛 = − 𝟎 . 𝟖 𝟓 𝟓 𝟏


  𝐜 = 𝟎 . 𝟔 𝟗 𝟔


  ⇒


  𝒚 = ( 𝟎 . 𝟗 𝟗 𝟐 )  𝒙 𝟐 + ( − 𝟎 . 𝟖 𝟓 𝟓 𝟏 ) 𝒙 + ( 𝟎 . 𝟔 𝟗 𝟔 )


  a


  b


  c


  y = a + b x + c  x 2


  𝒙


  𝒚


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 0


   ∑  y = 4 . 338


   ∑  x y = 21 . 326


   ∑   x 2 = 10


   ∑      x 2 y   = 10 . 402


   ∑   x 3 = 0


   ∑   x 4 = 34


  5 a + 0 . b + 10 c = 4 . 338


  0 . a + 10 b + 0 . c = 21 . 326


  10 a + 0 . b + 34 c = 10 . 402


  𝒂 = 𝟎 . 𝟔 𝟐 𝟏 𝟎


  𝐛 = 𝟐 . 𝟏 𝟑 𝟐 𝟔


  𝐜 = 𝟎 . 𝟏 𝟐 𝟑 𝟑


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 45


   ∑  y = 74


   ∑  x y = 421


   ∑   x 2 = 285


   ∑   x 2 y   = 2771


   ∑   x 3 = 2025


   ∑   x 4 = 15333


  9 a + 45 b + 285 c = 74


  45 a + 285 b + 2025 c = 421


  285 a + 2025 b + 15333 c = 2771


  𝒂 = − 𝟎 . 𝟗 𝟐 𝟖 𝟔


  𝐛 = 𝟑 . 𝟓 𝟐 𝟑 𝟐


  𝐜 = − 𝟎 . 𝟐 𝟔 𝟕 𝟑


  ⇒


  𝒚 = ( − 𝟎 . 𝟗 𝟐 𝟖 𝟔 )   + ( 𝟑 . 𝟓 𝟐 𝟑 𝟐 ) 𝒙 + ( − 𝟎 . 𝟐 𝟔 𝟕 𝟑 )  𝒙 𝟐


  𝒙


  𝒚


  𝒚 = 𝒂 + 𝒃 𝒙 + 𝒄  𝒙 𝟐


  n a + b  ∑ x + c  ∑   x 2 =  ∑ y


  a  ∑ x + b  ∑   x 2 + c  ∑   x 3 =  ∑  x y


  a  ∑   x 2 + b  ∑   x 3 + c  ∑   x 4 =  ∑   x 2 y


  x


  y


  x y


   x 2


   x 2 y


   x 3


   x 4


   ∑ x = 17 . 5


   ∑  y = 16 . 2


   ∑  x y = 47 . 65


   ∑      x 2   = 50 . 75


   ∑   x 2 y   = 154 . 475


   ∑   x 3 = 161 . 875


   ∑   x 4 = 548 . 1875


  7 a + 17 . 5 b + 50 . 75 c = 16 . 2


  17 . 5 a + 50 . 75 b + 161 . 875 c = 47 . 65


  50 . 75 a + 161 . 875 b + 548 . 1875 c = 154 . 475


  𝒂 = 𝟏 . 𝟎 𝟑 𝟓 𝟕


  𝐛 = − 𝟎 . 𝟏 𝟗 𝟐 𝟖


  𝐜 = 𝟎 . 𝟐 𝟒 𝟐 𝟖


  ⇒


  𝒚 = ( 𝟏 . 𝟎 𝟑 𝟓 𝟕 )   + ( − 𝟎 . 𝟏 𝟗 𝟐 𝟖 ) 𝒙 + ( 𝟎 . 𝟐 𝟒 𝟐 𝟖 )  𝒙 𝟐


  𝒖 𝒓 𝒗 𝒆   𝒐 𝒇   𝒕 𝒉 𝒆   𝒇 𝒐 𝒓 𝒎   𝒚 = 𝒂  𝒙 𝒃


  𝒚 = 𝒂  𝒙 𝒃


    l o g 𝒆


    l o g e y =   l o g e  ( a  x b )


    l o g e y =   l o g e a +   l o g e  x b


    l o g e y =   l o g e a + b   l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


    Y = l o g e y


    A = l o g e a


    X = l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


  n A + b  ∑ X =  ∑ Y


  A  ∑ X + b  ∑   X 2 =  ∑  X Y


  A , b


        l o g e a = A


  ⇒


  𝒂 =  𝒆 𝑨


  y = a  x b


  𝒚 = 𝒂  𝒙 𝒃


    l o g 𝒆


    l o g e y =   l o g e  ( a  x b )


    l o g e y =   l o g e a +   l o g e  x b


    l o g e y =   l o g e a + b   l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


    Y = l o g e y


    A = l o g e a


    X = l o g e x


  𝒀 = 𝑨 + 𝒃 𝑿


  n A + b  ∑ X =  ∑ Y


  A  ∑ X + b  ∑   X 2 =  ∑  X Y


  x


  y


  5 A + 4 . 7874 b = 6 . 1092


  4 . 7874 A + 6 . 1993 b = 9 . 0804


  𝒙


  𝒚


  𝑿 =   l o g e x


  𝒀 =   l o g e y


  𝑿 𝒀


   𝑿 𝟐


   ∑ X = 4 . 7874


   ∑ Y = 6 . 1092


   ∑  X Y = 9 . 0804


   ∑   𝑿 𝟐 = 6 . 1933


  𝑨 = − 𝟎 . 𝟔 𝟗 𝟑 𝟐


  𝐛 = 𝟐


        l o g e a = − 0 . 6932


  ⇒


  𝒂 =  𝒆  − 𝟎 . 𝟔 𝟗 𝟑 𝟐 = 𝟎 . 𝟓


  ⇒


  𝒚 = 𝒂  𝒙 𝒃


  𝒚 =  ( 𝟎 . 𝟓 )  𝒙 𝟐


  t


  v


  v = a  t b


  v


  t )


  𝒗 = 𝒂  𝒕 𝒃


    l o g 𝒆


    l o g e v =   l o g e  ( a  t b )


    l o g e v =   l o g e a +   l o g e  t b


    l o g e v =   l o g e a + b   l o g e t


  𝑽 = 𝑨 + 𝒃 𝑻


    V = l o g e v


    A = l o g e a


    T = l o g e t


  𝑽 = 𝑨 + 𝒃 𝑻


  n A + b  ∑ T =  ∑ V


  A  ∑ T + b  ∑   T 2 =  ∑  V T


  𝒗


  𝒕


  𝑽 =   l o g e v


  𝑻 =   l o g e t


  𝑽 𝑻


   𝑻 𝟐


   ∑ V = 24 . 4609


   ∑ T = 10 . 2704


   ∑  V T = 61 . 8073


   ∑   𝑻 𝟐 = 32 . 2142


  4 A + 10 . 2704 b = 24 . 4609


  10 . 2704 A + 32 . 2142 b = 61 . 8073


  𝑨 = 𝟔 . 𝟓 𝟓 𝟑 𝟗


  𝐛 = − 𝟎 . 𝟏 𝟕 𝟎 𝟗


  But        l o g e a = 6 . 5539 ⇒   𝒂 =  𝒆  𝟔 . 𝟓 𝟓 𝟑 𝟗 = 𝟕 𝟎 𝟏 . 𝟗 𝟕 𝟔 𝟔


  Thus , (∗)  ⇒   𝒗 = 𝒂  𝒕 𝒃


                        𝒗 =  ( 𝟕 𝟎 𝟏 . 𝟗 𝟕 𝟔 𝟔 )  𝒕  − 𝟎 . 𝟏 𝟕 𝟎 𝟗   , is the curve of best fit.


  y = a  x b


  x


  y


  x


  y


  x


  y


  r


  𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  𝑿 = 𝒙 −  𝒙 -


  𝒀 = 𝒚 −  𝒚 -


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   𝝈 𝒙 𝟐 =    ∑   𝑿 𝟐 𝒏


   𝝈 𝒚 𝟐 =    ∑   𝒀 𝟐 𝒏


   𝝈 𝒙  𝝈 𝒚 =     ∑   𝑿 𝟐 .   ∑   𝒀 𝟐 𝒏


  𝒏  𝝈 𝒙  𝝈 𝒚 =   ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  − 𝟏 ≤ 𝒓 ≤ 𝟏


  𝒓 = ± 𝟏


  x


  y


  𝒓 = 𝟎


  x


  y


  r =    𝜎 x 2 +  𝜎 y 2 −  𝜎  x − y 2  2  𝜎 x  𝜎 y


  x


  y


  x


  y


  y = a x + b


  y


  x


  x = a y + b


  x


  y


  𝒚


  𝒙


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


  𝒙


  𝒚


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


  𝒓    𝝈 𝒙   𝝈 𝒚


  𝒓    𝝈 𝒚   𝝈 𝒙


  r = ±   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  𝒀 =    ∑  𝑿 𝒀   ∑   𝑿 𝟐 ( 𝑿 )


  𝑿 =    ∑  𝑿 𝒀   ∑   𝒀 𝟐 ( 𝒀 )


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 28


   ∑  y = 77


  n = 7


   x - =  28 7


   y - =  77 7


   𝒙 - = 𝟒


   𝒚 - = 𝟏 𝟏


  𝒙


  y


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟒


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟏 𝟏


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 26


   ∑   X 2 = 28


   ∑   Y 2 = 28


      𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  r =  26   28 .  28


  r =  26 28


  𝒓 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


  𝒓    𝝈 𝒚   𝝈 𝒙 =    ∑  𝑿 𝒀   ∑   𝑿 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( y − 11 ) = 0 . 9286  ( x − 4 )


  y − 11 = 0 . 9286 x − 3 . 7144


  𝒚 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒙 + 𝟕 . 𝟐 𝟖 𝟓 𝟔


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


  𝒓    𝝈 𝒙   𝝈 𝒚 =    ∑  𝑿 𝒀   ∑   𝒀 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( x − 4 ) = 0 . 9286  ( y − 11 )


  x − 4 = 0 . 9286 y − 10 . 2146


  𝒙 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒚 − 𝟔 . 𝟐 𝟏 𝟒 𝟔


  𝒙


  y


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 28


   ∑  y = 77


  n = 7


   x - =  28 7


   𝒙 - = 𝟒


   y - =  77 7


   𝒚 - = 𝟏 𝟏


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟒


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟏 𝟏


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 26


   ∑   X 2 = 28


   ∑   Y 2 = 28


   ( 𝒚 −  𝒚 - ) =    ∑  𝑿 𝒀   ∑   𝑿 𝟐  ( 𝒙 −  𝒙 - )


     ∑  𝑿 𝒀   ∑   𝑿 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( y − 11 ) = 0 . 9286  ( x − 4 )


  y − 11 = 0 . 9286 x − 3 . 7144


  𝒚 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒙 + 𝟕 . 𝟐 𝟖 𝟓 𝟔


   ( 𝒙 −  𝒙 - ) =    ∑  𝑿 𝒀   ∑   𝒀 𝟐  ( 𝒚 −  𝒚 - )


     ∑  𝑿 𝒀   ∑   𝒀 𝟐 =   𝟐 𝟔  𝟐 𝟖 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   ( x − 4 ) = 0 . 9286  ( y − 11 )


  x − 4 = 0 . 9286 y − 10 . 2146


  𝒙 = 𝟎 . 𝟗 𝟐 𝟖 𝟔 𝒚 − 𝟔 . 𝟐 𝟏 𝟒 𝟔


  r =   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r =   ( 0 . 9286 ) .  ( 0 . 9286 )


  𝒓 = 𝟎 . 𝟗 𝟐 𝟖 𝟔


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 751


   ∑  y = 718


  n = 10


   x - =  751 10


   𝒙 - = 𝟕 𝟓 . 𝟏


   y - =  718 10


   𝒚 - = 𝟕 𝟏 . 𝟖


  𝑨


  B


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟕 𝟓 . 𝟏


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟕 𝟏 . 𝟖


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 1774 . 2


   ∑   X 2 = 2086 . 59


   ∑   Y 2 = 2837 . 6


      𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  r =   1774 . 2   2086 . 59 .  2837 . 6


  r =   1774 . 2  2433 . 29


  𝒓 = 𝟎 . 𝟕 𝟐 𝟗 𝟏


  x


  y


  𝒙


  y


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 15


   ∑  y = 25


  n = 5


   x - =  15 5


   𝒙 - = 𝟑


   y - =  25 5


   𝒚 - = 𝟓


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟑


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟓


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 13


   ∑   X 2 = 10


   ∑   Y 2 = 26


      𝒓 =    ∑  𝑿 𝒀    ∑   𝑿 𝟐 .   ∑   𝒀 𝟐


  r =  13   10 .  26


  𝒓 = 𝟎 . 𝟖 𝟎 𝟔 𝟐


   𝜎 x 2 =    ∑   𝑿 𝟐 n =  10 5 = 2


   𝜎 x 2 = 2


   𝝈 𝒙 =  𝟐


   𝜎 y 2 =    ∑   𝒀 𝟐 n =  26 5 = 5 . 2


   𝜎 y 2 = 5 . 2


   𝝈 𝒚 =  𝟓 . 𝟐


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


   ( y − 5 ) = ( 0 . 8062 )    2   5 . 2  ( x − 3 )


   ( y − 5 ) = ( 1 . 3 )    ( x − 3 )


  y − 5 = 1 . 3 x − 3 . 9


  y = 1 . 3 x − 3 . 9 + 5


  𝒚 = 𝟏 . 𝟑 𝒙 + 𝟏 . 𝟏


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


   ( x − 3 ) = ( 0 . 8062 )    2   5 . 2  ( y − 5 )


  x − 3 = 0 . 5 ( y − 5 )


  x = 0 . 5 y − 2 . 5 + 3


  𝒙 = 𝟎 . 𝟓 𝒚 + 𝟎 . 𝟓


  x


  y


   𝒙 - =    ∑ 𝒙 𝒏


   𝒚 - =    ∑ 𝒚 𝒏


   ∑ x = 300


   ∑  y = 250


  n = 10


   x - =  300 10


   y - =  250 10


   𝒙 - = 𝟑 𝟎


   𝒚 - = 𝟐 𝟓


  x


  y


  𝒙


  𝒚


  𝑿 = 𝒙 −  𝒙 - = 𝒙 − 𝟑 𝟎


  𝒀 = 𝒚 −  𝒚 - = 𝒚 − 𝟐 𝟓


  𝑿 𝒀


   𝑿 𝟐


   𝒀 𝟐


   ∑  X Y = 123


   ∑   X 2 = 138


   ∑   Y 2 = 164


   ( 𝒚 −  𝒚 - ) =    ∑  𝑿 𝒀   ∑   𝑿 𝟐  ( 𝒙 −  𝒙 - )


     ∑  𝑿 𝒀   ∑   𝑿 𝟐 =   𝟏 𝟐 𝟑  𝟏 𝟑 𝟖 = 𝟎 . 𝟖 𝟗 𝟏 𝟑


   ( y − 25 ) = 0 . 8913  ( x − 30 )


  y − 25 = 0 . 8913 x − 26 . 739


  𝒚 = 𝟎 . 𝟖 𝟗 𝟏 𝟑 𝒙 − 𝟏 . 𝟕 𝟑 𝟗


   ( 𝒙 −  𝒙 - ) =    ∑  𝑿 𝒀   ∑   𝒀 𝟐  ( 𝒚 −  𝒚 - )


     ∑  𝑿 𝒀   ∑   𝒀 𝟐 =   𝟏 𝟐 𝟑  𝟏 𝟔 𝟒 = 𝟎 . 𝟕 𝟓


   ( x − 30 ) = 0 . 75  ( y − 25 )


  x − 30 = 0 . 75 y − 18 . 75


  𝒙 = 𝟎 . 𝟕 𝟓 𝒚 + 𝟏 𝟏 . 𝟐 𝟓


  𝒚 = 𝟏 𝟔 ,   𝒙 = 𝟎 . 𝟕 𝟓 ( 𝟏 𝟔 ) + 𝟏 𝟏 . 𝟐 𝟓


  𝒙 = 𝟐 𝟑 . 𝟐 𝟓 ≅ 𝟐 𝟑


  y


  x


  x  


  y


  4 x − 5 y + 33 = 0


  20 x − 9 y = 107


  x


  y


  y


  x


  x  


  y


  4 x − 5 y + 33 = 0


  20 x − 9 y = 107


  5 y = 4 x + 33


    20 x = 9 y + 107


  y =  4 5 x +  33 5


  x =  9 20 y +  107 20


  𝒙 =  𝟒 𝟓


  𝒚 =  𝟗  𝟐 𝟎


  r =   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r =   (  𝟒 𝟓 ) .  (  𝟗  𝟐 𝟎   )


  r =   36 100


  r =  6 10


  𝒓 = 𝟎 . 𝟔


  x = 19 . 13 − 0 . 87 y


  y = 11 . 64 − 0 . 5 x


   x ′ s


   y ′ s


   𝒙 -


   𝒚 -  


  𝒓


   (  x - ,  y - )


  ∴


   x - = 19 . 13 − 0 . 87  y -


   y - = 11 . 64 − 0 . 5  x -


   x - + 0 . 87  y - = 19 . 13


  0 . 5  x - +  y - = 11 . 64


   𝒙 - = 𝟏 𝟓 . 𝟗 𝟒


   𝒚 - = 𝟑 . 𝟔 𝟕


  y = − 0 . 5 x + 11 . 64


    x = − 0 . 87 y + 19 . 13


  𝒙 = − 𝟎 . 𝟓


  𝒚 = − 𝟎 . 𝟖 𝟕


  r = −   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r = −   ( − 𝟎 . 𝟓 ) .  ( − 𝟎 . 𝟖 𝟕   )


  𝒓 = − 𝟎 . 𝟔 𝟓 𝟗 𝟓


   x -


   y -  


  r


  2 x + 3 y + 1 = 0


  x + 6 y − 4 = 0


   (  x - ,  y - )


  ∴


  2  x - + 3  y - = − 1


   x - + 6  y - = 4


   𝒙 - = − 𝟐


   𝒚 - = 𝟏


  2 x + 3 y + 1 = 0


  x + 6 y − 4 = 0


  3 y = − 2 x − 1


  𝒙 = − 𝟔 𝒚 + 𝟒


  𝒚 = −  𝟐 𝟑 𝒙 −  𝟏 𝟑


  𝒙 = −  𝟐 𝟑


  𝒚 = − 𝟔


  r = −   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r = −   ( −  𝟐 𝟑 ) .  ( − 𝟔 )


  r = −  4


  𝒓 = − 𝟐


  𝒓


  x + 6 y − 4 = 0


  2 x + 3 y + 1 = 0


  6 y = − x + 4


  2 x = − 3 y − 1


  𝒚 = −  𝟏 𝟔 𝒙 +  𝟒 𝟔


  𝒙 = −  𝟑 𝟐 𝒚 −  𝟏 𝟐


  𝒙 = −  𝟏 𝟔


  𝒚 = −  𝟑 𝟐


  r = −   ( c o e f f .   o f   x ) .  ( c o e f f .   o f   y )


  r


  r = −   ( −  1 6 ) .  ( −  3 2 )


  r = −   1 4


  𝒓 = − 𝟎 . 𝟓


   𝒙 - = − 𝟐


   𝒚 - = 𝟏


  𝒓 = − 𝟎 . 𝟓


  r = 0 .


  y


  x = 70


   𝒙 - = 𝟏 𝟖


   𝒚 - = 𝟏 𝟎 𝟎


   𝝈 𝒙 = 𝟏 𝟒


   𝝈 𝒚 = 𝟐 𝟎


  𝒓 = 𝟎 .


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


   ( y − 100 ) = ( 0 . 8 )  20 14  ( x − 18 )


   ( x − 18 ) = ( 0 . 8 )  14 20  ( y − 100 )


  y − 100 = 1 . 14 ( x − 18 )


  x − 18 = 0 . 56 ( y − 100 )


  𝒚 = 𝟏 . 𝟏 𝟒 𝒙 + 𝟕 𝟗 . 𝟒 𝟖


  𝒙 = 𝟎 . 𝟓 𝟔 𝒚 − 𝟑 𝟖


  x = 70


  y = 1 . 14 ( 70 ) + 79 . 48


  𝒚 = 𝟏 𝟓 𝟗 . 𝟐 𝟖


  𝒙


  𝜽


  𝒕 𝒂 𝒏 𝜽 =    𝝈 𝒙  𝝈 𝒚   𝝈 𝒙 𝟐 +  𝝈 𝒚 𝟐  (   𝟏 −  𝒓 𝟐 𝒓 )


  𝜽


  y =  m 1 x +  c 1


  y =  m 2 x +  c 2


  𝒕 𝒂 𝒏 𝜽 =    𝒎 𝟐 −  𝒎 𝟏  𝟏 +  𝒎 𝟏  𝒎 𝟐


   ( 𝒚 −  𝒚 - ) = 𝒓    𝝈 𝒚   𝝈 𝒙  ( 𝒙 −  𝒙 - )


   ( 𝒙 −  𝒙 - ) = 𝒓    𝝈 𝒙   𝝈 𝒚  ( 𝒚 −  𝒚 - )


   ( 𝒚 −  𝒚 - ) =    𝝈 𝒚    𝒓 . 𝝈 𝒙  ( 𝒙 −  𝒙 - )


   𝒎 𝟏 = 𝒓    𝝈 𝒚   𝝈 𝒙


   𝒎 𝟐 =    𝝈 𝒚    𝒓 . 𝝈 𝒙


  t a n 𝜃 =      𝜎 y    r . 𝜎 x − r    𝜎 y   𝜎 x  1 + r    𝜎 y   𝜎 x .    𝜎 y    r . 𝜎 x


  t a n 𝜃 =      𝜎 y   𝜎 x  (  1 r − r )  1 + r .  1 r    𝜎 y 2   𝜎 x 2


  t a n 𝜃 =      𝜎 y   𝜎 x  (   1 −  r 2 r )  1 +    𝜎 y 2   𝜎 x 2


  t a n 𝜃 =      𝜎 y   𝜎 x  (   1 −  r 2 r )       𝜎 x 2 + 𝜎 y 2   𝜎 x 2


  t a n 𝜃 =    𝜎 y   𝜎 x .    𝜎 x 2   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −  r 2 r )


  𝒕 𝒂 𝒏 𝜽 =    𝝈 𝒙  𝝈 𝒚   (    𝝈 𝒙 𝟐 + 𝝈 𝒚 𝟐 )  (   𝟏 −  𝒓 𝟐 𝒓 )


  r = ± 1


  tan θ = 0


  ⇒


  θ = 0


  r = 0


  tan θ = ∞


  ⇒


  θ =  𝜋 2


   𝜎 x =  𝜎 y


        t a n  − 1 ( 3 )


  𝜃


  t a n 𝜃 =    𝝈 𝒙  𝝈 𝒚   (    𝝈 𝒙 𝟐 + 𝝈 𝒚 𝟐 )  (   𝟏 −  𝒓 𝟐 𝒓 )


  𝜃 =     t a n  − 1 ( 3 )


  tan 𝜃 = 3


   𝜎 x =  𝜎 y


  3 =    𝜎 x .  𝜎 x   (    𝝈 𝒙 𝟐 + 𝝈 𝒙 𝟐 )  (   𝟏 −  𝒓 𝟐 𝒓 )


  3 =    𝝈 𝒙 𝟐    𝟐 𝝈 𝒙 𝟐  (   𝟏 −  𝒓 𝟐 𝒓 )


  6 =  (   𝟏 −  𝒓 𝟐 𝒓 )


  6 r = 1 −  r 2


   r 2 + 6 r − 1 = 0


  r =   − 6 ±   6 2 − 4 . 1 . ( − 1 )  2 . 1


  r =   − 6 ±  36 + 4 2


  r =   − 6 ±  40 2


  r =   − 6 ± 2  10 2


  r = − 3 ±  10


  r = + 0 . 1623


  r = − 6 . 1623


  − 1 ≤ r ≤ 1


  𝒓 = 𝟎 . 𝟏 𝟔 𝟐 𝟑


  x  


  y


    t a n  − 1  (  3 5 )


   𝜎 x = 2  𝜎 y


   𝜎 y = 2  𝜎 x


  r = 0 . 5


    𝜃 = t a n  − 1  (  3 5 )


  t a n 𝜃 =  3 5


  t a n 𝜃 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −  r 2 r )


   3 5 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −    (  1 2 ) 2   1 2 )


   3 5 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (   1 −  1 4   1 2 )


   3 5 =    𝜎 x  𝜎 y   (    𝜎 x 2 + 𝜎 y 2 )  (  3 4 .  2 1 )


   3 5 =   3  𝜎 x  𝜎 y  2  (    𝜎 x 2 + 𝜎 y 2 )


   1 5 =    𝜎 x  𝜎 y  2  (    𝜎 x 2 + 𝜎 y 2 )


  2  (    𝜎 x 2 + 𝜎 y 2 ) = 5  𝜎 x  𝜎 y


  2    𝜎 x 2 + 2 𝜎 y 2 = 5  𝜎 x  𝜎 y


  2    𝜎 x 2 − 5  𝜎 x  𝜎 y + 2 𝜎 y 2 = 0


  2    𝜎 x 2 −  𝜎 x  𝜎 y − 4  𝜎 x  𝜎 y + 2 𝜎 y 2 = 0


   𝜎 x  ( 2  𝜎 x −  𝜎 y ) − 2  𝜎 y  ( 2  𝜎 x −  𝜎 y ) = 0


   ( 2  𝜎 x −  𝜎 y )  (  𝜎 x − 2  𝜎 y ) = 0


   𝝈 𝒚 = 𝟐  𝝈 𝒙


   𝝈 𝒙 = 𝟐  𝝈 𝒚

